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Yy mopoloo OwTeldr MEAETWVIAUL OpoUEVA TPOBANUATA OTN YEWUETE! Vewpla
CUVIPTACEWY XL TNV UQUOVIXY| AVIAUCT).

"Bt co, = Copp1 = 272 (zkk), k € Ny. O Vietoris €0eile 6Tt

on(z) = ch sinkx >0 xu 7,(z)= ch coskx >0

k=1 k=0

vy 6ha tan € N xow ¢ € (0,7). Xt0 mpdt0 *EQPIAU0 napouctdlovue éva VEo eldog
EMEXTAONS Yo TNY avioOTNnTA Nwtdvou tou Vietoris. H eméxtaorn auth emtuyydveton ue
0V xa00ploU6 OAWY TWY VETIXWY AAYERRX®Y TOAWVIUWY P Tou To wxeol Baduol Tou
XovoTololy T oyéon o,(x) > p(x) yio dha e n € N xow z € (0, 7). Anodetxviouye,
eniong, Wo EMEXTACY) WING OTOLYELMOOUS AVIOOTNTAS OTNY AQUOVIXT) AvdAUcT), 1 omola
uropel va amodetyVel ypriown otov xaoploud evog TOAUMYLULIXOU XETw QEIYUAUTOS YLo
TNV avloOTNTa GLYTITOVOL Tou Vietoris.

270 0e0TEPO XEPIAMO TUPOLCIALOVUE OPIGUEVA XOUVOUPYLA ATOTEAECUUTA CYETIXG UE
v axdhoudn exacio twv Kouugdvtou xow Ruscheweyh: Av to p(p), p € (0,1], dnhdver
0 péytoto aptdud oto (0, 1] yio tov omolo

n

arg [(1 — z)pz %zk] < %T v okt neN, 0<p<u(p),

k=0

T6te 10 pu(p) ebvon foo pe T povadixh Ao p*(p) oo (0, 1] tne edioworng
/ st = pm) gy g
0

Metagl dhhwy, delyvoupe mwg auty 1) exacia efvar tooddvoun ye tn VETIXOTNTA ULog
OQIOUEVIC OWOYEVEWIS TELYWVOUETEIXWY oUpoloUdTwy xal YENOLLOTOVUUE auTd TO
amotéheoua yio v emBefouwooupe TNy exacia Twv Kovpdvtou xoa Ruscheweyh yio Ao
TAL P OE UL AVOLXTH TEPLOYT| TOU %
Y10 tpito xepdhato xadopillovpe TAYpwe T0 olvolo Tty (a, ) € R2, vy to omola n
cuvdpTNO
o __eﬁx

fouslt) = =5y

elvar xolhn B xupth oe 6ho o (0,00). To anotéheoupo autd unopel va yenotuonowmie
YL vor emBeBaldoEL TNV TATEN HOVOTOVIA 0PIGUEVWY CUVAPTACEWY, TOL TEQLAAUSBAVOUY TN
ouvdpTnon yduua 1 Qu xon ot onoleg tailouvy onuavTiXd polo otr uévodo Tou Kouudvtou
Yior TV amodEln TG VETIXOTNTOG TWV TRLYWVOPUETOLXDY apoloudtwy UE axoloudieg ouv-
TEAECTWY TOU TUTOU {%}keNo-

Aro o Yewpruata twv Grace xou Gaul-Lucas cuvendyetoa ot av ta

P =Y (Z) a xm Q(z) = nz_l (”; 1)bkzk

k=0 k=0

7’ 7, 7. 7 z 7 7’ 7
elvon mohu@vupa Boduod n xar n — 1 avtiotorya, mou €youv Oheg Tic pilec 0TOV XAEWOTO
uovadlato 6iox0, TOTE TO TOALWYLUO

|
Z( L )ak+1bkzk

k=0
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eniong €yer Ohec Tic pllec oTov xhewTO povadiufo dloxo.  XTo TETUPTO XEQIANO
ATOBELXVOOUUE OTL AUTO TO ATOTEAEGUA EYEL UL ETEXTAOT) OTLS TAEELS TOAVWYLUWY TOL Suf-
fridge ue neproptopéveg piCec otov povadubo xOxho. Acelyvouue, eniong, 6Tt OeV QalveTan
va ebvon duvath Tuy oY eméxtact Tou Yewpruatog Tou Laguerre otic tdlelg TOAVWVIUGY
Tou Suffridge xou divouye wo andvtnon oe €va tohad epwTna Tou TEVNKE and Tov Suf-
fridge oyetixd ye to Yewprnua twv Gaul-Lucas.
Y10 teheutaio xe@Aao amodeVOOUUE OTL av 1) f elvol AoTEPOEWTC oLVARTNOT), TO 2
Beloxetan oto povaduwio dloxo, xau y(t) = fH(tf(2)), t € [0,1], to1e
s
< —.

1
z
ar dt
/0 530 2

AT 1 xawvolpYLol IBIOTATA TWY ACTEQOEWRY CUVIPTHCEMY YeNotoToLeltaL yio va dety Vel
6t av n f elvar aotepoedric xan a € [0, 1], tote 1)

LIA(z) = / (O

elvon emlong aotepoedric. Emmpdoleta, amodewvioupe 6Tl 1 avtioTtolyn medTaoT Yo
omelpoedelc ouvapThoelg dev Loy lel xar xadopilouue To axpiBés evpog Twv o € R, yio tar
omola 1 I, [f] elvon povotiun yio Oheg Tic aotepoeldeic ouvapthoelc f.
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Abstract

In this thesis several problems in geometric function theory and harmonic analysis
are considered.
Let cop = copa1 = 27 %( ) k € Ny. It was shown by Vietoris that

on(x) = ch sinkx >0 and 7,(z) = ch coskx > 0

k=1 k=0

foralln € Nand z € (0, 7). In the first chapter we present a new kind of refinement for
Vietoris’ sine inequality by determining all positive algebraic polynomials p of lowest
degree that satisfy o,,(z) > p(x) for alln € Nand x € (0, 7). We also prove an extension
of an elementary inequality in harmonic analysis that may be of use in determining a
polynomial lower bound for Vietoris’ cosine inequality.

In the second chapter we present several new results concerning the following conjec-
ture of Koumandos and Ruscheweyh: If u(p), p € (0,1], denotes the maximal number
n (0, 1] for which

n

arg [(1 —z)f Z %zk]

k=0

pT

< forall neN,0<u<u(p),

then p(p) is equal to the unique solution p*(p) in (0, 1] of the equation

(P in(t —
[,
0 i

Among other things, we show that this conjecture is equivalent to the positivity of a
certain family of trigonometric sums and use this result in order to verify Koumandos
and Ruscheweyh’s conjecture for all p in an open neighborhood of %

In the third chapter we completely determine the range of (a, 3) € R? for which
the function
e _ 6,6m

fap(z) = v — 1

is concave or convex in the whole of (0,00). This result can be used to verify the
complete monotonicity of certain functions that involve the gamma or psi function
and that play an important role in Koumandos’ method for proving the positivity of
trigonometric sums with coefficient sequences of the form {( )

It follows from the theorems of Grace and GauB-Lucas that if P (2) = >r_o (D) arz”

and Q(z) = > 1 é ( ;1) biz* are polynomials of degree n and n — 1, respectively, that
have all their zeros in the closed unit disk, then the polynomial

n—1
n— 1 i
ag41br2
k=0

also has all its zeros in the closed unit disk. In the fourth chapter we prove that this
result has an extension to Suffridge’s classes of polynomials with restricted zeros on
the unit circle. We also show that there seems to be no extension of the theorem of
Laguerre to Suffridge’s polynomial classes and give an answer to an old question posed
by Suffridge regarding the theorem of Gauf-Lucas.
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In the last chapter we prove that if f is a starlike function, z lies in the unit disk,
and 5(t) = f~1(tf(2)), ¢ € [0,1], then

/1 g : dt‘ < T
arg —— —.
0 7/(t) 2

This new property of starlike functions is used to show that if f is starlike and « € [0, 1],
then

L) = / O de

is also starlike. Moreover, we prove that the corresponding statement for spirallike
functions is not true and determine the exact range of a € R for which I,[f] is univalent
for all starlike functions f.
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CHAPTER 1
On Vietoris’ Inequalities

The inequalities

" sinkx " coskx
. >0 and 1+; — >0, neN z€(0m), (1.1)

k=1
are classical positivity results in the theory of trigonometric polynomials. The sine

inequality was conjectured by Fejér in 1910 and proven shortly afterwards by Jackson
[Jac11] and Gronwall [Gro612]; the cosine one was shown by Young [Youl3| in 1913.

The fact that
" sinkx -
I =) (=)t
mlglr; ksinx ;( )

vanishes when n is even, explains why for a long time the Fejér-Jackson-Gronwall
inequality was thought to be sharp. However, in 1958 Vietoris [Vie58, Vie59] was
able to extend both inequalities in (1.1).

THEOREM 1.1. If {ay}ren, i a decreasing sequence of non-negative real numbers
that satisfies

Qkagk S (2]{3 — 1)a2k_1 (12)
for k> 1, then forn € N and x € (0, )
Zak sinkzx >0 and Zak coskx > 0. (1.3)
k=1 k=0

Using summation by parts it is easy to see that one needs to prove (1.3) only for
coeflicient sequences {ay } ren, that satisfy as—1) = ag—1 and 2kagy, = (2k —1)ag— for
k > 1 (i.e. coefficient sequences for which equality holds in (1.2)). With the additional
condition ag = 1, one obtains the coefficients a, = ¢, where

2k 5
Cof, = Cog41 := 2_2k< k‘) = (Z?k (14)

Here
I'(k+a)

[(a)
is the so-called Pochhammer symbol and I'(z) is Euler’s gamma function defined by

(@) :=ala+1)---(a+k—1)= (1.5)
[(x) = /OO t"le7tdt for Rex > 0.

Theorem 1.1 is thus equivalent to the following statement.

THEOREM 1.2. If the numbers ¢ are given by (1.4), then forn € N and x € (0, )

on(z) = ch sinkr >0 and T7,(x):= ch coskx > 0.
k=1 k=0
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Surprisingly, Vietoris’ theorem remained nearly unknown for more than 15 years,
until Vietoris’ paper was discovered by Askey in 1974. He and Steinig [AS74] provided
a new and simplified proof of Vietoris’ theorem and gave several interesting new appli-
cations of the inequalities (1.3) (see [Ask98]| for the story behind this). Among other
things, Askey and Steinig showed that Vietoris’ inequalities can be used to estimate the
zeros of trigonometric polynomials and to obtain new positive sums of ultraspherical
polynomials.

As a result of Askey and Steinig’s paper Vietoris’ theorem became widely known
and is now one of the most quoted results in (and from) the theory of positive trigono-
metric sums. For instance, Ruscheweyh [Rus87] used Theorem 1.1 to derive coefficient
conditions for starlike functions. Ruscheweyh and Salinas [RS04] showed that Vietoris’
inequalities appear naturally in the context of so-called ’stable’ functions. Some other
areas in which Vietoris’ theorem has found applications are quadrature methods and
hypergeometric summation and transformation [Ask98|.

Vietoris’ inequalities have been generalized in several ways. An extension which
is perhaps the most far reaching has been obtained Belov [Bel95]. In an extremely
involved proof he showed that for any decreasing sequence {a,}nen, of non-negative
real numbers the inequalities (1.3) hold for all n € Ny and = € (0,7) if a; > 0 and

2n n
D (=1 kay = ((2k — 1)agk—y — 2kaz) >0 for alln > 1. (1.6)
k=1 k=1
Since
2n sin kx - b1
li = —1)*
wl—rgrkz:;ak sin x ;( )"k,

Belov’s condition (1.6) is sufficient and necessary for the sine inequality in (1.3). A nice
example of a coefficient sequence that satisfies Belov’s condition (1.6) but not Vietoris’
(1.2), is the sequence {ay}ren,, defined by ag = a; = 1 and a;, = (k + «)~* for k > 2
with @ > 0. It is easy to verify that (k + 1)axs1 > kay for k > 2 and therefore the
sequence {ag }bren, does not satisfy Vietoris’ condition. However, since

2n n—1
> (=1 kay = 1= 2nag, + > ((2k + agrs — 2kaz) > 0
k=1 k=1

for all n > 1, it satisfies Belov’s one.
A very interesting way of generalizing Vietoris’ inequalities has been proposed by

Ruscheweyh and Salinas. In [RS04] they showed that Vietoris’ theorem is (essentially)

equivalent to the fact that for A = 1

5n(2)

ux(2)

[ee] A n
142
U)\(Z) = E ak)\zk = (1 — Z) and S?L(Z) = E ak)\Zk.
k=0 k=0

They conjecture that (1.7) remains true for A € (0, 3]. This would imply that for those
A one has

< Ag, z €D, n e Ny, (1.7)

arg

where

0 < argsr(e) < r for 0 ¢€(0,7), ne€N.

The fact that strongly distinguishes Ruscheweyh and Salinas’ conjecture from other
known extensions of Vietoris’ inequality is that for A € (0, %) the coefficient sequences
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{ak.»}ren, need not be monotonic. Using computer algebra, Ruscheweyh and Salinas
verified their conjecture for A = i and n=1,2,...,5000.

Weakened coefficient conditions under which the cosine inequality 7,(z) > 0 re-
mains true were considered in [BH84, BY01, BDWO07]. Best possible results in this
direction were obtained in [Kou07], where — among other things — it is shown that for
the coefficient sequence

11—«
Ao, = A9k4+1 = (ki')k, o€ (O, 1), k € Ny (18)

the inequality

Zakcoskx >0

k=0

holds for all n € N and = € (0, ) if, and only if, & > . Here oy is defined as the
unique solution in (0, 1) of the equation

3T

/2 oSt 4 — 0, (1.9)
0

ta
Approximately, oy = 0.3084437 . ... Note that the coefficient sequence {ay }xen, defined
in (1.8) does not satisfy Belov’s coefficient condition if o < %

For the sine sums o, () no such extension is possible: while it is shown in [ BDWO07,
Kou07] that for the coefficient sequence (1.8) the inequality

2n+1

Z apsinkx > 0

k=1

holds for all n € N and = € (0,7) if, and only if, @ > «p, for an even number of
summands one has

2n . n

i sin kx

igr}r E U = g ((2k — 1)agy_1 — 2kagy,). (1.10)
k=1 k

s
=1
Since the coefficient sequence (1.8) satisfies
2kagy, = (2k — 2a))ag,—y  for k>1, (1.11)

(1.10) and Theorem 1.1 thus show that for the sequence (1.8) the inequality

n
Z apsinkx >0
k=1

holds for all n € N and z € (0, ) if, and only if, o > 3.

It is therefore of interest to find other ways of extending or refining Vietoris’ sine
inequality. A new kind of refinement of the sine inequality will be the main result
of this chapter: we will determine the positive algebraic polynomial p(z) of lowest
degree such that o,(z) > p(x) for all n € N and = € (0,7). The same question for
Vietoris’ cosine inequality is still not completely settled. In this chapter we will also
show how results from Vietoris’ paper [Vie58] lead to an extension of an elementary
trigonometric inequality that may be of use in the search of a polynomial lower bound
for the cosine polynomials 7, (z).
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1.1. A Refinement of Vietoris’ Inequality for Sine Polynomials

In this section we shall provide a polynomial lower bound for the trigonometric
polynomials o, (z).

In [AKL] the authors asked for positive algebraic polynomials p of smallest degree
such that
op(x) > p(x) >0 forallneN, ze (0,7). (1.12)

It is shown there that such a polynomial has to be of degree at least 4 and that, if p is
a polynomial of degree 4, (1.12) holds if, and only if,

1
p(z) = ar(r —x)® and ac€ (O, —3} : (1.13)
T
Here we will prove the ’if’-direction of this equivalence. Since
3
0 < ax(m — x)* §x<1—z>
T

for a € (0, %} and = € (0, ), this reduces to the following.
THEOREM 1.3. We have

on(z) > (1 — ;)3 for all neN, z € (0,m). (1.14)

For the proof of this theorem we need some auxiliary results.

LEMMA 1.4. For all integers n > 8 we have

2(n — 1
0< ,/sinf—zcnﬂ—u. (1.15)
n n

Proor. It is well known that for z > 0

1.3

sinz > x — 5
Setting = T in this inequality, we find that the right-hand side of (1.15) is larger
than
s 2 2(n—1)m
An = g (1—@) —2Cn+1—T.

Making use of the fact that
1

Cok = Copy1 < W
7r
for k € N [AS74, Lem. 1] and setting

Rx:R(x):z zz_ﬁ_w T
x

6 x3 x’

we obtain
V2km gy, > Rop — 2V/2

and

/ 1
\/ (2]{3 — 1)7TA2k_1 > R2k—l —24/2— E > R2k—l — 2\/§

Thus, it remains to show that

R(z) >2V2 for x>8.
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We have o)
L /3627 — 6m2R (x) = 73?22 + (52 — 7)V/3622 — 672,

13/2
Hence, if x > 8§, then

R(z)>0 and R(z)> R(8)=3.047... > 2V/2.

U
A proof for the next lemma can be found in [Vie58, p. 128].
LEMMA 1.5. Letn > m > 2 and x € (0,7). Then
cos((m — 2)x) — 1
on(x) > 01 () + Cm (( , 22@ .
2sin §
As our final auxiliary result we prove the cases n = 1,2, 3 of Theorem 1.3.
LEMMA 1.6. For all x € (0,7) we have
3
. (1 - f) < sing, (1.16)
7r
x\3 . 1.
x(l——) < sinz + - sin 2z, (1.17)
s 2
(1 I>3<' + L ginor 4 Leing (1.18)
x - sin + o sin2z + 7 sin 3z :
PROOF. Since i
1% Snz (1.19)
T x

[AS65, (4.3.82)] and since 0 < 1 — 2 <1 for z € (0,7), it is clear that (1.16) is true.
Applying (1.19) and

1
sin x + 5 sin2zx = (1 + cosx)sinx
we conclude that (1.17) is proved if

r (E — 2) < COoS . (1.20)
T\

This obviously holds for z € (0, 7. If
f(z) = cosx — l (E —2) ,

T
then ]
" . / E _ / _
f"(z) =sinz, f <2> - 1<0, f'(m)=0.

Hence, f’ is negative on (3, 7). Since f(m) = 0, it follows that (1.20) also holds for
v € (3,m).

Using (1.19) and

1 1 1
sinz + isian—i- —sin 3z = <§ +cosx+20032x> sin x

2
we conclude that in order to prove (1.18) we have to show that
2 1
ul(e) = (1 - arccos“””) <5+a+2t =) (1.21)
™

for x € (—1,1). We calculate
7 (1 - x2)3/2 u"(z) =2V1 — 22 4 2z(7 — arccos ),
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and therefore see that u is convex in (—1,1). Since it is easy to check that v is larger
than the piecewise affine function that connects the three points (j, u(j)), 7 = —1,0,1,
the proof of the lemma is complete. O

We can now proceed to the proof of Theorem 1.3.

PROOF OF THEOREM 1.3. Because of Lemma 1.6 it just remains to prove Theo-
rem 1.3 for n > 4. We will split the proof into four parts.
(1) The case x € (0,%]. An application of Lemma 1.5 with m = 4 leads to

Tx

1 1 3 5 —
on(z) > sinx + 3 sin 2x + — 5 sin 3z + ECOSSTE =:Ti(x) (1.22)
for n > 4 and x € (0, 7). We have
Py(cos %)
Ti(z) =sing + —— 2"
1(z) =sinx + T65in %

where
Pi(u) = —64u” + 112u° — 40u® — 5u — 3.

Sturm’s theorem [RS02, p. 336] gives that P, has precisely one zero on [cos {5, 2].
Since Pi(cos{5) > 0 and P(1) = 0, we conclude that Py is positive on [cos {5,1) and
hence that Py(cos ) is positive on (0, ]. It thus follows from (1.22) and (1.16) that
forn >4 and x € (0, §]

76

3
on(z) > Ti(x) > sinz > x <1 - f) :
s

Differentiation gives

Ti(x) = Pg(cos 2)
sin” £
where
27 3 27
Py(u) = —12u® + 28u’ — 22u* —l—zu +§u—§
Sturm’s theorem reveals that P, has precisely one zero on [cos ¥, cos 5]. Since Py(cos §) <

0, we obtain

oute) > M) > min (73 () 71 (5)) = (1= 7)

forn >4 and x € (3, 3].
(2) The case z € (%, %]. An application of Lemma 1.5 with m = 3 leads to
1 1cos 2 — 1
o () >smx+§sm2x+ZT =: Ty(x) (1.23)

2
for n > 3 and x € (0, 7). We have

(cos 4 1)

Pa
SlIl2

—16 Ty (x) = Ps (cos g) :

with
Py(z) := 162" + 322° + 162 + 1.
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P3(x) is positive on [cos ST, cos Z) and thus Ty(x) is concave on (5, %Z]. It is easy

to check that in this interval the affine function connecting the points (%,7>(%)) and
(%, T5(%)) is larger than z(1 — £)3. Hence, we have

0u(r) > To(a) > (1 ;)3

forn>3and z € (%,67“]

(3) The case z € (&, 7 — Z]. We have n > 8. Since for n € N and = € (0, )
20,(1) sin; > Vsing — 2641 (1.24)

[AAR99, (7.3.19)], it suffices to show that
3
0 < Vsinz —2¢,41 — 22 (1 — E) =: h(zx) (1.25)
T
for n > 8 and z € (%, 7 — Z]. We calculate
_cosPr—2 12

7, 5(2:): —7)(m — ).

h,//(x)

4 sin
7) and therefore

B (z) < W (67”) _ _058..

for z € (%, m). Consequently,

™ .7 2(n—1)w
h(x)Zh(ﬁ—g)— 81n5—20n+1—T

for # € (%, 7 — Z]. Applying Lemma 1.4 we conclude that (1.25) holds for n > 8 and
z € (%, 7 — ], as required.

(4) The case v € (7 — =, 7). We follow the same method of proof as in [AS74]. Let
y=m—x,s0 that 0 <y < . For m > 2 we have

oam(2) = 1i(y)

™

Hence, h"(xr) is negative in (7,

and .
Oom1(2) = Comsrsin((2m + 1)y) + > (),
k=1
| (2K~ 1)y) _ sin(2ky)
sin —1)y) sin(2ky
= (2k — 1)cop— — .
) = (26 ~ Neyey (HEEZD) Sz
Since t — sin(t)/t is strictly decreasing on (0, 7] and
0 <2ky <2my <,
we obtain u(y) > 0 for kK = 1,2, ...., m. Since moreover

sin((2m + 1)y) >0 when y € (0

a—
"I9m+ 17

we have 1 ]
on(r) > py(y) = siny — 5 sin 2y = sinx + 5 sin 2z = o9(x)

for all integers n > 4 and x € (7 — =, m). The case n = 2 of Theorem 1.3 has already
been shown and the proof is therefore complete. O
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Note that Theorem 1.3 can be extended to non-negative decreasing sequences
{a, }nen whose coefficients satisfy the relation (1.2). For, if {a, },en is such a sequence,
then the sequence

G,
b, = —, neN,
Cn

is decreasing. Using summation by parts, one obtains

n n—1
Z ay sin kx = Z or(x)(by — bgs1) + on(z)by,
k=1 k=1

and therefore Theorem 1.3 shows that the following statement is true.

THEOREM 1.7. Let {ay}ren, be a decreasing sequence of non-negative real numbers
that satisfies the relation (1.2). Then

Zak sinkz > a1z (1 - —)
s

k=1
for alln € N and x € (0, 7).

