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ABSTRACT 

Ο όξνο Μεηαϋιηθά, ρξεζηκνπνηείηαη γηα ηελ πεξηγξαθή ηερλεηώλ, ζύλζεησλ, πεξηνδηθώλ 

δνκώλ κε κέγεζνο κηθξόηεξν ηνπ κήθνπο θύκαηνο, νη νπνίεο έρνπλ αζπλήζηζηεο 

ειεθηξνκαγλεηηθέο ηδηόηεηεο, δειαδή ηαπηόρξνλα αξλεηηθή δηειεθηξηθή ζηαζεξά θαη 

καγλεηηθή δηαπεξαηόηεηα. Υιηθά κε ηέηνηεο ηδηόηεηεο, δελ ππάξρνπλ ζηε θύζε από κόλα 

ηνπο. Απηέο νη ηδηόηεηεο επηηξέπνπλ ην ζρεδηαζκό κηθξνθπκαηηθώλ ζπζθεπώλ πνπ είλαη 

εγγελώο πνιπζπρλνηηθά θαη κηθξόηεξα ζε κέγεζνο από ηα ζπκβαηηθά αληίζηνηρά ηνπο. 

Σηηο πιείζηεο ζύγρξνλεο αζύξκαηεο ζπζθεπέο, ε δπλαηόηεηα πνιιαπιώλ ζπρλνηήησλ 

επηηπγράλεηαη ρξεζηκνπνηώληαο κία αξρηηεθηνληθή ζπλάζξνηζεο ππνζπζηήκαησλ, ζηελ 

νπνία ην θάζε ππνζύζηεκα ιεηηνπξγεί ζε κία κόλν δώλε ζπρλνηήησλ. Απηό ην είδνο ηεο 

ζρεδηαζκνύ ζπζηεκάησλ, έρεη σο απνηέιεζκα ηε ρξήζε πεξηζζνηέξσλ  ζηνηρείσλ, γεγνλόο 

ην νπνίν απμάλεη ην θόζηνο, ηελ πνιππινθόηεηα θαη ην κέγεζνο ηεο ζπζθεπήο. Καηά ηε 

δηάξθεηα ηεο πεξαζκέλεο δεθαεηίαο, νη πξνζπάζεηεο γηα ηελ θαηαζθεπή κηθξνθπκαηηθώλ 

ζπζθεπώλ πνπ λα ιεηηνπξγνύλ ζε δύν ζπρλόηεηεο ρξεζηκνπνηώληαο κεηαϋιηθά ήηαλ 

πνιιέο. Έρεη απνδεηρηεί σζηόζν όηη ν ζρεδηαζκόο θαη θαηαζθεπή ηεηξαδσληθώλ 

ζπζθεπώλ, ήηαλ πην δύζθνινο. 

Ο θύξηνο ζηόρνο απηήο ηεο έξεπλαο ήηαλ ε ζρεδίαζε, αλάπηπμε θαη θαηαζθεπή 

παζεηηθώλ ηεηξαδσληθώλ ζπζθεπώλ, ρξεζηκνπνηώληαο ηελ ηερλνινγία κεηαϋιηθώλ,  πνπ 

κπνξεί ηειηθά λα ρξεζηκνπνηεζεί ζε έλα ζύζηεκα πνιιαπιώλ ζπρλνηήησλ. Έλαο άιινο 

ζηόρνο ήηαλ λα αλαπηύμεη ηε κεζνδνινγία ζρεδηαζκνύ γηα ηελ πινπνίεζε ησλ 

ηεηξαδσληθώλ ζπζθεπώλ, ε νπνία είλαη απαξαίηεηε γηα ηελ εμάπισζε ηεο ηερλνινγίαο 

απηήο. Τν θίλεηξν πίζσ από απηό, είλαη ην γεγνλόο όηη θαηά ηελ πξνζπάζεηα λα 

ζρεδηάζνπλ πξαθηηθέο θαη πξαγκαηνπνηήζηκεο ζπζθεπέο, πξέπεη θαλείο λα ιάβεη ππόςε ηηο 

γξακκέο κεηαθνξάο ππνδνρήο. Σε αληίζεηε πεξίπησζε, απαηηνύληαη πνιιέο επαλαιήςεηο 

ηνπ ζρεδηαζκνύ πξηλ από ηελ επίηεπμε ησλ ζηόρσλ ηνπ ζρεδηαζκνύ. Η ζεσξία πνπ 

αλαπηύρζεθε, ιακβάλεη ππόςε ην γεγνλόο απηό θαη ε πξνδηαγξακκέλε απόδνζε 

επηηπγράλεηαη κε κηθξέο κόλν αιιαγέο. Καηά ηε δηάξθεηα ηεο έξεπλαο απηήο, έρνπλ 

ζρεδηαζηεί θαη θαηαζθεπαζηεί παζεηηθέο ηεηξαδσληθέο ζπζθεπέο κεηαϋιηθώλ, όπσο γηα 

παξάδεηγκα δηαηξέηεο ηζρύνο, ζπδεύθηεο θαη θίιηξα, ηα νπνία απνηεινύλ αλαπόζπαζηα 

ηκήκαηα ππνζπζηεκάησλ, όπσο κίθηεο, εληζρπηέο θαη κεηαζρεκαηηζηώλ θάζεο. Τα 

απνηειέζκαηα ηεο ρξήζεο ηεο ησλ γξακκώλ κεηαθνξάο, δειαδή ηεο παξαζηηηθήο 

ρσξεηηθόηεηαο, επαγσγήο, αληίζηαζεο θαη αγσγηκόηεηαο, ιακβάλνληαη ππόςε θαη 

ρξεζηκνπνηώληαο ηε ζεσξία πνπ αλαπηύρζεθε, κπνξεί λα επηηεπρζεί πξαγκαηνπνηήζηκνο 

ζρεδηαζκόο ηεηξαδσληθώλ ζπζθεπώλ κεηαϋιηθώλ.  
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ABSTRACT 

 

Metamaterials is a general term for artificial, composite, subwavelength periodic structures 

that have unusual electromagnetic properties (simultaneously negative permittivity and 

permeability) not found in any known media in nature. Such properties enable the design 

of microwave devices that are inherently multiband and smaller than their conventional 

counterparts. 

In most modern wireless devices, multiband capability is achieved using a stacked 

architecture of subsystem blocks, each operating at a single frequency band. This type of 

design results in redundant hardware being used which increases the cost, complexity and 

size of the device. During the past decade, attempts for constructing dual-band microwave 

components using metamaterials were numerous. Quad-band devices however have been 

more challenging to design and fabricate. 

The main objective of this research was the design, development and fabrication of 

passive quad-band components using metamaterial technology which can ultimately be 

used in a multiband system. Another goal was to establish a design methodology for the 

realization of quad-band devices which is essential to the spread of this technology. The 

motivation behind this is the fact that when trying to design practical and realizable 

devices, one must take into account the effects of the host transmission lines. Otherwise, 

too many design iterations are required before reaching the design goals. The theory 

developed takes this into account and performance is achieved with only minor changes. 

The design of passive metamaterial quad-band components, namely, dividers, rat-race 

couplers and filters has been performed, which are integral parts of subsystem blocks such 

as mixers, amplifiers and phase shifters. The effects of parasitic capacitance, inductance, 

resistance and conductance are all taken into account and using the theory developed, 

realizable quad-band metamaterial devices can be achieved. 
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Chapter 1 

1. Introduction 
 

Metamaterials provide enabling technologies for numerous applications in the field of 

microwave engineering such as couplers, phase shifters, filters, antennas, imaging systems 

and even cloaking devices. Substantial work has been made in recent years to fully 

understand their electromagnetic properties. 

The permittivity ε and permeability μ of a material, are the two main parameters used to 

characterize the electric and magnetic properties of that material. Metamaterials comprise a 

wide set of artificially structured composites with tunable values of ε and μ that are 

difficult to obtain with naturally occurring materials. Whereas an ordinary material is made 

of atoms or molecules, a metamaterial is constructed from lattices of artificial unit cells 

consisting of subwavelength sized features. If the size and periodicity of the unit cell 

structure is smaller than the wavelength, the metamaterial can be regarded as homogeneous 

and its properties can be represented by macroscopic effective material parameters ε 

and μ. 

The development of metamaterials is primarily concerned with the design of appropriate 

unit cells. This provides the engineer with multiple degrees of freedom and makes it 

principally possible to engineer a material with desired values of ε and μ. The unit cells and 

the features that make up a metamaterial unit cell are scalable and can be easily designed to 

work at different frequency bands. Materials with simultaneously negative values of ε and 

μ known as negative refractive index (NRI), left-handed (LHM), double negative (DNG) or 

backward wave materials, represent a special class of metamaterials and form the basis of 

this thesis. 

 

1.1 Motivation 

 

In recent years, there has been an obvious push towards unified commercial satellite 

communication systems (e.g. block upconverters, LNBs) that operate simultaneously in the 

C, X and Ku bands. In addition, there are scientific and military instruments that require 

multiband capability such as radiometers, scatterometers and radar where the use of 
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multiple frequency bands enables more accurate interpretation of the objects under study. 

In personal communication systems, devices that combine mobile telephony, multimedia 

access, GPS capabilities and wi-fi are driven to become smaller and lighter. Today, this 

property of multi-frequency operation is in many cases achieved using hardware designed 

at single frequencies or frequency bands closely spaced together. For bands that are further 

apart a different set of hardware must be used to operate at those frequencies, resulting in a 

stacked hardware architecture. It is crucial to achieve the above goals using the least 

possible hardware to keep the cost of such systems low. For commercial wireless devices, 

cost is the driving factor to the success of a particular device. In the case of the scientific 

space borne instruments mentioned above, the cost of using multiple receivers to cover 

each band can become prohibitive and the weight of the system becomes essential to the 

success of the mission. Considering the above constraints, only by envisioning new devices 

supporting multi-frequency operation can solutions be found. The idea that materials with 

negative refractive index would enable applications with non-intuitive characteristics has 

been around since the 1960’s [1]. The application of the negative refractive index or left-

handedness (LH) of these new materials to microwave devices has only recently become 

possible and has been the driving force behind this work, in an attempt to address the 

constraints and requirements laid out above.  

1.2 Electromagnetic Metamaterials 

 

Metamaterials is a general term for artificial, composite but effectively homogeneous 

subwavelength periodic structures that have unusual electromagnetic properties. A material 

is effectively homogenous when its structural cell size d << λg, which makes the 

electromagnetic wave traveling through this material to be “myopic” to the lattice. An 

effectively homogeneous material can then be described by an effective dielectric 

permittivity ε and a magnetic permeability μ as is the case for conventional materials. 
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n  

Fig.  1-1. Electromagnetic material classification according to their ε and μ 
 

When both ε and μ are simultaneously negative, as seen in Fig.  1-1, the index of 

refraction n of the effectively homogeneous material becomes negative, and this material 

supports left-handed wave propagation. The realization by V. G. Veselago in 1968 that 

there is nothing prohibitive in Maxwell’s equations for a medium to have simultaneously 

negative permittivity and permeability and thus a negative index of refraction [1], led the 

way for scientists to begin searching for such materials. Veselago also realized that the 

electric-field vector E, the magnetic-field vector H and the wave vector k in such media 

form a left-handed triplet and that the phase and group velocities of a wave in a left-handed 

medium have opposite signs. In addition he showed that simultaneous negative values of ε 

and μ can be realized only in dispersive media [1]. 

Shelby, Smith and Shultz in 2001 were the first ones however, to experimentally verify a 

negative index of refraction. They presented in [2] a structure that consisted of a two-

dimensional array of repeated unit cells of copper strips and split ring resonators on 

interlocking strips of standard circuit board material. Using this structure, they measured 

scattering data at microwave frequencies that directly confirmed a negative n.  

The problem with negative refractive-index (NRI) metamaterials made from wire strips 

and split ring resonators is that the choice of operating frequency is limited to that above 

the ring resonance which requires bulky unit cells. In 2002, Iyer and Eleftheriades 

proposed that planar transmission line networks that support backward waves and left-

handedness can be used to demonstrate negative index of refraction. Such networks are 

periodically loaded transmission lines (TLs) with capacitive and inductive elements in a 

high-pass configuration as shown in Fig. 1-2 and Fig. 1-3 [4]. These structures that possess 
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incremental unit length have an equivalent circuit that is the dual of that for a transmission 

line. In addition, these structures operate at wavelengths much smaller that the unit cell 

length, thus they can be considered as effective media with negative parameters ε and μ. 

Because of the TL nature of these metamaterials, the term negative refractive-index TL 

(NRI-TL) was coined.  

 

Fig. 1-2. 1-Dimensional TL with loading 

elements. After [36]. 

 

Fig. 1-3. 2-D TL with loading elements. 

After [4]. 

 

The ability to use standard microwave fabrication techniques for constructing 

metamaterials paved the way to the fabrication of various microwave devices that 

exploited the unique properties of such effective media. Left-handed wave propagation in 

electromagnetic media enables the design of microwave devices that are inherently 

multiband and smaller than their conventional purely right-handed counterparts.  

In most modern wireless devices, multiband capability is achieved using a stacked 

architecture of subsystem blocks, each operating at a single frequency band. This type of 

design results in redundant hardware being used which increases the cost, complexity and 

size of the device. During the past decade, attempts for constructing dual-band microwave 

components using metamaterials were numerous. Quad-band devices however have been 

more challenging to design and fabricate. This work focuses on the development of the 

design methodology and the fabrication of quad-band components that can ultimately be 

used in wireless systems for size, cost and complexity reduction. 

1.3 Metamaterial Device Overview 

 

The first device to use metamaterial technology in the microwave region was a phase 

shifter reported by Antoniades and Eleftheriades in 2003. In [5], a phase shifter that used 

cascaded sections of NRI metamaterials and positive refractive index (PRI) TLs was 

proposed that offered significant size advantages and a linear phase response around the 
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design frequency compared to a conventional phase shifter. The proposed phase shifter had 

the ability to incur positive, negative or 0 degree phase shifts depending on the values of 

the loading elements and was independent of the size of the structure. The paper showed 

comparisons of simulated and measured results of single and multi-stage 0 degree and 10 

degree metamaterial phase shifters. The linearity the designed phase shifters exhibited 

around the design frequency also resulted in shorter group delays, a very significant 

advantage over the traditional delay line phase shifter and a characteristic especially useful 

in broadband applications. An active, tunable version of a metamaterial phase shifter was 

reported in [6] which used varactor diodes to load the transmission line and exhibited a 

linearly tunable performance at C-Band. Other active metamaterial phase shifters reported 

in the literature were operating at L-Band and used Shottky diodes for its capacitive 

loading [7] and operating at Ku-Band and used ferroelectric varactors [8]. 

Islam and Eleftheriades examined a metamaterial coupler that featured co-directional 

forward traveling waves but contra-directional power flow, resulting in power delivered 

backwards. It was shown in [9] and [11] that a metamaterial coupler made of a regular 

microstrip (MS) line and a NRI line has superior performance in terms of coupled power 

and port isolation when compared to a traditional coupled line microstrip coupler of the 

same length. Further development led to the publication of [13] , which exhibited a very 

high isolation of 72 dB and 45 dB of directivity at center frequency. 

In [41], a hybrid ring coupler (rat-race) was presented that took advantage of the 

miniaturization properties of metamaterial transmission lines to design a coupler that was 

67% smaller compared to its conventional counterpart operating at the same frequency. 

This proposed hybrid showed 58% and 49% bandwidth enhancements at 2 GHz in the 180
o
 

out-of-phase and in-phase operations, respectively. 

In another publication by Antoniades and Eleftheriades in 2005, a broadband series 1:4 

power divider was proposed [12]. In this publication, 0
0
 phase shifting metamaterial lines 

were employed between the output ports in place of the one-wavelength long lines 

typically used in a conventional transmission line 1:4 series divider. This resulted in a 

much smaller design, with a 165% increase in the input return loss bandwidth and a 157% 

bandwidth increase in the through measurements.  

Whereas the above attempts in constructing metamaterial devices considered the 

miniaturization and bandwidth-increase properties of metamaterials, they did not consider 

the possibility of multiband operation. Caloz and Itoh in [14] first presented a dual-band 

non-harmonic branch-line coupler (BLC) that is constructed by replacing the branch lines 

with NRI-TL lines. In Fig. 1-4, the measured performance of the dual-band coupler is 
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shown. The additional band originated from the fact that an arbitrary pair of frequencies 

can be intercepted by the phase curve at -90
o
 and -270

o
. Quadrature phase differences were 

obtained with errors less than 1.5
o
 and an amplitude imbalance less than 0.5 dB in both 

passbands between S21 and S31 as seen on Fig. 1-5 for the two operating frequencies. 

 

Fig. 1-4. Dual-band branch-line coupler 

magnitude response. After [14]. 