Having thus found a polynomial lower bound for sine sums with coefficient sequences
that satisfy Vietoris’ condition (1.2), it seems natural to ask whether the same is
possible for sine sums with coefficient sequences that satisfy Belov’s condition (1.6).
But until now only little is known about this problem. Since Vietoris’ coefficient
condition implies Belov’s coefficient condition, one thing that we know is that such a
polynomial lower bound has to be of degree at least 4 and that each polynomial lower
bound of degree 4 has to be of the form (1.13) (possibly with @ in a smaller range than

(0, 7))-

1.2. An Extension of an Elementary Inequality

In this section we will present an extension of a classical inequality in harmonic
analysis and discuss how this extension might be of help for finding a polynomial lower
bound for Vietoris’ cosine polynomials 7,(z).

A sequence {ay, }nen, of real numbers is called a zero sequence if a,, — 0 as n — oo.
For every non-negative decreasing zero sequence {a, }nen, of real numbers one has

[
E ay 6zk:c
k=n

for all x € (0,27) and n € Ny. This is an elementary but nevertheless extremely
important result in harmonic analysis. A proof of this classical inequality can be found
in [Vie58, p. 128], where the following lemma is shown.

< In

1.26
sin% ( )

LEMMA 1.8. Suppose {an}nen, s a sequence of real numbers for which there is
an nyg € Ny such that the subsequence {ay,}n>n, s non-negative and decreasing. For
x € (0,2m) set S_1(z) :=0 and

Then for m > n > ng and z € (0,27) one has
|Sm(x) = Shi1(z)] < -

(1.27)
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and a
S () — S < n 1.28
[Su(a) = 50(@)] < g5s (1.28)
where
e a,
(1) - _ n _inx
Sy (z) == Sp_1(x) TR Sz

It follows from (1.27) that for every non-negative decreasing zero sequence {a, }nen,
and every z € (0,2m) the series

S(z) := Zakeikx (1.29)

exists and satisfies

a
Slﬂ§

1S(2) = Sua ()] = S aue™
k=n
This is inequality (1.26). Lemma 1.8 and inequality (1.26) have found numerous ap-
plications in the theory of positive trigonometric sums:

For instance, if a, = ¢,, with the ¢, defined as in (1.4), then {a,}nen, is a non-
negative decreasing zero sequence for which S, (x) = 7,,(x) + io,,(z) and

S(z)=(1 —i—i)\/%cot%.

Therefore, we obtain Lemma 1.5 by taking the imaginary part of (1.28) and the relation
(1.24) by taking the imaginary part of (1.26).

We will now show how one can obtain an extension of inequality (1.26) by iterating
Lemma 1.8.

To this end, we need some more notation. If {a, }nen, is a sequence of real numbers,
then the sequence {A%a,, },ez is defined by A, := a,, for non-negative integers n and
A%a, := 0 for negative integers n. Using this notation, we define

A"ak = A"_lak - A"_lakH (130)
for n € N and k € Z. By induction it is easy to see that
A"a_p =0 for n<keNlN. (1.31)

{ar}rez is called monotonic of order N € Ny U {oo}, if A"ay > 0 for all n < N

and k € Ny. For instance, a sequence is monotonic of order 0 if, and only if, it is

non-negative, and it is monotonic of order 1 if, and only if, it is non-negative and

decreasing. Sequences monotonic of order co are also called completely monotonic.
For sums S,,(x) as in Lemma 1.8 and n € Ny we set S,so)(x) = S,(x) and

—ij I A -1
eV A a’"—j+1einx

2J sin? 3

SO (z) == SV (x) —

n n—1

. j> 1. (1.32)

We also define S(_Jl) (x) to be identically zero for all z € R and j € N. The Sy )(x) are
again partial sums of (formal) power series.

LEMMA 1.9. For j € Ny and n > 0 we have

i n
j ez j ikx
S (@) = 27 sind ZN“k—je k. (1.33)
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PROOF. The proof is by induction to n and j. The assertion is trivial if n € Nj
and j = 0. The relation (1.31) shows that for every 7 € Ny

7r+ac 7r+ac

. e~ T3 AJ-1 —ij
©) _ a—j+1 € j

Sy (x) = — = ANa_;

27 sin’ % 27 gin’ %

and hence (1.33) holds for n = 0. Using the induction hypothesis and the definition of
the SY, we find that for n, j > 1

S9(x) = 2 () = 575" (x) = 857 (1) = ¢ (A apojr = A agye ) €
=c; (2@’ sin gAj_lan_je_Z% — AN, i+ Aj_lan_je_”) e
=c;Na, ;e
where ¢; := "% /(27 sin 2). O

It follows from Lemmas 1.8 and 1.9 that if the sequence {a, }nen, is monotonic of
order N € NU {oo}, then for 0 <7< N —1,m>n > j, and x € (0,27) we have

Ajan_j

27 sin? 1 g \

SO (z) — SV ()| < (1.34)
Suppose now that {a, }»en, is also a zero sequence. Then it follows readily by induction
that for every fixed j € Ny the sequence AV'a,_;,; tends to 0 as n — oco. Moreover,
as noted before, the series S(z) in (1.29) exists for all x € (0,27) and for all those x we
have S, (z) — S(z) as n — oo. (1.32) and an induction thus show that S,(f)(:z) — S(x)
as n — oo for all j € Ny. Hence, (1.34) implies that for 0 < j < N —1, n > j and
€ (0,2m)
Nay,_;

2i gindtl z z

}S(x) — 89 ()| < (1.35)

We obtain the following extension of inequality (1.26).

LEMMA 1.10. Let {a,}nen, be a real zero sequence that is monotonic of order N €

N. Then
Za ezkx

forxz € (0,2m) and n € NO.

(1.36)

PROOF. We define the functions Sﬁj)(x) and S(z) as before. Then, because of
(1.35) and (1.32), it follows that for n > 0

1 =18(x) = Sp-r ()

N-2
N-1 k+1) k
< [8(@) = S| + D | @) = S @)
k=0
AN-1q, i AFa,
2N-lgip™ 2 * £ okt sinftl 2
=0
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The question that arises at this point is whether Lemma 1.10 is really an improve-
ment of inequality (1.26) and if it will be of any practical use. Admittedly, it seems very
likely that both questions have to be answered negatively for large N. For small N,
however, Lemma 1.10 can be considerably better than inequality (1.26). For instance,
it is easy to check that for N =2 (1.36) gives a better estimate than (1.26) if

Ap+y1

. T
< sin —.

1 —
a, 2

From this relation one readily sees that for N = 2 the set of z € (0,27) for which
(1.36) is stronger than (1.26) becomes the larger the slower the a, decrease.

In order to illustrate the advantages of Lemma 1.10 with a concrete example, we
will consider the problem of finding a polynomial lower bound for Vietoris’ cosine
polynomials 7, (x). In other words, we will look for a positive algebraic polynomial p
of lowest degree such that

To(z) > p(x) forall n € Ny, € (0,7). (1.37)

In [AKO7] it is shown that such a polynomial has to be of degree 2 and that any
polynomial p of degree 2 that satisfies (1.37) has to be of the form a(x — 7)? with

’7'6(1’)

0<a<a":= min 5 =0.1229.. ..

ze(0,m) (x — )
It is still unknown, however, whether the inequality
Ta(x) > p(z) = a*(x —7)* for neN, zec(0,n7) (1.38)

is true, i.e. whether the polynomial p is really a lower bound for the cosine polynomials
To(T).

In a similar way as in the parts (1), (2), and (4) of the proof of Theorem 1.3 one
can show that (1.38) holds for all n € N and 2 € (0,Z] U [3F, 7), but an adaptation of
part (3) of the proof of Theorem 1.3 in order to prove (1.38) for z € (£, 3F) does not
seem to be possible:

For Vietoris’ coefficients {¢;, }nen,, we obtain

1 x Cnt1
n >4/ zcot = — —
G 2 €0 2 s1n§

for n € N and = € (0, 7) by taking the real part of inequality (1.26). Hence, in order

to prove (1.38) for z € (Z,37) it will be enough to verify that

hn(x) := Vsinx — 2¢,.1 — 2sin gp(x) >0

for z € (X, %), Numerical computation shows, however, that h,(Z) < 0 for n < 440.
This may be considerably improved by employing the idea that led to Lemma 1.10
(since the sequence ¢ is not monotonic of order 2 we can not apply Lemma 1.10

directly). If S, (z) := 7(x) + io,(z), x € (0,7), then Lemma 1.9 shows that

e_i( 7r<2HC)

00 = G (14 3 e
2 k=1

o—i(552) [n/2] .
= -1+ Z (Coh—1 — Cop)e™F™

2sinZ
2 k=1
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Here, for any real number z, |x] denotes the largest integer n that satisfies n < x.
Since {cp Fnen, Is a zero sequence, it follows from (1.32) that

lim SUV(z) = lim S,(z) = (1 +14) %cotg =: S(z).

Since it is easy to check that
e (Dr-1 @ _ 15—
AILTERT D) K2 K
is a non-negative decreasing zero sequence, (1.26) gives

‘S (E) — s (f)‘ < C2ln/2)+1 = C2ln/2)+2
2 "\2/1 = 2sin § sin §

keN,

for € (0,27). Applying this relation and (1.32) we obtain
[S(2) = Sua(@)] < 1S(2) = SP ()] + S50 () = S (2)]

Coln — Coln Cn
2|n/2|+1 2[n/2]+2 "

2sin§sinx 2sin%

for x € (0, 7). Taking the real part of this inequality, it follows that 7,,(x) > p(x) holds
for all « € (0, ) for which

/1 T Col(n+1)/2]+1 — C2|(n+1)/2]+2 Cnt1
n =4/ =cot - — - 3 5 - > 0.
gn () 2 0 2 2sinZsinx 2sin 2 p(z) =

2 2

Numerical computation indicates that g,(z) > 0 in (Z,2F) for all n > 21.
Unfortunately, no proof has so far been found that shows that g,(z) > 0 in (%, 3F)
for all n larger than 21 (or a number that is only slightly larger than 21). This, however,
is largely due to the fact that the functions g,(x) contain both trigonometric and
algebraic terms. For pure positivity problems of trigonometric sums (i.e. for problems
in which one is only interested in the positivity of certain trigonometric polynomials
— and not in finding a lower bound by a positive algebraic polynomial) this difficulty
should not appear and one could therefore expect to obtain much better estimates with

Lemma 1.10 (for N = 2) than with inequality (1.26).

<




CHAPTER 2

On a Conjecture for Trigonometric Sums and Starlike
Functions

Let A be the set of functions f that are analytic in the unit disk D := {z € C :
|z| < 1} of the complex plane C. Let Ag and A; denote the set of functions f € A that
are normalized by f(0) = f’(0) — 1 =0 and f(0) = 1, respectively. For every function
f € A we denote by

n
sn(f,2) = Zakzk
k=0
the nth partial sum of its power series representation

f(z) = Z a2
k=0

around the origin. For two functions f, g € A we say that f is subordinate to g and
write f < g if there exists an w € A satistying |w(z)| < |z| for z € D such that f = gow
in D. It is clear that in such a case f(0) = ¢(0) and f(D) C ¢g(D) and that these two
conditions are also sufficient for f < g if g is univalent in I (set w := g~ ' o f).

The class 85 of functions that are starlike of order A <1 is defined to be the set of
all functions f € Ay for which

2f'(2)
f(2)

Since zf'(2)/f(z) =1 at z =0 for all f € Ay, it is clear that S} = {z}. For A € C we
have

Re

>\, zeD. (2.1)

z

= 2.2

f)\(Z) (1—Z)>‘ E-AOa ( )

if we choose the branch of the logarithm for which f{(0) = 1. It is easy to check that
for A <1 the function fy_s) belongs to S3.

In [RS00] (see also [Rus78]) Ruscheweyh and Salinas proved that for all A € [3,1)

sn(f, 2) - z
f(2) fa—an(2)
This result led to two different directions of research.

First, in [RS04] Ruscheweyh and Salinas proved that if f = f5_9), then (2.3)
remains true for A € (1,3], and showed that this extension of (2.3) leads to a new,
function theoretic proof of Vietoris’ inequalities (for odd n only, though). This seems
to be of particular importance, since until then all known proofs of Vietoris’ theorem
used exclusively real methods, completely ignoring the fact that Vietoris’ inequalities
are nothing else than a statement concerning the mapping behavior of a certain class

of complex polynomials.
Second, as noted in [RS00], (2.3) implies that for p € (0, 1]

larg s, (f,z)| < pm, for ze€D, neN, 2f €8 . (2.4)

for feS;. (2.3)

13
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Even though this relation is best possible for p = 1 (for every p > 1 the function
s1(f,/#,1) has a zero in the unit disk), Koumandos and Ruscheweyh showed in [KRO06|
that this is not the case in general: they found that the largest possible p € (0, 1], for
which |arg s,(f,2)] < 5 in D for all zf € Sf_%, is equal to 1 — o, where o is the
solution of (1.9).

In order to find a best possible extension of (2.4), in [KRO07] Koumandos and
Ruscheweyh proposed the following conjecture concerning the partial sums

st(z) = s, <&,z) = i%zk, w € (0,1], n € Ny,

z
k=0

of the functions f,/z.

CONJECTURE 2.1. For p € (0,1] define u(p) as the maximal number such that
1+2z\”
1—2)Psk(z) <
- < (1)

holds for alln € N and 0 < pu < p(p). Then for all p € (0, 1] the number u(p) is equal
to the unique solution p*(p) in (0, 1] of the equation

/(”“)’T sin(t — pm) L%
0

ti-n

In [KRO7] it is explained that the truth of this conjecture would imply several
other new and interesting results. One of those would be the following extension of
(2.4).

CONJECTURE 2.2. If p € (0,1], then for all 0 < p < u*(p) we have
larg s, (f, 2)| < pm, forall z€D,neN, zf € Sf_%.

Since in [KRO7] it is also shown that
o< ulp) <p(p) for pe (0,1, (2.5

it is clear that Conjecture 2.2, once established, represents an extension of (2.4).

In this chapter we will present some new results concerning Conjectures 2.1 and
2.2. Specifically, we will show that Conjecture 2.2 cannot hold if p*(p) is replaced by
any larger number. This implies that Conjecture 2.2, once verified, is a best possible
extension of (2.4). We will also prove that Conjecture 2.1 is equivalent to the positivity
of a certain family of trigonometric sums and then use this result in order to verify
Conjecture 2.1 for all p in a neighborhood of %

2.1. Some New Properties of the Function 1*(p)

In this section we will give rigid proofs of some elementary properties of the function
1*(p). Among other things, we will show that in Conjecture 2.2 the number p*(p) can
not be replaced by any larger number.

For every p € (0, 1] the number p*(p) is defined as the unique solution in (0, 1] of

the equation
D7 sin(t — p)
F(p,u):z/ — i w=0
0

The existence and uniqueness of such a solution follow readily from the next lemma.
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0 1 1

2
FIGURE 2.1. The graph of the function p*(p). The graph of the function
sin 27, p € [0, 1], is dashed. (The graphs in this thesis have been created
by using the KETpic package for Maple [ket].)

LEMMA 2.3. For every p € (0,1) the function p— F(p, ) is strictly increasing in
(0,1) with F(p,0) = —c0 and F(p,1) > 0.

The case p = 1 of this lemma is shown in [Zyg02, V. 2.29]. As mentioned in [KRO7,
Lem. 1], the proof of this special case can be easily modified in order to obtain a proof
of the above lemma for all p € (0, 1].

Numerical evidence indicates that the function p*(p) is very similar to the function
sin & (cf. Figure 2.1). In particular, we expect 11*(p) to be an analytic, increasing and
concave function on (0,1]. However, besides Lemma 2.3 and relation (2.5), no other
properties of the function p*(p) seem to be verified in the literature. In this section we
will give rigid proofs of some elementary properties of p*(p). An important tool in our
considerations will be the fact that

“sint
/Otl—_bdt>0 for all a>0,b¢€(0,1). (2.6)

This follows easily from the observation that for every b € (0, 1) the function t*~!sint
is oscillating in (0, 00) with decreasing amplitude.

As our first result we prove two of the above suggested properties of p*(p). The
concavity of u*(p) remains an open problem.

LEMMA 2.4. The function p*(p) is analytic and strictly increasing in (0, 1).

PROOF. The three integrals F'(p, i),

OF P07 cos(t — pr
Fy(ps p) = 8—p(p, ) = —W/O cost — pm) dt, (2.7)

tl—n
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and

8F(p 1) = /(”H)7r sin(t — pm)
0

Fu(p,p) = i i logtdt,

exist for all p and g in the half-plane H := {z € C : Re z > 0}. Hence, the function
F(p, pt) is analytic in H? [JP08, Thm. 1.7.13] and therefore also real analytic in (0,1)2.
Since F,(p, ) > 0 for (p, ) € (0,1)? by Lemma 2.3, it thus follows from the implicit
function theorem for real analytic functions [KP02, Thm. 2.3.5] that p*(p) is an
analytic function in (0, 1) with

v Folp,p(p))
W) = = (o i ()

(2.7) and the next lemma thus show that p*(p) is strictly increasing in (0, 1). O

LEMMA 2.5. For all p € (0,1) we have G(p, u*(p)) > 0, where

e+ cos(t — pr
G(p7 M) ::/ Mdtv (p7 M) < Hz‘
0

ti—n

PROOF. Because of (2.6) we have

3
1 1 2™ gint
—ul = = dt .
G(?’“ (2)) /0 e @Y

Since with p*(p) also G(p, u*(p)) is continuous in (0, 1), it follows that if there is a
p € (0,1) for which G(p, u*(p)) < 0, then there must also be a p € (0,1) for which
G(p, p*(p)) = 0. Since by definition

. 07 sin(t — pm
Flouu' (o) = | sint —pm) gy _ g
0

tl—n*(p)

for all p € (0,1), we then obtain

) (10‘1'1)7T elt .
e " /0 e @ = Gloy () +iF (p 1 (p) = 0.

(p+l)7r : t
/ 2t —o,
0 t1—n*(p)

which is a contradiction to (2.6). Hence, G(p, u*(p)) must be positive for all p €
(0,1). O

By (2.5) and the definition of 1*(p) we have the estimate p < p*(p) < 1for p € (0,1].
In our next result we give a better upper estimate for 4*(p) when p € (0, 3).

But this means that

LEMMA 2.6. We have p*(p) < 2p for p € (0, 3).

PROOF. Because of Lemma 2.3 it will be enough to show that
/(P+1)7r sin(t_— ,07T) gt O’
0

for p € (0, %) in order to prove the assertion.
To this end, we make use of the two easily verified inequalities

r<sinx and — g(:E —7) <sinz, (2.8)
s
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which hold for < 0 and x € [0, 7|, respectively. We obtain

/(’”’1)” sin(t—pﬂ)dt>/p”t—,07rdt_/(p+1)ﬂ (t—PW)(t_(P+1)7T)dt
0 N 0 B p

t1—2p mti—2p

(mp)? ! W

2(p+1)(2p+1)

for p € (0,1). O
Note that for a > 0

Tt —pm CEUT (t — pr)(t — (p + D)) m
[ e -k
p=

>0

T

The estimate p*(p) < 2p is therefore the best possible that we can obtain if we use the
inequalities (2.8).

The fact that, by Lemma 2.3, %F(p, w) > 0 for all (p, ) € (0,1)* was of special
importance in all the results concerning the function p*(p) that we have presented so
far. Since

d
—F - _
i (p, 1) wG(p, 1),

the next lemma gives some information about the sign of dilpF (p, ) when (p, ) €
(0,1)%

LEMMA 2.7. If p € (0,1], then G(p, ) > 0 for all p € (0,u*(p+3)). If p € (3,1],
then G(p, ) <0 for all € (0, 1" (p— 3)).

PROOF. Let p € (0,1] and p € (0, u*(p+ 3)). Then

3
/(”Jrl sin(t — (p+ 2)m)

tln

dt,

and therefore, by Lemma 2.3,
3\o . .
N o /(”+2> int = ()7 gy /(p+2) sint — (p+ 5)7)
’ (

tom p+1)m tin

- /(”Jrg)’r sin(t — (p+ 3)7)
(

p+1)m =

dt > 0,

since sin(t — (p+ 1)m) > 0 for t € ((p+ )7, (p + 2)m).
The other asserted relation can be shown in a similar way and thus the proof is
complete. O]

In our final result of this section we show that Conjecture 2.2, once verified, is a
best possible extension of (2.4).

LEMMA 2.8. Let p € (0,1]. There is no number p € (11*(p), 1) such that
larg s,,(f,2)| < pm, forall zeD,neN, zf eSS u

PROOF. Let p € (0,1) and p € (u*(p),1). Since zf, € S;_ 5y 1t will be enough to
prove that

sh (ei(pﬂ)%) €S:={2eC\{0}:argz e (pr,m)} forlarge n e N. (2.9)
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As explained in the proof of [KRO7, Lem. 1], we have

O\ = (1) k0 1 0 et
lim (2 Wity = =~ [ &
s (n) 2 e r(u)/o o

k=0
for # > 0 and p € (0, 1]. In order to obtain (2.9) it will therefore suffice to show that

(p+1)m eit
A= / - dt e S.
0 toe

This relation is obviously equivalent to the two inequalities

(p+1)7r . t
ImA:/ >0 (2.10)
0 tH
and i)
) p+)m t—
Im e~ " A = / Sm(tli_“pﬂ)dt > 0. (2.11)
0

Since p € (u*(p), 1), (2.10) and (2.11) follow from (2.6) and Lemma 2.3, respectively.
U

2.2. On the Conjecture of Koumandos and Ruscheweyh

We will show that Conjecture 2.1 of Koumandos and Ruscheweyh is equivalent to
the positivity of a certain family of trigonometric sums and then use this result in order
to prove the conjecture for all p in a neighborhood of %

Until now Conjecture 2.1 of Koumandos and Ruscheweyh has been verified for
p = 1 [KL09a] and p = 1 [KRO7]. In both cases, some more or less complicated

algebraic transformations were used in order to show that, for p = i and p = %,
Conjecture 2.1 is equivalent to the non-negativity
on(p, 1" (p),0) >0, 0 €[0,7],neN, (2.12)

of the trigonometric sums

on(p, 1, 0) := Z % sin[(2k + p)0], 0 €R, (u,p) € (0,12

k=0

As shown in [KRO7], for p = 1 inequality (2.12) is equivalent to Koumandos’ extension
of Vietoris’ inequalities from [Kou07] (cf. the introduction in Chapter 1). Koumandos’
method for proving the positivity of trigonometric sums with coefficient sequences of
the form {(’; )!” tnen, from [KouO07] was also used in [KL09a] in order to prove (2.12)
for p = i.

In principle, Koumandos’ method should lead to a proof of inequality (2.12) for
all p € (0,1] and therefore the following is perhaps the most important result of this
chapter.

LEMMA 2.9. Let (u,p) € (0,1]> and n € N. Then

(1— 2)Ps(2) < (1 i Z)p (2.13)

1—=2
holds if, and only if,
on(p, i, 0) >0 forall 6€0,7]. (2.14)
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PROOF. It follows from the definition of subordination that (2.13) is equivalent to
the two inequalities

Im [ei””/z(l — 2)Psk(z)] >0, zeD, (2.15)
and '

Im [e_’m/Q(l — 2)Psk(z)] <0, z € D. (2.16)
For z = % 0 € [0, 7], we have

n

(1 —2)Psk(z) = (2sin 9)”6_”’”/2 Z —(M)kei(%“’)e,
— k!

and therefore it follows from the minimum principle of harmonic functions that (2.15)
and (2.16) are equivalent to

on(p, p,0) = Z % sin[(2k 4+ p)0] >0, 6 € [0, 7],

and

—on(p, pp,m—0) = Z % sin [(2k + p)f — pr] <0, 6 € [0, 7],

k=0
respectively. O

As this lemma shows, Conjecture 2.1 holds for every p € (0, 1] for which the follow-
ing conjecture is true.