 

Fig. 1-5 Dual-band branch-line coupler 

phase response.  After [14]. 

 

In [15], the fabrication of a dual-band rat race coupler (RRC) was also reported. In that 

design, the conventional λ/4 transmission lines that make up the RRC are replaced by NRI-

TLs as shown in Fig. 1-6. The operating frequencies for this RRC where chosen to be 1.5 

GHz and 3 GHz. The six NRI-TL ι /4 segments of the RRC each operate at two different 

frequencies, one with a phase response of -90
o
 and the other with a -270

o
 phase response. 

The measured S-parameters and the phase difference between S21 and S31 are shown in Fig. 

1-7 and Fig. 1-8 respectively.  

 

Fig. 1-6 RRC photograph and NRI unit cell schematic. After [15]. 
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In Fig. 1-8, the phase difference between S21 and S31 can be observed to be +180
o
 and -

180
o 

respectively for each operating frequency with phase error less than 4
o
. The amplitude 

imbalance was 0.2 dB or less in both passbands.  

The dual-band characteristics of the NRI-TL (otherwise termed as CRLH-TL) were 

utilized to design dual-band bandpass and bandstop filters in [31]. In this 2006 paper by 

Tseng and Itoh, the methodology is presented for designing arbitrary frequency dual-band 

filters based on the replacement of quarter-wave shorted and open-circuited filter sections 

with NRI-TL sections. By doing so, the complicated dual-band inverter design is avoided. 

In 2007, Eleftheriades proposed a generalized NRI-TL (GNRI-TL) metamaterial 

transmission line for dual-band and quad-band applications. Using a new circuit model as 

shown in [17], Eleftheriades demonstrated that such a generalized NRI-TL could be used 

for a variety of microwave components, including filters, branch-line couplers, and 

dividers. Indeed, this paper represented a breakthrough in the further development of the 

theory of quad-band NRI-TL unit cells and components and has been referenced 

extensively in the literature. 

A very interesting application of the dual-band NRI-TL branch-line coupler was 

published in [21]. A group from the Universitat Autònoma de Barcelona presented a dual-

band mixer using composite right/left handed transmission lines. The authors of [21], used 

the schematic shown in Fig. 1-9 to construct the dual-band mixer, which operated at 860 

MHz and 2.15 GHz. A typical balanced mixer consists of two or more identical single-

ended mixers with a 3 dB hybrid junction. This mixer, used a 180
o
 3 dB hybrid 

implemented by the branch-line coupler with the addition of a 90
o
 transmission line at one 

of the outputs. The branch-line coupler was used to feed the RF and LO signals towards 

Fig. 1-7. Measured S-Parameters of the 

dual-band RRC. After [15]. 

Fig. 1-8. Phase difference between S21 and 

S31 of RRC. After [15]. 
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the mixer diodes, while at the same time providing the necessary port isolation. The LO 

and RF branches were both split into two branches with 180
o
 phase difference. The 

measured results for this metamaterial mixer agreed well with the simulated results. Fig. 

1-11 shows that the RF-LO port isolation was higher than 35 dB at the first frequency and 

higher than 21 dB at the second. In addition, Fig. 1-12 shows that the conversion loss for 

the mixer when used as an upconverter is less than 8.5 dB. This measurement was 

performed by injecting a 13 dBm LO signal at 860 MHz and 2.15 GHz and sweeping a 0 to 

400 MHz signal into the IF port at -10 dBm. The operating bandwidth can be seen to be 

around 220 MHz. Similar results were obtained when the mixer is used as a down-

converter. 

 

  

Fig. 1-9. Conceptual schematic of the dual-

band mixer. After [21]. 

Fig. 1-10. Photograph of the fabricated 

dual-band mixer. After [21]. 
 

 
 

Fig. 1-11. Simulated and measured  LO-RF 

port isolation for the dual-band mixer. After 

[21]. 

Fig. 1-12. Simulated and measured 

conversion loss for dual-band mixer when 

used as an up-converter. After [21]. 
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In 2008, Pei-Ling Chi, Cheng-Jung Lee and Tatsuo Itoh, published a paper titled “A 

Compact Dual-Band Metamaterial-Based Rat-Race Coupler for a MIMO System 

Application” [22]. In this paper, by using composite right/left-handed (CRLH) 

transmission lines (TLs) and investigating all possible combinations of phase responses of 

the individual TLs in the coupler, a dual-band and miniaturized rat-race coupler was 

implemented. This dual-band rat-race coupler showed a 55% size reduction. This 

metamaterial-based coupler was then used as a mode decoupling network in a dual-band 

front-end MIMO system, along with a planar antenna array, to split two orthogonal 

radiation modes from the connected array. A pair of compact dual-band antennas was built 

and closely spaced to demonstrate pattern diversity by in-phase or out-of-phase excitations 

from the coupler. Good experimental isolation of the system, -29 dB at 2.4GHz and -34.2 

dB at 5.2 GHz, was exhibited verifying the desired decoupling property. 

Another way of implementing metamaterial transmission lines is with the use of 

complementary spit ring resonators (CSRRs), which were introduced by Falcone et al. in 

2004 as new resonant particles for the synthesis of metamaterials with negative effective 

permittivity [77]. It was demonstrated that by etching these elements in the ground plane of 

a microstrip line, the structure was able to inhibit signal propagation in the vicinity of their 

resonance frequency. Later, the first left-handed line based on CSRRs was implemented by 

etching series capacitive gaps in the conductor strip, above the positions occupied by the 

CSRRs [78]. The series gaps were then responsible for the negative effective permeability 

of the structure. Thus by combining these elements (gaps and CSRRs), a narrow band with 

simultaneously negative permittivity and permeability appeared in the vicinity of the 

resonance frequency of the resonators and, hence, a left-handed behavior in that band. 

Such CSRRs were used in 2008 to implement a dual-band 1:2 Y-junction power divider as 

reported in [80]. For this divider, the CSRRs shown in Fig. 1-13, impedance inverters were 

designed at 35.35 Ohms to provide a -90
0
 and +90

0
 phase shift at 0.9 GHz and 1.8 GHz. 
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Fig. 1-13 CSRR dual-band quarter-

wavelength impedance inverter. After 

[80]. 

 

Fig. 1-14. Simulated and measured power 

splitting (S21, S31) and matching (S11) for the 

fabricated dual-band CSRR-based power 

divider. After [80]. 

 

The design of another dual-band rat-race coupler using metamaterial transmission lines 

was proposed in 2009 [23], [24]. This coupler was implemented based on CSRRs. This 

design used the diplexer action of a pair of CSRR lines, one of them designed to exhibit 

right-handed wave propagation and the other one left handed wave propagation at the 

lower and upper frequency bands, respectively.  

Based on the GNRI-TL circuit model from [17], F. Martin et al. in 2010, implemented a 

fully planar GNRI-TL unit cell based on CSRRs and open complementary split ring 

resonators (OCSRRs) [59]. The GNRI-TL component values for each resonator where 

calculated and curve fitting was subsequently used to obtain the resonator geometries. This 

unit cell was then used to implement a quad-band Y-junction power divider. The topology 

of this fully planar unit cell is shown in Fig. 1-15, and the simulated performance in Fig. 

1-16.  

  

Fig. 1-15. Fully planar GNRI-TL unit cell. 

After [59]. 

Fig. 1-16. Circuit and EM simulation 

comparison of insertion and return loss. 

After [59]. 
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Another fully planar implementation of a quad-band unit cell was reported in 2012 in 

[63], using a GNRI-TL implementation (Extended CRLH or E-CRLH) using substrate 

integrated waveguide (SIW), which exhibited lower insertion loss compared to previous 

fully planar attempts. A Y-junction power divider was then fabricated using this type of 

unit cell as an impedance inverter. 

Metamaterial unit cells have also been implemented in a balanced lattice configuration 

[72], [73], [90]. These structures however, suffer from difficulties in their manufacturing 

and are of lesser practical use, due to their balanced nature. Another fully planar 

implementation of a quad-band GNRI-TL unit cell was published by Ryan and 

Eleftheriades in 2012, using a bridged-T circuit, resulting in an all-pass performance [64]. 

In this paper, the transformation from the GNRI-TL configuration of [26] to the bridged-T 

configuration is shown, using an intermediate lattice structure. The result is a single-ended 

device that is easier to fabricate compared to lattice equivalent configurations, and shares 

the all-pass and lower group delay characteristics of the lattice-type arrangement. 

A different fabrication technology was used to design a dual-band rat-race coupler in 

[25] in which half-mode substrate integrated waveguide (HMSIW) transmission lines were 

used. The CRLH behaviour of the HMSIW TL was obtained by etching the interdigital slot 

on the waveguide surface. It supports the propagation of the backward wave below the 

characteristic waveguide cutoff frequency in the left-handed (LH) region and the forward-

wave in the right-handed (RH) region. 

 

Fig.  1-17 CRLH half-mode substrate integrated waveguide (HMSIW) transmission lines. 

After [25]. 
 

Fig.  1-17 shows the CRLH HMSIW unit cell design used for the fabrication of the rat-race 

coupler. Other HMSIW metamaterial publications include [75], [76]. 
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Diplexers using metamaterial technology have also been published. In [96],   T. 

Kokkinos et al., reported a fully printed diplexer based on double spiral resonators, and in 

[97], another diplexer based on NRI-TL lines. In [99] a diplexer based on SIW and CSRR 

technology was reported, and in [98], [100] and [101], diplexers using the dual-CRLH (D-

CRLH) were fabricated. 

In a 2011 publication, a novel approach to hybrid multiplexer using CRLH lines was 

described, where two CRLH lines are connected to two identical dual band filters. These in 

turn were connected to two broadband hybrid couplers to form one module. By doing this, 

each module was able to handle two frequencies instead of a single frequency as in 

conventional systems. This new technique was based on the frequency dispersive 

characteristic of the CRLH lines. The proposed multiplexer consisted of four channels 

using two modules at 1.6, 1.9, 2.2, and 2.5 GHz, showing good agreement between 

simulated and experimental results. 

Metamaterials have also found application in many active devices, as can be seen from 

[102]-[112].  Other interesting applications include a crossover [115], and a frequency 

doubler [116]. 

1.4 Research Objectives 

 

The above survey of metamaterial device design and fabrication publications indicates that 

little has been achieved on the quad-band metamaterial front. Most of the work done is in 

metamaterial devices operating in only two frequency bands, or that exploits other aspects 

of the technology, such as the ability to offer broader bandwidths or smaller device sizes. 

The fact that additional resonators are required for quad-band operation, and the degree of 

precision that has to be achieved between them, has proven challenging for most of the 

metamaterial research groups.  

With this research, the following goals were attempted to be achieved: 

 

1. To enable successful unit cell designs, the existing GNRI-TL unit cell design 

theory had to be modified. The existing theory, which enabled the calculation of the 

required component values for the ideal unit cell schematic, was not adequate for a 

practical circuit. In other words, in any realizable circuit, the existence of transmission line 

sections is unavoidable. The effect of these TL sections modifies the characteristics of the 

ideal unit cell by shifting the target design frequencies and if not accounted for, the design 

will give poor results. Thus, this research aimed to provide an extension to the existing 
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theory that incorporates such physical variations to the ideal model. In effect, the actual 

component values that have to be used for a successful first iteration in the design vary 

significantly from the ideal component values.  

2. Another objective of this work was to create microwave circuit and full-wave 

electromagnetic models in commercial software packages such as Microwave Office and 

HFSS, in order to simulate the unit cell’s performance under the theory developed and 

compare it to the ideal and the required performance of the unit cells.  

3. The unit cells on their own have little use in wireless systems. In most cases, they 

have to be used as building blocks of devices that perform specific subsystem functions, 

such as power division, unbalanced to balanced conversion, filtering and interfacing with 

the air. The consequence of this reasoning is that a methodology of cascading unit cells 

must be found, such that the devices achieve the required subsystem design goals, such as 

functionality, insertion and return loss and insertion phase characteristics. Again, the ideal 

interconnection varies from the real-world case, and it has to be accounted for as well 

through proper modeling and simulations. 

4. Once the cascading methodology has been found, devices can be designed using 

the unit cell models and simulations, and these devices can in turn be simulated to estimate 

performance. Specifically, a quad-band Wilkinson divider, a rat-race coupler, and a 

bandpass filter have been designed. These are common devices that can find application in 

most wireless systems.  

5. According to the review of the state-of-the-art and the previous work done in this 

field, no coherent methodology was found to be able to take the high-level requirements of 

a quad-band metamaterial device and translate them directly into detailed component 

values, good first design and completed design after only a few iterations. In addition, it 

was aimed to develop and realize the first ever quad-band GNRI-TL devices using lumped 

elements. 

6. Finally, an objective of this research was to analyze the effects the resistance and 

conductance have on any realizable GNRI-TL microstrip transmission line device. To 

achieve this objective, the supporting theory first would have to be developed and 

subsequently comparative analysis performed through simulations to draw conclusions on 

the magnitude of these effects on realizable designs. 
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1.5 Contributions of the Thesis 

 

The main contributions of the thesis can be listed as follows: 

 In Chapter 3, the analysis of the NRI-TL unit cell has been extended to the case 

where the impedances of the input and output series branches of the unit cell are 

unequal. In this fashion, the asymmetrical NRI-TL unit cell can be used for the 

design of single-band bandpass filters. Through dispersion analysis, a new 

dispersion relation has been developed and the equations needed to calculate the 

required component values presented. Results of two NRI-TL unit cells in a back-

to-back configuration are shown and compared to an equivalent Chebyshev filter. 

Also in Chapter 4, the analysis of an asymmetrical GNRI-TL is performed and new 

equations presented for the calculation of the dispersion characteristics and 

component values. A dual-band bandpass filter is simulated using the theory 

developed. 

 In Chapter 4, a quad-band Wilkinson power divider has been designed and tested 

for the first time, using the extended GNRI-TL theory. Simulated and measured 

results are shown. In fact, in a paper published in 2008, Papanastasiou, Georghiou 

and Eleftheriades realized for the first time a metamaterial quad-band device that 

used such GNRI-TL unit cells for the design of a quad-band Wilkinson power 

divider [18]. Details on this device are given below, as part of the work performed. 

This paper has been cited numerous times [53]-[63], in further attempts in the 

design of multiband metamaterial devices. 

 A GNRI-TL quad-band rat-race coupler has also been implemented for the first 

time and results are presented. Another contribution of Chapter 4 is the design of a 

quad-band shorted ι/4 bandpass filter using GNRI-TL unit cells. 

 In Chapter 5, a complete model of the GNRI-TL unit cell is presented, which 

includes the effects of a realistic host transmission line, including its resistance and 

conductance. After the host transmission parameters are evaluated, an equivalent 

model is created to verify its validity and its dispersion characteristics analyzed. 

Subsequently, a method is shown for making all the necessary corrections to the 

original GNRI-TL unit cell, using new equations that keep the unit cell in the 

closed stopband condition. Example designs are calculated and the effects of the 

transmission line parameters that cannot be rectified are quantified.  
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 The advantages of designing and implementing metamaterial devices using the 

GNRI-TL technique as developed in this Thesis, are the following: 

1. The inherent multiband feature of the unit cells can readily be applied to replace 

conventional transmission line sections of standard designs in a very 

straightforward fashion. There is no need for convoluted geometrical features 

such as multiple stubbing in order to make a design multiband as in the current 

state-of-the-art. This results in a reduction in the overall design complexity. 

2. The arbitrary phase-shifting feature of GNRI-TL unit cells leads to very 

significant miniaturization of the devices that use them and are limited only by 

the physical size of the components or resonators used in the design and not on 

the natural transmission-line phase shift as in the case for conventional designs. 

By taking advantage of this feature the resultant designs are lighter and occupy 

less board real-estate. This in turn results in cost and weight savings, both of 

which are important in today’s wireless devices. 

3. The equations developed provide a useful tool for the designer to go from 

simulation to implementation without multiple iterations by making the 

necessary corrections needed for realizable designs and taking into account the 

expected losses that will result from using the GNRI-TL unit cells.  

 

1.6 Outline of the Thesis 

 

In the second chapter of the Thesis, the negative refractive-index transmission line theory 

is derived starting from basic electromagnetic theory. The complete analogy between a 

TEM wave traveling in dielectric media and a TEM wave traveling in a two-conductor 

transmission line is presented and through this analogy, circuit analysis techniques are used 

to derive the wave’s phase and group velocity. Using the definitions of refractive-index, 

the negative index of refraction is justified from the negative phase velocity for NRI and 

NRI-TL media. 

Also in Chapter 2, the GNRI-TL theory is presented. The closed-stopband condition is 

derived from the dispersion relation and the relationship between the impedances of the 

horizontal and vertical branches of the unit cell. Equations that yield the constituent 

component values are also derived. 