CONJECTURE 2.10. For all p € (0, 1] we have
on(p, " (p),0) >0 forall neN,de(0,n] (2.17)

This conjecture is slightly stronger than Conjecture 2.1. This is because, as one
can easily see from the proof of Lemma 2.9, Conjecture 2.10 implies that

arg(1—2)sh(2)| < B for pe (0,1] pe (0,07(p)), = € D\ {1},
while Conjecture 2.1 only gives us
arg(L—2)’sh(2)| < B for pe (0,1] e (0.1°(p)) z € D\ {1},

Note also that (2.5) and Lemma 2.9 imply that we cannot have o,(p, u, ) > 0 for
all 0 € (0,7] and n € N if g > p*(p). Once verified, Conjecture 2.10 will therefore
represent a family of new sharp trigonometric inequalities.

In the remainder of this chapter we will present a proof of Conjecture 2.10 — and
thus also of Conjecture 2.1 — for all p in a neighborhood of % In our proof we will
apply the above mentioned method of Koumandos [KR06, Kou07, KR07, KL09a] for
proving the positivity of trigonometric polynomials with coefficient sequences of the
form {( E1keny- The crucial idea in this method is to estimate the sequence {( 1 keN,
in terms of the sequence {k*'}en.

More explicitly, setting

1 1 (1)k
Ay = R <F(,u) - k:!k“—l) , for keN, ue(0,1),

we have [KRO7, Sec. 3.3]

- (1) 2ik0 (1)k 2ik0 o2k 2ik0
Zkle Zk'e —(— klu —I—ZAQ (2.18)

k=0 k=0 k=n+1
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The first summand on the right-hand side of this equation sums to (=9 (2sin §)~*
and the second can essentially be estimated by a method developed in [BWW93]. It
is easy to see [KRO6, Lem. 2| that for u € (0,1) the sequence {Ay}ren is positive and
strictly decreasing. An application of (1.26) thus shows that

o
E Ak62zk6

k=n+1

An—i—l
< — . 2.1
~ siné (2.19)

Therefore every estimate for the coefficients A, will also lead to an estimate of the
third summand on the right-hand side of (2.18).
In order to obtain such an estimate, note that by (1.5)

KT () Ay, = &(k), (2.20)

where

It is shown in [Kou08] that

1—
tim g(@) = "0 e o),
and in [Kou08] and [KLO09a] that £'(x) is completely monotonic in z > 0 for p € [$,1)
(for the definition of completely monotonic functions we refer to the next chapter).
Since completely monotonic functions are in particular positive, it thus follows that

£(x) < M, for x>0, puc€ E, 1) , (2.21)

which, because of (2.19) and (2.20), implies that

f: Ake%k@
k=n+1
for all @ € (0,7), n € N, and p € [3,1) [KR07, Kou08, KL09a].

Therefore for 11 € [3,1) the relation (2.18) leads to an estimate of the trigonometric

polynomials >, %62"’“9 in terms of a few elementary expressions (this estimate is
described in detail in Lemma 2.12 below).

Until now, however, no such estimate has been found in the case p € (0, 3). The
above reasoning cannot be applied when y lies in this range, since, as shown in [KL09a],
for 1 € (0, 3) the function ¢'(x) is negative for z close to co and positive for z close to

0. Our next result leads to some new way of dealing with this problem.

LEMMA 2.11. Let x > 1. Then the function

_ P(‘T—I—lu“) 2—p 2
Iul—>£(.§(})—.§(f—ml’ , ue(O,g),

pl—p) 1 1
g 2sinf T'(u) (n+1)2+ (2.22)

18 1ncreasing.
PRrROOF. We have
d o, L'+
- S G S s
d,ug(x) v T+

where the so-called psi function
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is the logarithmic derivative of the gamma function. By [AS65, 6.3.21]

1 * t
—logz — — —2 f
Y(x) =logz 5 /0 ) = 1)dt or x>0,

and hence it will be enough to show that

1 W 2
Mp) = 5 —log (14 2) >0 for a>1, 0,2 2.23
)= g o (142) 20 for oz 1ue (02) e
in order to prove the assertion. Since
1+2x42u
W(p)=—————
is negative for all x > 1 and p € (O, %) and since it is easy to verify that h(%) is positive
for all x > 1, the proof of the lemma is complete. O

Because of this lemma and (2.21), for u < % and z > 1 we have

Uz +p) 2=t F(x+%)x5/3 < 1

R T(r+1) 9 2.24
F(x+1)x =7 [(x+1) =9 ( )
It therefore follows from (2.19), (2.20) and (2.22) that
S | A—@) 11
A,e2ik0| < M( .
k:;—l—l k€ - 2 sin9 F(IU,) (n -+ 1)2—# ( )

for all # € (0,7), n € N, and p € (0,1). Here and for the rest of this chapter we set
T := max(z, 3) for a real number z.

We thus obtain the following extension of [KL09a, Lem. 1], which was the crucial
result in the proof of the case p = 1 of Conjecture 2.10 in [KLO09a]. [KL09a, Lem.
1] was derived from [KRO07,Kou08], where it appeared in a (more or less) disguised
form.

LEMMA 2.12. Let ¢(0) be a real integrable function of 6 € R, u € (0,1) and 0 <
a<b<7%. Then for f(0) =sin or f(f) = cos® we have for all 0 € [a,b] and n € N

n

24941 (p) > (e (20 + ¢(0)) >

k!
k=0
-
> ka(6) = Ay — By — o+ T(p) (2q<9> —L - r<9>s<9>) . (2.26)
where
. b 1—p . b? 1—pn
" sinb4n(2an)t-#" 7" T sin? b 3n(2an)t#
_ (=) o 7?
Co = Gt T 10 = (5a-0+c0)-3).
ing\'"
r(0) = 1 (Bin —20) +c(6)) , 5(6) := Siie - (S‘; ) ]
and

i) = oo | Tt el))

~ sind ti=n
The function s(0) is positive and increasing on (0, 7).
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Proor. By [KRO7, (3.8)] we have

n

(:u)k 2ik0 1 0 1 /‘(2"+1)9 eit
\H)k _ ,
2 R F(G)Jrr(u)sme(ze)u ; d

k=0

k=n+1 k=n+1 k=n+1
with
o - (1) 2ik0 0 et
FO) = e - sin 0 (20)
k=0
and where
= 1—p 1
EE: 44k(9) < __g__ﬂ2_”7
k=n+1

ZBk(e) < o lon ]

sinf 6 n2w

for 0 € (0,7) by [KRO7, Prop. 1]. As in the proof of [KRO7, Prop. 2] it follows that

o1 eins i sind\ ' | _,
FO) == sin@{(e W_l)_[l_( 0 ) ]e ue}’

_ ; i (r— _r sin &4 (L (r—
QHQH 1F(9)ezc(9) — 9pil5 (m=0)+c(6)~7F) 2 —3(9)61(2(” 20)+c(0))
sin 0
and thus (2.26) follows from (2.25) and the well-known inequality sinz > 2z for 0 <
r < 3.
2
It is clear that s(f) is positive on (0, 7). Observe that

(sin @)+t 92

Hence

(0) = ((p—1)sin® — pub cos ) 1og¥ —sinf@ + O cos® =: h(u,0)

o2 900"
and that 5 -
a—h(,u, ) = (sinf — 6 cos 0) log 2 <0
o
for 8 € (0,m). Since h(0,6) < 0 and s'(6)|,=1 = 0 for all & € (0,7), s is increasing on
(0, ) for all € (0,1). O

In the next lemma we present several technical results that will be needed in the
proof of the case p = % of Conjecture 2.10.
LEMMA 2.13. Let p € (0,3) and set p:= p*(p).
(1) Suppose 6 € (0,b) with b < 5. Then for all x >0
1 /x cos(t+p9—(p—%)7r)dt> 1 /“"’ cos(t + pb— (p — 3)m)
sin(f) J, ti-n ~ sin(b) Jo ti-n
(2) Suppose 0 € (0,b) with b < 5. Then for all x > 0
1 / sm(t+p9)dt - Cos(pb)/ Sln(t)dt+p/ cos(t)dt‘ (2.27)
0 0 0

sin(6) $1=n = Sin() J, n $1-n

dt.
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(3) The functions
0 — cos [(p - g) (0 — 71‘)}

0 +— cos {(p—u)9+ﬂ(%ﬂ—p)}

s

are positive and increasing on (0, 7).
(4) The functions

and

9!—>—Siﬂ[<p—§>«9+z(u—1)]

2
and
: um
0 — sin [(p — )+ 7]
are positive and decreasing on (0, 7).
(5) The functions
0 81'n(p9) and 0 _cgs(pﬁ)
sin(6) sin(6)

are increasing in (0, 7).

Proor. We have

1 /w cos(t + pb — (p — 3)m)

dt =
sin(0) ti=n

sin(pf) [7sin(t — (p+ 3)7) cos(pf) [ sin(t — pr)
~ sin(6) /0 ti=n dt = sin(0) /0 ti=nr d.

Since by Lemma 2.4 the function u*(p) is increasing, it follows from Lemma 2.3 that

(e+)m (4
/ sin(t = em) oy < (2.28)
0

ti-n =

for ¢ = p and ¢ = p+ 5. It is easy to see that the function z — [ t#~'sin(t — cm)dt
has its largest local maximum in (0, 00) at the point (¢ + 1)7 and therefore inequality
(2.28) will also hold if we replace the upper integration limit by any positive z. Hence,
because of Statement (5), we find that for 6 € (0,b)

z —(p—1
1 / cos(t + pf — (p 2)7r)dt .
0

sin(0) ti=n
sin(pb) /w sin(t — (p+ 2)m) cos(pb) /m sin(t — pm)
2 = dt — — dt
sin(b) J, ti=r sin(b) J, ti=r
1 /x cos(t + pb— (p — 2)m)
= dt.
sin(b) J, ti=r

Statement (1) is thus proven.
For the proof of Statement (2) note that

1 / sm(t+p6’)ahL B cos(p@)/ Sm(t)dt+ sm(pé’)/ cos(t)dt'
0 0 0

sin(0) ti=n ~ sin(f) ti=n sin(6) ti=n
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By (2.6) we have S(z) := [*528q; > 0 for all 2 > 0 and p € (0,1). Furthermore,

0 ti=n
since p*(p) is increasing, it follows from Lemma 2.3 that

C(x) == /Ox cos(t >dt /0 Mdt >0

tl=n tl=n

for all z > 0 and p € (0, 3] (note that C(z) takes its absolute minimum in z > 0 at
x = 27). Statement (2) thus follows from Statement (5) and the limit relation

sin(ph)
0 .
sin(6) —poas 00
For § = 0 and 6 = 7 the expression (p — 5)(0 — 7) is equal to a := —7(p — §)
and b := —Z(p — %), respectively Since, by Lemma 2.6 and (2.5), g < 2p and 2p <

2 < pp+1, we have —% < a < b < 0. Therefore the function 6 — cos|(p — 5)(0 — 7)]
is positive and increasmg on (0,%). Using similar reasoning one can prove the rest of
Statement (3) as well as Statement (4).

Since p € (0, 1), both cos(pd) and sin~" () are decreasing in (0, 5). Because of the
convexity of the tangent in (0, %) we have ptan(¢) > tan(pf) or, equivalently,

, d sin(pd)
S (9)@ sin(6)

= psin(#) cos(ph) — cos(f) sin(pd) > 0

for 6 € (0,%). The proof of the lemma is now complete. O

In our next result we will show that Conjecture 2.10 is true for all p in a non-empty
open subset of (0,1). Because of Lemmas 2.4 and 2.9, this implies that we can now
verify Conjecture 2.1 for all p € (0, 1) by proving that the function u(p) is analytic.

THEOREM 2.14. Conjecture 2.10 is true for all p in an open neighborhood of %

=031... < g, p = p*(p), on(p,0) :=

PROOF. In the proof we write ug := p*(3) =
0,1) and 9 € (0,7]. Observe that

on(p, 1*(p), 0), and 0,,(0) == (5, 0) for p €

7a(p,0) = on(p,m = 0) = ) % cos {(21{ +p)f — (p —~ %) w} (2.29)

k=0

0.1

and that therefore o, (p,0) > 0 for a 6 € (0, 7] if, and only if, 7,,(p, 7 — 6) > 0. We will
split the proof into several subcases.
(1) The case 6 € (0, Z=] U [r — 2=, 71]. Recall the well-known identity

’ 1 ntp?
n i n4l
, , . sin =0
ete 2 ezk@ — ez(c+n9/2) : 29 ., ne N,
=0 Sin 3

which holds for all § € R, for which sin ¢ does not vanish, and every ¢ € R (which
might even depend on ).
Because of this formula and the fact that the sequence {( E1en, 18 decreasing, a

summation by parts shows that for all p € (0, 1) we have O’n(p, 9) > 0 for 0 € (0, 551,

and 7,(p,0) > 0 for 6 € [0, L.
(2) The case 0 € [;75,5], n > 3. We apply Lemma 2.12 with the parameters

f(0) =sin6d and ¢(0) = pf on the interval I := [a,, b], where a, = 25 and b= % .
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It follows from Lemma 2.13 (2) that with S(z) := [; ¢ 'sin(t)dt and C(z) :=
i t#~* cos(t)dt we have

cos(pb)
sin(b)

for p e (0,%), 0 € I and n > 3. At 2 = ¥ the function S(z) is decreasing and thus it
is clear that S(z) > S(2n) for all 2 > ZX. The function C(z) is increasing at x = =,
has local minima in x > %’r exactly at the points z; := (25 + %)7‘[‘, 7 € N, and satisfies
C(x1) < C(xy) for all j € N. Therefore, since C(TF) < C(xy) when p = p, we find
that

Kn(0) >

S((2n+1)0) + pC((2n + 1)0)

cos(pb) e .
) 2 L8 s0m) 4 o0 () = i)

for all 8 € I, n > 3, and p in an open neighborhood of %

Because of Lemma 2.13 (4), for f(#) and ¢(f) as above, the functions —q(6) and
r(#) are positive and decreasing on I for all p € (0,3). It thus follows from Lemma
2.13 (5) that for 6 € [

sin &4 gin kb
I'(p) (261(9) VR 7“(6’)8(6’)> > I'(p) <2q(0) =2 N T(O)S(b)> =: Ro(p).

Furthermore, for a,, and b as defined above and n > 3, the expression —A,, — B, — C,,
that appears in Lemma 2.12 is larger than

Ryp) e - b1 Pl-p 1
T Tsinb g (T \sinb) g () TE T 9@m) e

Lemma 2.12 thus shows that for p in an open neighborhood of %, felandn>3
240" '0 (n)on(p, 0) > R(p) := Ru(p) + Ra(p) + Rs(p).

i = p*(p) depends continuously on p and therefore the function R(p) is continuous in
(0,1). Since R(3) = 0.432... > 0, we conclude that o,(p,0) > 0 for all 0 € I, n > 3,
and p in an open neighborhood of %

(3) The case § € [, %], n > 3. For § € (0,7) we have

sin[(p — p)0 + ]

n—oo

and for all p € (0, 1) the sequence {(‘; )," Fnen, 1s decreasing. Applying inequality (1.26)

and Lemma 2.13 (4), we thus find that for n >3, p € (0,3) and 6 € 5, 3]
sin[(p — p)0 + 5] (1)n+1

> _
O'n(10> ) = (2 sin g)u (n + 1)! sin 6

>27Hsin [%(4p — ,u)} (1) =: R(p).

 24sin 3
Since R(1) = 0.049... and since R(p) is a continuous function, we obtain o, (p, ) > 0
for all 0 € [Z, %’T], n > 3, and p in an open neighborhood of %

(4) The cases § € [2, 7 — 5Z5], n > 3, and 0 € 1 — 515, 7 — Llin =5 We
make use of (2.29) and show that, for all p in an open neighborhood of =, 7,,(p,0) > 0

1
5
when 0 € [%’ sns) and n > 5 or 0 € [5755, 5] and n > 3. To this end, we apply
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Lemma 2.12 with the parameters f(#) = cos(6) and c(f) = pf — (p — 3)7 separately

on the three intervals Iy, : [agk), bk )] where
1. _PT b = m
T L p’ C2n+ 2’
a®.— T @ T
" 2n+27 " n+2’
N A C )

a\’ = , O )
" n+2 3

In the following, for every estimate concerning 6 in the interval I; we make the as-
sumption n > 5, while for estimates concerning 6 € I, U I3 we assume n > 3. We set
x(1) :=5 and x(2) := x(3) := 3.

It follows from Lemma 2.13 (1) that for 0 < §# < b < Z and p € (0,3) we have
kn(0) > J(b, (2n + 1)0), where

J(b,x) = dt.

1 /x cos(t + pb — (p — 3)m)

sinb J, ti=n

Hence, for 6 € I, 8 € I3, and 0 € I3 we have

kn(0) =1 ((2n+1)0) : J( N (2n+1)9),
J(5 (2n+1)9>
J

(3 (2n + 1)9)

Kn(0) >J2((2n +1)0) :

kin(0) = J3((2n 4 1)0) :=

respectively. For all p € (0,1) there is exactly one z, € [0, 7] such that Jl( ) > 0 for
z € [0,z,) and Ji(z) <0 for = € (z,,7]. Hence, since J;(7) < 0 when p = =, we have
Ji(x) > Jy(m) for all # € [0,7] and all p in a neighborhood of 1. Slmllar reasoning
shows that Jy(z) > Jo((1 4+ 2)m) and Js(z) > J5(E) for all p in a neighborhood of 1
and, respectively, all > 0 and 2 > . Minimizing J,(z) over z € [0,7], Jo(x) over
x >0, and J3(x) over x > %’r, we thus find that

ki (0) > R (p) := Ji(n), 6 €1,

4
kn(0) > R (p) = Jy ((1 + 3’)) 7r) . fel,

kn(0) > R (p) = Js (%”) . Hely

for all p in a neighborhood of %
It follows from Lemma 2.12 and Statements (3) and (5) of Lemma 2.13 that for
p€(0,4)and 0 € Iy, k € {1,2,3}, we have

sin ¢

L(n) <2q<e> 2 —r<e>s<e>> > D(n) (ua(0) = (b5 ) = B ().

sin 6

Furthermore, 1t is easy to see that for k € {1, 2, 3} the sequences {— —bF }neNm {nan FreNes

™

and {(n+ 1)an Fnen, are increasing. We also have (n+ l)a%) > pm and (n+ 1)ag) =z
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forn € N. For p € (0,1) and k € {1,2,3} we set

(k) (k) 2
[RCIRNC p—1 bk g1 e
3 (p) o b(k) (k) l_ﬂ_l— : b(k) (k) 1—p Q ’
SO\ (k) Ax (k) <2X(k‘)ax(k>> SOy /- 3x(k) <2X(k‘)ax(k>)
where 5 5 5
n._ T @ ._ _ % @ ._ "
@ 9(2pm)2—+’ @ 9rl-n’ @ 9 <8a§3)>2_”'

It now follows from Lemma 2.12 that for all # € I and all p in an open neighborhood

1
of5

246" T (u)a(p. 6) = B (p) + By (0) + R (p) = RW(p), k€ {1,2,3}.

The functions R*(p) are continuous and we have RW(1) = 0.015..., RP(1) =
0.040. .., and R(3)(%) = 0.111.... The proof of this subcase is complete.
(5) The cases n = 1,...,4. We have already proven that o,(p,0) > 0 for all
6 € (0,7], n > 5, and p in an open neighborhood of % Because of continuity it will
thus be enough to show that 0, (6) = 0,(3,6) >0forn=1,...,4.
To this end, observe that
sin[(2n + 2+ p)f] <0, with €€ (0,7],n €N, p € (0,1),
if, and only if,
Rk+1)m 2k+2)7|
M+24+p 2m+2+p|
pT

. . . . .
oy T m] is contained in I,, ,, and since

n,ks /{?:0,...,71.
Since [

8) = s (6) = (B0 sl 2+ 2+ ),

we see that the cases n = 3,4 follow from the subcases (1)—(4).
Because of g < % the sequence

L.

is decreasing. Summation by parts therefore shows that it will suffice to verify that

wy(0) == zn: % sin K% + %) 6’} >0

k=0

in (0, 6] for n = 1,2 in order to prove the remaining cases of the theorem. It is easy to

check that w,(#) = sin Zp,(cos? £), n = 1,2, where

2
pi(x) = 3 (14 30z — 280z + 8962° — 11522" + 5122°)

4
po(z) == 5 (2 — 652 + 35402% — 535682° + 3826562 — 15367682 + 3727360°

—55705602" + 50135042° — 24903682° + 524288z'7) .

Using the method of Sturm sequences [RS02, p. 336], we see that p,(z) does not
vanish in (0,1) when n = 1,2. The proof of the theorem is complete. O



CHAPTER 3

Some Completely Monotonic Functions

As we have seen in the previous chapter, the monotonicity of the functions

_ F(I—FILL) 2—p
A VPR

in (0, 00) for p € [%, 1) plays a crucial role in Koumandos’ method for proving the posi-

tivity of trigonometric sums with coefficient sequences of the form {(’;%} keN,- However,
it is certainly not trivial to show that {'(x) > 0 for z > 0. In fact, over the years,
inequalities involving the gamma or psi function have attracted considerable attention
and led to quite sophisticated methods. An extensive bibliography concerning such
inequalities can be found in [KouO8].

In [Kou08| and [KL09a] Koumandos tackled the problem regarding the mono-
tonicity of the functions £(x) by showing that £'(x) is completely monotonic for p €
[3,1). A function f : (0,00) — R is called completely monotonic if it has derivatives
of all orders and satisfies

(=1)"f™(z) >0, for all z > 0 and n > 0. (3.1)

In particular, each completely monotonic function is positive in (0, 00).

In [Dub39] (see also [vH96| for a simpler proof) J. Dubourdieu proved that if a
non-constant function f is completely monotonic, then strict inequality holds in (3.1).
A necessary and sufficient condition for complete monotonicity is given by Bernstein’s
theorem (see [Wid41, p. 161]), which states that f is completely monotonic on (0, co)
if, and only if

fla) = [ e tam)

where m is a nonnegative measure on [0,00) such that the integral converges for all
x> 0.

In [KP09] Koumandos and Pedersen introduced the concept of complete mono-
tonicity of order n: a function f defined on (0, 00) is called completely monotonic of
order n € Ny if 2" f(x) is completely monotonic on (0,00). For instance, completely
monotonic functions of order 0 are the classical completely monotonic functions, while
completely monotonic functions of order 1 are the strongly completely monotonic func-
tions that have been introduced in [TWWB89|. It is easy to see that a function f is
completely monotonic if z f(x) is completely monotonic and therefore a function that is
completely monotonic of order n is completely monotonic of order m =0,1,...,n— 1.

In [KP09, Thm. 1.3] (see also [ TWW89, Thm. 1] and [Kou08, Lem. 2]) Kouman-
dos and Pedersen showed that there is an extension of Bernstein’s theorem to com-
pletely monotonic functions of order n: a function f is completely monotonic of order
n > 1 on (0,00) if, and only if,
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where the integral converges for all x > 0 and where p is n — 1 times differentiable
on [0,00) with p"~V () = m([0,]) for some Radon measure m and p®*)(0) = 0 for
0<k<n-—2
In the following we will briefly explain how this result is used in [Kou08, Thm. 1]
in order to prove the complete monotonicity of a family of functions that includes all
functions &'(x) with p € [3,1):
Define
r t
Ley(x) :=x — ﬂxs_tﬂ, x>0,s,teR
’ ['(z+s)
and observe that we have Ly ,(z) = &(z). Then for all (s,t) € R? one has
lim L, ,(z) =0

and therefore, in order to prove the complete monotonicity of L ;(x), it will be enough
to show that —L{,(r) is completely monotonic. Now,

L F(l’—i—S) t—s—1711/
O(z) := —mz LY ()

can be written in the form

where
F(u) := /0 o(u—wv)o(v)dv —uo(u)
with o(u) = ¢5:(0) — ¢s(u) + 1, ¢5:(0) :==s —¢t, and

6(l—t)u _ e(l—s)u

> 0.
ev —1 U

¢S,t(u) =

It then follows that

gl
—
S
~—
I
\g

q\
—
S

|
<
—
2
<
—
U
<

|
g
q\
g

0
and

F(u) = ug! (u) + / 8 (1 — v (v)dv.

The latter relation shows that for every pair (s, t) in the set T of points in R? for which
¢s¢(u) is monotonic and convex in (0, 0o) we have F”(u) > 0 and, since F”(0) = F(0) =
0, also F(u), F'(u) > 0 for all u € (0,00). Therefore, by Koumandos and Pedersen’s
extension of Bernstein’s theorem [KP09, Thm. 1.3], for all (s,t) € T the function ®(x)
is completely monotonic of order 2 (i.e. ?®(x) is completely monotonic). Furthermore,
since for s —¢ < 1 the functions I'(x+t)/T'(z +s) and 2°~*~! are completely monotonic
(cf. [Kou08, p. 2268)), it follows that, for all (s,t) € T' with s — ¢ < 1, the function

s L@ +1)
Tars)” 2@

is completely monotonic in (0,00) as a product of completely monotonic functions.
This, together with three other results from [KouO8] that depend on the monotonic-
ity and concavity properties of the function ¢,¢(u), are put together in the following
theorem. S denotes the set of points (s,t) € R? for which ¢, ,(u) is convex in (0, 00).

—L;’,t(ﬂf) =
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THEOREM 3.1. (1) For (s,t) € T N{(s,;t) : s —t < 1} the function L ()
is completely monotonic on (0,00) and for (s,t) € T the function ®(z) is
completely monotonic of order 2 on (0,00). In particular, for (s,t) € T N
{(s,t) : s =t < 1}, the function Lg.(z) is strictly increasing and concave on
(0,00) and the inequality

Dx+t) ., 1
0<o— —— L < —(s—t t—1 3.2
e T TR CE ) (32
holds for all x > 0 (cf. [Kou08, Thm. 1]).
(2) For (s,t) e TN{(s,t):s—1t <1} the inequality
s—t+1 _ Mz+s) , oy

Y(x+t)— (e +s)+ . F(x—i—t)I

holds for all x > 0 and the function
s—1t s—t)(s+t—1
(x+s)—(x+1t)— + ( )<2x2 )
is completely monotonic in (0,00) for all (s,t) € S (cf. [Kou08, Cor. 1]).
(3) Form, n € N with m > n let

m

QI (s —~ 1
Upm(x) = ——e" Vim E
) (ZL’) P (S)ke t k:n ks t

~—

pj

If
(s,t) eTN{(s,t) : 1 <5, 0<s—1t<1},

then for = < x <m, n > 1, the estimate
1 I(s)(s—t)(s+t—1)

‘Un,m(x) N Vn,m(x” <

ns=t ['(t) 2
holds (cf. [Kou08, Prop. 1]).
(4) Let
A(z) := xlog (7;1(% i Z)) I’S_t)
and

2 -t

(@) = 0/( +1) = ¢/(x +5) + “[bla+1) = dla + )] + —-.
If (s,t) € S, then the function K(z) = 1A"(x) is completely monotonic of
order 2 on (0,00) and the function —N\'(x) is completely monotonic on (0,00).
In particular, the function A(x) is strictly decreasing and convez on (0, 00), so

et (s=t)(s+t—-1) Pz +1)
s—1t)(s+t— x +
o 1 —\" ") st
5 <xog<r(x+8):c )<0
for all x>0 (cf. [Kou08, Prop. 2]).

These results prompt us to look for the sets 9 and € of (a, ) € R? for which,
respectively, the functions f! ;(x) and ff ;(z) are of constant sign in (0,00). Here,

fap(2) == ¢1_g1-a(z), such that
e _ eﬁ:c
fap(@) = EpTI—
We also set fo(z) := fao(x) for z € R. The set M was completely determined in
[GQO9] and a subset of € was found in [Kou08]. As the main result of this chapter

for ze€eR\{0} and f,3(0)=a—p.
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FIGURE 3.1. The sets Y and ~Z.

we will give a complete description of the set €. We will also present a new way of
determining 9t and give a new proof of a result which concerns the second and third
derivatives of the functions f,(x) and which can be used in order to prove the complete
monotonicity of the functions &(x) when p € [3,1).

3.1. The Set M

In this section the set M of points (a, 3) € R? for which the function f,g(x) is
monotonic in (0, 00) will be determined in a short and comprehensible way.

The question for an exact description of 9 had attracted considerable attention
even before Koumandos’ results from [Kou08] were known. Feng Qi tried to tackle this
problem in several papers. In [GQO9] he and Bai-Ni Guo were finally able to determine
M correctly. Their proof, however, is extremely long and technical and therefore almost
incomprehensible. In the following we will show how 91 can be determined in a very
short and comprehensible way. In [GQO9] several consequences of the monotonicity of
the functions f, 3(z) are described.

For the rest of this chapter, let H denote the half-plane {(«, 3) : 8 < «a} and for
any set M C R? let M* be its reflection with respect to the straight line OH.

THEOREM 3.2. Let (c¢f. Figure 3.1)
Yi=Hn{(a,) eR*:a>1}N{(a,) ER*: 3 >1—a}
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and
Z=Hn{a,f)eR*:a<1}n{(a,B) eR?*: <1 —al.

Then fop(x) is increasing in (0,00) if, and only if, (a, ) € Y U Z* and decreasing in
(0,00) if, and only if, (o, ) € Y* U Z.

Note that f,s(xr) = —fsa(r) and that it will therefore suffice to examine the
monotonicity of f, g(x) in (0,00) for (a, 3) in the interior of H in order to verify the
theorem. Further, since

frsle) = 22,
with
hag(t) = (o — 1t — at® — ((8 — 1)t = Bt7) |
the monotonicity of f, g(x) in (0,00) is completely determined by the sign of h, (%)
in (1,00). The following two lemmas thus give a proof of Theorem 3.2.

LEMMA 3.3. If (o, B) lies in the interior of H \ (Y U Z), then hq 5(t) changes sign
in (1,00).

PROOF. For all (o, f) € R* we have hag(1) = hl, 5(1) = 0 and hf 5(1) = (a —
B)(a+ 5 —1). For («, ) in the interior of H the function h, s(t) is thus positive in a
neighborhood of 1 if # > 1 — « and negative if 3 < 1 — a.

On the other hand, we have

lim ¢ thap(t) = a —1

t—o0

and hqg(t) is therefore positive for large t > 1 if o > 1 and negative if o < 1. The
lemma follows. O

LEMMA 3.4. Let (o, ) # (1,0). If (o, ) € Y \ OH, then h,g(t) is positive in
(1,00) and if (o, 3) € Z\ OH, then hy s(t) is negative in (1,00).

PRrROOF. For all (o, ) in the interior of H we have

hap(1) = (t7has(t))| =0

=1
and
t2—a+ﬁ
ko g(t) ==
8(t) = —— 5

Hence, if for a point (¢, 3) in the interior of H the function k, g(t) is of constant sign in
(1,00), then h, g(t) will be of the same sign in (1,00). Since ky 5(t) = [ for all t € R,
we thus find that hy 5(t) is positive in (0, 00) if 3 > 0 and negative if 5 < 0.

Now, suppose that « # 1. Obviously k, g(t) is of constant sign in (1, co) if its only

Zero
ala—F—1)
(a—1)(a—=[B+1)
is < 1. For o > 1 the relation t* < 1 is equivalent to 1 — a < #, while for a@ < 1 it
is equivalent to § < 1 — a. Thus, for (o, 3) in the interior of Y or Z or on the line
{(a,1—0a):a € (3,00)} the sign of k,5(t) is constant in (1, 00). The assertion follows
from the fact that k. g(1) = o+ — 1 and a continuity argument. O

(thas(t))" = (@ = 1)(a = B+ 1)t —ala— - 1),

t* =
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F1GURE 3.2. The sets A, B and C. The bold curves are JA. Note that
I''NT5NIs = (1,0) and that the dotted line {(1,3) : 0 < 3 < 3} belongs
to neither A, B nor C, but to A*.

3.2. The Set ¢

In this section we will give a complete description of the set € of points (a, 3) € R?
for which the function f7 ;(x) is of constant sign in (0, 0o).

The four results that are presented in Theorem 3.1 led to a closer examination of
the set € and subsequently a large subset of € was found in [Kou08]. In the following
we will show how € was completely determined in [KLO9b].

In order to state our results, we first need to make the following definitions: For «,
G € R set

ei(a, B) = 2aB+20° —3a+26%-33+1,
g2(a, B) = 4a*B* — 40?8 — 4o +4aB — o +a — B2+ B,
2 2
= ()
and

= {(a,3):0<8 <1 <a}n{(a,B):ei(a,B) =0},
= {(a,0): 0<5<1<a}ﬂ{(0@5) ea(a, B) = 0},
{ <—— a—%‘}ﬂ{(a, ) :e1(a, B) = 0},
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FIGURE 3.3. The set C'. The bold curves are 9C. The dashed curve
describes the set of points («, 5) € C for which g, s(t*(a, 8)) = 0.

and let C' and D be the open bounded sets whose boundary is given by the Jordan
curves I'y UT, U {(L,0) : % < B <1}tand T UT3 U{(o, ) : %(3— V3) < a < 1},

respectively. Set
Am (HU{(a,l):0<a§ %}) \D

and B:=D\ (CU{(1,8):0< 3 <3}) (cf. Figure 3.2).
Further, for o, # € R and t > 0 define g, g(t) := ga(t) — g5(t), where

Galt) =t [1 =)’ + (1+2a —20°)t +*] —t — 1, (3.3)
and, for o, § € R\ {1} with es(a, B)es(a, §) <0, let

t*(Oé ﬁ) - 82(0575) - 20{5(1 B Oé)(]_ - ﬁ) + \/_EQ(OZ’ﬁ)gfﬂ(a’ﬁ)
¢ 2(1—a)*(1 = p)? '

The next theorem contains a complete description of the set €.

THEOREM 3.5. (1) For (a, ) € A the function f, z(x) is convez in (0, 00) and
for (o, B) € A* it is concave there.
(2) For (a, 3) € BU B* the function f 5(x) changes sign in (0, 00).
(3) In C'UC™ the sign of fl 5(x) is constant in (0,00) if, and only if, (o, B) €
CCOTL'U U Czonv, where

Ceonv = {(, B) € C: gap(t" (v, 8)) = 0}
fap(z) is convezr in (0,00) if (o, 3) € Ceonv and concave if (o, 5) € Cionw
(cf. Figure 3.3).

Before we turn to the proof of this theorem, note that, since

fa,ﬁ(_x) = fl—ﬁ,l—a(x)a

Theorems 3.2 and 3.5 can also be used to give a complete description of all points
(a, B) € R? for which the functions f, 5(x) and f] 5(x) are of constant sign in (—oo, 0)
or (—o00, 00).
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As in the proof of Theorem 3.2 we see that in order to verify Theorem 3.5 it will
be enough to examine the concavity of f, s(z) in (0, 00) for («, ) in the interior of H.
Further, since

" o exgtJt,ﬁ(ex)
fhs(x) = I x>0, (3.4)
the concavity of f, g(x) in (0,00) is completely determined by the sign of g, (t) in
(1,00). Therefore the next four lemmas give a proof of Theorem 3.5.

LEMMA 3.6. For a < 0 the function g.(t) is negative in (1,00) and for a € (0,3]U
(1,00) the function ga(t) is positive in (1,00). For o € (1,1) the function go(t) changes
sign in (1,00).

PRrROOF. For all & € R we have g,(1) = 0 and

ga(t) = (a =1 (a+1)t* + (=2a° + 2° + a)t*™
+ao(a—1)t*% — 1,

gi(t) = ala— 17t —1)((0* — 1)t - ala - 2)),

gi(1) = ala=1)(2a—-1).

Consequently, for all a € R, ¢/,(1) = g2(1) = 0.
The case o € [—1,4] U (1,00). In this case g/ does not vanish in (1,00) and thus
the sign of ¢/, in (1, 00) will be equal to the sign of ¢//'(1). For a € [—1,0) we have

(e
"

g"(1) < 0, whereas g”(1) > 0 for a € (0,1) U (1,00). Therefore, since moreover

a '3
g(f)(l) = 3, go is negative in (1,00) if @ € [—1,0) and positive if o € (0, 3] U (1, 00).

* The case o € (—o0, —1). In this case ¢! has exactly one zero ¢, in (1,00). Since
g¥(1) < 0, it follows that g7 < 0 in (1, 00) if and only if ¢t € (1,t,). Since g, (t) — —1
as t — oo, this shows that ¢/, is negative in (1,00). Hence, for a € (—o00,—1), g, is
negative in (1, 00).

The case € (4, 1). In this case we have g2/(1) < 0 and thus g,(¢) <0 forall ¢ > 1

sufficiently close to 1. Since ¢t~ g, (t) — (1 — a)? > 0 as t — oo, the proof of the
lemma is complete. O]

LEMMA 3.7. For (a, ) € B\T'; the sign of gos(t) changes on (1,00).

PROOF. Since g1 g(t) = —gp(t), the case a = 1 of our assertion follows from lemma
3.6. For the other (o, 3) in question we have a # 1 and « > ( and thus

lim ¢ g 5(t) = (1 - a)? > 0.

It will therefore be enough to show that g, s(t) takes negative values in (1,00) for
(v, B) € B with a # 1.
We have g((;%(l) =0forn=0,1,2 and

Consequently, for
(Oé,ﬂ) € {(O‘76> : 6 < 05781(0575) < O}v

Ja,8(t) takes negative values in (1,00) and it only remains to show that the same is
true for («, ) in the triangle {(a, () : % <f<a<l}.
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To this end, fix a 3 € (1,1) and observe that by Lemma 3.6 there is a t* € (1, 00)
such that gg(t*) = 0. Since

9a8(1") = ga(t") = gs(t") = ga(l),
our claim will follow once we have shown that the function h(a) := go(t*), a € (3, 1),
is negative for all a € (,1). We calculate

()70 (@) =2(t" = )(a(t” = 1) = t)
+ (0Pt = 1)* = 2t*a(t* — 1) + t*(t* 4+ 1)) log t*
and thus h/(«) vanishes for those a for which the rational function
2(px 1 2 _ 2 * * 1 * (4% 1
r(a)::a(t ) t*aft )t (tr 4+ 1)
alt —1) —t

cuts the horizontal a — 2(1 — ¢*)/logt*. It is straightforward to verify that, in (3, 1),
r(a) has no pole and

(t* — 1)2(a®(t* — 1) — 2t*a + t*)
(a(t* — 1) —t%)?

has exactly one zero and hence h can have at most two local extrema in (3,1).
Now, suppose that h’'(3) > 0. Then, since h(1) = 0 and
(1) = (t*+1)logt" +2(1—t*) >0
for all t* € (1, 00), h must have at least two local extrema in ((,1). On the other hand,
4WERL) = (VEF—1)" > 0 and h(3) = 0, and hence h(c) has to have at least one
local minimum in (3,). But h(a) can have at most two local extrema in (3, 1) and
therefore h'((3) < 0. If now h(a) > 0 would hold for an o € (3, 1), then, since (1) =0
and h'(1) > 0, h(a) would have to have more than two local extrema in (3,1). Thus,
we must have h(a) < 0 for all @ € (3,1) and the proof of the lemma is complete. [

r'(a) =

LEMMA 3.8. For (o, 3) € H\ D we have go5(t) > 0 in (1,00) and for 5 € [0, 3]
the function gy g(t) is non-positive in (1, 00).

PROOF. The case a = [ is trivial and since ¢, 1(t) = go(t) and g1 5(t) = —gs(t),
the cases @ = 1 and 3 = 1 of our assertion follow from Lemma 3.6.

In order to prove the lemma also for the other (o, 3) in question, set

ho(t) := (1 —a)*t* + (1420 — 2°)t + o, a,t €R.

The parabola h,(t) opens upward and satisfies h, (1) = 2 for all & € R, its discriminant
is non-negative exactly for 1(1 — v2) < a < 3(1+v2) < 2, and A (1) > 0 exactly if
o < 2. Hence, hy(t) > 0 for all @ € R and ¢ > 1 and therefore g, 5(t) > 0 is equivalent
to

log ho(t) —log hs(t) > (6 — a) logt.

Since this inequality holds for all («, 5) € R when ¢ = 1, it will suffice to prove that
M) B0 B-a

ha(t)  he(t) = t °

(3.5)

or
thy, (t)hs(t) — thi(t)ha(t) + (o — B)ha(t)hg(t) > 0 for t > 1.
The left-hand side of the latter inequality is equal to (a — 3)(1 — ¢)*pa s(t), where

Pas(t) = (1 = a)’(1 = B)* + t(B(B — 1) + (&® — a)(1 = 26(8 - 1))) + a*F?,
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FIGURE 3.4. The sets P and N. The interior of P is hatched. The bold
curves are ON. The dotted arc describes the set H N {(«, 3) : e3(a, B) =
0}. The dashed curves describes the set H N{(«, 3) : e2(cr, B) = 0}. The
four dots describe the location of the points ¢, ..., 4.

so that (3.5) is equivalent to
Dap(t) >0 fort>1.

The discriminant of the parabola (in the following we will always assume that o # 1 and
B # 1) paps(t) is equal to —eq(a, B)es(a, B). Since p, p(t) opens upward, it therefore
follows that the non-negativity of p,g(¢) in (1,00) remains to be verified only for
(o, 8) € N := H\ P, where (cf. Figure 3.4)

P:=DU{(c, ) : ea(a, Bles(a, B) > 0y U{(1,5) : B € R} U{(c,1) : & € R}.

A straightforward computation shows that if p, g(t) has a zero at 1, then ¢, («, 5) =
0 must hold. Since {(a, ) : e1(r, 8) = 0} N H is contained in D, a continuity argument
yields that the number of zeros of p, g(t) in [1,00) is constant in each component of
N.

It is easy to see that N consists of exactly 4 components and that no two of the
points ¢; := (i, 0), ¢ := (%, 0), g3 := (0, —%) and ¢4 1= (%, %) lie in the same component
of N (cf. Figure 3.4). Since one readily verifies that p,, () has no zeros in (1, 00) for
Jj=1,...,4, it follows that p, () is positive in (1, 00) for all (a, 3) € N.

The proof of the lemma is complete. 0J
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LEMMA 3.9. The function fapg(x) is conver on (0,00) if (o, ) € Ceony. For
(o, B) € C'\ Ceonv and (o, B) € Ty the sign of f;, 5(x) changes on (0, 00).

PROOF. It follows from the proof of Lemma 3.8 that, for a pair (o, 3) € R? and a
t > 1, gapg(t) > 0if, and only if,

laot) = log ha(t) — log hs(t) — (8 — a) log > 0

and that [, g(t) has a critical point ¢ in (1,00) if, and only if, ¢ is a zero of p, g(t).
Furthermore, since one easily checks that a, 5 # 1 and e1(a, 5) # 0 for all (o, ) in
the connected set C', the proof of Lemma 3.8 also shows that the number of zeros of
Pas(t) in [1,00) is constant in C. It is readily verified that g5 := (15, 3) € C (cf. Figure
3.3) and that p,, () has exactly two zeros in (1,00). Hence, for (o, 3) € C, I, 5(t) has
exactly two local extrema in (1, 00). Since § < a # 1 in C, it follows from the proof of
Lemma 3.7 that [, g(t) is positive for all ¢ large enough. Since, moreover, l, (1) =0
for all (a, B) € R?, the largest one, say t*, of the critical points of I, (¢) in [1, 00) must
be a local minimum of [, g(¢) and [, g(t) will be non-negative in (1, co) if, and only if,
la,g(t*) > 0 (or, equivalently, g, g(t*) > 0). t* must be the largest zero of p, g(t) and
can thus be calculated to be t*(a, ).

The set I'; belongs to the boundary of both C' and E, where FE is the open bounded
set that has the Jordan curve I'y U{(1,8) : 0 < 3 < 1} as its boundary (E is shaded
in Figure 3.3). The point gg := (33, 1) lies in £ and p,(t) has exactly one zero
n (1,00). Hence, on I'j, at least one of the zeros of p,s(t) is equal to 1. Since
eo(a, B)es(a, B) # 0 for («, B) € I'y, the function p, g(t) can not have a double zero at
t*(ar, B) on I'y. Therefore t*(a, 3) is the only critical point of g, 5(t) in (1,00) when
(a, B) € I'y. Since, for (o, 3) € I'1, gap(1) =0 and g, 5(t) — 0o as t — oo, this means
that we must have g, 3(t*(a, 8)) < 0 for (o, 5) € I';. O

3.3. On the Third Derivative of f, ()

In this section we will give a short proof of a result concerning the functions f,(z)
that was used in [KL09a] in order to verify the complete monotonicity in (0, 00) of
the functions £ from Section 2.2 for p € 3, 1).

It follows from Theorem 3.5 that for y € (0, 5) the function u( u) changes sign in
(0,00). Hence, for those parameters, one can not argue like we d1d in the introduction
of this chapter in order to show that the function

I'(x
Lipla) =2 = i = ¢
is increasing in (0,00). In fact, as mentioned in the second chapter, it is shown in
[KLO09a] that for 1 € (0, 5) the function &'(z) is negative for x close to oo and positive
for 2 close to 0. For u € [3,3), however, £'(z) remains completely monotonic. This
was shown in [KLO09a], where the following lemma was used in a clever way in order
to verify the positivity of

F'(u) = ug, / 81— )0}, (v)dv

and therefore also the complete monotonicity of —L{ ,(x), in (0, 00) for p € [3, 3).

LEMMA 3.10. Let a € (3,3]. Then fl(x) > 0 for x € [1,00) and fJ'(x) > 0 for
€ (0,1].
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We give a proof of this lemma that is considerably simpler than the one presented
in [KLO09a).
First note that, since

" o emla(em) 2
fi(z) = EEnG € R, (3.6)

with
la(t) =1 (0 — 1)* ? + (=30 + 6a° — 4) t-+
+ (30®=30® —3a—1) —a®t™) + £ + 4t + 1,
the sign of f”(x) in (0, 00) is completely determined by the sign of 1, () in (1, co).

LEMMA 3.11. For every a € (%, 2] there is a t* > 1 such that ,(t) is positive in
(1,t*) and negative in (t*,00).