In Chapter 3, a new NRI-TL unit cell is presented, that features different input and 

output impedances. The new dispersion relation for this unit cell is derived along with the 
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new relationship between the impedance and admittance of the horizontal and vertical 

branches of the unit cell respectively. The unit cell’s component values are obtained from 

new equations that keep the closed stopband condition. An example unit cell is designed 

and subsequently a back-to-back configuration of two asymmetrical unit cells is simulated 

in a configuration of a typical 5-pole bandpass filter. The simulated results are compared to 

the simulated results of a standard 5-pole Chebyshev filter using classical filter theory. The 

two sets of results are shown to be nearly identical, which proves the applicability of such 

an asymmetrical unit cell in single-band bandpass filter applications.  

Also in Chapter 3, new equations yielding the component values of an asymmetrical 

GNRI-TL unit cell are presented. These equations are derived using the same methodology 

as for the NRI-TL unit cell and an example is shown on how a dual-band asymmetrical 

GNRI-TL bandpass filter can be constructed. 

Chapter 3 also expands on the existing GNRI-TL theory by means of adding into the 

GNRI-TL unit cell model, the host transmission lines using the line impedance and phase 

shift method and presenting the new dispersion relation that accounts for these host 

transmission lines.   

In Chapter 4, a novel quad-band Wilkinson power divider is presented. This new type of 

Wilkinson divider replaces the conventional 70.7 Ohm/ 90
o
 transmission line sections with 

quad-band GNRI-TL unit cells, each with a Bloch impedance of 70.7 Ohms and a phase 

shift of 90
o
 at four different frequencies. Simulated and measured results are then 

compared. 

A quad-band rat-race coupler is also presented in Chapter 4. As in the case of the 

Wilkinson divider, the conventional transmission line sections are replaced by GNRI-TL 

unit cells of proper impedance and phase shift at four distinct frequencies. The modified 

GNRI-TL unit cells were designed using the host transmission line circuit parameter 

method in order to make the necessary component value corrections. Simulated and 

experimental results of both the single unit cell and the entire coupler are presented and 

compared. 

Chapter 4 also discusses the method for the design of a quad-band shorted λ/4 3-pole 

bandpass filter by means of replacing each transmission line section of the single-band 

conventional filter with GNRI-TL unit cells. The simulated magnitude and phase results 

are then shown. 

In Chapter 5, a complete GNRI-TL model is shown, that incorporates the host 

transmission line distributed capacitance, inductance, resistance and conductance. The new 

dispersion relation is derived and the amount of frequency shift that occurs when trying to 
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realize an ideal GNRI-TL unit cell using host transmission lines is calculated. The theory 

and the methodology for the rectification of the frequency shift effects are discussed. 

Finally, the losses incurred by such a realizable unit cell are presented by performing 

simulations using two typical microwave substrate materials with different loss tangents. 

Chapter 6 summarizes the work done and discusses possible future lines of research that 

could follow the work done in this Thesis. 
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Chapter 2 

2 Negative Refractive-Index Transmission Line 

Theory 
 

In this Chapter, the negative-refractive-index transmission-line theory is presented. 

Starting from basic electromagnetic theory, the analogy between a TEM wave traveling in 

lossless isotropic dielectric media and a TEM wave traveling in a two-conductor 

transmission-line is established and then is used to derive the refractive-index 

characteristics of the transmission line. The generalized NRI-TL unit cell is also presented 

along with the necessary equations that yield the constituent component values of the unit 

cell.  

 

2.1 Electromagnetic and circuit analysis 

 

Any material supporting wave propagation can be characterized by a dielectric constant ε 

and a magnetic permeability constant μ. Assuming TEM wave propagation in the z-

direction for lossless isotropic dielectric materials belonging to the first quadrant of Fig.  

1-1, Maxwell’s equations tell us that 

 
y

x
Hωμj

dz

dE
-=

 

 

(2.1) 

 

 

x

y
Eωεj

dz

dH
=- . 

 

(2.2) 

 

By differentiating (2.1) and substituting into (2.2) with respect to z, we get the one-

dimensional Helmholtz equation (2.3) [65]: 

 

x

x
Eεμω

dz

Ed
2_

2

2

=
 

 

(2.3) 

 

and similarly, by differentiating (2.2) and substituting into (2.1) we get the second 

Helmholtz equation as: 
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y

y
Hεμω

dz

Hd
2_

2

2

=
 

 

(2.4) 

 

in which the wave number is defined as  

 μεωk = . (2.5) 

 

 

The wave impedance η is also defined as 

 

ε

μ
η = . 

 

(2.6) 

 

There also exists an interrelationship of the wave equation in perfect dielectric materials 

with the wave equation in a two-conductor transmission line, as detailed in [65]. 

Considering the infinitesimally small section Δz of a lossless transmission line and the 

circuit in Fig. 2-1: 

By Ampere’s Law, 

 
Voltage change=

t

I
Ldzdz

z

V

∂

∂
=

∂

∂
_

 

(2.7) 

 

 

where the voltage V=V(z,t) is a function of both space and time. In the sinusoidal steady-

state case however, V(z,t)=Re{V(z)∙e
jωt

} and the length dz may be cancelled, thus (2.7) 

becomes 

 
LIωj

dz

dV
_=

 

 

(2.8) 

 

and accordingly by Faraday’s Law 

 
Current Change=

t

V
Cdzdz

z

I

∂

∂
=

∂

∂
_

 

(2.9) 

 

In the sinusoidal steady-state case however, I(z,t)=Re{I(z)∙e
jωt

} and again by cancelling dz, 

(2.9) becomes 

 
CVωj

dz

dI
_= . 

 

(2.10) 
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Fig. 2-1. Section of a representative transmission line and its equivalent circuit for a 

differential length 

 

 

By taking the derivative of (2.10) and substituting into (2.8) the following relation is 

derived 

 
LCVω

dz

Vd
2_

2

2

= . 
 

(2.11) 

 

By taking the derivative of (2.8) and substituting into (2.10), a second relation is derived: 

 
LCIω

dz

Id
2_

2

2

=
 

 

(2.12) 

 

(2.11) and (2.11) are the one-dimensional transmission line wave equations (Helmholtz 

equations) with wave number 

 LCωk =
 

(2.13) 

 

and wave impedance 

 

C

L
Z = . 

(2.14) 

 

From this discussion, the analogy between the plane-wave solutions and the wave solutions 

for the ideal transmission line becomes apparent, and in fact it is a complete one, as can be 

seen tabulated below: 
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Plane wave solution Transmission Line solution 

x

x
Eεμω

dz

Ed
2_

2

2

=  LCVω
dz

Vd
2_

2

2

=  

y

y
Hεμω

dz

Hd
2_

2

2

=  LCIω
dz

Id
2_

2

2

=  

μεωk =  LCωk =  

ε

μ
η =  

C

L
Z =  

Table 1. Comparison of Plane-wave and transmission line solution parameters 

 

In short, by making the substitutions μ↔L, ε↔C, E↔V and H↔I, the one set of equations 

can derive the other. Through this analogy, Eleftheriades et. al. in [4] and [66] realized that 

since there is nothing prohibitive in Maxwell’s equations for a medium to have 

simultaneously negative permittivity and permeability and thus a negative index of 

refraction (according to Veselago [1]), from an impedance point of view, imposing a 

negative L to obtain a negative μ and a negative C to obtain a negative ε, essentially 

exchanges their inductive and capacitive roles. This means that the negative series inductor 

becomes a positive series capacitor, and the negative shunt capacitor becomes a positive 

shunt inductor. The emerging structure is easily recognized as having the topology of a 

high-pass filter network, which is the dual of the conventional transmission line. An 

electrically small section of this sort of transmission line can be seen in Fig. 2-3.  

To understand why a negative μ and ε result in a negative refractive index, we consider 

the following relation for the refractive index [65] : 

 

pv

c
n 

 

(2.15) 

 

which shows that n  is inversely proportional to the phase velocity vp. If vp then can take on 

negative values, which is known to be the case for backward-wave propagation, then n also 

becomes negative. If we then consider that conventional media with positive μ and ε 

support propagation with a positive phase velocity and thus a positive refractive index 

(PRI), then the choice of the sign for the square root in (2.16) has to be the positive one. 

Conversely, for media with negative μ and ε, the phase velocity vp is negative and the 

choice of the sign in (2.16) has to be the negative one to also satisfy (2.15). These media 

can then be termed negative refractive index (NRI) media. 

 μεn ±=
 

(2.16) 
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From this discussion, a conventional transmission line, as seen in Fig. 2-2, could then be 

considered as a PRI medium, and its high-pass dual of Fig. 2-3, an NRI medium. 

To analyze these two media from an impedance point of view, Kirchhoff’s voltage and 

current laws can be used to these very small sections of transmission lines and perform 

classical circuit analysis to them. Hence, a simplification of the analysis of these 

electromagnetic circuits can be achieved, compared to using Maxwell’s equations.   

 

 

Fig. 2-2. Conventional transmission line model [67] 

  

 

 

Fig. 2-3. Distributed dual transmission line model [67] 

 

2.1.1 Positive Refractive Index Medium Analysis 

 

Applying Kirchhoff’s voltage law to the PRI Medium of Fig. 2-2, we get 

 

 
0)()(

2
)(

2
)(  zzVzzI

Z
zI

Z
zV

 

 

(2.17) 

 

or 
)(

2
)(

2
)()( zzI

Z
zI

Z
zzVzV 

 

 

(2.18) 
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and from Kirchhoff’s current law, 

 
Y

Z
zIzYVzIzzI 










2
)()()()( . 

 

(2.19) 

 

From the above equations, as Δz→0, we get [65]: 

 
)(

)(
zZI

dz

zdV


 

 

(2.20) 

 

 

 
)(

)(
zYV

dz

zdI


 

 

(2.21) 

 

which can be recognized as the Telegrapher’s equations, and subsequently, the wave 

equations can be constructed from them, as was done previously. Specifically, the wave 

equations in this case are the following: 

 
0)(

)(
2

2

 zZYV
dz

zVd
. 

 

(2.22) 

 

 

 
0)(

)(
2

2

 zZYI
dz

zId
. 

 

(2.23) 

 

In (2.22) and (2.23) the propagation constant (wave number) is simply ZYβjαγ =+= , 

which for a lossless medium (α=0) becomes 

 ZYjβ _=
 

(2.24) 

 

and since Z=jωL and Y=jωC, the propagation constant becomes 

 LCωjβjγ == . (2.25) 

 

The phase velocity for a transmission line is defined as 

 

β

ω
v p = . 

 

(2.26) 

 

Hence in the case of the lossless, conventional dispersionless transmission line of Fig. 2-2, 

 

LC
vp

1
= . 

(2.27) 

 

The group velocity for a transmission line is defined as [65]: 
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 1



















d

d

d

d
vg

. 
 

(2.28) 

 

Hence in the case of the conventional transmission line, 

 

LC
vg

1
= . 

 

(2.29) 

 

It can be seen from (2.27) and (2.29) that both phase and group velocities are positive, as 

expected.  

 

2.1.2 Negative Refractive Index and NRI-TL Medium Analysis 

 

To perform the same analysis for the NRI Medium, we start by realizing that the 

topology of Fig. 2-3 is the same as that of Fig. 2-2, so applying Kirchhoff’s voltage and 

current laws would result in the same results for the Telegrapher’s and wave equations 

from an impedance perspective. 

For NRI media however, Z=1/jωC and Y=1/jωL, so the propagation constant becomes 

[65]: 

 

LCω

j

LωjCωj
ZYβjγ

_

=
11

===
 

 

(2.30) 

 

 

The phase velocity is 

 
LCω

β

ω
v p

2_==
 

(2.31) 

 

and the group velocity is 

 
LCω

βd

ωd
vg

2== . 
 

(2.32) 

 

It can be seen from (2.31) and (2.32) that phase velocity is negative and group velocity is 

positive, as expected from a medium supporting backward waves. A typical σ-β diagram 

showing just this, can be seen in Fig. 2-4. A structure then of the form shown in Fig. 2-3 

can have a negative refractive index. 
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Fig. 2-4 σ-β (dispersion) diagram for an NRI medium 

 

 

The important novelty of [4] and [66], lies with the fact the PRI and NRI media could be 

combined and realized in the form of loading a microstrip transmission line (which is the 

PRI medium) with series capacitors and shunt inductors, to create the negative-refractive 

index transmission-line (NRI-TL), through which many important improvements to 

conventional microwave technologies could be achieved. The idea was that the NRI-TL 

can behave in many ways like a conventional section of a transmission line, while at the 

same time having other important properties such as both a frequency dependant positive 

or negative refractive index. A very small section of an NRI-TL would have a circuit 

diagram such as the one shown in Fig. 2-5 and can also be termed as an NRI-TL unit cell.  

 

 

Fig. 2-5. NRI-TL circuit representation 

 

The inductor LTL and capacitor CTL represent the distributed inductance and capacitance of 

the transmission line and the capacitance CL and inductance LL are the loading elements. A 

dispersion diagram of such a unit cell can be seen in Fig. 2-6 [36]. In this graph, the 

frequencies where the refractive index is positive (RH passband) and negative (LH 

passband) can clearly be seen. The stopband region in-between is also identified. 
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Fig. 2-6. Typical dispersion diagram for an NRI-TL unit cell  
 

2.2 Generalized Negative-Refractive-Index Transmission-Line 

(GNRI-TL) Theory 

 

Through the publication of [17] in 2007 by Prof. Eleftheriades, it was realized that the way 

to extend the applicability of the NRI-TL unit cell of Fig. 2-5 to quad-band applications, 

was to add a parallel LC resonator in the horizontal branch of the NRI-TL unit cell and a 

series LC resonator in the vertical branch of the unit cell. This configuration, as shown in 

Fig. 2-7, leads to a periodic artificial line which yields two pairs of alternating backward-

wave/forward-wave bands in the first Brillouin zone (BZ) instead of just one pair as in the 

plain NRI-TL. By inserting additional pairs of parallel resonators in the horizontal branch 

and series resonators in the vertical branch, further pairs of backward/forward bands can be 

added, resulting in a multiband operation. 

 The first step in designing quad-band GNRI-TL metamaterial unit cells is to be able to 

calculate the component values required for its desired operation. The inputs to this process 

are the desired four frequencies of operation and the desired insertion phase shift that we 

need at those frequencies. Fig. 2-7 shows the schematic of a typical Generalized NRI-TL 

unit cell.  
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Fig. 2-7. Generalized NRI-TL circuit Model. After [17]. 

 

 

To begin with the design process, as outlined in [26], the circuit of Fig. 2-7 can be 

represented by the following two-port network, which has the ABCD matrix of (2.33).  

 

 

 

 

 

 

 

 

Fig. 2-8. Two-port impedance network representation of the circuit of Fig. 2-7. 

 

The ABCD matrix of the above two-port circuit is given by the well-known relation [42] : 

 
 
𝐴 𝐵
𝐶 𝐷

 =  
1 + 𝑍ℎ𝑌𝑣 𝑍ℎ(2 + 𝑍ℎ𝑌𝑣

𝑌𝑣 1 + 𝑍ℎ𝑌𝑣
 
 

(2.33) 

 

where in the case of the Generalized NRI-TL unit cell, 

 

hp

hp
hs

hsh

Lj
Cj

Cj
LjZ

2

1
2/

1

2

1
2/









 

 

(2.34) 

 

 

and 

Zh Zh 

Yv 
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.

1
+

1
+

1
+=

vs

vs
vp

vpv

Cωj
Lωj

Lωj
CωjY

 

 

(2.35) 

 

Considering that the resonant frequencies of the resonators in the circuit are described by : 

 
hshshs CL/12 

 

(2.36) 

 

 
hphphp CLω /1=2

 

(2.37) 

 

 
vpvpvp CL/12 

 

(2.38) 

 

 
vsvsvs CL/12 

 

(2.39) 

 

Then, Zh and Yv can be rewritten as  

 

)1(2/

)1(2/

2

22

2











hp

hp

hs
hsh

C

j
LjZ




 

 

(2.40) 

 

 

)1(

)1(

2

22

2











vs
vs

vp

vpv

L

j
CjY



 . 
 