PROOF. Set v,(t) := t*=*1”(t). Then

a(z;?i(_t)l) =(a+2)(a+1)(a—1)* — (a+1)(3a® — 6a° + 4)t*
+ (a0 = 2)(30® — 30 — 3o — 1)t — a*(a — 2)(a — 3)

and thus, for a € (%, %], vq(t) is a polynomial of degree 3. Since for a € (%, %] we have
va(1) =0, v/,(1) = 6a2(1 — a)? > 0, and

tlgglo t30,(t) = ala+2)(a+1)(a—1)° <0

and since a polynomial of degree 3 has at most two local extrema in R, we find that
I (t) has exactly one zero in (1,00). Since 199(1) = 0 for all & € R and j € {0,1,2}
and since

lim = (1) = (a— 1) <0
for a € (0,1), this implies that for each o € (3, 3] there is a t* > 1 such that I,(t) is
positive in (1,t*) and negative in (t*, 00). O

1 2

LEMMA 3.12. For a € (5,§

function defined in (3.3)).

| we have l,(e) > 0 and go(€) > 0 (where g,(t) is the

PROOF. Since l%(e) and l%(e) are positive and since

d
el_o‘d—la(e) = (e—1)3a® = 3(e — 1)%a® — 3e(e — 1)(e — 3)a + 2€* — 4e* — 4e
«
is a polynomial of degree 3 in « that has exactly one zero in (
o = 1, it follows that l4(e) > 0 for o € (3, 2].
In the same way, since

d
el_o‘%ga(e) =(e— 12 +2(1 —e)a — € + 3e

N[

, 2] and is positive at

| and since g%(e) and g%(e) are positive,

wino

is a parabola in « that does not vanish in (%,

we find that g, (e) > 0 for a € (3, 3].

O
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Now, because of Lemma 3.12 the t* > 1 that has been found in Lemma 3.11 has

to be larger than e. By (3.6) this means that, for o € (1, 2], f(x) is positive in

(0,1] and f/(x) has exactly one local extremum (a local maximum) in [1,00) . This
completes the proof of Lemma 3.10, since it follows from (3.4), Lemma 3.12 and the
case & € (1,1) of Lemma 3.6 that f2(1) > 0 and f/(z) > 0 for = close to oo when

a€ (53]



CHAPTER 4

On Suffridge’s Polynomial Classes

The convolution of two functions

f(z) = i arz” and g¢(z) = i b 2"
k=0 k=0

that are analytic in a disk D centered at the origin of the complex plane C is defined
as

(F9)=) =Y abest

and is itself analytic in D.
Two of the most important and beautiful convolution results are the theorem of
Grace and the theorem of Ruscheweyh and Sheil-Small.

THEOREM 4.1 (Grace). Let

n

P(z) = ” ()a 2 oand Qz) = y (n)b 2F
o \F ' o \F '

be two polynomials of degree n that have all their zeros in the closed unit disk D. Then

all zeros of
P xQ Z %zk = Z (Z) apbp "
k

k=0 k=0

lie also in D.

THEOREM 4.2 (Ruscheweyh and Sheil-Small). If f and g lie in the set K of convex
functions, then f x g is also convez.

Here, the class K of convez functions is defined to be the set of all functions f € Ay
that map the unit disk D univalently onto a convex domain.

The original result of Grace can be found in [Gra02]. The version that we present
here is due to Szegé [Sze22]. See also [LamO05, Ch. 2], [SS02, Ch. 5], and [RS02, Ch.
3]. Pélya and Schoenberg stated Theorem 4.2 as a conjecture in [PS58]|; 15 years later
this conjecture was settled by Ruscheweyh and Sheil-Small in [RSS73].

In [Suf76] Suffridge showed that there is a close connection between the theorem of
Grace and the theorem of Ruscheweyh and Sheil-Small; this connection will be outlined
in the next two pages (a different way of deriving Theorem 4.6 below from the theorem
of Grace can be found in [Rus82, Ch. 1, 2] and [SS02, Ch. 8)):

For n € N and X € [0, 2] let P, (A) be the set of polynomials

P(z) = Z Ak
k=0

41
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of degree n that are normalized by Ay = A,, = 1 and can be written in the form

ﬁ 1+ ez)

J=1

with a; + A < oy for j € {1,...,n} (a1 := a1 + 2m). In other words, a normalized
polynomial P of degree n is in P, (\) if all its zeros lie on the unit circle T and each pair
of its zeros is separated by an angle of at least . Thus, for instance, P,(3%) = {14 2"}
and P € P,(0) if, and only if, P is normalized and has all its zeros on T.

Natural extremal elements in P, () are those polynomials for which each — except
one — pair of consecutive zeros is separated by an angle of exactly A. Setting

Qn(X;2) == Z <Z) 2k H(l + el Fmn=hA2 ),
k=0 A

J=1

it is easy to see that the polynomials in P,(A) which have this property are exactly
Qn(X;e¥™*/m2) k€ {1,...,n}, the so-called rotations of Q,()\;2). Qn()\;2) is distin-
guished by the fact that its zeros lie symmetrical with respect to —1. By definition
(7), = (}) and by induction one readily verifies (cf. [Suf76] or [SS02, p. 252]) that
for A € (0,2%) and k € {0,...,n}

n [1}- L sin 2
— Tk X A (4.1)
k), [[— sin% [T;Z 1sm]

Therefore (7 ) #0for A€ [0,2Z) and k € {0,...,n} and we can set

n

Q%_l)()\; z) = Z (nl) LD W= {0, 2%) )
A

k=0

For X € [0, 2%) the Suffridge class S, (X) is now defined to be the set of polynomials

p of degree n for which p * Q,(X; z) is in P,(\). The existence of Q%_l)()\; z) — the
convolution inverse of @, (\;z) — shows that S,()\) is homeomorphic to P,(A) if we
identify the set P, of complex polynomials of degree < n with the Banach space C"*!.
For reasons that will become clear later on, we also set

S, (2%) — co{en(XH/n2) ke {1, n}}, (4.2)

where e,(2) := 1+ 2+ 2%+ ---+ 2" Here, for any subset M of a complex vector space,
co M denotes the convex hull of M.
Suffridge’s main results from [Suf76] now read as follows.

THEOREM 4.3 (Suffridge). Let A € [0, 2Z].

(1) If p, g € Sp(N), then also px q € S,,(N).
(2) If X < p < | then S,(N) is contained in the interior of S,(u).

For two polynomials P and @Q of degree n and A € [0, 2%) we define

Py Q:=PxQ+QUY(\2).

Note that *) depends on the degree of P and (). Suffridge’s convolution theorem 4.3
(1) can thus be written in the following (nearly) equivalent form.
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THEOREM 4.4 (Suffridge’s convolution theorem). If A € [0, 22) and P, Q € P,()),
then also
P x) Q € P,(N).

The inverse P* of a polynomial P(z) = > ,_, Axz" of degree n is defined by

P*(z) := 2"P (%) = ;i:oAn_ka (4.3)

and P is called self-inversive if P = P* (note that P* depends on the degree of P). It
follows immediately that P is self-inversive if, and only if, its coefficients A, satisfy the
symmetry relation Ay, = A,_; for k € {0,...,n}. It is also clear that the zeros of P*
are obtained by reflecting the zeros of P with respect to the unit circle. Therefore the
zeros of a self-inversive polynomial P lie symmetrical with respect to T and to each
polynomial P whose zeros lie symmetrical with respect to T there is a constant ¢ € T
such that cP is self-inversive [SS02, Sec. 7.1.1]. In particular, all classes P, (A) and
S.(N), A € [0, %], contain only self-inversive polynomials. We denote the set of self-
inversive polynomials of degree n by S,, and the set of P € S,, which satisfy P(0) = 1
by S!.

A straightforward application of the two characterizations of self-inversiveness (sym-
metry of coefficients and symmetry of zeros) shows that the zeros of a convolution of
two polynomials in §,, lie symmetric with respect to the unit circle. It therefore follows
from the theorem of Grace that for P and @ in P, (0) the convolution P %, () is also
in P,(0). This proves the case A = 0 of Theorem 4.4 and constitutes the basis of
Suffridge’s proof of the remaining case A € (0, 2%).

A function f € Ay is said to lie in the class R, of functions pre-starlike of order
a < 1if fx fo_o, lies in the set S of functions starlike of order « (here f, is defined
as in (2.2)). As shown in [Rus82, p. 48], f € R, if, and only if, f € Ay and

fxfaaa(z) 1
e ¥ Foan(2) > 5 z € D.
This is one reason why one defines the class R of functions pre-starlike of order 1 as
the set of those functions f € A, for which Re % > % in the unit disk. We have the
relations Ry = K and R/ = Sf/z [Rus82, p. 49].
Pre-starlike functions appeared first in [Suf76] where the following approximation
result was shown (see also [SS02, 7.6.8]).

R

THEOREM 4.5.

(1) f € Ag is pre-starlike of order a < 1 if, and only if, there exists a sequence
{Pn, }ken with p,, € Snk(nkf%) such that n, > k for k € N and zp,, — f
locally uniformly in D as k — oo.

(2) For pu > 0 we have

n (1)k 27 1
<k>%*7 an Q"<n+u) RTEST

n+p

as n — oQ.
This, together with Theorem 4.3, enabled Suffridge to prove the following.

THEOREM 4.6 (cf. [Suf76]). Let § < a < 1.

(1) If f, g € Ra, then also fxg € R,.
(2) Rﬁ C R..
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Since R = IC, Suffridge’s extension of Grace’s theorem thus leads to a generaliza-
tion of Ruscheweyh and Sheil-Small’s theorem.

The theorem of Gauf-Lucas (cf. [SS02, Ch. 2] or [RS02, Ch. 2]), perhaps the most
well-known fact concerning complex polynomials (besides the fact that each polynomial
of degree n has exactly n zeros), is usually applied in some way or other in order to
prove the theorem of Grace.

THEOREM 4.7 (Gauﬁ—Lugas). Let P be a polynomial of degree n that has all its
zeros in the closed unit disk D. Then all zeros of P’ lie also in D. P’ has a zero z on
the unit circle T if, and only if, z is a multiple zero of P.

If A e (0,20) and if P(z) = >"_; (1) ,ar(A)2* is a polynomial of degree n, then we
set

Ax[PI(2) :=

P(eM?2) — P(e™™M22) B 2 n—1
21z sin B o

K o) et

2
where the second identity follows from (4.1). Note that (4.1) also implies

n n
k 0,...
(0, s
as A — 0 and thus

n—1
n—1 1
AP Ao[P)(z) == 0)2" = —P'
P1E) = 8lP(E) = 3 (" a0 = TP
locally uniformly in C as A — 0. Note also that the operator A, depends on the degree
of the polynomial P. The following extension of the theorem of Gau-Lucas, found by
Suffridge in [Suf76] (see also [SS02, Thm. 7.1.3] for the case A = 0), plays a crucial
role in the proof of Theorem 4.3.

THEOREM 4.8. Let A € [0,25). A polynomial P € S}, belongs to P,(\) if, and only
if, all zeros of Ay[P] lie in the closed unit disk. In such a case A\[P] has a zero z on
the unit circle T if, and only if, P vanishes at €?z and e=/?2.

Suffridge’s theorems 4.4 and 4.8 are generalizations of special cases of the theorems
of Grace and Gauf-Lucas, respectively. Until now it is unclear whether there are
extensions of Theorems 4.4 and 4.8 that generalize the theorems of Grace and Gauf3-
Lucas themselves. Recently, Ruscheweyh and Salinas (and Sugawa) [RS09, RS10,
RSS09] have found some very interesting extensions of Theorem 4.6 to so-called disk-
like domains, i.e. domains which are the union of disks or halfplanes, all containing the
origin. Given the relation between Theorems 4.3 and 4.6, it seems possible that there
are extensions or modifications of Theorem 4.3 that lead to a second way of proving
some of Ruscheweyh and Salinas’ results from [RS09,RS10, RSS09].

In this chapter we will present several minor results that deal with the problem of
extending Suffridge’s theorems 4.4 and 4.8 to larger polynomial classes. We will mainly
consider questions concerning polynomials of the form A,[P] with P € P,(\). More
explicitly, in our main result we shall prove that for P € P,(\) and Q € P,_1(\) all
zeros of Ay\P *y @ lie in the closed unit disk. We shall also show that there seems to
be no reasonable extension of Laguerre’s theorem (a generalization of the theorem of
GauB-Lucas) to the classes P, (\) and we will give an answer to a long-standing open
question posed by Suffridge concerning the iterated application of the Aj-operator to
polynomials in P, (). For the proofs of these results we will need some facts concerning
Blaschke products and self-inversive convolution operators that might be of indepen-
dent interest. Many of the results that we will present can also be found in [Lam10].
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4.1. Some Results Concerning Blaschke Products and Self-Inversive
Convolution Operators

In this section we will present definitions and results concerning Blaschke products
and self-inversive convolution operators that will be needed in order to prove the main
results of this chapter.

A Blaschke product of degree n € N is a rational function B of the form

n

B(z) = CH 12_:_(_%2

j=1
with |(j| < 1for j =1,...,n and |c¢| = 1. The notions of Blaschke product and inverse
are closely connected: from the definition of the inverse of a polynomial it is clear that
B is a Blaschke product of degree n if, and only if,

P
_= CP* s
where |¢| = 1 and P is a polynomial of degree m > n that has n zeros in the open
unit disk and m — n zeros on the unit circle. Note that if P € P,(0), then B as
defined above is equal to a constant of modulus 1. For our considerations involving
Blaschke products we shall need the following algebraic properties of the inverse: for
two polynomials P and () of degree n and ¢ € T one has

(PxQ)" =P %xQ" and (P(c2))" =¢"P*(c2),
while for P of degree n and @ of degree m
(P-Qy=P-Q"
These relations are easily verified and will be used frequently in the rest of the chapter

without further mention.
In the next lemma some elementary properties of Blaschke products are collected.

B

LEMMA 4.9. A rational function B is a Blaschke product if, and only if, B(z) takes
values on T exactly for z € T and |B(z)| < 1 for at least one z € D. If B is a Blaschke
product of degree n, then for all ( € T the equation B(z) = ¢ has exactly n distinct
solutions on the unit circle.

PROOF. It is explained in [DGMO02] that a Blaschke product of degree n takes
each value on T at n distinct points on T. Since a rational function of degree n can
take no value more than n times and since |B(0)| < 1 for every Blaschke product B,
only the ’if’-direction of the first statement remains to be verified.

To this end, observe that if B(z) € T only for z € T and |B(z)| < 1 for one
z € D, then |B(z)| < 1 for all |z| < 1. For otherwise there would be a |w| < 1 with
|B(w)| > 1 and therefore the image under B of the straight line that connects z and
w in D would cross the unit circle. But this can not happen, since the pre-images
under B of this crossing point would have to lie on the unit circle. Hence, since it is
explained in [SS02, Sec. 7.2.2] that a rational function B, which satisfies |B(z)| = 1
and |B(z)| < 1 for |z] =1 and |z| < 1, respectively, has to be a Blaschke product, the
proof of the lemma is complete. O

For a polynomial p(z) = >",_, axz" of degree n we set

slpl() = 22O 5

z
k=0
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Then it is easy to see that

Axlp * @n(A; 2)] = O[p] * @n-1(; 2) (4.4)

for A € 0, 27”) and every polynomial p of degree n. We will use this fact frequently in
the rest of the chapter without necessarily referring to it. Relation (4.4) leads to a way
of defining the class S,(%): by Theorem 4.8 and (4.4) a function p € S, is in S,())
for a A € [0, 2) if all zeros of §[p] * Qn—1(X; 2) lie in the closed unit disk. Since

Q (2—”-2):1_”:"2_1%:@ (2) (4.5)
n—1 n7 n—1 y .

1—=2
k=0

one therefore defines the class S, (22) to be the set of all polynomials p € Sp for which
d[p] = d[p] * e,—1 has all its zeros in the closed unit disk. It is shown in [Suf76, Lem.
2] and [SS02, Sec. 7.6.3] that this definition is equivalent to the one given in the
introduction of this chapter.

The following general observation concerning the operator § will prove important

later on.

LEMMA 4.10. Let p € St and Q € St _,. If |(§[p] * Q)(0)| < 1 and if the zeros
of 0[p] * @Q do not lie symmetrical with respect to the unit circle, then the following
statements are equivalent (the parentheses in one statement hold if, and only if, the
parentheses in the other two statements also hold):

(1) All zeros of d[p] * Q lie in the closed unit disk (and are of modulus < 1).
(2) For all ¢ € T all zeros of

px(1+¢2)Q

(are simple and) lie on T.
(3) For all ¢ € T all zeros of

(o[p]" + ¢Colp]) * Q

(are simple and) lie on T.

PROOF. Set C := (§[p|* + (d[p]) * Q. Then

C = (0[p] * Q)" + ¢ (6[p] * Q). (4.6)
Because of our hypothesis the rational function
_ (0p] * Q)
Py

is not equal to a constant and therefore for all ( € T all n — 1 zeros of C lie on T
if, and only if, B takes values on T exactly for z € T. Since by our hypothesis also
|B(0)] < 1, Lemma 4.9 shows that this holds if, and only if, B is a Blaschke product.
This is equivalent to the fact that d[p]* @ has all its zeros in the closed unit disk and to
the fact that zB is a Blaschke product. Lemma 4.9 implies that the latter statement
holds if, and only if, for all ¢ € T all solutions of zB(z) = —( or, equivalently,

0= (8[p] * Q)" + ¢z (0]p] * Q)
=0[p]" * Q + (20[p]) * (¢2Q)
=p*Q+p*(2Q=p*(1+(2)Q

lie on T. We have thus shown the equivalence of statements (1)-(3) without the
parentheses.
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The polynomial §[p] * @ has all its zeros in the open unit disk, if and only if, B and
zB are Blaschke products of degree n —1 and n, respectively. Since a Blaschke product
of degree n takes each value on T at exactly n distinct points on T, statements (1)—(3)
are also equivalent if the parentheses are included. O]

The continuity theorem for polynomials will be essential for dealing with self-
inversive convolution operators. For a proof we refer to [RS02, Sec. 1.3].

THEOREM 4.11 (Continuity theorem (CT)). Let

n

P(z):aH(z—zj) and Py(z HZ—ng keN,

J=1

be polynomials of degree n. Then P, — P (in C"“) as k — oo if, and only if, ar — a
as k — oo and there is a sequence {my}ren of permutations of {1,...,n} such that
ZrGyk — %, J=1,...,n, as k — oo.

Because of coefficient symmetry it is clear that S! is closed in P,. Since all zeros
of a polynomial P € P,()), A € [0, 2], lic on the unit circle (and since P(0) = 1), for
k € {0,...,n} the kth coefficient of P has to be smaller than (Z) Therefore, since
it follows readily from CT that P,(\) is closed, for all A € [0, 2Z] the sets P,(\) and
S, (A) are compact. CT shows that a polynomial P € P, () is an interior point of
P.()\) in 8! if, and only if, each pair of zeros of P is separated by an angle > \. We
shall say that a polynomial P € P, () lies on a one-dimensional boundary component
of Pn(N) if

P(Z) — Qn—k(>\7 eikae2ij7r/nZ>Qk()\; e—i(n—k)c\ze2ij7r/nz)7

where k € {1,...,n—1}, j € {0,...,n — 1} and a € [$,2% — 3]. In other words,
P € P,()) lies on a one-dimensional boundary component of P, () if, and only if, it
has at most two pairs of consecutive zeros that are separated by an angle > .

If HeS! and H # 1+ 2", then we call
¢:P,— Py, P— Hx*xP

a self-inversive convolution operator of degree n. Each self-inversive convolution oper-
ator @ is a continuous mapping of the set S} into itself. If A € [0, 27”) and if there is a
p € [0, %) such that

D[Pn(A)] € Pu(p)

we define pu(®; A) to be the largest p € [0, 2%) for which this relation holds. Then, since
(a) with P, () also ®[P,,(N)] is compact, ( ) Pn(p) is a decreasing (with respect to )
family of compact sets, and (c¢) obviously

U 2.v= ) P.(V. (4.7)

2
U<ALSEE 0<A<p

p(®; A) is well defined and there is a polynomial P € P, () for which ®[P] has a pair
of zeros that is separated by an angle of exactly pu(®; ) (if pu(®;\) = 0 this means
that ®[P] has at least one multiple zero on T). In such a case we will say that P is a
minimizing polynomial for the self-inversive convolution operator ®.

In [LamO05] Suffridge’s proof of Theorem 4.4 is presented in a more elaborate way
than the one in [Suf76]. In [LamO05] the central result in Suffridge’s polynomial
convolution theory takes the following form.
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THEOREM 4.12 (cf. [LamO05, Thm. 4.8]). Let A € (0,2) and suppose that ® is
a self-inversive convolution operator on P, for which u(®;\) > 0. Then there is a
minimizing polynomial for ® that lies on a one-dimensional boundary component of

Pr(N).
We shall need the following weak form of this theorem in the case that p(®; \) = 0.

LEMMA 4.13. Let X € [0,25) and suppose ji(®; \) = 0 for a self-inversive convolu-
tion operator ® of degree n. Then ® maps the interior of P,(\) into the interior of

P.(0).

PROOF. Let ®[P] = H = P with H(z) = > ;_, Hyz* € S!. In order to obtain a
contradiction, suppose that P(z) = > _,_, Axz" is an interior point of P, ()) for which

C(z) := (H * P)( ZAkaz

has a zero of order [ € {2,...,n} at 2* € T. Then CU~Y(2*) = 0 and therefore there
has to be a maximal p € {{ —1,...,n — 1} for which H, # 0. Because of coefficient
symmetry and because p is chosen maximally, p > 2.

Assume first that p > 5 and set

Py(z) :=P(2) + re 0 n P 4 et P
and
Cro(2) := (H % Poy)(2) = O(2) + re " H,2" P 4+ re H 2P
for r, & € R. Since P is an interior point of P,(\) there is an 9 > 0 such that
P,y € Pn()), and thus C,y € P,(0), for all r € [0,79] and # € R. In particular, a
repeated application of the theorem of Gaufl-Lucas shows that for those r and 6 all
zeros of CT%_ Y have to lie in the closed unit disk.
Fix # € R and observe that since z* is a zero of order [ of C' we have O (z*) =
( *) # 0. Hence, by the implicit function theorem there is a differentiable func-
tlon z* (r) € C, r in a real neighborhood N of the origin, satisfying z* = 2*(0) and
(z*(r)) = 0 for r € N, such that
YA+ ¢e?B
*\/ 0 — e—

where

A = () (p =) Hy 2 (0)" Y,

B = (=1)'(=p)i_y H,z* (0P~
Since [ — 1 < p and p > § we have |B| > |A[. Therefore

arg (e_wA + ewB) = —0+arg (A + emB)
increases by 27 if 6 increases by 27 and thus there must be a * € R such that (z*)'(0)
and z*(0) have the same argument. This implies that C’g@:l) has a zero outside D for
small 7 > 0 — a contradiction.

What remains now is to consider the case in which n is even and p = 3. Then H),
A, € Rand H(z) =1+ HyzP + 2* so that

C(2) =1+ A H,zP + 2.



4.1. BLASCHKE PRODUCTS AND SELF-INVERSIVE CONVOLUTION OPERATORS 49

It is not difficult to check that a polynomial of the form 1+ RzP + 2% has all its zeros
on T if, and only if, R € [—2, 2], and multiple zeros on T if, and only if, R € {—2,2}.
Since by our assumption C has at least one multiple zero on T, |A,H,| = 2 has to hold.
Since P is an interior point of P,(\) there is a real neighborhood N of the origin such
that for r € N
P.(z) := P(2) + 1z € P,(\)
and therefore
Colz) = (H * P)(2) = 1+ (A, + 1) H," + 2% € P, (0).

However, since |A,H,| = 2, we can find an r* € N for which |(A, +r*)H,| > 2. Hence,
C« has to have zeros off the unit circle — a contradiction. O

This result can be used to show a refined version of Grace’s theorem and an exten-
sion of Theorem 4.12 to the case where pu(®; \) = 0.

LEMMA 4.14. Let H lie in the interior of P,(0) and define the self-inversive con-
volution operator ® by ®[P] := H xy P for P € S}. Then u(®;0) > 0.

PROOF. Because of Grace’s theorem we have p(®;0) > 0.

Suppose p(®;0) = 0. Then there is a minimizing polynomial P € P,(0) such that
®[P] = H %o P has a multiple zero on T. A second application of Grace’s theorem
yields that for the self-inversive convolution operator ¥[Q] := P %, Q, Q € S}, we also
have p(W;0) = 0. But then, by Lemma 4.13, V[H] = P %¢ H = ®[P] can not have a
multiple zero on T, since H lies in the interior of P, (0). O

THEOREM 4.15. Let A € (0, 27”) and suppose that ® is a self-inversive convolution
operator on P, for which u(®;\) > 0. Then there is a minimizing polynomial for ®
that lies on a one-dimensional boundary component of P,(\).

PROOF. Because of Theorem 4.12 we have only to consider the case p := pu(®; \) =
0.

Suppose F' € P,(A) is a minimizing polynomial for ®, i.e. suppose F' is such that
®[F] has at least one multiple zero on T, and let {\;}ren C (A, 2£) be such that
A — A as k — oco. Then, by Lemma 4.13, we have py, := u(®, ) > 0 for all £ € N.
Since by (4.7) there are polynomials Fy, € P,(\;), k € N, such that F}, — F (and
thus also ®[F;] — ®[F]) as k — oo, it follows from CT that pup — 0 as k — oo.
By Theorem 4.12 to each k£ € N there is a polynomial P, lying on a one-dimensional
boundary component of P, (A;) for which ®[F;]| has a pair of zeros separated by an
angle of exactly py. Because of the compactness of P, (0) we may assume that there is a
P € P,(0) such that P, — P as k — oo and because of CT P lies on a one-dimensional
boundary component of P,(A). CT and the fact that ur — 0 as k — oo imply that
®[P] belongs to P, (0) and has at least one multiple zero. O

Let H(z) = >, Arz* be a polynomial of degree n whose zeros lie symmetrical
with respect to the unit circle. Then there is a ¢ € T such that cH is self-inversive and
therefore cAy, = A, for k € {0,...,n}. It follows that

2
. 1 Ao ) n
H(z) = —H(dz) with d:=|c—
#)= 1) G
is a member of S}. From now on we will use the following convention: If for an H as
above we define a convolution operator ® by

®[P](z) := (H * P)(z), PeS.,
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and call ® a self-inversive convolution operator, it should always be understood that
® is actually defined by

O[P)(=) i= ([ + P)(z), PesL.
Since (H * P)(z) = ALO(H « P)(dz), H % P is an element (resp. an interior point) of
Pn(A) for a X € [0,2%) if, and only if H = P has all its zeros on the unit circle and each
pair of zeros of H * P is separated by an angle > A (resp. > \).

4.2. An Extension of Suffridge’s Inclusion Theorem

In this section we will present and prove the main result of this chapter: an extension
of Suffridge’s inclusion theorem 4.3 (2).

Applying the definition of the classes S,,(A), Theorem 4.3 (2) implies that if P(z) =
> nzo (1) ,arz" belongs to P,(A) and 0 < A < 1 < 2%, then

n

PasQuii ) = 3 () st Pt

k=0
Because of Theorem 4.8 this is equivalent to the fact that all zeros of

n—1
n—1
8,111 Q] (9= 3 (") ot = APl Qualis )
k=0 p
lie in the closed unit disk.
Suffridge’s inclusion theorem 4.3 (2) can thus be stated in the following (nearly)
equivalent form.

THEOREM 4.16 (Suffridge’s inclusion theorem). If 0 < A < p < 27” and if P €
Pn(N), then all zeros of

Ay [P] *A Qn—l(M Z)
lie in the closed unit disk.

In this section we will prove the following extension of this result.

THEOREM 4.17. Let X € [0,25) and P € P,(A), Q € Paoi(A).
(1) All zeros of A\[P] xx Q lie in the closed unit disk.
(2) For all ¢ € T all zeros of

P *\ (1 —+ ZC)Q

lie on T.
(3) If P is not a rotation of Q,(\; z), then for all ( € T all zeros of
(AN[P]" 4+ CANP]) #, @
lie on T.
The statements (1)—(3) are equivalent.

The equivalence of the three statements is shown in the next lemma.

LEMMA 4.18. Let A € [0,25) and suppose P € Pn(\) and Q € Puo_y(N). If P is
not a rotation of the extremal polynomial Q,(X; z), then the following statements are
equivalent (the parentheses in one statement hold if, and only if, the parentheses in the
other two statements also hold):

(1) All zeros of A\[P] %y Q lie in the closed unit disk (and are of modulus < 1).
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(2) For all ¢ € T all zeros of
P *\ (1 + CZ)Q

(are simple and) lie on T.
(3) For all ¢ € T all zeros of

(AN[PT" + CALP]) ) @
(are simple and) lie on T.

PROOF. Let p € §,(A\) be such that P = p* Q,(); z). We have
ANPI s\ Q =0[p] *Q, P\ (14(2)Q =p=*(1+(2)Q, (4.8)

and

(AN[PT + CAL[P]) #x @ = (8[p]" + CO[p)) * Q. (4.9)
Our claim will therefore follow from Lemma 4.10 once it is verified that |(Ay[P] %y
Q)(0)| < 1 and that the zeros of Ay[P] ) Q do not lie symmetrical with respect to T.

In order to do this, let P(z) = Y. (}),axz" and Q(z) = > é( ) biz" and
suppose that the zeros of

O2) = (APl Q) z(”‘l)b

k=0

lie symmetrical with respect to T. Then there is a ¢ € T such that ¢C' is self-inversive.
Hence, cag.1by, = ca,_gby_1-y for k € {0,...,n — 1} and consequently, as by = b,_1 =
a, = 1, |a1] = 1. a; is the constant coefficient of A,[P], a polynomial with leading
coefficient 1 that by Theorem 4.8 has all its zeros in D. Therefore all zeros of Ay[P]
have to lie on T and Theorem 4.8 shows that this happens if, and only if, P is a rotation
of Qn(X;2).

Since C'(0) = ay, we also get |[C(0)] < 1 for all P € P,(\) with |C(0)] = 1 if, and
only if, P is a rotation of @, (A; z). O

Note that the convolution factors in the statements (2) and (3) of the above lemma
are of degree n and n—1, respectively. The next lemma will be important for exploiting
the equivalence of those two statements in order to obtain a proof by induction of
Theorem 4.17.

LEMMA 4.19. Let P lie on a one-dimensional boundary component of Pn(\). If P
is not a rotation of Qn(\; z), then there is a polynomial R € P,_s(\) and a ¢ € T such
that for every ¢ € T there aren € T and v € C\ {0} with

AN[PT(2) + CANPI(2) = (1 +nz) R(cz).

PROOF. Because P lies on a one-dimensional boundary component of P, (\), there
are ny, no € N with ny +ny = n and oy, s € R with njaq + nsay = 2k7 for an integer
k such that

P(2) = Qn,(X; €1 2)Qn, (\; €22).
Since P is not a rotation of @, (; 2), it follows from Theorem 4.8 that there is a w € D
such that

A)\[P](Z) = (dZ — w>QTL1—1(>\; eialz)Qng—l()\; eiagz>’
where d := ¢(®1%92) (the leading coefficient of A,[P] must be 1). Set

¢ = eTilta)/mEna=2) and R(2) i= Qo1 (\; €12) Qny—1 (\; €192E2).
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Then A,\[P](z) = (dz —w)R(cz) and R € P,_2(A), since R has the right normalization
and each pair of zeros of R is separated by an angle > A. Therefore

AV[P]*(2) + CAL[P](2) = (@72d — (w + (¢d — " W) 2) R(cz).
Our assertion follows by setting
W Cd—T" W

=7"%d - Cw and = (VT2 .
gl ¢ n:=q o

We proceed to the proof of Theorem 4.17.

PROOF OF THEOREM 4.17. The case A = 0 follows from the theorem of Grace.
In order to show the case A € (0,2%), we will apply Lemma 4.18 and prove by
induction that if P € P,(\) and @ € P,_1(A), then for all ¢ € T all zeros of

(1+¢2)Q*\ P (4.10)

lie on the unit circle T.

For n = 1 the assertion is trivially true.

Let n > 1, A € (0, 27”) and @ € P,_1(\) and suppose for the moment that ¢ € T is
such that (1+(z)Q is not equal to 1+ 2" and has only simple zeros on T. For ¢ € [0, A]
define the self-inversive convolution operator ®; by

O,[P)(2) = (1+(2) Q(2) % P(2), PES,,
and set
p(t) = p( P, t)

for all ¢ € [0, A] for which p(®;,t) is defined.

Note first that each ¢* € [0, 2%), for which u(¢*) is positive, has a neighborhood N in
[0, 22) such that p(t) > 0 for ¢ € N (in the following we will call this the (p)-property
of p(t)).

For otherwise there is a sequence {ty}ren C [0, 27”) that converges to t* as k — oo
and polynomials Py € P, (t;) such that

O, [Pr]  Pu(s) forall keN,se (0, 2—71 : (4.11)
n

Since P,,(0) is compact, we may assume that there is a P € P,(0) such that P, — P
as k — oo, and because of CT we must have P € P, (t*). Then &y, [P;] — P [P] as
k — oo, which, because of CT, contradicts (4.11).
Since (1+ (z)Q has only simple zeros, Lemma 4.14 gives 1(0) > 0. Hence, because
of the (p)-property of u(t),
t* :=sup{t € (0,\] : u(s) >0 for all s € [0,1)}

is well defined. If P € P,(t*), then P € P,(s) (and thus ®,[P] € P,(0)) for all
s € [0,t*). Hence, because of CT, we have p(t*) > 0.

In order to obtain a contradiction we assume that ¢* < A\. Then p(t*) = 0 has to
hold, since otherwise the (p)-property of u(t) would contradict the definition of ¢*, and,
because of Theorem 4.15, there is a polynomial P lying on a one-dimensional boundary
component of P, (t*) for which

O [P] = (1+C2)Q % P

has a multiple zero on the unit circle. Since (1 + (z)@ has only simple zeros on T, P
can not be a rotation of the extremal polynomial @, (t*; z).
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Because of Lemma 4.19 there is a polynomial R € P,_»(t*) and a ¢ € T such that
for all £ € T there are n € T and v € C\ {0} with

Ap [P]*(2) + EA[P](2) = v(1 + nz)R(cz). (4.12)
For F € 8}, define now
U, [F](2) == (1 +nz)R(cz) = F(z).

It follows from the induction hypothesis that p(W,,t*) > 0 for all n € T.

Suppose that p(¥,,t*) = 0 for an n € T. Since @ € P,—1(A) and t* < A, Q is an
interior point of P,,_;(t*) and therefore Lemma 4.13 shows that W, [Q] has only simple
zeros on T. This, of course, holds also if (¥,,t*) > 0 and thus for all n € T

(1 +n2)R(cz) *p Q(2)
has only simple zeros on T. Because of (4.12) this means that for all £ € T
(ANP]" + EANP]) @
has only simple zeros on T. By Lemma 4.18 this is equivalent to the fact that for all
EeT
(1+&2)Q 4 P

has only simple zeros on T. Since this holds in particular for £ = (, we have obtained
a contradiction. Thus t* = A must be true and therefore

p(A) = pu(t*) = 0.

Finally, let Z C T be the set of those ( € T for which (1+(z)Q either has a multiple
zero on T or is equal to 1+ 2. Then Z contains at most n elements and therefore for
each ¢ € Z the polynomial

can be approximated by a sequence

(1+CkZ)Q*)\P7 kENa

with ¢, € T\ Z. It follows from CT and what we have shown above that (1+(2)Q*\P €
Pn(0). O

Theorem 4.17 can be extended to A = 27” In order to do this, we need the relation
2m VRN
S,.|— | = )
A(Z)- U s (1.13)
0<A< 2
which is proven in [Suf76] (see also [LamO05, Sec. 4.3]).

THEOREM 4.20. Let A € [0, 2] and p € S,(N), Q € Pa_1(N).

(1) All zeros of 0[p] x Q lie in the closed unit disk.
(2) For all ¢ € T all zeros of

p*(1+20)Q
lie on T.
(3) If p is not equal to a rotation of e (2) =1+ z+---2", then for all { € T all
zeros of

(0[p]" + ¢olp)) * @

lie on T.
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PROOF. For A € [0,2) and p € S,()\) the assertion follows from Theorem 4.17
and (4.8), (4.9). Since @ € P,_1(%) implies Q € P,_1()) for all X € [0, 2T), this also
shows that for all X € [0,2%), p € S,(\) and all Q € P,_1(25) all zeros of 6[p] * Q lie
in D. Statement (1) thus follows from CT and (4.13).

The case A = 2% of statements (2) and (3) will now be proven by an application
of Lemma 4.10. To this end, we have to show that if @ € P,_1(%) and p(z) =
> heo k2™ € 8,(3%) is not a rotation of e, (z), then [(d[p] * Q)(0)| < 1 and the zeros of
d[p] * @ do not lie symmetric to the unit circle. As in the proof of Lemma 4.18 one can
see that this holds if |a;| < 1.

By (4.2) there are ¢q,...,¢, > 0 with )"}, ¢, = 1 such that

p(z) = Z cren (2 2),
k=1

In particular, a; lies in the convex hull of the nth roots of unity and therefore we have
la;| <1 with |aq| = 1 if, and only if, p is a rotation of e,. O

One particular consequence of this theorem is that if A € [0, 2] and if p € S, () is
not a rotation of e,, then for every ¢ € T the self-inversive convolution operator

D[P] := (6[p]* + ¢o[p]) * P, PeS,

satisfies p(®¢, A) > 0. Thus, if @ is an interior point of P,,_;(A), then it follows from
Lemma 4.13 that for all ¢ € T the polynomial (§[p]* 4+ (d[p]) * @ has only simple zeros.
By Lemma 4.10 this means that all zeros of d[p] * @ lie in the open unit disk.

In the special case Q = @Q,_1(p;2) with A < p < 27” we obtain that all zeros of
S[pl*Qn-1(t; 2) = Aup*Qn(p; 2)] lie in D. By Theorem 4.8 this means that p+Q,(u; 2)
lies in the interior of P, (u). Theorem 4.20 can thus be seen as a generalization of the
fact that if A\ < p < 2Z, then S,()) is contained in the interior of S,(p) (this is
Suffridge’s inclusion theorem 4.3 (2)).

Suffridge’s inclusion theorem and (4.13) show that if p lies in the interior of S, (%),
then there has to be a A € [0, 2%) such that p € S,(\). Since every @ € P,_1(2) is
contained in the interior of P,_1()), it follows from what we have shown above that
for these kinds of p and @ all zeros of §[p] * @ lie in D.

We obtain the following refinement of Theorem 4.20.

COROLLARY 4.21. Let A € [0,%], Q € P,_1(N) and p € S,,(\) with p not equal to
a rotation of e,. If p is an interior point of S,(\) or Q an interior point of P,_1(N),
then all zeros of d[p] * Q lie in the open unit disk.

PROOF. The only case that remains to be verified is the one in which X € [0, %),
Q € P,_1(A), and p lies in the interior S, ().
Theorem 4.17 shows that for all ( € T the self-inversive convolution operator

O [P]:=(1+¢2)Q*\ P, PeS.,

satisfies p(®¢, A) > 0. Since P = p * Q,,()\) is an interior point of P, (A), it follows
from Lemma 4.13 that for all ¢ € T all zeros of (1 + (z)Q *, P are simple. Because

of Lemma 4.18 this means that all zeros of Ay[P] %) @ = d[p] * Q lie in the open unit
disk. O
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4.3. Laguerre’s Theorem for the Classes P,()\)

In this section we will show that there exists no proper extension of the theorem of
Laguerre to the classes P, (\).

Statement (3) of Theorem 4.17 calls for a closer examination of the operator
AN[P; (] = ANP]" + CAL[P]

which is defined for polynomials P of degree n, ¢ € C, and A € [0, 27“) It Ped, and
A € (0,27), then

1Y e—IM2 ) (P(M25))*
AP (2) =" A [P (;):Uﬂ( ) = (P

2¢sin &2
emM2P(e=iN27) — e=nM2 P (eiM2y) (4.14)
N 21 sin "7)‘

= P(e™M?2) — ™22 AL [P)(2),

and we thus obtain
A\[P;¢)(2) = P(e22) = (€722 — () AL[P)(2)
for P € S,, ¢ € C,and X € [0, 2%) (the case A = 0 follows from taking the limit A — 0).
If P is a polynomial of degree n and ( € C, then
P'(z
P — (= X = PE) - (= = OA[PI(2)

is usually called the polar derivative of P with respect to (. The theorem of Laguerre
gives some information about the zeros of polar derivatives (cf. [RS02, Ch. 3]).

THEOREM 4.22 (Laguerre). Let P be a polynomial of degree n that has all its zeros
in the closed unit disk. Then, if |C| > 1, all zeros of

P~ (-7

lie also in the closed unit disk unless |(| =1 and P(z) = (z — ()™

/ /
(PO--0T) - 2 (o
the theorem Laguerre can be seen as a generalization of the theorem of Gauf-Lucas.
In the present context it is perhaps also interesting to note that Laguerre’s theorem
is one of the many equivalent formulations of Grace’s theorem (cf. [RS02, Ch. 3]
and [LamO05, Ch. 2]).
In a weak form the theorem of Laguerre holds also for the classes P, ().

THEOREM 4.23. Let A € [0, 2) and suppose P € P, () is not a rotation of Qn(X; z).
Then for each ¢ € T all zeros of A\[P;(] lie on T.

PROOF. Set @ = @Q,_1(); 2) in Lemma 4.18 and use Theorem 4.8 and the equiva-
lence between statements (1) and (3) of Lemma 4.18. O

Since

At this point we should also like to show how Lemma 4.18 can be used in order to
obtain a direct proof (i.e. without resorting first to the theorem of Grace) of the case
A = 0 of Suffridge’s convolution theorem 4.4.

THEOREM 4.24. Let P, Q € P,(0). Then Py Q € P,(0).
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PROOF. If n =1 or P is equal to a rotation of @, (0; z), then the assertion is clear.
Thus, let n > 1 and assume that P is not equal to a rotation of @,(0; z). Suppose
—7 is a zero of @ and set Q = Q/(1 4+ nz). By Theorem 4.23 and the induction
hypothesis for all ¢ € T all zeros of Ag[P;¢] % Q lie on T. By Lemma 4.18 this
happens if, and only if, for all ( € T all zeros of P xq (1 + ¢ z)@ lie on the unit circle.
In particular, setting ¢ = 7, it follows that P xq @ belongs to P, (0). O

It would be very useful to have more information about the location of the zeros
of A,[P;(] than the one given in Theorem 4.23. For instance, if Lemma 4.19 would
hold for all P € P,(A\) (and not just for polynomials on one-dimensional boundary
components of P,()\)), then an easy adaption of the proof of Theorem 4.24 would
give a proof of statement (2) of Theorem 4.17. Observe also that for A = 0 Theorem
4.23 is somewhat of an invariance statement: if P € P,(0), then for all ( € T also
Ao[P; (] € Pn-1(0) (up to normalization). It thus seems reasonable to ask if such an
invariance also holds when A € (0, 27”) It is not hard to see that in general the answer
to this question is negative: a close look at the proof of Lemma 4.19 reveals that if
A € (0,28) and if P lies on a one-dimensional boundary component of P,(\) (P not
equal to a rotation of @, (X;2)), then there is at least one open connected subset T" of
T such that, for all { € T, A,[P;(] has a pair of zeros that is separated by an angle
< A. Nevertheless, one might assume that for each P € P, () there are at least some
¢ € T such that Ay[P;¢] € Pn(\) (up to normalization).

Our next theorem shows that the operator P — A,[P; (] possesses neither of the
suggested (or desired) properties.

THEOREM 4.25.
(1) If n > 3 and X € (0,2%), then for every P € P,(\) that is not a rotation of
Qn(X;2) and all ¢ € T there are b € C\ {0}, ¢, d € T, and F € P,,(N),
G € Ppn,(\) with ny +ny =n — 1 such that

AL[P;C](2) = bF(cz) G(dz).
(2) For alln > 7 and X\ € (===, 2%) there is a polynomial P € P,(\) such that for

n—3’ n
all ¢ € T the polynomial Ay[P; (] has a pair of zeros on T that is separated by
an angle of less than .
(3) For alln > 7 and X € (=25, %) there is a polynomial P € P,(\) for which
there is a ¢ € T such that A\[P;(] has at least two pairs of zeros on T that

are separated by an angle of less than .

For the proof of this theorem we will first introduce some more terminology.
It is immediately clear that, for A € [0, 27”), a polynomial P lies in P, (A) if, and
only if, P can be written in the form

P(z) =[] Qu,(X;e™2), (4.15)

j=1

with Y2 n; =n, [T, eMi% =1 0y < ... <y < Qyy = a1 + 2 and

TP A
Q41 — n];-l > a; + % (416)
for j = 1,...,m (nms1 := ng). The condition (4.16) ensures that each pair of zeros
of the polynomial P given in (4.15) is separated by an angle of at least A and that
in the product the minimum number of factors is used (i.e. for j € {1,...,m} the

polynomials Q,,41(X; €/®**?)2) are not factors of P). The representation (4.15) is
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therefore unique (up to shifts of the sequence {(n;,a;)}72;) and will be called the
standard representation of P.

If P € P,()\) has the standard representation (4.15), then by Theorem 4.8 there is
a polynomial ) of degree m — 1 that has all its zeros in D such that

AN[P)(2) = Q(2) [ [ @uy-1(X; €92).
j=1
Thus for ( € T

MNP;C)(2) = (7°Q"(2) + ¢Q(2)) [ [ @ny1 (s €9 2),

=1

where ¢ =377 | aj(n; — 1). Therefore, for all € T, each zero of

AP T
ey L@uates)
is a zero of A,\[P;(]. Since those n —m zeros of A,[P;(] do not depend on ¢ we will
call them the independent zeros of A\[P;(]. The other m — 1 zeros will be called the
dependent zeros of A\[P;(].
We need the following auxiliary result, which sharpens Sheil-Small’s interspersion
theorem [SS02, pp. 235, 251] (see also [LamO05, Cor. 3.16]).

LEMMA 4.26. Let A € (0, 27“) and suppose P € P,(\) has the standard representa-
tion (4.15). Set

—in)\/2 P(ei)\/2z) h —in)\/2ﬁ ]__l_ei(aj+nj)\/2)z

P(e=i722) V- e 1 + eilaj—niA/2) 5

R(z) :=e (4.17)

and T = (M2 — oy — 1,2 — oy + 7|. Then r(t) := R(e"), t € T, vanishes ezxactly
at the points z; == m — a; — %’\ and |r(t)|, t € T, takes the value infinity exactly at
the points p; == m™ — a; + %’\ (5 € {1,...,m}). Moreover, for all j € {1,...,m} the

function r is a decreasing homeomorphism between T := (pj+1,p;) and R.