(2.41) 

 

From the theory on the analysis of infinite periodic structures, for the case of a 

nonattenuating, propagating wave on the periodic structure, the corresponding Bloch 

propagation constant (dispersion relation) of the above unit cell, is given by the following 

equation: 

 
)

2
(cos

DA
d


  

 

(2.42) 

 

By substituting (2.40) and (2.41) into (2.42), we obtain the following dispersion relation: 

 
vhYZd 1cos . (2.43) 

 

Under the closed stopband condition, we get two passbands, separated by a stopband 

centered at ωor, which is the resonant frequency of the parallel resonator in the horizontal 

branch of the circuit ωhp, as well as the series resonator in the vertical branch of the circuit 

ωvs. At the center of the passband, the phase velocity is infinite and this can be expressed 

as the frequencies where β=0. The stopband at ωor is created when the vertical branch 

becomes short circuited and the horizontal branch becomes open circuited. This means that 

at the stopband, there is no propagation and this can be expressed as the frequencies where 
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β is infinite. By (2.43), the β=0 frequencies are found by if we set 0hZ and 0vY . To 

find the frequencies where 0hZ  and 0vY , we set (2.40) and (2.41) equal to zero, 

resulting in the following equations [26]: 

 222222222

_ 4)(5.0)(5.0 hphshshphshphshphshpzerohor  
 

(2.44) 

 

where  

 
hphshshp CL/42 

 

(2.45) 

 

 222222222

_ 4)(5.0)(5.0 vpvsvsvpvpvsvsvpvpvszerover  
 

(2.46) 

 

where  

 ωvsvp
2
=1/LvsCvp

 
(2.47) 

 

By setting these two sets of zero frequencies equal, we get the closed stopband condition, 

when 

 orvshp  

 

(2.48) 

 

 vphs ωω =
 

(2.49) 

 

 ωhshp=ωvsvp  or 
vpvs

hphs
CL

CL


4  

(2.50) 

 

Equation (2.50), defines the center of the stopband that separates the two passbands. This 

can be seen by inspection of Fig. 2-7, where at the frequency ωor the parallel resonator in 

the horizontal branch becomes open circuited and the series resonator in the vertical branch 

becomes short circuited. The passband centers are defined by equation (2.47), which are 

defined at the frequencies where β=0. 

In addition, as a result of equations (2.48)-(2.50), the impedance of the horizontal branch 

Zh and the admittance of the vertical branch Yv become equal within a constant, defined 

below by the calculation of the Bloch impedance of the circuit. 

Again, from the analysis of periodic structures, we know that  

 

C

DADA
ZBloch

2

4)( 2 


. 

 

(2.51) 

 

By substitution of the ABDC parameters, we then obtain 
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vhY

v

h
Bloch Z

Y

Z
Z  2 . 

 

(2.52) 

 

At around the β=0 frequencies, (2.52) becomes:  

 

v

h
Bloch

Y

Z
Z

2


 

 

(2.53) 

 

 vBlochh YZZ  2
 

(2.54) 

 

 vh qYZ  2
 

(2.55) 

 

where BlochZq   is the Bloch impedance at the centers of the passbands where β=0. 

Substituting (2.40) and (2.41) into (2.53), results in the following expression: 

 

vp

hs
Bloch

C

L
Z  . 

 

(2.56) 

 

From (2.43) and (2.55),  

 2

2

2

)(

)cos1(2
vpY

q

d
A 





. 

 

(2.57) 

 

From (2.35) and (2.55), the following polynomial is established [2]: 

 
0)( 22

2
222234  vpor

vp

or
vsvpvpor

vp C

A

C

A



 .  

(2.58) 

 

The above polynomial has the four roots, -ω1, ω2, -ω3, ω4. Therefore, the polynomial 

yields four equations for the four unknowns Cvp, ωor, ωvp, ωvsvp. By relating the known 

roots to the polynomial coefficients, we get: 

 22

43210 vporC  
 

(2.59) 

 

 

vpC

A
C  )( 43211 

 

(2.60) 

 

 )++(=)+++(= 222

4342324131212 vsvpvpor ωωωωωωωωωωωωωωωC
 

(2.61) 
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vp

or

C

A
C

2

4213214324313 )(


  . 
(2.62) 

 

From the above four equations, the four unknowns can be solved. 

 

1C

A
Cvp   

(2.63) 

 

 

1

32

C

C
or 

 

(2.64) 

 

 

3

1
0

2

C

C
Cvp 

 

(2.65) 

 

 

3

1
0

1

3

2

2

C

C
C

C

C
Cvsvp  . (2.66) 

 

 

Then, the rest of the component values can be evaluated. 
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(2.67) 
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1
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(2.68) 
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L

C
2

1


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(2.69) 

 

 
vphs qCL 

 
(2.70) 

 

 

hsvp
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L

C
2

1




 

(2.71) 

 

 

hs

vpvs

hp
L

CL
C

4


 

(2.72) 

 

 

hpor

hp
C

L
2

1


 . 

(2.73) 

 

In brief, Equations (2.57),  (2.59)-(2.73) is all that is required for calculating the ideal 

component values, once the four desired frequencies of operation are given and the phase 

shift at these frequencies. As explained earlier though, attempting to build the unit cell with 

the calculated component values, will not yield good results due to the interaction of the 

transmission line parameters with the parameters of the unit cell. 
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2.3 Summary 

 

In this Chapter, the negative refractive-index transmission line theory was derived starting 

from basic electromagnetic theory. The complete analogy between a TEM wave traveling 

in dielectric media and a TEM wave traveling in a two-conductor transmission line was 

presented and through this analogy, circuit analysis techniques were used to derive the 

wave’s phase and group velocity. Using the definitions of refractive-index, the negative 

index of refraction was justified based on the negative phase velocity for NRI and NRI-TL 

media. 

Also in this Chapter, the GNRI-TL theory was presented. The closed-stopband condition 

was derived from the dispersion relation and the relationship between the impedances of 

the horizontal and vertical branches of the unit cell. Equations that yield the constituent 

component values were also derived. 
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Chapter 3 

3 GNRI-TL Theory for filter applications 
 

In this Chapter, the NRI-TL and GNRI-TL theory is developed for unit cells that are 

asymmetrical in terms of their input and output impedance. The dispersion relations are 

developed and the equations that provide the values for the required component values 

under the closed stopband condition are presented. Example simulations for filter 

applications are used to demonstrate the applicability of such unit cells to the design of 

single and dual-band filters. Also in this section, the expanded GNRI-TL theory is 

developed that takes into account the host TL using the impedance and phase-shift method. 

3.1 Single band filters using NRI-TL unit cells 

 

To use the NRI-TL unit cell for bandpass filter design purpose, one must use a cascade of 

asymmetric unit cells (in terms of the input and output impedance values) as the basic 

building block for such filters. It is well known that filter sections have different 

characteristic impedances within the same filter, and in order for them to be well matched 

between them, a unit cell with different input and output impedances must be designed. 

Such a unit cell is shown in Fig. 3-1. 

 

 

Fig. 3-1 Asymmetric Generalized Dual-Band NRI-TL Unit Cell 

 

From Fig. 3-1, it can be seen that the series parallel resonator and the shunt series resonator 

have been dropped compared to Fig. 2-7, so that the circuit looks like the NRI-TL unit cell 

of Fig. 2-5. This unit cell can only be used for single-band bandpass filters, but it serves 

well for performing the analysis that follows.  
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Using the same reasoning used previously in the development of the GNRI-TL theory, 

the ABCD matrix for such a unit cell is given below: 

 

 
A B

C D
 =  

vphs YZ )+1( 1 vphshshshs YZZZZ 2121 ++

vpY vphs YZ )+1( 2

 
 

(3.1) 

 

 

 where: 

 
)1(

2

2






vp

vpvp CjY 
 

(3.2) 

 

 

 
)1(

2

2

1

11



 hs

hshs LjZ 
 

(3.3) 

 

 
)1(

2

2

2

22



 hs

hshs LjZ 
 

(3.4) 

 

 

11

1

1

hshs

hs
CL


 

(3.5) 

 

 

22

2

1

hshs

hs
CL


 

(3.6) 

 

and  

 

vpvp

vp
CL

1


 

(3.7) 

 

 

which is the resonant frequency of the vertical branch of the unit cell. 

The Bloch propagation constant can then be found as follows: 

 
)(

2
1

2

11

2
cos 21

21

hshs

vphsvphs
ZZ

YYZYZDA
d 







 

(3.8) 

 

 
=>

2121

)cos1(2)1(cos2

hshshshs

vp
ZZ

d

ZZ

d
Y













 

(3.9) 

 

Under the closed stopband condition, the resonant frequencies of the horizontal branches 

are set equal to the resonant frequency of the vertical branch of the unit cell (

vphshs   21 ) which also define the center of the unit cell passband. 

At around 0 the Bloch impedance is: 
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vp

hshs

Bloch
Y

ZZ
Z 21 

 

(3.10) 

 

From (3.2), the constant factor between the horizontal impedances and the shunt 

admittance is given by: 

 => vphshs YqZZ 2

21 
 

(3.11) 

 

where 
BlochZq   at the center of the passband. From (3.10) and (3.1)-(3.3), the Bloch 

impedance can be written as: 

 

vp

hshs

Bloch
C

LL
Z 21 

 

(3.12) 

 

Thus at the center of the passband,  

 
21= qqq

 

(3.13) 

 

 

vp

hs

C

L
q 1

1 
 

(3.14) 

 

 

which is the impedance at the input terminal of the unit cell and 

 

vp

hs

C

L
q 2

2 
 

(3.15) 

 

which is the impedance at the output terminal of the unit cell.  Combining (3.8) and (3.9), 

results in: 

 2

2

21

2

)(

)cos1(2
A

ZZ

d
Y

hshs

vp 







 

(3.16) 

 

 => 022
 AYvp

 

(3.17) 

 

 
=> 0)1( 2

2

2

22  AC
vp

vp





 

(3.18) 

 

 
=> 0)

2
1( 2

4

4

2

2

22  AC
vpvp

vp









 

(3.19) 

 

 
=> 02 2

2

42

2222  A
C

CC
vpvp

vpvpvp





 

(3.20) 

 

 => 02
422222224  vpvpvpvpvp CACC 

 

(3.21) 
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=> 0)2(

4

2

2
224  vp

vp

vp
C

A


 

(3.22) 

 

which is a biquadratic equation with two positive and two negative roots. To find the roots, 

we substitute x=ω
2
 which results in: 

 
0)2(

4

2

2
22  vp

vp

vp
C

A
xx 

 

(3.23) 
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2
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2

2
2
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A

C

A

C

A

x




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(3.24) 
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2
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2

2
2

2
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vp

vpvp

vp
C

A

C

A

C

A

x







 

 

 

(3.25) 

 

Thus, the four roots of the biquadratic equations are the following four frequencies: 

 

2

82
2

2
2

2

2
2

1

vp

vp

vpvp

vp
C

A

C

A

C

A



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
 

 

 

(3.26) 
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A
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A

C
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(3.27) 
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(3.28) 

 

 

 

2

+8+2

=
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2
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2

2

__

4

vp
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vpvp

vp
C

A
ω

C

A

C

A
ω

ω
 

 

 

(3.29) 

 

 

By relating the known roots of (3.22) with the polynomial coefficients, the following 

equations result: 

 4

43210 == vpωωωωωC
 

(3.30) 

And
rea

s P
ap

an
as

tas
iou



37 
 

 

 043211  C
 

(3.31) 

 

 

2

2
2

4342324131212 2
vp

vp
C

A
C  

 

(3.32) 

 

 04213214324313  C
 

(3.33) 

 

From (3.32), we can find the value of 
vpC as: 

 

2

2

2

2 vp

vp
C

A
C




 

 

(3.34) 

 

 

The value of ωvp can be found as 

 
310   vp

 

(3.35) 

 

The rest of the components of the unit cell can now be found as follows: 

 

vpvp

vp
C

L
2

1




 

 

(3.36) 

 

 

vp

hs
Cq

L
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1

1

1
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(3.37) 
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1

hsvp
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L
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
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(3.38) 

 

 

vp

hs
Cq

L
2

2

2

1


 

(3.39) 

 

 

2

22

1

hsvp

hs
L

C


 . 
(3.40) 

 

 

Thus, when given two frequency points at a desired phase along with the input and output 

terminal Bloch impedances, one can now obtain the asymmetric NRI-TL component 

values using the above equations.  

To check the validity of the above, as an example, the following asymmetric NRI-TL 

was designed using the following design parameters: 

 

f1=1.5 GHz 

f2=- f1 
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f3=2.5 GHz 

f4=- f3 

q1=50 Ohms 

q2=60 Ohms 

Unt cell phase shift φ=βd=90
o 

 

By using equations (3.30)-(3.40) the resulting unit cell component values are derived: 

Lhs1=10.27 nH, Chs1=0.66 pF, Lhs2=14.79 nH, Chs2=0.46 pF, Cvp=4.11 pF and Lvp=1.64 nH. 

The dispersion plot for this unit cell can be seen in Fig. 3-2 below:  

 

Fig. 3-2. Dispersion plot for asymmetric NRI-TL unit cell with q1=50 and q2=60 with 90 

degree phase shift 
 

In Fig. 3-2 the closed stopband condition still holds, which can be seen from the fact that 

there is no bandgap between the right and left handed regions of the dispersion diagram. 

The frequencies at which the dispersion diagram is 90 degrees is shown by the intersection 

of the vertical line with the dispersion plot. These frequencies are 1.5 GHz and 2.5 GHz, 

which are the desired design frequencies.  
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Fig. 3-3. Magnitude response of the asymmetric NRI-TL unit cell with q1=50, q2=60 and 

βd=90
o 

 

 

Fig. 3-4. Insertion phase response of the asymmetric NRI-TL unit cell with q1=50, q2=60 

and βd=90
o 

 

 

The unit cell has also been modeled in Microwave Office, yielding the plots of Fig. 3-3 

and Fig. 3-4. In these plots the magnitude and phase response of this NRI-TL unit cell is 

shown. The bandpass nature of the structure is prominent. The return loss of the unit cell is 
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degraded compared to a symmetric unit cell, because of the impedance mismatch created 

in a 50 ohm system. From the markers on the insertion phase plot, the phase shift at the 

two operating frequencies can be seen to be very close to 90 degrees.  

The use of such an asymmetrical unit cell becomes more apparent when two such unit 

cells are placed in series to create a bandpass filter structure as shown in Fig. 3-5. With the 

dual-band NRI-TL unit cell, a single-band bandpass filter can be designed. The operating 

frequencies f1 and f2 will represent the band edges, as long as the phase shift at these 

frequencies is +/- π. 

When cascading two unit cells, the second unit cell should be mirrored in order to get an 

overall symmetric structure, as shown in Fig. 3-5 below. 

 

 

Fig. 3-5  A cascade of two unit asymmetric unit cells 

 

The ABCD matrix of the two-cell structure of Fig. 3-5 can be obtained as follows: 

 

  
𝐴 𝐵

𝐶 𝐷
 =  

𝐴1 𝐵1

𝐶1 𝐷1
  

𝐴2 𝐵2

𝐶2 𝐷2
 
 

(3.41) 

 

  
𝐴 𝐵

𝐶 𝐷
 

=  
1 + 𝑍ℎ𝑠1𝑌𝑣𝑝 𝑍ℎ𝑠1 + 𝑍ℎ𝑠2 + 𝑍ℎ𝑠1𝑍ℎ𝑠2𝑌𝑣𝑝

𝑌𝑣𝑝 1 + 𝑍ℎ𝑠2𝑌𝑣𝑝
  
1 + 𝑍ℎ𝑠3𝑌𝑣𝑝 𝑍ℎ𝑠1 + 𝑍ℎ𝑠3 + 𝑍ℎ𝑠1𝑍ℎ𝑠3𝑌𝑣𝑝

𝑌𝑣𝑝 1 + 𝑍ℎ𝑠1𝑌𝑣𝑝
 
 

 

 

(3.42) 

 

 )()1)(1( 212131 vphshshshsvpvphvphs YZZZZYYZYZA 
 

(3.43) 

 

 )21)(1( 31213211 vphshsvphshshshshshs YZZYZZZZZZB 
 

(3.44) 

 

 )]1()1[( 31 vphsvphsvp YZYZYC 
 

(3.45) 

 

 )()1)(1( 313121 vphshshshsvpvphsvphs YZZZZYYZYZD 
 

(3.46) 

 

The Bloch propagation constant is then given by the well known formula: 

2
cos

DA
d



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This yields the following dispersion relation: 

 )+(+)++(+1=cos 32

2

1321 hshsvphsvphshshs ZZYZYZZZdβ
 

(3.47) 

 

For simplicity and without loss of generality, Zhs2 can be set equal to Zhs3 and q2=q3 in 

order to get a symmetric fifth order bandpass filter. 