PRrOOF. The fact that R takes the form as stated in (4.17) follows directly from
(4.15) and the definition of the @, (\; €' 2).
Setting z = e in (4.17), a straightforward computation shows that

m t+a; i
cos( 2 + &%)

r(t) =] 2 T a) e
( ) e Cos(t+a]‘ TL]‘)\)

2 4

It follows from (4.16) that r vanishes exactly at the points z; and has singularities
exactly at the points p,;. In particular, since p;11 < z; < p; (this follows again from
(4.16)), this means that r takes every real value at least once in each of the intervals
T;, j € {1,...,m}. But R is a rational function of degree m and can thus take no
value more than m times. Hence, r is injective in each of the intervals 7). Finally,
using (4.16) once more, it is straightforward to check that

cos(t+2aj + %/\)
t+ocj . nj)\)

cos(—5 :

is negative in T exactly for ¢ € (z;,p;). Therefore r must be negative in each interval
(Zj7pj)7j€{17-..’m}, -
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Essentially, the next lemma gives the proof of Theorem 4.25.

LEMMA 4.27. Let X € (0,2) and suppose P € P,(\) has the standard representa-
tion (4.15).
(1) Let x € R and suppose P is not a rotation of Qn(\; 2). If n >4 and s1 < sg <
s3 < 51427 are such that A\[P;e®](e**) = 0 for k =1,2,3, then s3—s1 > \.
(2) Forje{l,...,m} set

Nj = <7T — oy — %’ﬂ- — + (7’L _Qn]))‘)

. A A
Z; = {e“:te (W_Oéj_%,ﬂ-_aj_‘_%)}.

Then, if v € N; for a j € {1,...,m} with n; > 2, A\[P;e™] has a pair of
zeros in Z; that is separated by an angle of less than .

and

PROOF. Let z € T be a dependent zero of A,[P;e™], z € R. Then
—e T = S (4.18)

Applying the relation (cf. (4.14))

ein)\/2p(e—i)\/2z) A e—in)\/2p(ei)\/2z)
21 sin ”7)‘ '

AP (2) =

and the definition of A\[P] in (4.18) and solving the resulting equation with respect to
—in\/2 P(Z@D\/2)

P(ze~M2)’
we find that z is a dependent zero of Ay[P;e™] if, and only if, 2 is a solution of the
equation

R(z) :=e

L( ) —in)\/21 _ e—i(x—n)\/2)z
Z)=e€

1 — e—il@inr/2), R(z).

Equivalently, €, s € R, is a dependent zero of Ay[P;e™] if, and only if s is a solution
of the equation

I(t) := L(e™) = R(e") =: r(t). (4.19)
It follows from Lemma 4.26 that for all j € {1,...,m} the function r is a decreasing
homeomorphism from 7} to R (since the r under consideration here coincides with the
r in the statement of Lemma 4.26 we will use T, T}, p; and z; as defined in Lemma
4.26). It follows also from Lemma 4.26 that there is a ¢ € T such that [ is decreasing in
(Pm+1,¢) and (¢, p;] while jumping from —oo to 0o at ¢. Since there are exactly m — 1
dependent zeros of Ay[P; €], this shows that in each of the intervals T}, j € {1,...,m},
there is at most one solution of (4.19).

The independent zeros of Ay[P;e™] are exactly the zeros of

H Qny—1(A; €' z).
j=1

Therefore, if t € T, then ¢ is an independent zero of Ay[P;e™] if, and only if,

5 5 lG{l,,n]—l},

t=m—aqa; —
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fora j € {1,...,m} for which n; > 2. Hence, if n; > 2 and (4.19) has a solution in
Z;, then in Z; there is a dependent zero and an independent zero of A,[P;e™] that
are separated by an angle of less than A. By Lemma 4.26 the function [ vanishes in
R exactly at the points z*(k) := = — "7’\ + 2km, has singularities exactly at the points
p*(k) ==z + % + 2km, and is negative exactly in the intervals (z*(k),p*(k)) (k € Z).
Hence, (4.19) has a solution in Z; if, and only if, for any k € Z

Zj = Iz, pil C (z°(k), p"(k)).
It is straightforward to calculate that this holds if, and only if, x + 2k7 € N; for a
k € Z. This proves statement (2).

In order to verify statement (1), suppose first that P is an interior point of P, ().
Then m = n, n; = 1 for all j € {1,...,n}, and A,[P;e"] has only dependent zeros.
Let 51 < s < s3 < s1 + 27 be such that Ay[P;e™](e"*) = 0 for k € {1,2,3}. Then
sy is a solution of (4.19). Since above we have shown that in each of the intervals T3,
Jj €{1,...,n}, the equation (4.19) has at most one solution and since, by (4.16),

(njt1 — mj)A
2
for all j € {1,...,n}, it follows that s3 — s; > A. We have thus verified the assertion

in the case that P is an interior point of P,(A). The general case follows from an
application of CT. 0

T3l = pj — Pjr1 = ajy1 — aj — > A > A

Theorem 4.25 follows easily from the previous lemma.

PROOF OF THEOREM 4.25. Statement (1) is trivial if n = 3. If n = 4, then
A\[P; (] is of degree 3 for all ¢ € T and it is clear that A,[P; (] must have a pair of
zeros that is separated by an angle > . If n > 5, then A,[P;(] is of degree > 4 for
all ( € T. Hence, if z1, 29, z3 € T are three consecutive zeros of A,[P; (], then there
must be at least one zero z, € T lying between z3 and z;. It follows that there are

51 <83 <53 <54 <51+27

such that 2z, = e k € {1,...,4}. By Lemma 4.27 (1) we have s3 — s; > X and
s1+ 2w — s3 > A and thus
)\§53—51§27T—)\.
Now, if
$1 <83 <o <Spog < Sp =851+ 27
are such that A,[P;(](e**) =0, k € {1,...,n — 1}, then there has to be at least one
je{l,...,n—1} such that

>\§Sj+1—8j§277'—)\

and we can assume that the notation is chosen such that j = n — 1. Hence, all zeros of

5]
. AN[P;¢](2)
F(z):= z —e"2-1) and z) = ————"
= II ) and Gl = DS
lie on the unit circle and each pair of zeros of F' or G is separated by an angle > .
Statement (1) is thus proven.

Next, let n > 7 and suppose that P € P, (\) has a standard representation of the
form (4.15) with m =n — 3, ny = 3, Ny = 2, oy = 0 and o = 7 if n is odd and
m=mn—2,n =Ny =2, a =0 and o, =7 if n is even. Define the sets Z; and
N; as in Lemma 4.27. If A € (=%, 2%), then it follows from the definition of our P that

N1 U N, 2 =T and Ny N N,/ # 0. Hence, because of Lemma 4.27 (2), for all ( € T
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the polynomial A,[P; (] has a pair of zeros on T that is separated by an angle of less
than A. This proves statement (2). Since by (4.16) we have Z; N Z,,/» = (), Lemma
4.27 (2) also shows that for ¢ € Ny N N,,/, the polynomial A\[P;(] has at least two
pairs of zeros (one in Z; and one in Zm/2> that are separated by an angle of less than

A. This proves statement (3) and thus the theorem. O
Theorem 4.17 shows that if P € P,(\), then all zeros of Px) @ lie on the unit circle

if
Q=(1+C2)R with (€T, ReP,_1(N), (4.20)

or
Q=M[R:(] with CET, RePu(N), (421)

and R not equal to a rotation of (Q,41(\;2). This raises the question whether there
exists a ’simple’ condition C' such that all polynomials @ of the form (4.20) or (4.21)
satisfy C' and such that for all P € P, () and all polynomials @) that satisfy C' all zeros
of P xy @) lie on the unit circle. C' has to be more specific than the condition ’has all
its zeros on T’, since otherwise for every p € S,(\) we would have px @, (0; z) € P,(0)
or, equivalently, p € S,,(0), in contradiction to Suffridge’s inclusion theorem 4.3 (2). In
this context Theorem 4.25 (1) is of some interest, since it reveals a common feature of
polynomials of the form (4.20) and (4.21).

4.4. On a Question of Suffridge

In this section we will give an answer to a question posed by Suffridge in [Suf76|
concerning the iterated application of the Ay-operator.

For A € [0,2%) define A(AO) [P] = P and
AP = M\AFTVIP]L N,
In [Suf76] Suffridge asked whether in analogy to the case A = 0 it is true that for
A€ (0,2), PePy(A) and j =0,...,n all zeros of A(AJ)[P] lie in the closed unit disk.
It was proven in [Lam05, Thm. 3.14] that if A € [0, 7], then all zeros of AE\2) [P] lie in

the closed unit disk for all P € P,(\). However, as we are now in a position to show,
the answer to Suffridge’s question is, in general, negative.

THEOREM 4.28. For all n > 8 there is a 6,, > 0 such that to each \ € (2;” — On, 27”)
there is a P € P,(\) for which Af’ [P] has zeros outside the closed unit disk.

In fact, we will show the following stronger statement.

THEOREM 4.29. For all n > 8 there is a 6, > 0 such that to each X € (3 —§,, %%)
there is a P € P,(A\) and a ¢ > 1 such that for all |(| > 1 the polynomial A)\[AA[P C]]
has a zero of modulus > c.

Since

1

ZA)\[P; (] — Ax[P]
as ( — 00, it is easy to see that Theorem 4.29 implies Theorem 4.28. Note also that,
because of Theorems 4.8 and 4.23, the polynomial P that appears in Theorem 4.29 is
such that for all ¢ € T the polynomial A,[P; (] has a pair of zeros that is separated by
an angle of less than A. Therefore Theorem 4.29 also implies a weaker form of Theorem
4.25 (2).
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PROOF OF THEOREM 4.29. Because of the definition of Ay[P; (] it will be enough
to show that for all n > 8 and A close to 2T there is a P € P,(A) such that for all

¢ € D the polynomial
ANCANPT + AL[P]]

has a zero outside D.
To this end, we will present a polynomial p € Sn(%’r) for which there is a ¢, > 1

such that for all € D
0 p; ¢] = Ass [COlp]" + 3[p)]

has a zero of modulus > ¢,. For then, it follows from (4.5), (4.13), Suffridge’s inclusion

theorem 4.3 (2), and the continuity of the coefficients (";1) , With respect to A that

to each € > 0 there is a § > 0 such that for every A € (22 — §,2%) there is a Py =
pa* Qn(\; 2) € Po(A\) with (we identify P, with the normed space C"*!)

2w
I8P = 0 = [l * @ues(352) = 81+ Qo (2| <
Hence, since for all |(| <1 and P € P,

HAAKAAHT*+AAPH—wﬁ%Kﬁm*+5@HHg

gHAﬂAﬂHﬂ—A%WMﬂ

+HAQAAPH—A%WWH

Y

n—2

a compactness argument, CT, and the continuity of the coefficients ( .

required result.
In order to find polynomials p € S,(2%) as described above, note first that by (4.5)

n—2 . -
Qn—2 (2%;2) = A%w {Qn_l (2W;z)] (2) = %zk
k=0 n

n

)/\ give the

and therefore

k sinZ
n

A in(k+1)%
(n 2) :M for ke{0,...,n—2}. (4.22)

Now, consider the polynomial p(z) = 1+ z™ + 2™, m € N. Then §[p|(z) =
2™t 4 2?m71 has all its zeros in the closed unit disk and hence p € S, (%) (cf. the
remark before Lemma 4.10). Furthermore, because of (4.22),

2m — 2
m—1

5@ [p; C](2) = cot %zmﬁ + C( ) Zmmh g 2m2 e C.

Hence, if m > 3, then for all ( € C the polynomial §®[p; (] has a zero of modulus
> (cot 7=)V/m > 1.

Next, let p(z) = 1+ (2™ 4 2™1) + 22" 'm € N. It follows easily from Rouche’s
theorem that for ¢ € (0, 5) all zeros of t(z™™! + 2™) 4 22™ lie in . Therefore all zeros
of 6[p(z) = 3(2™ 1 +2™) + 22" lie in the closed unit disk and p is a member of S,,(2%).

2
For every ¢ € C there are A¢, B, € C such that

. m—1)m
5O [p;()(z)  sin gt

m—2 - 3 us
z 2 sin T

+ Acz + Bez? 4 2 (4.23)
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and therefore if

. (m—1)mw
sin
Ay 1= —224L > 1, (4.24)
28in 50
then, for all ¢ € C, §®[p;(](z) will have a zero of modulus > di, ™" > 1. One can
easily check that (4.24) holds for all m > 4. O

As a final remark in this chapter we will explain how Lemma 4.27 (2) motivates
the use of the polynomial p(z) = 1 + 2™ + 2?™ in the proof of Theorem 4.29.

By Lemma 4.27 (2) every factor @, (); €’*z) with n; = 2 in the standard represen-
tation of a polynomial P € P,()) leads to a 'large’ arc on the unit circle that contains
only ¢ for which A,[P; (] has a pair of zeros separated by an angle of less than \. It is
easy to see that for m € N and A € [0, =)

A e g
P\(z) := 1+ 2cos msz + 22" = HQQ()\; e¥7m/M2) € Pam(N).

j=1
It follows from (4.1) that
(i?),\ _ mA
W = 2cos 7
m—1/)
and therefore, for all A € [0, T-)
_ 1
p)\(Z) = P)\ * ngl)()\, Z) =1+ Wzm + Z2m - ng()\)
( m—1 ))\
. 2m—1
Since (m_l )W/m =1, p) converges to

p(z) = 142"+ 2°™ € Sy <£>
m

™

as A — L.
m



CHAPTER 5

On Some Integral Operators in Geometric Function Theory

The class S of functions f € Ay that are univalent in the open unit disk is the main
object of investigation in geometric function theory. Important subclasses of S are the
class IC of convex functions (cf. Ch. 4), the classes S, a € [0, 1], of functions starlike
of order av (cf. Ch. 2), the class C of close-to-convex functions, and the classes SPg of
functions spirallike of order 3, 8 € (=7, F). A function f € Ay is called close-to-convex
if there is a function g € K such that

/
Re f,(z) >0 for zeD,
9'(2)
and spirallike of order (3 if there is a 3 € (=73, %) such that
!
Re ewm >0 for zeD.

f(2)

For reasons of brevity we will call starlike functions of order 0 simply starlike functions
and set §* := . Starlike functions map the unit disk univalently onto a domain that
is starlike with respect to the origin. Recall that a subset M of a (real or complex)
vector space V' is called starlike (with respect to the zero element 0 of V) if for all
v € M the straight line ¢ - v, t € [0, 1], between 0 and v lies completely in M.

One of the classical results concerning convex and starlike functions is Alexander’s
theorem: f belongs to &* if, and only if,

JIf(z) = / Z @dc

belongs to IC. The fact that J maps the class S* into a small subclass of itself may
have motivated Biernacki [Bie60] to conjecture that for all f € S the function J[f]
is also in S. Even though Krzyz and Lewandowski [KL63] showed soon afterwards
that this is not true, Biernacki’s conjecture initiated the study of integral operators in
geometric function theory.

Among the many integral operators studied,

nifie= [ (£2) ¢ wa i) = [ orora

attracted particular attention. J, = I, o J is defined for a € C and functions f € A
for which f/z # 0 in D, while I, is defined for a@ € C and functions f € Ay for which
f"# 0 in D. The branch of the logarithm is taken such that J/[f](0) = I.[f](0) = 1.

The main open problem concerning both operators is to determine the points o € C
for which f € S implies J,[f] € S or I,[f] € S. It is known that J,[f] € S and
I[f] € S for all f e Sif|a] <1 [KMT72,Pfa75]. Furthermore, for each |o| > 1 with
a # 1 one can find an f € § such that J,[f] ¢ S [KMT72] and for each |a] > £ with
a # 1 there is an f € S such that [,[f] ¢ S [Roy65].

63

WD
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More is known if J, and [, are restricted to subclasses of S. For example, it is
shown in [AN82] that I,[f] € S for all f € K if, and only if, |a| < 1 or « € [4,2].

In [Mer] it is proven that J,[f] € S for all f € SP if, and only if, |a] g 2
For real a the following results concerning the images of the classes IC, S*, and C
under the operators J, and I, have been obtained.

THEOREM 5.1. [MW71] Let o € R.

(1) JL[f] €S (in fact J,[f] € C) for all f € K if, and only if, a € [—1, 3].
(2) Jolf] €S (in fact Jo[f] € C) for all f € 8* if, and only if, o € [, 3].
(3) Jalf] €S (in fact Jo[f] € C) for all f € C if, and only if, a € [—3,1].
(4) I[f] € S (in fact I,[f] € C) for all f € K if, and only if, o € [—3,3].
(5) I[f] € S (in fact I[f] € C) for all f € C if, and only if, o € [—5,1].

The operator I, plays also an important role in the Hornich theory.

Let H denote the class of functions f in Ay that are locally univalent, i.e. that satisfy
f'#0inD. In [Hor69] Hornich introduced an addition and a scalar multiplication for
functions in the class ‘H. For f, g € H and a € C the Hornich operations are defined

by
(f @ g)(z /f

(@0 f)(2) = Lfl(z) = / (PO d.

0
It is clear that with these operations the set H becomes a complex vector space — the
Hornich space — with zero element id : z +— 2. Obviously, S is a subset of H. Even
though in general the Hornich sum of two functions in S is not univalent, it will at
least be locally univalent.

This, of course, does not have to be true for the usual sum of two functions in &
and led to a closer examination of the linear structure of S and its subclasses in the
Hornich space. Besides the results concerning the operator I, mentioned above, the
following linear properties of the classes K and C have been verified.

and

THEOREM 5.2.
(1) K is convez in H, i.e. for f, g€ K andt € [0,1] also [t® flB[(1—-t)Og] € K
[CP70].
(2) C is convex in H [KM74].

So far it seems to have gone unnoticed that Theorem 5.2 and the ’if’-directions of
Theorem 5.1 can easily be obtained - and strengthened - by using the theory of Kaplan
classes. In the following we shall give a short outline of the definition and properties of
Kaplan classes. For a more thorough treatment of Kaplan classes we refer to [Rus82]
and [SS02, Ch. 7, 8].

For «, B > 0 the Kaplan class K(a, 3) is defined to be the set of functions f € A;
that satisfy

—am — %(a — B)(0, — 6y) < arg f(re'®?) — arg f(re’) (5.1)
for 0 <r <1 and 6, < 6y < 6, + 27. Considering the couple (65,0, + 27) instead of
(01,05) in (5.1) one sees that f € K(a, () if, and only if, f € A; and

1

Or — 5(@ — B)(0y — 6y) > arg f(re'®) —arg f(re') (5.2)
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for 0 <r <1and#; <0y <6+ 27. From those two characterizations of functions in
K (o, 3) the following properties of Kaplan classes are easily obtained.

LEMMA 5.3. [SS02, p. 245] Let o, 5, A\, u > 0.
(1) If f € K(a, ), then f~' € K(B, ).
(2) If f € K(a,8), g€ K(\, i), and s,t > 0, then f5¢' € K(sa +tA, sf + tp).
(3) Ifa <A and 3 < i, then K (o, B) C K(\ ).

Kaplan classes are related to the classes K, S and C in the following way.

LEMMA 5.4. [Rus82, Ch. 2]
(1) f € K if, and only if, f' € K(0,2).
(2) feSEif, and only if, f/z € K(0,2 — 2a).
(3) f €C if, and only if, f' € K(1,3).
(4) If f € K, then f/z € K(0,1).
(5) If f €C, then f/z € K(1,2).

Theorem 5.2 and the ’if’-directions of Theorem 5.1 follow easily from Lemmas 5.3
and 5.4. In order to illustrate this we shall verify the ’if’-direction of Theorem 5.1 (1):
if f € K, then f/z € K(0,1). Therefore, J.[f] = (f/2)* € K(0,a) if @« > 0 and
JIf] € K(«,0) if @« < 0. Hence, for a € [—1,3] we have J![f] € K(1,3) and thus
Jo[fleC CS.

In contrast to the classes K and C, the set of derivatives of functions in the class
S* is not equal to a Kaplan class. This is the reason why statements concerning the
operator I, and the class S* are considerably harder to obtain than those concerning
I, and the classes K and C.

In this chapter we will give (partial) answers to the following two questions which
are motivated by Theorems 5.1 and 5.2 and which until recently had been open: What
is the set of & € R (or even a € C) for which f € §* implies I,[f] € S, and what is
the linear structure of the set §* in the Hornich space? In order to answer the second
question we will present a very interesting new property of starlike functions that, at
first sight, seems completely unrelated to the question itself. The results of the first
two sections can also be found in [LamO07].

5.1. A New Property of Starlike Functions

In this section we will show that the class S* behaves very interestingly under a
certain nonlinear integral operator.

The following nice property of starlike functions had been unknown until recently.

THEOREM 5.5. Let f € §*, 2 € D, and set (t) := f~1(tf(2)), t € [0,1]. Then

/1 g - dt‘ <
ar —.
0 ¥'(t) 2

It is easy to verify that the integral operator

9, A
Tl "/o ) 8 i) ¢

is analytic in D when f € S. If f € &, then we can choose the special integration
path v(t) := f~1(tf(2)), t € [0,1]. In this case, 7'(¢)f'(v(t)) = f(z) for t € [0,1] and
thus T[f](z) = fol log(z/~'(t)) dt. Therefore Theorem 5.5 is equivalent to the following
statement.

¢, zeD,
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THEOREM 5.6. Let f € 8*. Then [Im T'[f](2)| < § for z € D.

In this section we will present a proof of this result. We begin by verifying some
elementary properties of the integral operator T'.

LEMMA 5.7. Let f € S*. Then Im T[f] is in h*>°, i.e. Im T[f] is a bounded
harmonic function in D. Further, if f has an analytic extension to a neighborhood N
of a point w = e € T, then T[f] is continuous in DU (T N N) and t — T|[f](e") is
differentiable in to. If f'(w) =0, then

lim _f'(z)log f'(2) = 0. (5.3)
z—w,z€D

PROOF. Let z € D and set v(t) := f~1(tf(2)), t € [0,1]. Then +'(¢)f (v(t)) = f(2)
for t € [0,1] and thus

Im Tf](z) = / arg f/(7(t))dt — arg

Since |arg f'(z)| < 2F and |arg f(z)/z| < 7 in D for all functions f € S* [Goo53], we
find that | Im T'[f](z )| < 2 for all z € D. Since T[f] is analytic in D, it follows that
Im T'[f] € h*°.
Now suppose that f has an analytic extension to a neighborhood N of a point
w = e € T. Since by Koebe’s i—theorem f(w) # 0, it is clear that if f’ does not
vanish at w, then T[f] is continuous in DU (T N N) and ¢ — T'[f](e) is differentiable
in ty. Since
fz)
Z Y

£2)

Tf)(2) = % / T F(Q) og £1(0) d — log (5.4)

it is also clear that the same will hold in the case f’ ( ) = 0 once we have shown (5.3).
Thus, suppose that f'(w) = 0. Since |arg f'(2)] < 2T in D for all functions f € S*, we
have

z—w,z€D z—w,z€D

lim |f(z)log f(2)| < lm |f() (1og FE 3”) —0,

as required. O

Our further examination of the properties of the operator T will be based on the
fact that it satisfies an interesting differential equation.

LEMMA 5.8. Let f € S* and suppose that f has an analytic extension to a neigh-
borhood of a point w =re' € D, 0 <r <1, ty € R. Then, if f'(w) # 0,

GTI0| =ity =i R (s M) <1 - Tip)) - 65)
while

d o

G| = i) = (5:6)

in the case that f'(w) = 0.
PRrROOF. Using the representation (5.4) of T'[f], a simple calculation shows that if

f(w) #0, then
Byl CUCRSl & mitiCLy

CTif(re
) (o wfw)
=i+ 2 (e g -1 - ))'
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If f'(w) =0, then, because of (5.3),

d _ zwf’w awf(w)
G| =i [ e @ ac =M -

As a first application of this differential equation we obtain the following.