Two unit cells have been simulated using the following design parameters: 

 

f1=1.5 GHz 

f2=2.5 GHz 

q1=63.9 Ohms 

q2=59.4 Ohms 

q3=59.4 Ohms 

Unit cell phase shift φ=βd=117
o 

 

Making use of equations (3.30)- (3.40), the component values derived are: 

Lhs1=10.27 nH, Chs1=0.66 pF, Lhs2=14.79 nH, Chs2=0.46 pF, Lhs3=14.79 nH, Chs3=0.46 pF 

Cvp=4.11 pF and Lvp=1.64 nH. Furthermore, a comparison was made to the performance of 

a Chebyshev fifth order filter using the following parameters and the lowpass to bandpass 

frequency transformations from [69]: 

 

Passband Ripple LAr=0.1 dB 

n= g0 g1 g2 g3 g4 g5 g6 

5 1 1.1468 1.3712 1.9750 1.3712 1.1468 1 

Table 2. Element Values for Chebyshev lowpass prototype filters (g0=1, σc=1) 
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Fig. 3-6. Comparison of dispersion for NRI-TL unit cell structure of Fig. 3-5 and n=5 

Chebyshev BPF 
 

 

 

Fig. 3-7. Comparison of Magnitude response for NRI-TL unit cell structure of Fig. 3-5 and 

n=5 Chebyshev BPF 
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Fig. 3-8. Comparison of Insertion Phase response for NRI-TL unit cell structure of Fig. 3-5 

and n=5 Chebyshev BPF 
 

Fig. 3-6- Fig. 3-8 above indicate that using the NRI-TL method for synthesizing a 

bandpass filter yields exactly the same performance as a bandpass filter synthesized from 

classical filter theory.    

 

 

Fig. 3-9. Group delay comparison between the filter constructed with NRI-TL unit cells 

and the reference Chebyshev filter 
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A comparison of the group delay performance of the two designs in Fig. 3-9, shows that 

both designs share the same group delay characteristics. This also proves the applicability 

of the method in such designs, not as a replacement of classical filter theory, but as a 

versatile tool in designing practical filters comparable to the ones predicted by classical 

theory. 

 

3.2 Dual-band filters using GNRI-TL unit cells 

 

For applying the previous analysis for dual-band filters, and by using the exact same 

reasoning as for the above designs, one can move a step further and use the asymmetric 

Quad-Band GNRI-TL Unit Cell, as seen in Fig. 3-10. 

 

 

Fig. 3-10. Asymmetric GNRI-TL Unit Cell circuit 

 

In contrast to the circuit of Fig. 2-7, this circuit has different impedances at the input and 

output series branches, which makes this unit cell asymmetric. The two impedances of the 

series branches can be written as: 

 

1

1
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1
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1
+
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+2/=

hp
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(3.48) 
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(3.49) 
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The admittance of the vertical branch is the same as in (2.35): 

 

vs

vs
vp

vpv

Cj
Lj

Lj
CjY





1

11




 

(3.50) 

 

With the above equations, the ABCD matrix of the asymmetric GNRI-TL unit cell can be 

constructed and the dispersion relation expressed as: 

 )++(+)+1)(+1(==cos 212131 vphshshshsvpvphvphs YZZZZYYZYZAdβ
 

(3.51) 

 

The design equations for this unit cell then become: 

 
21= qqq

 

(3.52) 
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_
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_2 =
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(3.53) 
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(3.54) 
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(3.60) 

 

 
vphs CqL 11 =

 
(3.61) 
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(3.62) 

 

 
vphs CqL 22 =

 
(3.63) 
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1

21

1
=
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L
 

(3.66) 

 

 

2

2
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=
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vpvs

hp L

CL
C

 

(3.67) 

 

 

2

22

1
=

hpor

hp
Cω

L . 
(3.68) 

 

 

It is noted here that equations (3.54)- (3.60) are identical to the ones in (2.63)- (2.69) and 

are repeated here for completeness. Equations (3.48), (3.61)-(3.68) are the ones that are 

needed to make the unit cell operate as an asymmetric GNRI-TL circuit. 

Using the following parameters, f1=1.5 GHz, f2=2.5 GHz, f3=4 GHz, and f4=5 GHz, 

q1=50 Ohms and q2=45 Ohms, equation (3.51) yields the dispersion plot of Fig. 3-11. 

When using this type of unit cells, a dual-band bandpass filter can be designed, with the f1, 

f2, f3 and f4 frequencies representing the 3 dB band edges, as long as the designed phase 

shift at these frequencies is chosen to be +/-π. 

 

Fig. 3-11. Dispersion plot for the asymmetric GNRI-TL unit cell 

 

From Fig. 3-11, one can observe that the intersection of the dispersion plot with the x=π 

line happens at the four design frequencies as well as the absence of any stopband, which 

proves the validity of the equations developed. In Fig. 3-12, the magnitude response is 

shown. The two passbands are very prominent and the 3 dB cutoff points coincide with the 

design frequencies as well. 
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Fig. 3-12. Magnitude response of the example asymmetric GNRI-TL unit cell 

 

From the above results, it is clear that the GNRI-TL unit cell theory can also be used as a 

straightforward method of designing any type of single and dual-band passive filters. For 

quad-band filters, a slightly different methodology has to be used. In this case, the four 

frequencies of operation have to be selected at the center of the desired bands of operation, 

and a different phase shift (e.g. 90 degrees) has to be used at each frequency, if for 

example one wants to design a shorted ι/4 bandpass filter. Such a design has been done in 

this work and is explained in the following sections. 

3.3 Expanded GNRI-TL Theory 

Any practical unit cells such as the ones discussed above, must unavoidably have 

transmission line sections to host the lumped element components that make up the unit 

cell. The effect of these transmission lines is a shift of the target frequencies at a desired 

phase shift. Thus a new model must be considered, where these effects are calculated and 

taken into account when designing such unit cells.  

One way to calculate these effects is by following the same reasoning as above, but the 

unit cell model must also include the transmission lines. Fig. 3-13 shows how this is done. 

 

 

 

 

 

Zo, l Zo, l 

Zh Zh 

Yv 

Fig. 3-13. Unit Cell two-port with host TL 
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The ABCD Matrix of the above 2-port circuit is given by the relation: 

  
𝐴 𝐵

𝐶 𝐷
 =  

𝑐𝑜𝑠𝛽𝑙 𝑗𝑍0𝑠𝑖𝑛𝛽𝑙

𝑗𝑌0𝑠𝑖𝑛𝛽𝑙 𝑐𝑜𝑠𝛽𝑙
  
1 + 𝑍ℎ𝑌𝑣 𝑍ℎ(2 + 𝑍ℎ𝑌𝑣)

𝑌𝑣 1 + 𝑍ℎ𝑌𝑣
  

𝑐𝑜𝑠𝛽𝑙 𝑗𝑍0𝑠𝑖𝑛𝛽𝑙

𝑗𝑌0𝑠𝑖𝑛𝛽𝑙 𝑐𝑜𝑠𝛽𝑙
 
 

(3.69) 

 

 

After evaluating the above matrix multiplication, the following ABCD parameters result: 

 

DlYZZYlljYll

ZYZZYjZlYZA

vh

hvhhvvh


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



2

000

0

2

sin)1(cossincossin

])1([cos)1(

 

(3.70) 

 

where l is the length of the host transmission line and βl represents the phase shift incurred 

by the transmission line. 

 Thus, the new dispersion relation, becomes: 

 

  ])1([)sin)(cos1(cos 22

hvhhovh ZYZZYjllYZd  
 

(3.71) 

 

  The imaginary term of the above equation must be zero, which results in the following: 

 )1cos2)(1(cos 2  lYZd vh 
 

(3.72) 

 

As an example, consider the case where a phase shift Φ=βd= 45
o
 is required at the 

frequencies f1=1 GHz, f2=2 GHz, f3=4 GHz and f4=5 GHz.  The host transmission line used 

in this example, has a phase shift of 0.25 radians (around 15 degrees) at the center 

frequency of 3 GHz, which represents the typical phase shift of a 3mm length of 

transmission line which would be used for this type of unit cell. Plotting the above two 

dispersion relations with respect to frequency, results in the following graph of Fig. 3-14.

 

Fig. 3-14. Plot of the dispersion relations, with and without the host TL 
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The blue line represents the generalized NRI-TL dispersion and the red line represents the 

generalized NRI-TL dispersion with the host TL. The black vertical line is located at 

βd=45 degrees. The four points where the βd=45 degree line cuts the blue dispersion line, 

are the four design frequencies. It can be seen that this βd=45 degree line intersects the red 

dispersion line not at the design frequencies, but at frequencies that are offset by a certain 

amount. This is the error that should be rectified.  To do this, the series inductance and the 

shunt capacitance of the host TL should be calculated and subtracted from the Generalized 

NRI-TL values of Lhs and Cvp respectively. Then a recalculation of all the other component 

values must be done, and the unit cell performance recalculated. Fig 3-15 below shows the 

correction that occurs and is represented by the green curve which now coincides with the 

blue curve of the original, theoretical unit cell at the four design frequencies and at the 

desired phase shift of 45 degrees.  

 

Fig.  3-15. Close-up of the corrected dispersion curve (in green) 

 

The above expansion to the GNRI-TL theory, as first presented in [17], results in the 

correction of the frequency offsets caused by the existence of the host TLs. Using this 

correction model, a Quad-Band Wilkinson Divider [18] was designed and fabricated, and 

is subsequently presented in this work.  
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3.4 Summary 

 

In this Chapter, a new NRI-TL unit cell was presented, that featured different input and 

output impedances. The new dispersion relation for this unit cell was derived along with 

the new relationship between the impedance and admittance of the horizontal and vertical 

branches of the unit cell respectively. The unit cell’s component values were obtained from 

new equations that kept the closed stopband condition. An example unit cell was designed 

and subsequently a back-to-back configuration of two asymmetrical unit cells was 

simulated in a configuration of a typical 5-pole bandpass filter. The simulated results were 

compared to the simulated results of a standard 5-pole Chebyshev filter using classical 

filter theory. The two sets of results were shown to be nearly identical, which proved the 

applicability of such an asymmetrical unit cell in single-band bandpass filter applications.  

Also in this Chapter, new equations yielding the component values of an asymmetrical 

GNRI-TL unit cell were presented. These equations were derived using the same 

methodology as for the NRI-TL unit cell and an example was shown on how a dual-band 

asymmetrical GNRI-TL bandpass filter can be constructed. 

Chapter 3 also expanded on the existing GNRI-TL theory by means of adding into the 

GNRI-TL unit cell model, the host transmission lines using the line impedance and phase 

shift method and presenting the new dispersion relation that accounts for these host 

transmission lines.   
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Chapter 4 

4 Device Implementations 
Using the expanded GNRI-TL theory developed above, a variety of microwave devices 

can be designed. The following sections describe the design methodology and fabrication 

of such devices. Specifically, a quad-band Wilkinson power divider and a quad-band rat-

race coupler are designed and implemented with simulated and measured results presented 

and compared. Also, a shorted λ/4 3-pole bandpass filter is designed and simulated results 

are presented.   

4.1 Quad-Band Wilkinson Divider using GNRI-TL unit cells 

The classical equal split Wilkinson divider consists of two branches with characteristic 

impedance √2Z0 and electrical length equal to ι/4. These two branches are connected by a 

shunt resistor R = 2Z0.  At the design frequency, the port return losses and the output port 

isolations are best [18]. Another characteristic of the Wilkinson divider is that the insertion 

phase at the design frequency is -90 degrees.  

 

 

Fig. 4-1  Photograph of the fabricated quad-band generalized NRI-TL Wilkinson power 

divider in microstrip technology. 
 

In the case of the proposed Wilkinson power divider there are two generalized NRI-TL 

unit cells in place of the λ/4 Wilkinson transmission-line branches. Fig. 4-2 shows the 

schematic diagram of the unit cell used for this purpose. The dispersion relation for this 

unit cell is given by: 

  )1(2cossin)sin)(cos1(cos 22

BBBoBoooBB YZZYYZlljlYZlYZd     
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as shown in equation (3.71). 

The dispersion diagram for this unit cell is shown in Fig. 4-3 where βd on the graph is 

the desired phase shift per unit cell. From the dispersion diagram in Fig. 4-3  it is clear that 

four alternating left-handed and right-handed bands are created, and for a given 

transmission phase there are four distinct frequencies corresponding to it. The goal here 

was to design the unit cell for a set of given frequencies and a corresponding insertion 

phase of βd=π/4. 

The unit cell presented here consists of four distinct resonators, designed to operate at 

ωor = 2π × 2 GHz. The choice of ωor is done such that it is located roughly in the center of 

the four given design frequencies, which in this case are 850 MHz, 1.30 GHz, 2.65 GHz 

and 3.70 GHz. Each unit cell was designed to operate under the closed stopband condition 

as described in [17] and [26] where the horizontal and vertical branch zero frequencies of 

the unit cell are equal and are given by: 

 

 42222

2,1 4)2(5.0)2(5.0 orhshporhshporhz  
 

(4.1) 

 

 42222

2,1 4)2(5.0)2(5.0 orvsvporvsvporvz  
 

(4.2) 

 

 )/(12

hphshshp CL
 

(4.3) 

 

 

 

)/(12

vpvsvsvp CL
 

(4.4) 

 

   

 

Fig. 4-2 Unit cell of the proposed generalized NRI-TL medium 
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Fig. 4-3  Dispersion diagram of the generalized NRI-TL unit cell 
 

It is obvious that for the closed stopband condition to hold, ωhshp = ωvsvp. For the design of 

the unit cell the zero transmission phase frequencies fhz1 and fhz2 must be placed around the 

center of the two lower (1.075 GHz) and higher (3.175 GHz) design frequencies 

respectively.  

Once fhz1 and fhz2 have been found, the component values and frequency tuning can be 

calculated using Eq. 8 from [14]. The resulting component values are Lhs = 4.3 nH, Lhp = 

4.9 nH, Lvp =7.36 nH, Lvs = 6.46 nH, Chs = 1.47 pF, Chp = 1.29 pF, Cvp = 0.86pF and Cvs = 

0.98 pF. 

The dispersion diagram shows that there are four distinct frequencies with the same 

insertion phase of 90 degrees at 830MHz, 1.31 GHz, 2.65 GHz and 3.69 GHz and the 

points of minimum insertion phase (βd=0.097) are located at 1.048 GHz and 2.988 GHz 

which are close to the theoretical design frequencies of the unit cells. This confirms the 

quad-band operation of each cell. In addition, each unit cell has been designed to have a 

characteristic impedance of 70.7 Ohms and the length of the unit cells is designed to be 

close to λ/4. Furthermore, a 100 Ohm resistor connects the output side of each branch, as in 

the case of the classical Wilkinson divider.  

 

4.1.1 Physical realization 

The specific topology of the proposed Wilkinson divider in microstrip is shown in Fig. 4-4. 

In the physical implementation of each unit cell, the four resonators making up each unit 

cell consist of both distributed and chip element capacitors and inductors. The chip 
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capacitors have values of Chs =1.6 pF and Chp =1.2 pF, whereas the chip inductors used are 

Lhs=3.3 nH, Lhp =4.7 nH, Lvs1 1=3.3 nH and Lvs2=1.5 nH (in series) and 

 

Fig. 4-4  NRI-TL Wilkinson divider topology in microstrip 

 

Lvp =7.5 nH. The device is built using microstrip technology on a 0.381mm thick RT/5880 

Duroid substrate with εr= 2.2,  soldered on a 1 mm thick copper plate to provide for proper 

grounding and mechanical strength. The total size of the device excluding the SMA 

connectors is 27x22 mm.  

The performance of the divider was first simulated using the commercially available 

Microwave Office circuit simulator package. The testing of the fabricated divider was 

performed using an Agilent E8363B Vector Network Analyzer. Fig. 4-5 shows the 

simulated S21 against the measured S21 of the divider. In this figure, the two major 

passbands are visible and a small frequency offset from the center frequency of 2 GHz can 

be observed in the measured data which is caused by component tolerances and a slightly 

undercut layout. This offset is of the order of 6.4 % at 2.13 GHz. The insertion loss is less 

than 5 dB from 700 MHz to 1.48 GHz in the first passband and from 2.7 GHz to 4.3 GHz. 

The power division is less than 1.3 dB flat across the passbands. Also, the experimental 

results have a maximum degradation from the simulated results of less than 1 dB across 

most of the bandwidth.  And
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Fig. 4-5  Measured and simulated divider magnitude response S21. 

 

Furthermore, the insertion loss for the measured S31 tracks that of S21. Another 

interesting feature of the divider is seen in the above figure as well. The deep rejection 

band at around the center frequency measures more than 47 dB of insertion loss between 

1.9 GHz and 2.3 GHz. This feature can be particularly useful for isolation and noise 

rejection.  

In Fig. 4-6 a comparison between the simulated and measured S11 can be seen.  

 

Fig. 4-6 Measured and simulated divider S11. 

 

From this figure, four prominent “dips” can be seen indicating that all four ports are 

matched around the design frequencies. It also verifies the quad band nature of the divider. 

The maximum frequency deviation of the measured results from the dispersion frequencies 

is 6.9 % at 1.4 GHz whereas the maximum deviation from the original design frequencies 

is 8.8 % at 775 MHz.  
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The output port return loss S22 is shown in Fig. 4-7 for the simulated and the fabricated 

divider. The quad band operation is verified from this plot as well. Once again the output 

ports are well matched around the design frequencies. A slight frequency offset is also 

observed between S11 and S22 which is caused by a slight imbalance between the output 

ports. However, taking the four frequencies shown in Fig. 4-6 as reference, the worst return 

loss of Fig. 4-7 is 21.8 dB at 1.40 GHz.  

 

Fig. 4-7 Measured and simulated divider output return loss S22 

 

The same pattern can be observed in Fig. 4-8 which shows the simulated against the 

measured isolation S23. The divider’s output ports can be seen to be well isolated near the 

four design frequencies.  

 

Fig. 4-8 Measured and simulated divider output port isolation. 
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Fig. 4-9 . Measured and simulated divider insertion phase S21 
 

Fig. 4-9 shows the measured and simulated insertion phase plots of the divider, which 

track each other closely. What is clear from Fig. 4-9 is that there are four distinct 

frequencies that exhibit insertion phase of either positive or negative 90 degrees. The 

points where the +90 and -90 degree lines intersect the graph can be seen to be very close 

to the design frequencies.  For the measured data, these frequencies are at 760 MHz, 1.40 

GHz, 2.64 GHz and 3.47 GHz. 

From the above results, the quad-band GNRI-TL divider can be seen to clearly exhibit 

all the typical characteristics of a conventional singe-band design. The insertion loss 

degradation of nearly 2 dB from the ideal 3dB split, can be attributed to the individual 

lumped element component losses which originate mainly through the series resistance of 

the inductors.  

 

4.2 A Quad-Band Rat-race Coupler using GNRI-TL unit cells 

 

In the conventional design of the rat-race coupler, three sections of λ/4 and a 3λ/4 

transmission line (TL) section are used. For the design of this metamaterial coupler, a 

single GNRI-TL unit cell type has been used for simplicity of construction, each incurring 

a ±90
0
 phase shift at the four design frequencies.  

The four selected design frequencies chosen are f1=900 MHz, f2=1.55 GHz, f3=2.017 

GHz and f4=2.55 GHz which correspond to the GSM 900, L1 GPS, UMTS and wifi 

frequencies respectively. The schematic for the unit cell is shown in Fig. 4-10, which is 

And
rea

s P
ap

an
as

tas
iou



58 
 

based on the GNRI-TL unit cell of [26]. The host TLs of length l and characteristic 

impedance Z0 have also been included in this schematic which are unavoidable in any 

realizable circuit. Consequently, the effects of the host TL have to be included in the 

design of the unit cell. In general, the total of the TLs series distributed inductance has to 

be subtracted from the value of Lhs, and the TLs distributed shunt capacitance has to be 

subtracted from the value of the Cvp. For the calculation of the TL’s inductance and 

capacitance, (4.5)- (4.8) have been used from [34]: 
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 2
0
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(4.8) 

 

In the above equations, l, W, t, h, Z0 and εe are the microstrip length, width, thickness, 

substrate height, characteristic impedance and effective dielectric constant respectively. In 

order to obtain the smallest physically realizable unit cell, the TL portions that will host the 

lumped elements, have to be only big enough to accommodate the part. Using large TL 

sections to completely eliminate Lhs and Cvp is not the optimum method when designing for 

size minimization. A new value Lhs_corrected = Lhs – LTL and Cvp_corrected = Cvp – CTL, can now 

be defined. Using the design equations from [26], (4.5)- (4.8), and the new component 

values Lhs_corrected and Cvp_corrected results in the following component values, which are 

summarized in Table 3 below.  
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Fig. 4-10. GNRI-TL Unit Cell schematic with host TL included. 

 

For the fabrication of the unit cell, the Rogers RO4003B was chosen with εr = 3.55 and 

0.812 mm thickness and 18 κm copper. The use of metal- insulator- metal (MIM) 

capacitors instead of chip capacitors also leads to space savings. MIM capacitors also have 

the additional advantage of being very accurate in their values and have the highest series 

resonant frequencies. On the other hand, they add to the series inductance of the final 

circuit due to the ribbon required to connect them to the traces. This can be seen from the 

actual value of the Lhs_corrected in the table below. Fig. 4-11 shows the model of the unit cell, 

where the MIM capacitors, and chip inductors can be identified, yielding a very compact 

structure.  Fig. 4-12 shows a photograph of the fabricated unit cell. 

Component Component Values 

 Designed Value Actual Value 

Lhs_corrected/2 7.14 nH 6.8 nH 

2Chs 1.30 pF 1.2 pF 

2Lhp 1.86 nH 2.7 nH 

Chp/2 3.96 pF 2.7 pF 

Lvs 19.88 nH 20 nH 

Cvs 0.37 pF 0.2 pF 

Lvp 6.49 nH 7.5 nH 

Cvp_corrected 1.35 pF 1.0 pF 

Table 3 GNRI-TL Unit Cell component values 
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4.2.1 Physical realization and performance of the GNRI-TL Rat-Race 

Coupler 

The construction of the quad-band GNRI-TL rat-race coupler, requires six of the λ/4 unit 

cells, three of which are in series giving the required 270
0
 phase shift of the 3λ/4 segment 

of the coupler.  

 

Fig. 4-11. AutoCAD model of the GNRI-TL unit cell. The maximum dimensions of the 

unit cell are x=17.5 mm and y=8.5mm. 

 

 

Fig. 4-12. Photograph of the fabricated GNRI-TL unit cell 
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Fig. 4-13. Measured and simulated S- parameters of the GNRI-TL unit cell. 
 

 

Fig. 4-14. Measured and simulated insertion phase of the GNRI-TL unit cell. 

The unit cell was first designed using the corrections predicted by the theory detailed in 

the previous paragraphs. This design resulted in component values which were used in the 

circuit simulator and the full wave simulator to estimate performance. The unit cells were 
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then fabricated using standard etching and soldering techniques. Fig. 4-13 and Fig. 4-14, 

show the simulated and measured magnitude and phase response of the GNRI-TL unit cell 

with the corrected component values. The four operating frequencies can be identified 

from the phase response. Good agreement between simulated and measured results can be 

seen. The discrepancies and slight frequency shifts can be attributed to component standard 

value tolerances.  

The results taken from the measured GNR-TL unit cell were placed in the circuit 

simulator in the rat-race topology shown in Fig. 4-15. For comparison, the ideal GNRI-TL 

rat-race (without the host TLs), was constructed in the circuit simulator and its magnitude 

response is shown in Fig. 4-16. The four operating frequencies are clearly identified by the 

insertion loss (around 3dB) and the good return loss. The simulated response of the coupler 

using the measured unit cell is shown in Fig. 4-17. The four frequencies with the minimum 

insertion loss are the operating bands of the coupler. │S21│ at f1 is 3.3 dB. At f2 │S21│ is 

3.8 dB, whereas the maximum insertion loss occurs at the third band, and is around 6.4 dB. 

This is caused by the proximity of this band to the strong rejection of the center band of the 

coupler. At f4, the insertion loss is again around 3.3 dB.  The next step was to construct six 

unit cells and connect them according to the arrangement of Fig. 4-15. A photograph of the 

fabricated rat-race coupler is shown in Fig. 4-18. The measured results of the fabricated 

coupler are shown in Fig. 4-16, Fig. 4-17 and Fig. 4-19. In Fig. 4-17 and Fig. 4-19, 

fabricated coupler results are compared to the simulated response of the coupler using the 

single measured unit cell. The purpose of making this comparison is to see the difference 

when non-identical cells are used for the coupler, which is always the case when building 

practical circuits, due to component variations between cells and workmanship variations 

in the hand-soldering process. From the results, two major conclusions can be drawn. The 

first one is that the insertion loss is higher in the case of the fabricated coupler, especially 

at f3, with measured │S21│ at -9.0 dB. The second conclusion is the downward frequency 

shift that occurs at all four operating frequencies. Both of these discrepancies compared to 

the simulation can be attributed to the interconnection of the six unit cells with ribbon, not 

included in the simulation and in effect, adding to the series inductance and the shunt 

capacitance that have to be subtracted from Lhs and Cvp respectively. Indeed, between each 

two unit cells a length of about 0.5 mm and 0.38 mm wide ribbon was used for their 

interconnection, resulting in an additional 0.3 nH per interconnection, or 1.8 nH overall. 

Modeling the ribbon in the simulator results in the downward frequency shift as well as the 

insertion loss of f3 degrading to around -9.0 dB. 
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Fig. 4-15. Arrangement of the unit cells into a rat-race coupler 

 

Fig. 4-16. Magnitude response of the ideal GNRI-TL rat race coupler, without the host 
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Fig. 4-17. Magnitude response of the quad-band rat-race coupler using the response of 

the measured GNRI-TL unit cell. 

The diameter of the designed quad-band rat-race coupler is around 35 mm. In 

comparison, a conventional rat-race operating at 900 MHz, would have had a diameter of 

around 100 mm, on the same type of substrate. This shows that the metamaterial rat-race 

coupler also offers a 65% size reduction, compared to its conventional counterpart.  

 

 

Fig. 4-18. Photograph of the fabricated GNRI-TL rat-race coupler 
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Fig. 4-19. Measured magnitude response of the fabricated rat-race coupler. 

 

Fig. 4-20. │S21│comparison of the fabricated vs. simulated rat-race coupler using one 

measured unit cell. 
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Fig. 4-21. │S11│ comparison of the fabricated vs simulated rat-race coupler using one 

measured unit cell. 

 

From the above results, the quad-band rat-race coupler can be seen to clearly exhibit all 

the typical characteristics of a conventional singe-band design. The insertion loss 

degradation of 1.2 dB from the ideal 3dB split for the 900 MHz operation up to 6 dB for 

the 2.017 GHz operation, can firstly be explained by the individual lumped element 

component losses which originate mainly through the series resistance of the inductors, 

and secondly by the lumped element tolerances, which create mismatches between the 

individual unit cells magnitude and phase performance. The design offers however a 

significant size reduction compared to a conventional single-band rat-race coupler. 

 

4.3 A Narrow-Band Quad-Band Bandpass Filter Using Generalized 

GNRI-TL Unit Cells 

The design of a Quad-Band Bandpass filter using quad-band GNRI-TL Unit Cells is 

presented in this section. The results shown here are theoretical results using the 

Microwave Office circuit simulator. The filter type chosen was a shorted ι/4, 3-pole 

Chebyshev bandpass filter. 

Initially, a conventional shorted λ/4 3-pole Chebyshev BPF was designed in Microwave 

Office. The circuit diagram and layouts are shown in Fig. 4-22 and Fig. 4-23. 
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Fig. 4-22. Conventional 3-pole shorted ι/4 3-pole Chebyshev BPF 

 

 

Fig. 4-23. Conventional 3-pole shorted λ/4 Chebyshev filter Layout (1.85 GHz operation) 
 

Using the impedances of the transmission line sections, quad-band GNRI-TL unit cells 

were designed. Specifically, three different unit cells where designed. Their characteristic 

impedances were 20, 26 and 47 Ohms respectively. All three types of unit cells were 

designed to have a +/- 90 degree phase shift at the same four frequencies and the overall 

center frequency was f=3.089 GHz, such that at least three out of the four frequency bands 

was near common commercial communication frequencies. These four frequencies were 

f1=1.85GHz, f2=2.5GHz, f3=3.75GHz and f4=5GHz. Fig. 4-24 shows the typical 

schematic of the 20 Ohm unit cell. 

47 Ohm TL 

47 Ohm TL 
26 Ohm TL 

60.2mm 

26 Ohm TL 

20 Ohm TL 

30.4 mm 

Input 

Output 
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Fig. 4-24. 20 Ohm unit cell schematic 

  

It is noted here that the capacitors and inductors are ideal, but the series connecting 

transmission lines are included in the model. Corrections in the series inductances and 

shunt capacitances are also included, to offset the effect of these TLs. Once the unit cells 

were designed, they were placed in an arrangement shown in Fig. 4-25. 

 

 

Fig. 4-25. 3-pole Chebyshev BPF using Quad-Band NRI-TL sections in place of standard 

λ/4 shorted sections 
 

 

The simulated magnitude response of the above filter is shown in Fig. 4-26. The 3-dB 

frequencies are shown with markers. And
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Fig. 4-26. Quad-Band shorted ι/4 GNRI-TL BPF magnitude response 

 

The Quad-Band operation of the filter can be seen to be very prominent, with the 3dB 

points shown by the markers. In Fig. 4-27, the phase and unwrapped phase response is 

shown, with the passband centers also indicated by markers. 

 

Fig. 4-27.  Quad-Band BPF phase response 
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Again, the quad-band operation can be seen from the four nearly linear sections of the 

unwrapped phase, indicated by the markers.  

Whereas the above result shows that in principle such a filter is possible, in reality any 

filter design is of little value if the design does not take into account the constituent 

component losses. If the unit cells were to be constructed using lumped components, most 

of the loss would originate from the series resistance of the inductors of the circuit. The 

capacitor’s leakage resistances are typically negligible in most microwave-grade 

capacitors.  In a separate simulation the series resistances of the inductors are included in 

the model, yielding the magnitude response of Fig. 4-28. The values for the resistance were 

taken using standard commercial microwave wire-wound inductors from Coilcraft, Inc. 

As can be seen from Fig. 4-28, the insertion loss at mid-band ranges from 0.5 dB at f4 (5 

GHz) to 1.5 dB at f2 (2.5 GHz). The return loss is around 13.5 dB in all bands. From these 

results, it can be seen that this type of design have an acceptable performance in a real-

world application operating in similar frequency bands. At higher frequencies however, 

lumped components suffer from other parasitic effects such as the series or parallel 

resonance frequency, which would require a different type of implementation. 

 

Fig. 4-28. Magnitude response of a realizable shorted λ/4 3-pole filter including component 

losses 
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Furthermore, there is a significant size reduction benefit when using GNRI-TL unit cells. 

The filter using GNRI-TL unit cells would measure 38 mm in length and 18 mm in width. 

In contrast, at the lowest frequency of 1.85, a conventional shorted λ/4 3-pole filter would 

measure 60.2 mm in length and 30.4 mm in width.  

From the above filter designs, it can be seen that GNRI-TL theory can easily be applied 

as a straightforward means of designing any kind of narrowband conventional filter with a 

quad-band response by starting with a classical filter response (such as the shorted λ/4 

BPF) and transforming it into a quad-band filter at the desired frequencies.  When using 

this method, the bandwidth can be controlled through the variation of the impedance values 

of the unit cells, but in general, it is mostly suitable for narrowband designs. By varying 

the unit cells’ impedances, a tradeoff is made with the return loss of the filter, so wider 

bandwidths would typically mean degraded return loss. 

 

4.4 Summary 

In this Chapter, a novel quad-band Wilkinson power divider was presented. This new 

type of Wilkinson divider replaced the conventional 70.7 Ohm/ 90
o
 transmission line 

sections with quad-band GNRI-TL unit cells, each with a Bloch impedance of 70.7 Ohms 

and a phase shift of 90
o
 at four different frequencies. Simulated and measured results were 

then compared. 

A quad-band rat-race coupler was also presented in this Chapter. As in the case of the 

Wilkinson divider, the conventional transmission line sections were replaced by GNRI-TL 

unit cells of proper impedance and phase shift at four distinct frequencies. The modified 

GNRI-TL unit cells were designed using the host transmission line circuit parameter 

method in order to make the necessary component value corrections. Simulated and 

experimental results of both the single unit cell and the entire coupler were presented and 

compared. 

Chapter 4 also discussed the method for the design of a quad-band shorted λ/4 3-pole 

bandpass filter by means of replacing each transmission line section of the single-band 

conventional filter with GNRI-TL unit cells. The simulated magnitude and phase results 

were then shown for the ideal case with no component losses and for the case where 

component losses are taken into account, proving the feasibility of the design methodology 

for such filters.  
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Chapter 5 

5 Complete Model of a GNRI-TL Unit Cell using 

Lossy Host Transmission Lines 
 

During the course of this work, the main goal was to create a GNRI-TL model that would 

best describe the real world situation of successfully designing a metamaterial unit cell. 

Whereas so far, the host transmission line was considered lossless, in practice, the effects 

of the loss in the host TL have to be considered, or at least prove that they can be safely 

neglected. It might be true that for most microwave substrates these are typically very 

small and can be neglected, but in case the TL will be implemented on semiconductor 

material, they can be significant and the model has to be able to properly account for them. 

5.1 Circuit Model 

The general model of a transmission line can be seen in Fig. 5-1 below. The per-unit-

length resistance, inductance, capacitance and conductance are denoted as R’, L’, C’ and 

G’ respectively.  

 

Fig. 5-1. Lossy Transmission Line circuit 
 

It is a reasonable approximation to assume that each GNRI-TL unit cell will be connected 

on its input and output to small sections of loossy host transmission lines. The overall 

circuit model to be analyzed is shown in Fig. 5-2. 