LEMMA 5.9. Let f € 8* and suppose that there is a w = ¢ € T such that f h
an analytic extension to a neighborhood N of w and satisfies Re wf'(w)/f(w) =
and [Im T[f](z)] < [Im T[f](w)| in D. Then f'(w) # 0 and Im T[f}(w) < § if

argwf'(w)/f(w) =5 and Im T[f](w) > -5 if argw f'(w)/ f(w) = —75.
PRrOOF. Since |Im T[f](2)| < |Im T[f](w)| in D, we have
G T =0
and therefore f'(w) # 0 by Lemma 5.8. Taking the imaginary part of (5.5) and setting
r:=dwf'(w)/f(w) and ¢ := arg(—ir), we obtain
1+7(e—Im T[f](w)) = 0.
Since ¢ = £7 and ry < 0, the lemma follows. 0J

Next, for n € N let D,, be the set of functions f of the form
z
f(2) = == —ia

Hj:l(l — ze~ %)%

where 6; < 041 for 1 < j <mn (0,41 = 01 +27) as well as a; > 0 and Y7, oy = 2;
in addition, set D := |J, .y Dn. We have D C §*. In fact, a function f € D, as above
maps the unit disk onto the complement of n rays lying on straight lines through the
origin:

Since for ¢t € (01, 0,41), t # 0;,

. (5 g0 ) e T 0, —t\ ™
f(ezt) — —€Z(Ej:1 63043)/2 H (2 sin jT) )
j=1

for t € (6;,0;41), 7 = 1,...,n, the argument of f(e") is constant. Further, writing

r(t) :=ie f'(e")/ f(e") we have
- t—0;

r(t)z—;%co‘c 2] and 7'( :;4

and therefore for each 1 < j < n there is exactly one ¢, € (0;, 9j+1) such that f/(e'%) =

0 and such that r(t) < 0 for ¢t € (0, ¢;) and r(t) > 0 for ¢t € (¢;,6;41). Since for t # 6,

d )

pr log ‘f(e’t)‘ = Re r(t) = r(t),

it thus follows that ¢ — |f(e™)| decreases from oo to |f(e7)| in (6}, ¢;) and increases
from | f(e'®7)| to oo in (¢;,60;41). Likewise, we obtain

6itf/(6it) _ T 6itf/(eit) B T
Ty T2 M TRy T
for t € (0, ¢;) and t € (¢, 0;41), respectively.

(5.7)

t— 9
Sln2

arg (5.8)
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It is a classical result in geometric function theory that the set D is dense in S*
with respect to the compact open topology of the class Ay. One way to see this is to
apply the fact that f € S* if, and only if, there is a probability measure p(t) on [0, 27]
such that (cf. [Goo83, p. 122])

21
f(z) = zexp (—2/ log (1 — ze™™) d,u(t)) .
0
It will therefore suffice to prove Theorem 5.6 for functions in D. Further, since by

Lemma 5.7 Im T'[f] € h™ for f € §*, we have

1

Ime@ZEEAmeJanm@%ﬁ (2 € D),

where P(e', 2) = Re (e + 2)/(e" — 2) is the Poisson kernel [ABRO1, Ch. 6]. Since
1 2m
2 Jo

and P(e",z) > 0 for all z € D and ¢t € R [ABRO1, Prop. 1.20], it will thus be enough
to show the following statement in order to prove Theorem 5.6.

LEMMA 5.10. For f € D like in (5.7) we have [Im T[f](e")] < 5 for all t €
(01, 0n11), T # 0;.

First we will show that this is true in the limit case where ¢ tends to 6;.
To this end, for § € (0;,0;41) set ’)/9( )= f7L(tf(e?)), 0 <t <1, where the branch
of f=!is chosen such that y4(1) = €. Then 7,(0) = 0 and

vé(t)f’(w(t)) = f(e”) (5.9)

for all t € [0, 1] for which ,(t) # €% (there exists only one such t). For 6, 6* € R with
9,9* c (eju(bj) or ‘9,9* S (¢j70j+1> set

Yoo () = [T (F(7) +2(f(e”) = f(e7))). (0<t<1)
where the branch of f=! is chosen such that 7 ¢(0) = €. Then v54-(1) = €?" and
Yoo () (Yo0- (1) = f(e) = f(e?) for 0<t<1. (5.10)
LEMMA 5.11. For f € D,, asin (5.7) and j = 1,...,n we have

P(e™ 2)dt =1

lim I T[f)(e”) = 5 and  lim Im T[f)(e") = =3

+ —
-0, 0—0,,

In particular, the bound 5 in Theorem 5.6 is sharp.

PROOF. Let 0; < 6 < 0* < ¢;. Applying the relations (5.9) and (5.10) and Cauchy’s
integral theorem and using also the mapping properties of functions in D,, as described
above, we get

10

Im T[f](eze) — Im/ fleug sz/(C) dC+Im ‘ /(C)l ei@f/(g) dC

&5 () o f(@) 8 TF(e)

B f . ei B f(eza )) 1 . eie

- Yo L s st (1)) U e
i0* 1 .ot 0

= f(e' )/0 arg% ()dt+/0 arg ,6 dt.

Yo () Yo~ 0 (t)
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Letting 8 — 6; on both sides of this equation, we obtain
' 1 i0
lim Im T[f](e") = lim ar
69—+ 71 0—07 Jo s Yo o(t)

dt (5.11)

for all 0* € (0;,¢;). For 0; < 8 < 6* < ¢; the curve 7y ¢ is one-to-one and maps into

the unit circle. Also, v+ 9(0) = €", 45 4(1) = € and arg 74 ¢ is decreasing. Hence,
— 5 Sarg 9. 4(t) < 0" — 3 for t € [0,1], and thus, because of (5.11),

7T

* ™ . 6

Since this holds for all 8* € (6;,¢;), we obtain the desired result in the case that

0 — 07 .
J
The second asserted relation can be proved in a similar way. 0J

For the proof of Lemma 5.10 we need two more auxiliary results. The first is (a
slightly extended version of) the Clunie-Jack lemma [Jac71], a consequence of the max-
imum modulus principle that has already found many other applications; the second
is of a purely technical nature.

LEMMA 5.12 (Clunie-Jack). Let F' be an analytic function in D with F(0) = 0.
Suppose that F' has an analytic extension to a neighborhood N of a pointw € T :={z €
C: |z| = 1} and that |F(z)| < |F(w)] for all z € DU(TNN). Then wF'(w)/F(w) > 1.

LEMMA 5.13. For all a € R and b > 5 we have
T s a
W(log (b—|—§) —|—1+a> —2b (b+§) cosh2—b < 0. (5.12)
PROOF. Since f(b) := log(b+ 7) is concave, we have

f(b) < f'(bo) (b — bo) + f(bo)
for all b, by > —7. Using this estimate with by = 7, we find that for b > 7

Ta

Ta
< = .
2b

ﬂ(log<b+g>+1+a)—2b<b+z>cosh 5 = 3

2
It will therefore be enough to show that

+mlog m+b+ma—2bm cosh

™ ma wa 1
§+7rlog7r<26 (WcoshQ—b—?b—i). (5.13)

It is easy to see that

1 1
\/1+7T2—§—arsinh— >0

™

is the minimum value of 7 cosh(z) — z — £ in R. Since

2
(5.13) follows. O

1 1
7r<\/1+7?2—§—arsinh—) =780...>517...= z—i—7rlog7r,
T

We can now proceed to the proof of Lemma 5.10.

PROOF OF LEMMA 5.10 AND THEOREM 5.6. Assume Lemma 5.10 is wrong, i.e.
assume that there is a f € D, such that [Im T[f](e’*)| > % for a s € (01, 0,41) with
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s#6;. Set w=¢€" €T and a+ib:=T[f](w) with a, b € R. Because of Lemma 5.11
we can assume that s is such that

bl = 1 T[f](w)| = max| Im T(f](=)] = 5 (5.14)
and consequently also
Im iwT[f] (w) = d Im T[f](e")] =0. (5.15)

dt

By Lemma 5.9 we have f'(w) # 0 and therefore T[f] has an analytic extension to a
neighborhood of w.

Set r :=dwf'(w)/f(w) and ¢ := arg(—ir). Then, because of (5.8), r € R and |¢| =
5. Further, it follows from Lemma 5.9 and (5.14) that @b < 0 and thus [b— | = 5+ |b].
Taking the imaginary part of (5.5), we get 0 =1+ (¢ —b) or r = 1/(b — ) and this,
together with (5.5) and (5.15), yields

sgn(b)iwT'[f] (w) = sgn(b) Re iwT[f] (w)

t=s

— sgu(b)r <1og wj‘f(f;;’)‘ —1-ReT| f](w))
— _|b\1+g (1og <|b|+g) +1+a). (5.16)

Observe that z — foz f'(O)log f'(¢) d¢ has at least a double zero at the origin and
that h(z) := f(z)/z is analytic at 0 with A(0) = f’(0) = 1; hence, we see from the
representation (5.4) that T[f](0) = 0. Because of this and (5.14) it follows from the
mapping properties of the tangent [Neh52, p. 277] that

F(z) :=tan (%) , ze€D,

is an analytic function in D with F'(0) = 0 that has an analytic extension to a neighbor-
hood N of w and satisfies |F(z)| < |F(w)| = 1 for all z € DU(TNN). The Clunie-Jack

lemma yields that
wF'(w) irwT[f]'(w)

1 _ ' ‘ 5.17
= “Flw) 2bsin (55T [f](w)) o
Since , ;
sin% = sin (% - g) = —coshg—z,

this and (5.16) give

| < _sgu(b)irwT[f] (w) _ m (log(|b] +7/2) + 1 +a)

- 2| cosh 7 B 2|b|(|b|+7r/2)coshﬁ
But this is impossible for a € R and |b] > 7 by Lemma 5.13.

This completes the proof of Lemma 5.10 and hence Theorem 5.6. 0J

5.2. The Set of Starlike Functions Is Starlike

In this section we will show that the class &* of starlike functions is starlike in the
Hornich space.

The linear structure of &* in the Hornich space ‘H was examined first by Kim,
Ponnusamy and Sugawa [KPS04]. They showed that, in contrast to K and C (cf.
Theorem 5.2), the class S* is not convex in H. However, they were also able to verify
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that the straight line a © k = I,[k], a € [0, 1], between id, the zero element in H, and
the Koebe function k(z) = z(1 — z)2 lies completely in S*. Since the Koebe function
is in many ways extremal in the class §*, they went on to pose the following question:
Is it true that for all f € S* and « € [0, 1] one has I,[f] € §*, or, equivalently, is the
class S* starlike in H? In [KPS04] several other results were presented that pointed
to a positive answer for this question, but the general problem remained open.

Here we will use Theorem 5.6 in order to show that the answer to the question
posed by Kim, Ponnusamy and Sugawa is indeed positive.

THEOREM 5.14. For all f € S* and a € [0, 1] we have I,[f] € S*. In other words,
the class 8* of univalent starlike functions is starlike in the Hornich space.

Because of the definition of starlike functions it is clear that Theorem 5.14 will be
proven if we can show that for all f € §*, 0 < a <1, and z € D, we have

1.[f]1(2)
Re ———*
zLa[f]'(2)
Denote by S the set of functions f € §* that are analytic in a neighborhood of the
closed unit disk and by S}, the set of functions f € S} that satisfy Re 2f'(2)/f(2) > 0
in D. If f is any function in 8%, then, for 0 < r < 1, g(z) := f(rz)/r belongs to S;
and we have
! / [e}% / e} /
A1 O N ) S 1V L A A
L.[g](2) Jo (9'(0))* d¢ o (f1(¢)" dC L[ f](rz)
for zeD,0<7r<1and 0 < a < 1. Therefore we only have to show that Theorem
5.14 is true for functions in the class S, .

Thus, let f € S7,. Then there is a ¢ > 0 such that Re zf'(z)/f(z) > ¢ in D and so
there must be a 0 < o* < 1 such that

ILfle S, for o <a<l.

> 0.

Suppose that Theorem 5.14 is wrong and that the f we have chosen is a counterexample
to it. This means we can assume that o > 0 is such that I,[f] € S}, for a* <a <1,
but that for each € > 0 there is an a € (a* —¢,a*) with I,[f] ¢ S} . Since S* is
compact, I,«[f] must then be a member of S} and satisfy

wle[f]'(w)
Lo [f)(w)
for a w on the unit circle (f'(w) # 0 obviously implies I,[f] (w) # 0 for 0 < a < 1).
This, however, is a contradiction to the next lemma since
]a[]a* [f]] = laor [f] €S
forl<a< ai Theorem 5.14 must therefore be true.

LEMMA 5.15. Let f € S with Re wf'(w)/f(w) = 0 and f'(w) # 0 for a w € T.
Then there is an o > 1 such that I,[f] ¢ S* for 1 < a < a*.

PROOF. Since f'(w) # 0, also wf'(w)/f(w) # 0 and so

wfw)
fw) ¢ fora ¢ #0.

Re =0 and I,[f]'(w)#0

Assume that ¢ > 0.
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To prove the lemma it will clearly be enough to show that

d o Talfl(w)

do N wnL )| <Y

a=1

Since it follows readily from Theorem 5.6 and Lemma 5.9 that
Im T{f](w) < 3.
the lemma is proven in the case ¢ > 0.

In the case ¢ < 0 one proceeds in a similar way and therefore the proof is complete.
O

5.3. Functions with Complex Corners

In this section we will use Theorem 5.14 in order to describe a large set of « € C
for which there is a f € S§* such that I,[f] ¢ S. In particular, we will completely
determine the set of a € R for which I,[f] € S for all f € §*. We will also show that
the set SPg of functions spirallike of order 3 is not starlike in the Hornich space and
prove that Theorem 5.6 is sharp for every subclass ¥, o € [0, 1), of S*.

In [Roy65] Royster completely determined the set of € C for which the function
(1 — 2)* is univalent in D (we consider the branch of the logarithm for which (1 — z)*
is equal to 1 at z = 0).

THEOREM 5.16. The function (1 — z)* is univalent in D if, and only if, |p+1] <1
or |p—1] < 1.

We will now show an extension of this result to certain functions f € A that behave
locally like (1—2)*. We will say that a function f € A has a corner of order p € C\ {0}
at zop € T if there is a constant d € C such that (zy — 2)™*(f(2) — d) has an analytic
extension to zg that does not vanish at zg.

THEOREM 5.17. Let f € A have a corner of order p € C at zg € T. If p € M :=
{p:lp+1>1n{wp:|p—1] > 1}, then f is not univalent in D.

PROOF. It is straightforward to check that f € A has a corner of order p at zp € T
if, and only if, z;" f(202) € A has a corner of order p at 1 and thus we can suppose
that 20 = 1.

Since f has a corner of order p at 1, there are a d € C and a function ¢ that is
analytic in a neighborhood N of 1 with g(1) # 0 such that f(z) —d = (1 — 2z)*g(z) for
ze N:=DnNN. We prove the theorem by showing that if 4 € M, then there are two
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points wy, wy € C with w; — we = 2mi that lie in the image of N under the function
F(z):= H(z) + G(z), where

H(z):=plog(l —z) and G(z):=logg(z), z€N.

Since the desired property holds simultaneously for the functions F'(z) and F'(2)—G(1),
z € N, we may assume that G(1) = 0.
If o = pe® € M with p > 0 and 0 € R, then
pT

| cos 0|
As described in the proof of the lemma on p. 386 of [Roy65], H(D) is equal to a
subset B of a sloping strip S that meets vertical lines in segments of length |CO 7
and the boundary of B approaches one or the other edge of S as the preimage z
approaches the point 1 from above or below. Hence, there is an ¢ > 0 such that for
every R > 0 there are points wy and ws in B with |w;| > R and w; — wy = 27 such
that dist(w;,dB) > € (j € {1,2}). Since G(1) = 0, we can assume that |G(z)| < § for
z € N. Let L be a half-plane orthogonal to S such that B N L is contained in H(N)
and let ' C DU N denote the Jordan curve that describes the preimage of 9(B N L)
under H. Then we can find wy, we € BN L with wy — wy = 27w and |H(2) — wj| > €
for j € {1,2} and z € T". Hence,

> 2.

G| <5 <e<|H(z)—w

for 7 € {1,2} and z € I' and thus it readily follows from Rouche’s theorem that
there are 21, 2z € D in the bounded component of C \ I' such that F(z;) = w; for

je{1,2}. O

For every function f € § with a non-trivial corner on T we can now determine a
large set of a € C such that 1,[f] ¢ S.

THEOREM b5.18. Suppose f € S has a corner of order up € C\ {0,1} at zy € T.
Then 1,[f] ¢ S if

a:m(m—l) fora me M.

PROOF. As in the proof of Theorem 5.17 we can assume that zg = 1. Hence, there
is a function g that is analytic in a neighborhood N of 1 with g(1) # 0 such that

f(2) = (1 =2)""1((1 = 2)g'(2) — ng(2))
for 2 € N := DN N. The function
G(z) = (1= 2)g'(2) — pg(z)

does not vanish at z = 1 and therefore, for each o € C\ {(1—p) ™'}, there is a sequence
{ak}ken, C C with ag # 0 such that

[e.e]

L[f)(2) = (1= 2)° D "ap(1 — 2)F

k=0

for z € N. This shows that both I,[f] and (1 — 2)*¢# D+ F | where

F@%:_Z;k+1+2m—&%l_da
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are primitives of I,[f]’ in N, and thus there is a constant d € C such that
L[f](z) =d+ (1 = 2)*W D E(z) for ze N.

Therefore, since F'(1) # 0, I,[f] has a corner of order a(u—1)+1 at 1 and the assertion
follows from Theorem 5.17. 0

Using this result together with Theorem 5.14, we obtain the following.

COROLLARY 5.19. Let v € C with |a| > 5 and o ¢ [3,1]. Then there is a function
f € 8* such that 1,[f] ¢ S. In particular, if « € R, then I,[f] € S for all f € S* if,
and only if, a € [—3,1].

PROOF. Since the Koebe function & = z(1 — 2)~2 has a corner of order —2 at 1, it
follows from Theorem 5.18 that I,[k] ¢ S if « lies in the complement A of {a : o] <
stU{a: o — 2] < 3}. In order to prove that for a« € B:={a ¢ R: |o — 2| < 1}
there is a function f € S* for which 1,[f] ¢ S, we adapt the proof of [AN82, Thm.
4]: If a € B, then there is an oy € A with arga = argag and |og| < |a|. Hence,
ag/a € (0,1) and therefore, by Theorem 5.14, f := I,,/4[k] € S*. Now,

La[f] = Lokl ¢ S

since oy € A and thus the first assertion of the corollary is proven.
We have S* C C and therefore the second assertion follows from the first and
Theorem 5.1 (5). O

In Lemma 5.11 it was shown that the bound 7 in Theorem 5.6 is sharp for the class
S*. We will now strengthen this result by proving that Theorem 5.6 is sharp for each
subclass S, o € [0,1), of S*.

To this end, observe first that for f,(z) = z(1 — 2)™* defined as in Chapter 2 we

have
/!
zf,.(2) g z ’
fu(2) 1—z
Using this relation it is easy to see that for p € C := {p e C\ {0} : |p—1| <1}

z € D.

fu€SPsCS, where (3= —argyp, (5.18)
and
0 £1 (10 0 ¢1 (10
eli%l arg %6(;)) = g +argp and eliréli arg %e(;)) = —g +argp.  (5.19)
For p € C' we thus obtain
1 : / !
T[f,)(z) = ngu% L 1 logfu(C) a
Zf/ 1 fu f//
= log
fu fp(Z / (5.20)
2f,(2) I MC(2+( —1)¢0)
= log — dc.
D 0 ) Tor e Y

For =1 or u = 2 the integral

/z pe(2+ (p = 1)¢)
o (L=Qp+ 1+ (n—1)C)

dg
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can be explicitly calculated and doing this we find that for =1 or u =2

Lo L 2 (= 1)0) 1
zelzﬁ%r{lll} fu(2) /0 (I =14 (n—1)0) d¢ = ,u + 1.

In fact, this relation holds for all u € C.

LEMMA 5.20. Let € C. Then

co L[ 2 (= 1)0) 1
zelzﬁi\r{llu fu(2) /o (I =M1+ (n—1)() d¢ = ,u + 1.

ProOOF. For 4y = 1 or ;4 = 2 the lemma has already been shown. In the following
we will therefore assume that p € C'\ {1, 2}.
Since Re p > 0, we have

lim (1—2)" =0, (5.21)

z€D\{1}

and thus

14 (1 = )
lim pro 1=z
D\ {1} ('u - 1)Z

Therefore, since

1 / pe(2+ (1 —1)¢)
fu(2) Jo (1= (1 + (n—1)Q)

¢ =

pz—14+(1—2)*
(n—1)z

1 Z8

A / (L ER S Rl

only
- [ p1€
1
iy 1) /o (1= L+ (= 1)0)

remains to be verified.
We have

dc =1

; (5.22)

1 ’ 8 1
ful@) /0 IO+ G-100" &

B ij(Z) /0 ((1 - C)“*l(lfi (n—1)¢) f;(é)) dq

pfu(z) Jo (L=Qr(L+ (p=1)¢)
Since pu — 1 # —1, there is a neighborhood N of 1 in which the function

(n—1)*¢—1
1+ (p—1)¢

has a power series representation of the form

F(z):=

F(z) =) ar(l—2)*.

k=0
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It follows that there is a constant d € C such that for z € N N D with z # 1

1 8

Z 1
fu(2) /0 (1= O 1+ (u— 1)) ¢ — — =

Mfu (d Z’f M+1 Z)IHH)
(g
_,uz< (1 Zk u—l—l )+>

and thus (5.22) follows from (5.21). O

(5.19), (5.20), Lemma 5.20, and the fact that fo o) € S for all A € [0, 1), yield the
following.

THEOREM 5.21.

(1) We have
Jim I T(£)() = T and  Jim Im T[£)(") = =3

for every p € (0,2]. In particular, Theorem 5.6 is sharp for every subclass S5,
A€ 0,1), of S*.

(2) If p=2e"P cos B with § € (=%, %), then

lim Im 7T[f,](e?) = g - f— %tanﬁ

0—0t
and

lim Im T'[f,](e?) = —g — [ — %tanﬁ.

6—0—

The second statement of this theorem can be used to show that, in contrast to S*,
the classes SPg with 3 € (=3, 3), 8 # 0, are not starlike in the Hornich space.

THEOREM 5.22. Let 3 € (—5,5) with § # 0. Then the class SPy is not starlike
in the Hornich space.

PROOF. Set u := 2e~" cos 3 and write f = f,. Then f, € SPs and

L ogafl(z) a1t ey
F(z):=¢"P 8 =¢f .

maps the closed unit disk univalently onto the closed right half-plane. In order to prove
the theorem it will therefore suffice to find a z € T such that

4 po o Lal12)

da 2 [f1(2) ] 0y

Suppose first that 3 > 0. Then, because of Theorem 5.21 (2), we can find a
t € (26 —m,0) such that

> 0. (5.23)

Im T[f] () < —g ~ 8. (5.24)



5.3. FUNCTIONS WITH COMPLEX CORNERS T

for z = €. Since t € (28 — ,0), we have F(z) = i¢ with ¢ < 0. Hence, as in the
proof of Lemma 5.15, we see that

L N Y E R Ae
P o R e CH CUCRIS (5
= (TG + 5 +9)

In order to obtain the second identity we have used the fact that Re F(e") = 0 for
t € (0,2m). Since ¢ < 0, (5.23) thus follows from (5.24).
The proof of the case # < 0 is similar and will be omitted. O
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