R’/2 R’/2 L’/2 L’/2 

G’ C’ 
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Fig. 5-2. GNRI-TL unit cell connected to low-loss host transmission lines 
 

For a lossy transmission line the characteristic impedance is given by (5.1), [42]. 

 

''

''
0

CjG

LjR
Z








 . 

(5.1) 

 

If we consider a small length of lossy host transmission line l, the impedance of each of its 

series branches ZTL_H and its admittance YTL_V are calculated as follows: 

   2/_ TLHTL LjRZ 

 

(5.2) 

 

 TLVTL CjGY _ .
 

(5.3) 

 

In (5.2) and (5.3), R, G, CTL and LTL are the actual resistance, conductance capacitance and 

inductance respectively incurred by the small transmission line segment l.  The ABCD 

matrix of this transmission line segment is given in (5.4) as follows: 

 
 
𝐴2 𝐵2

𝐶2 𝐷2
 =  

1 + 𝑍𝑇𝐿_𝐻𝑌𝑇𝐿_𝑉 2𝑍𝑇𝐿_𝐻 + 𝑍𝑇𝐿_𝐻
2 𝑌𝑇𝐿_𝑉

𝑌𝑇𝐿_𝑉 1 + 𝑍𝑇𝐿_𝐻𝑌𝑇𝐿_𝑉
 
 

(5.4) 

 

The ABCD matrix for the GNRI-TL unit cell is given in (1) and is repeated here for 

clarity: 

 






















vhv

vhhvh

YZY

YZZYZ

DC

BA

1

)2(1

11

11

 

(5.5) 

 

To obtain the overall ABCD matrix of the circuit schematic of Fig. 5-2, we need to use 

(5.3) and (5.4) by performing the following matrix multiplication: 

 



































22

22
.

11

11
.

22

22

DC

BA

DC

BA

DC

BA

DC

BA

 

(5.6) 

 

which results in the following matrix: 

 






















)1212(2)1212(2)1212(2)1212(2

1212(2)1221(2)1212(2)1221(2

DDBCDCDACBDDBCCCDACA

DDBCDCBAABDBBACCBAAA

DC

BA

 

(5.7) 

 

By replacing A2 with D2 and A1 with D1, it can be verified that A=D, which is the 

expected result for a symmetric circuit. 
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5.2 Transmission Line Parameters 

 

The next step in this development is to have the necessary equations to calculate the four 

transmission line parameters, namely, the per-unit-length resistance, inductance, 

capacitance and conductance, denoted as R’, L’, C’ and G’. 

 

Capacitance: 

The characteristic impedance Z0 of a microstrip transmission line on suspended in vacuum 

over its ground plane, is given by the following equation [21]: 

 




















20
)2(

11
ln

2 uu

F
Z





 

(5.8) 

 

where 

  120
 

(5.9) 

 

 

h

W
u 

 

 

(5.10) 

 

   7528.0
/666.30)62(61 ueF  

 

 

(5.11) 

 

The characteristic impedance Z0eff of a microstrip transmission line on a substrate with 

dielectric constant εr is then given by [21]: 

 

eff

o

eff

Z
Z


0

 

 

(5.12) 

 

where  

 ab

rr
eff

u








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








 








 


10
1

2

1

2

1 


 

(5.13) 

 

and  
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(5.14) 
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(5.15) 

 

The capacitance per unit length of the air transmission line is 
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0

0

1
'

cZ
C 

 

(5.16) 

 

and that of the transmission line using a substrate is 

 '' 0CC effeff 
. 

(5.17) 

 

Since the symmetric unit cell is used in this work, the value for the capacitance of the host 

transmission line would use half the length l for its calculation, i.e, one section of length l/2 

is used on each side of the GNRI-TL. In other words, 

 )2/(' lCC effTL 
 

(5.18) 

 

Resistance: 

The normalized series distributed resistance for the microstrip is given by [70]: 

 

W

R

t

W
LRR m























4
ln

11
1

2
 

 

(5.19) 

 

Where LR is the loss ratio and it gives the increase in resistance that results from an 

unequal division of current between the strip and the ground plane. It is given by the 

following relation: 

 2

0062.0132.094.0 









h

W

H

W
LR

 

 

(5.20) 

 

which holds for 0.5<W/h<10. 

The normalized series resistance of the ground plane is given by: 

 

W

R

WhhW

hW
R m













/03.08.5/

/
2

 

 

(5.21) 

 

which holds for 0.1<W/h<10 

In the above equations, Rm is the skin-effect resistance given by: 

 




mR . 

 

(5.22) 

 

The total series per-unit-length resistance is then simply: 

 21' RRR   (5.23) 

 

and the value of the resistance of the host transmission line on either side of the GNRI-TL 

is: 

 )2/(' lRR  . (5.24) 
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Conductance: 

The conductance per unit length G’ accounts for the dielectric loss of the substrate, 

described by the dielectric loss tangent, tan(δε) as follows: 

 )tan(''  effCG  . (5.25) 

 

The value of the conductance of the host transmission line on either side of the GNRI-TL 

is: 

 )2/(' lGG  . (5.26) 

 

Inductance: 

For the calculation of the inductance per unit length L’, the external and internal part are 

computed separately. In the skin-effect range, where all conductor dimensions are large 

compared to the skin depth, the current flows only up to a small depth under the conductor 

surface. The external inductance Lext’ covering the magnetic field outside of the conductors 

is almost identical with the value in the lossless case and hence is frequency independent. 

One has: 

 

'

1
'

0

2Cc
Lext 

 

 

(5.27) 

 

where C0’ has been defined previously in (5.16). 

Under skin-effect conditions, the internal inductance Lint’, describing the magnetic field 

inside the conductors, is related to the resistance by (5.28) as follows: 

 



'
'int

seR
L 

 

 

(5.28) 

 

where  

 ceffse ZR 02
 

(5.29) 
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(5.30) 

 

which holds for W/h >1. In (5.30), A and Rs are defined as follows: 

 


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(5.31) 

 

 



 0f
RS  . 

 

(5.32) 
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Thus, the total inductance per unit length in the skin-effect range is given simply by: 

 ''' intLLL ext 
 

(5.33) 

 

and the value for the inductance of the host transmission line section on either side of the 

GNRI-TL unit cell is: 

 )2/(' lLL effTL  . (5.34) 

 

5.3 Theory development and analysis using lossy TL parameters 

 

To test the ability of the complete GNRI-TL model theory to account for and rectify the 

effects of the lossy host Transmission Line, two simulations were run using the following 

assumptions: 

Parameter Value 

F1 0.9 GHz 

F2 1.55 GHz 

F3 2.017 GHz 

F4 2.45 GHz 

Φ (phase shift at 

operating frequencies) 

45
ν 

R.L. >-14.1 dB 

I.L. < -0.1 dB 

Ζ0_UnitCell 50 Ohms 

 

Table 4. Unit Cell Requirements 
 

Two different substrates have been used for the calculation of the transmission line 

parameters, one with a low dielectric constant and one with a high dielectric constant so 

that the effectiveness of the component corrections can be quantified for both cases, which 

represent the values of εr which practical microwave circuits would normally be 

implemented with. The first one is the Rogers RT/Duroid 5880 with εr=2.2 and 

tanδ=0.0009 and the second is Rogers TMM13 with εr=12.85 and tanδ=0.0019. 

From the above unit cell requirements and using the equations from the original GNRI-

TL theory [26], the set of ideal unit cell components are derived, as seen in Table 5 below :  
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Component 

Designation 

Value 

Lhs 
5.96 nH 

Chs 
2.17 pF 

Lhp 
0.24 nH 

Chp 
29.55 pF 

Lvs 
20.75 nH 

Cvs 
0.35 pF 

Lvp 
6.10 nH 

Cvp 
2.12 pF 

 

Table 5. Ideal Unit Cell Component values as derived from original theory 

 

The above component values result in the S-parameter magnitude and phase plots shown in 

Fig. 5-3  and Fig. 5-4 below: 

 

Fig. 5-3.  S-Parameter magnitude response of ideal GNRI-TL unit cell 
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Fig. 5-4. Phase response of the Ideal GNRI-TL unit cell. 

 

As can be seen from Fig. 5-3 and  Fig. 5-4, all requirements for the unit cell are satisfied, 

as was expected for the ideal case.  

If the above components of the unit cell were to be interconnected using short 50 Ohm 

microstrip line segments on a RT/Duroid 5880 and a TMM13 substrate under the 

assumptions of Table 6 , we would end up with the following transmission line parameters 

shown in Table 7 : 

 

TL Physical Parameter RT5880 TMM13 

Length (l) 5 mm 5 mm 

Width (W) 1.54 mm 0.56 mm 

Substrate Height (h) 0.508 mm 0.762 mm 

Trace thickness (t) 0.01788 mm 0.01788 mm 

εr 2.2 12.8 

tanδ 0.0009 0.0019 

Copper Conductivity 5.8x10
8
 S/m 5.8x10

8
 S/m 

Table 6. Host TL physical parameters for RT5880 and TMM13 
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TL Circuit Parameter (for a 

length l/2=2.5mm) 

RT5880 TMM13 

CTL 0.226 pF 0.48 pF 

LTL 0.578 nH 1.2 nH 

R 41pΩ-0.29nΩ from 

100MHz-5GHz 

73pΩ-0.52nΩ from 

100MHz-5GHz 

G 0.128 κΩ
-1

-6.39  κΩ
-1

 from 

100MHz-5GHz 

2.71 κΩ
-1

-136 κΩ
-1

 from 

100MHz-5GHz 

Table 7. Host microstrip TL constituent parameters for RT5880 and TMM13 substrate 

 

To be exact, LTL and R and G do have a frequency dependant component. Fig. 5-5 and Fig. 

5-6  below show that the frequency dependence of the TL inductance is negligible and for 

all practical purposes for the frequencies of interest, can be assumed constant. For R and G 

however, even though their values at these frequencies are small, their variation is not and 

cannot be neglected. 

 

 

Fig. 5-5. Plot of inductance vs. frequency for a 5mm 50 Ohm host TL section on RT/ 

Duroid 5880 
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Fig. 5-6.Plot of inductance vs. frequency for a 5mm 50 Ohm host TL section on TMM13 

 

 

 

Fig. 5-7. Plot of resistance vs. Frequency for  5mm host TL sections on RT5880 and 

TMM13 
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Fig. 5-8. Plot of conductance vs. frequency for 5mm host TL sections on RT5880 and 

TMM13 

 

Using the above TL parameter results, the ABCD matrix parameters (5.4) can be 

calculated from the host TL impedance and admittance ZTL_H (5.2) and YTL_V (5.3) 

respectively. This host TL ABCD matrix is used in turn to calculate the new ABCD matrix 

of the resultant unit cell, as given by (5.7) previously. The dispersion diagram of the 

resultant unit cell using host TLs on RT5880 and TMM 13 are given in   below, with the 

dispersion of the ideal GNRI-TL Unit cell given for comparison and for a visualization of 

the degree of deviation from the ideal case, if a unit cell is made using the theoretical 

component values. 

 

Fig. 5-9. Dispersion comparison of ideal GNRI-TL unit cell vs. ideal GNRI-TL unit cell 

using RT5880 host TL 
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Fig. 5-10. Dispersion comparison of ideal GNRI-TL unit cell vs. ideal GNRI-TL unit cell 

using TMM13 host TL 

 

From the above figures, it is immediately obvious that the β=0 frequencies are shifted and 

that the frequencies where the desired 45 degree phase shift occurs (as indicated by the 

intersection of the black vertical line with the blue dispersion curve) do not coincide with 

the required four operating frequencies.  Table 8 below shows the resultant frequencies as 

well as the deviation from the desired frequencies. 

 

Operating 

Frequency 

RT5880 

frequency 

Deviation (%) TMM13 

frequency 

Deviation (%) 

0.9 GHz 

 

0.859 GHz -4.56 0.820 GHz -8.89 

1.55 GHz 

 

1.481 GHz -4.45 1.298 GHz -9.81 

2.017 GHz 

 

1.998 GHz -0.94 1.982 GHz -1.74 

2.45 GHz 

 

2.281 GHz -6.90 2.163 GHz -11.71 

Table 8. Resultant operating frequencies when using theoretical GNRI-TL component 

values with host TL 
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It is thus clear that the effect of the host TLs will result in a unit cell far from the desired 

one.  

In the above calculation, the effects of the resistance and conductance of the transmission 

line are also included. It is now worth noting that these effects cannot be removed, since 

they represent ohmic and dielectric losses in the copper and the substrate. The effects of 

the inductance and capacitance can, however, be largely removed. To see how the effect of 

the transmission line can be removed, the mechanism of the frequency shift has to be first 

understood. By inspection of Fig. 5-2, it can be seen that the added TL inductance LTL, will 

result in the pulling of the resonant frequency ωhs by a certain amount  

 Δωhs= ωhs_bef_corr- ωhs

 
(5.35) 

 

In (5.35), 

 

hsTLhs

corrbefhs CLL
ω

•)+(

1
=__ , 

(5.36) 

 

Similarily, the shunt capacitance of the host TL, will result approximately in the pulling of 

the resonant frequency ωvp by the amount 

 Δωvp= ωvp_bef_corr- ωvp

 
(5.37) 

 

In (5.37),  

 

)2+(•

1
=__

TLvpvp

corrbefvp CCL
ω . 

(5.38) 

 

The factor of 2 for CTL comes from the fact that in the calculations for CTL only half the 

transmission line was used and one section of length l/2 is used on each side of the GNRI-

TL, as also expressed by equation (5.18). This approximation for the shunt TL capacitance 

being added to Cvp as a parallel capacitance only works due to the small size of the Host 

TL (smaller than ι/10 at the highest frequency of interest) and cannot be generalized 

beyond that, which of course is in agreement with the concept of the unit cell itself. It is 

also important to note that ωhs_bef_corr and ωvp_bef_corr are the resultant equivalent unit cell’s 

series resonant frequency of the horizontal branch and the parallel resonant frequency of 

the vertical branch. For clarity, this equivalent unit cell would look like the one shown in 

Fig. 5-11  below where the transmission line inductance and capacitance would be 

consolidated into the components of this new unit cell (no TL resistance and conductance 

are shown in this figure). 
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Fig. 5-11. Resultant simplified GNRI-TL schematic component values affected by the host 

TL and before any correction operations 

 

To verify the applicability of the equivalent unit cell of Fig. 5-11, its dispersion is plotted 

and compared to the dispersion of the schematic shown in Fig. 5-2, for both substrates. 

These two plots are shown below: 

 

Fig. 5-12. Dispersion comparison of (approximately) equivalent unit cell circuit for the 

RT5880 case 
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Fig. 5-13. Dispersion comparison of (approximately) equivalent unit cell circuit for the 

TMM13 case 

 

From Fig. 5-12 and Fig. 5-13 above, it can be seen that the blue curve, which corresponds 

to the circuit of Fig. 5-2, closely tracks the green curve, which corresponds to the circuit of 

Fig. 5-11. This implies that the two circuits are very similar indeed and the approximation 

is a valid one. 

 

So if : 

 Lhs_bef_corr = Lhs + LTL

 
(5.39) 

 

and 

 Cvp_bef_corr = Cvp + 2CTL

 
(5.40) 

 

it is reasonable then that in order to restore the resonant frequencies to the original levels, 

the following corrections need to be made to the original GNRI-TL unit cell component 

values: 

 Lhs_corr=Lhs - LTL

 
(5.41) 

 

 Cvp_corr=Cvp - 2CTL.
 

(5.42) 

 

The amount of shift in frequency of the resonators will not be the same, however, i.e Δωhs 

≠ Δωvp. Thus if only these corrections given by (5.41) and (5.42) are performed, it is found 

that the unit cell still needs to be further tuned to recover the original (as specified) 

operation. The reason for that is because one of the conditions for the closed-stopband 
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condition (ωhs = ωvp) will no longer be met for the new and corrected unit cell and as a 

result the zero frequencies of the horizontal and vertical branch of the corrected unit cell 

are no longer equal. To circumvent this problem, the resonator that deviates most from the 

original resonant frequency is chosen to be used as the new corrected resonant frequency 

of the other. So assuming Δωvp> Δωhs,, then 

 

corrbefvpvp

corrbefvp CL
ω

__

__

1
=

 

 

(5.43) 

 

 ωvp_%_bef_corr=100ωvp_bef_corr/ωvp

 
(5.44) 

 

 ωvp_change_from_100%=100- ωvp_%_bef_corr 
 

(5.45) 

 

 ωvp_%_corr=100+ωvp_change_from_100%

 
(5.46) 

 

 ωvp_corr=ωvp∙ωvp_%_corr/100
 

(5.47) 

 

 

corrvpcorrvp

corrvp
Cω

L
_

2

_

_

1
=

 

(5.48) 

 

and by setting  

 
corrvpcorrhs ωω __ =

 
(5.49) 

 

the value of Chs_corr can be found as: 

 

corrhscorrhs

corrhs
Lω

C
_

2

_

_

1
= . 

 

(5.50) 

 

Furthermore, to keep the closed stopband condition, (5.51) and (5.55) below also have to 

hold:  

 ωhshp_corr=ωvsvp_corr

 
(5.51) 

 

where ωhshp_corr and ωvsvp_corr are defined as: 

 ωhshp=4/(Lhs_corrChp_corr)
 

(5.52) 

 

 ωvsvp=1/(Lvs_corrCvp_corr)
 

(5.53) 

 

which yields the following relation: 

 Lvs_corr=Lhs_corrChp_corr/4Cvp_corr.
 

(5.54) 

 

and 

 ωhp=ωvs= ωor

 
(5.55) 
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where ωhp and ωvs are defined as : 

 ωhp=1/(LhpChp)
 

(5.56) 

 

 ωvs=1/(Lvs_corrCvs_corr) 
 

(5.57) 

 

which yields the following relation: 

 Lvs_corr=Lhs_corrChp_corr/Cvs_corr.
 

(5.58) 

 

Setting (5.54)=(5.58) we obtain 

 

corrhs

corrvpcorrhp

corrvs L

CL
C

_

__

_

4
= . 

(5.59) 

 

At this point the last of the corrected component values can be found as follows: 

 

corrvsvs

corrvs
Cω

L
_

2_

1
= . 

(5.60) 

 

To apply the above equations and test their validity, the dispersion plots are regenerated 

using the new corrected component values, as shown in Fig. 5-14 and Fig. 5-15.

 

 

Fig. 5-14. Plot of the corrected RT5880-GNRI-TL dispersion relation 
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Fig. 5-15. Plot of the corrected TMM13-GNRI-TL dispersion relation 

 

 

Table 9 below shows the new resultant operating frequencies as well as the new deviations 

from the desired frequencies. 

 

Operating 

Frequency 

Corrected 

RT5880 

frequency 

Deviation (%) Corrected 

TMM13 

frequency 

Deviation (%) 

0.9 GHz 

 

0.900 GHz 0 0.841 GHz -6.56 

1.55 GHz 

 

1.55 GHz 0 1.524 GHz -1.68 

2.017 GHz 

 

2.006 GHz -0.55 1.987 GHz -1.49 

2.45 GHz 

 

2.397 GHz -2.16 2.296 GHz -6.29 

Table 9. Comparison of corrected frequencies to the design ones and percentage deviation 
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The corrected frequencies are closer now to the design frequencies by the amounts shown 

in Table 10.

  
 GNRI-TL with RT5880 Host TL GNRI-TL with TMM13 Host TL 

Operating 

Frequency 

Initial 

Deviatio

n (%) 

Corrected 

Deviation 

(%) 

Improvement 

(%) 

Initial 

Deviation 

(%) 

Corrected 

Deviation 

(%) 

Improvement 

(%) 

0.9 GHz 

 

-4.56 0 100 -8.89 -6.56 26.3 

1.55 GHz 

 

-4.45 0 100 -9.81 -1.68 89.7 

2.017 GHz 

 

-0.94 -0.55 42.1 -1.74 -1.49 14.3 

2.45 GHz 

 

-6.90 -2.16 68.6 -11.71 -6.29 46.3 

Table 10. Percentage of frequency deviation improvement after corrections 

 

It can be seen from the above table as well as by visual inspection of the dispersion graphs, 

that there is a very significant improvement in the resultant frequencies, which proves that 

the above technique can be used as a good tool in designing realizable quad-band 

metamaterial devices. Whereas for the NRI-TL unit cell case, the effects of the host 

transmission line can be used completely as an integral part of the model, in the case of the 

GNRI-TL unit cell, an approximation is made with respect to the subtraction of the TLs 

shunt capacitance from the unit cell’s Cvp. Because of this, it is understood that the 

developed model and methodology has its limitations with respect to its applicability and 

special care has to be taken regarding the electrical length of the structure itself. This is the 

reason why the performance after the component corrections on the complete GNRI-TL 

model deviate from the ideal case as the physical size of the structure becomes longer, or 

equivalently as higher dielectric constant substrates are used, as shown previously. This is 

also the reason why the S-parameters after the corrections cannot be expected to coincide 

with the ones in the ideal GNRI-TL case. Instead, the aim is to enable the corrections to 

provide an acceptable performance for the specific design. The following graphs, compare 
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the insertion loss and return loss of the ideal GNRI-TL to the case of the corrected GNRI-

TL. 

 

Fig. 5-16. Return loss comparison between ideal GNRI-TL and corrected GNRI-TL unit 

cells for RT5880 

 

 

Fig. 5-17.  Insertion loss comparison between ideal GNRI-TL and corrected GNRI-TL unit 

cells for RT5880 
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Fig. 5-18. Return Loss comparison between ideal GNRI-TL and corrected GNRI-TL unit 

cells for TMM13 

 

 

Fig. 5-19. Insertion loss comparison between ideal GNRI-TL and corrected GNRI-TL unit 

cells for TMM13 

 

Even though the shape of the return loss performance in Fig. 5-16 and Fig. 5-18 seems 

distorted compared to the ideal case, it is 18.3 dB or better in all four operating 

frequencies, which satisfies the requirements set out in Table 4. The insertion loss also 

satisfies those requirements, thus the corrections made are useable in a realizable design. 
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5.4 Loss mechanisms of the Complete GNRI-TL model 

 

It is also worth noting that the corrections developed above, do not rectify any effects the 

transmission line resistance and conductance have on the performance of the unit cell. 

Where we would expect the resistance and conductance to have an effect is the insertion 

loss of the unit cell. The comparison is made between the insertion loss of the GNRI-TL 

unit cell on its own, and the case when the host TL is added, in Fig. 5-20 and Fig. 5-21 

below. 

 

 

Fig. 5-20. Comparison of Insertion Loss for the ideal GNI-TL vs. the case of ideal GNRI-

TL + RT5880 Host TL 
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Fig. 5-21. Comparison of Insertion Loss for the ideal GNI-TL vs. the case of ideal GNRI-

TL + TMM13 Host TL 
 

By observation, the insertion loss for the case of using the TMM13 transmission line is 

more prominent (albeit still very small) than the case of the RT5880 substrate. The reason 

for this is the higher conductivity losses that come from the higher loss tangent of that 

substrate as well as its significantly higher dielectric constant. The ohmic (resistive) losses 

are expected to be very similar and only differ due to the geometry of the host TL. 

To quantify how much of loss comes from resistive and the conductive parts of the TL, 

first R and subsequently G have been deliberately set to zero. The graphs in Fig. 5-22 and 

Fig. 5-23 show the insertion loss effect of the host TLs conductance alone, whereas the 

ones in Fig. 5-24 and Fig. 5-25 show the resistance’s effect on the host TLs insertion loss. 

 

Fig. 5-22. Comparison of insertion loss between ideal GNRI-TL case vs. ideal GNRI-TL 

with RT5880 TL after neglecting the effects of the TL’s resistance 

0.5 1 1.5 2 2.5 3
-0.05

-0.045

-0.04

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

Frequency(GHz)

In
s
e
rt

io
n

 L
o

s
s
(d

B
)

Insertion Loss comparison- TMM13

 

 

Ideal GNRI-TL S21(dB)

S21(dB) of Ideal GNRI-TL with TMM13 section added

0.5 1 1.5 2 2.5 3
-0.05

-0.045

-0.04

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

Frequency(GHz)

In
s
e
rt

io
n

 L
o

s
s
(d

B
)

Insertion Loss comparison- RT5880, R=0

 

 

Ideal GNRI-TL S21(dB)

S21(dB) of Ideal GNRI-TL with RT5880 section added
And

rea
s P

ap
an

as
tas

iou



95 
 

 

 

Fig. 5-23. Comparison of insertion loss between ideal GNRI-TL case vs. ideal GNRI-TL 

with TMM13 TL after neglecting the effects of the TL’s resistance 
 

 

 

Fig. 5-24. Comparison of insertion loss between ideal GNRI-TL case vs. ideal GNRI-TL 

with RT5880 TL after neglecting the effects of the TL’s conductance 

 
 

0.5 1 1.5 2 2.5 3
-0.05

-0.045

-0.04

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

Frequency(GHz)

In
s
e
rt

io
n

 L
o

s
s
(d

B
)

Insertion Loss comparison- TMM13, R=0

 

 

Ideal GNRI-TL S21(dB)

S21(dB) of Ideal GNRI-TL with TMM13 section added

0.5 1 1.5 2 2.5 3
-0.05

-0.045

-0.04

-0.035

-0.03

-0.025

-0.02

-0.015

-0.01

-0.005

0

Frequency(GHz)

In
s
e
rt

io
n

 L
o

s
s
(d

B
)

Insertion Loss comparison- RT5880, G=0

 

 

Ideal GNRI-TL S21(dB)

S21(dB) of Ideal GNRI-TL with RT5880 section added

And
rea

s P
ap

an
as

tas
iou



96 
 

 

Fig. 5-25. Comparison of insertion loss between ideal GNRI-TL case vs. ideal GNRI-TL 

with TMM13 TL after neglecting the effects of the TL’s conductance 

 

In Table 11 below, the losses originating from the resistance and conductance (at the 

lowest and the highest frequency) for both substrates are shown separately. 

 

R=0, G≠0    

 GNRI-TL I.L. (dB) RT5880 I.L. (dB) TMM13 I.L. (dB) 

0.9 GHz 0.000475 0.001382 0.001649 

2.45 GHz 0.000475 0.001904 0.00403 

G=0, R≠0    

 GNRI-TL I.L. (dB) RT5880 I.L. (dB) TMM13 I.L. (dB) 

0.9 GHz 0.000475 0.00115 0.0005569 

2.45 GHz 0.000475 0.00124 0.0009353 

Table 11. Resistive and conductive losses for RT5880 and TMM13 substrate materials 
 

Table 11 shows that conductive losses are greater than the respective resistive ones, thus 

contribute more to the overall losses of the structure. The frequency dependence is also 

greater due to the conductance compared to the resistance of the host TL. Therefore, the 

choice of the dielectric becomes crucial at higher frequencies. For the frequencies of 

interest and for the host TLs with the physical characteristics chosen previously, the effects 

of R and G can be safely neglected. At much higher frequencies or with substrates of much 

higher loss tangent, these losses should be quantified and possibly taken into account 

during the design phase. As an extreme case, if a material with tanδ=0.1 is considered for 
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hosting the TLs, the insertion loss plot of the GNRI-TL would look like the one in Fig.  

5-26. 

 

Fig.  5-26. Comparison of insertion loss between ideal GNRI-TL case vs. ideal GNRI-TL 

using a substrate of tanδ=0.1 for its host TL 

 

Only at such extreme values of the loss tangent does the insertion loss begin to degrade 

significantly (0.16 dB at 2.45 GHz) with the lengths of TL typically used to host a GNRI-

TL unit cell. 
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Chapter 6 

6 Conclusions 

6.1 Review of work 

 

In this thesis, the negative-refractive-index transmission-line theory has been reviewed and 

analyzed based on the combination of positive-refractive-index and negative-refractive-

index transmission line segments. The generalized negative-refractive-index transmission-

line theory has also been reviewed as the groundwork laying out the foundations for the 

theory developed in this work. 

The analysis of the NRI-TL unit cell has been extended to the case where the 

impedances of the input and output series branches of the unit cell are not equal. In this 

fashion, the asymmetrical NRI-TL unit cell can be used for the design of single-band 

bandpass filters. The new dispersion relation has been developed and the equations needed 

to calculate the required component values presented. The simulated results of two NRI-

TL unit cells in a back-to-back configuration were shown and compared to an equivalent 

Chebyshev filter. Also, the analysis of asymmetrical GNRI-TL was performed and new 

equations presented for the calculation of the dispersion characteristics and component 

values. A dual-band bandpass filter was simulated using the theory developed. 

A quad-band Wilkinson power divider has been designed and tested for the first time, 

using the extended GNRI-TL theory. Simulated and measured results were shown. A 

GNRI-TL quad-band Rat-race Coupler has also been implemented for the first time and its 

simulated and measured results were presented. Another contribution was the design of a 

quad-band shorted λ/4 bandpass filter using GNRI-TL unit cells. 

A more complete model of the GNRI-TL unit cell was also presented, which includes the 

effects of a realistic host transmission line, including its resistance and conductance. After 

the evaluation of the host transmission parameters, an equivalent model has been created to 

verify its validity and its dispersion characteristics analyzed. Subsequently, a method was 

shown for making all the necessary corrections to the original GNRI-TL unit cell, using 

new equations that keep the unit cell in the closed stopband condition. Example designs 

have been calculated and the effects of the transmission line parameters that cannot be 

rectified were quantified. 
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The end result of this work was to develop the tools that enable the microwave device 

designer to build dual and quad-band metamaterial circuitry with confidence and 

reliability. Through the device implementation in this work, the necessary theory has been 

laid down that yields a good first approximation in the required GNRI-TL unit cell 

component values. A methodology has been put in place that shows the way to use the unit 

cells into useful multiband devices, through proper simulation and modeling. Fabrication 

techniques that can be used have also been detailed for the specific case of a quad-band 

divider, a rat-race coupler and a bandpass filter. 

 

6.2 Future work  

 

One of the limitations of LC loaded metamaterial structures is their limited power handling 

capability. For high-power applications, such as satellite and radar front ends, bulky 

waveguide components are typically used. As an extension to the NRI-TL and GNRI-TL 

theory, the way to load the waveguide with the necessary inductive and capacitive 

elements could be found, so that new waveguide structures can be developed that benefit 

from the unconventional properties of metamaterials. Waveguide phase shifters for 

example, typically depend on the electrical length of the waveguide itself. A metamaterial 

waveguide phase shifter could potentially reduce the size of the structure, while keeping 

the high-power benefits that a waveguide device offers. Metamaterial devices have been 

already implemented using substrate-integrated waveguide (SIW) technology (see [25]), 

which is already a small form-factor planar waveguide structure. Similar techniques for 

loading the waveguide (e.g. using slots instead copper etching) can thus be used in full-

height waveguide structures in order to take advantage of their high power-handling 

capabilities. 

Another extension to this research could be done by using the very broadband 

characteristics of the lattice, but more preferably the bridged-T configuration of the dual 

and quad-band unit cell. If the fabrication difficulties could be overcome, then the all-pass 

behavior of these types of unit cells, could result in microwave devices that perform better 

and over wider bandwidth than the simpler NRI-TL and GNRI-TL counterparts. Such very 

broadband devices can find immediate use in electronic warfare and countermeasure 

applications, where the operating frequency range of a single system might be anywhere 

between 0.5-18 GHz. 
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Whereas metamaterial matching networks have been used previously in antenna 

applications [119], [120], they have not been seen in the literature for amplifier matching, 

with the exception of [122], where a dual-band matching network has been designed using 

CRLH-TL’s. It would be more useful however to exploit the potential of the GNRI-TL 

structures for quad-band amplifier impedance matching, where a single unit cell could 

provide ι/4 or 3ι/8 TL sections with the desired impedances at four arbitrary frequencies 

simultaneously. This application is considered to be a very logical extension of this work 

since all the necessary tools have been developed in the Thesis to ensure successful 

realizable designs. By following the same methodology used in the process of transforming 

a single-band device (e.g. Wilkinson, rat-race, shorted λ/4 bandpass filter) to a quad-band 

device, a conventional amplifier design can be also transformed to support quad-band 

operation as long as the active device has sufficient bandwidth to cover the desored 

frequencies. 

Other devices that could be implemented using GNRI-TL unit cells are step recovery 

diode multipliers, where the ι/4 TL section at the output as well as the subsequent filtering, 

could be through GNR-TL designs. Transmit- receive (TR) switches could also benefit 

from GNRI-TL’s where again, the conventional TL sections could be replaced accordingly 

and provide multiband isolation between transmitter, receiver and antenna.  

Any true multiband system requires the antenna to operate at the design frequencies 

simultaneously. Metamaterials enable physically small but electrically large air-interface 

components, with minimal coupling among closely spaced devices. The metamaterial 

antenna field has boomed in recent years, however the GNRI-TL structure has not been 

examined in detail so for an antenna implementation, except for the case of [123], where a 

leaky wave antenna has been designed using an SIW extended-composite right/ left-

handed (E-CRLH) unit cell. 

Finally, another potentially interesting application of metamaterials, would be their 

application to non-reciprocal devices, namely isolators and circulators. The dominant 

technology for these devices uses magnetically biased ferrites, which makes them bulky 

and incompatible with planar fabrication technologies. Even though [125] and [126] have 

examined one way of implementing such devices using metamaterials, the possibility of 

using NRI-TL and GNRI-TL technology for this purpose might give the added benefit of 

the ease and versatility of the design and fabrication process. 
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