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ABSTRACT

The way of looking at any figure constructed with specific tools is a crucial cognitive
factor in solving problems and in reasoning and proving in geometry (Duval, 2012). There
are many factors that can inhibit or favor discriminating the proper way of looking at
geometrical figures, which can be studied experimentally (Duval, 2006). In addition, the
universal problem regarding the transition from one educational level to another has
occupied the research community in the recent years (Mullins & Irvin, 2000), according to
the difficulties the students seem to face during this transition. Therefore, there is
obviously a need to identify the cognitive processes and the type of apprehension that the
students, from different age groups and educational levels, mobilize during the resolution
of geometrical tasks and examine whether this selection leads to a proper way of “looking”

at the geometrical figure.

The research was organized mainly in reference to two theoretical frameworks. The
first one concerns the distinction between four kinds of figure apprehension proposed by
Duval (1988) within the register of geometrical visualization: perceptual apprehension,
sequential apprehension, operative apprehension and discursive apprehension. The second
theoretical framework focuses on the evolution of the global objectives in the teaching of
geometry throughout the curriculum. Houdement and Kuzniak (2003) have proposed the
notion of Geometrical Paradigms in analyzing this evolution in the institutional
organization of teaching.The synthesis of the aforementioned ideas of the literature formed

the basis for conducting this research study.

The general aim of this research study was to investigate the structure and the
cognitive processes of the geometrical figure apprehension of the lower and the upper
secondary school students. In particular, the students’ perceptual, operative, sequential and

discursive apprehension were explored. The examination was based on four main axes:

1. The cognitive structure of the geometrical figure apprehension in the lower and the
upper secondary school.

2. The relationships between the four types of geometrical figures apprehension.

3. The comparison between the lower and the upper secondary school students’
geometrical figure apprehension.

4. The lower and the upper secondary school students’ mistakes and ideas about the

geometrical figure apprehension.



This examination was based on a combination of quantitative and qualitative data.
The quantitative data were collected using a test comprising of 16 tasks, which was
administered to 881 students, aged 15 to 17, of lower (Grade 9) and upper (Grade 10,
Grade 11) urban and rural secondary schools, in Cyprus. In particular, the participants were
312 students from Grade 9, 304 students from Grade 10, 125 students from Grade 11a and
140 students from Grade 11b. The qualitative data were collected from 9 students with task
— based interviews, based on the solution of four tasks.

The data analysis provided important information about the students’ geometrical
figure apprehension. In particular, a structural model was constructed and verified, which
determined the importance of the perceptual, the operative, the sequential and the
discursive apprehension for the apprehension of a geometrical figure. The structure of the
geometrical figure apprehension was found invariant for the students of the two

educational level and of each grade.

The various dimensions of the geometrical figure apprehension were further
examined, for tracing the relationships between the four types of geometrical figures
apprehension. Interrelations were traced between the different types of apprehension.
Strong relations were found between the operative and the discursive apprehension,
revealing the importance of visualization in geometrical reasoning. Significant relations
also emerged between the discursive and the sequential apprehension, highlighting the
importance of the knowledge of mathematical properties in a construction and a reasoning
process. Furthermore, the role of the perceptual apprehension occurred very important for

the mobilization of the discursive apprehension and the operative apprehension.

The students’ geometrical figure apprehension mainly evolves from one grade to a
next one and from one educational level to the following one. The sequential and the
discursive apprehension tasks seem to create the most of the difficulties for the students,
whereas the students are more able to solve the operative and the perceptual apprehension
tasks. In addition the intervention of the perceptual apprehension in the solution of the
tasks, in a way that it overrides the proper type of apprehension, leads the students to

wrong answers or to correct answers that were reached through wrong procedures.

The students’ mistakes were mostly related to the perceptual apprehension. Based
on the relations between the students’ mistakes in the tasks about the recognition of proof
and their responses in the tasks about the production of proofs, the students’ type of
geometrical paradigm in which their geometrical work takes place was determined. In fact,

the geometrical work of the students in the lower secondary school and the first grade of



the upper secondary school seems to be mostly situated within a paradigm of a mixed type
of geometry (GI/GII), possessing mostly characteristics of the Natural Geometry, whereas
the geometrical work of the rest of the students in the upper secondary school appears to be
mostly related to a mixed type of geometry (GI11/GI) which mainly comprises of the

characteristics of the Natural Axiomatic Geometry.



ITEPIAHYH

O 1pémog Tov PAETOLLLE VO OTTOLOOMTTOTE GYNILO, KOTOCKEVAGHEVO LUE GUYKEKPLUEVOL
opyava, amoTeAEl EVa KPIGIUO YVOOTIKO TopAyovTa Yo TNV Enilvon TpofAnudTmy, yio to
YEOUETPIKO GLALOYIGUO Kot TN Yeopetpikn amddeién (Duval, 2012). Yrdpyovv molAoi
TOPAYOVTEG TTOL UTOPOVV VO TAPEUTOIIGOVV 1] VO EDVOT|COVV TN SIAKPLoT) TOV KOTAAANAOL
TPOTOVL |LE TOV OTOT0 TPEMEL VO PAETOVLE TO YEMUETPIKE GYNUOTO, OL OTOI0L UTOPOVV VL
pueietnOobv eumepikd (Duval, 2006). Emmdéov, To TaykOouio TpdPAnua oyetikd pe
UETAPaoT amd VO EKTOLOEVTIKO EMIMEDO GE EVAL AAAO £YEL AMOGYOANGEL TNV EPEVVITIKN
Kowotta ta terevtaia ypovio (Mullins & Irvin, 2000), oc mpog Tig SueKOoAieC TOL Ol
pantég eaiveton va avtipetomilovy katd ™ petdfacn avty. ¢ ek ToVTOL, Elval EPLEAVES
OTL VTTAPYEL AVAYKT) VO TPOGIOPIGTOVV Ol YVAOOTIKEG SLOSIKAGIES KOl O TOTOG GOAANYNG
YEOUETPIKOV GYNLLOTOG TTOV EVEPYOTOLEITAL KATA TNV EMIAVCT YEOUETPIKAOV TPOPANUATOV
amd LoNTEG S1aPOP®V NAMOKOV OUAS®MV Kot EKTALOELTIK®V Pabuidmv kot va eEetaotel
KaTé OGO QLT 1 ETA0YN 00N YEl TOLG LOONTEG GTO VO dOVV EVa YEDMUETPIKO GYTLLOL LE TOV

KOTAAANAO TPOTO.

H épevva avt opyovdbnke pe avagopd ce dvo Kupiog Bempntikd miaicio. H
TPOTN APOPd 6T JAKPLoT HETAED TECOAP®V THTWV COAANYNG YEOUETPIKOV CYNUATOV,
nov wpoteiveton amd tov Duval (1988), ota mhaictla T OnTIKOTOINoNG OTN YEOUETPIO: 1
OVTIANTTIKY GOAAN YT, 1] 0KOAOVOIOKT GOAAN YN, 1 AELTOVPYIKN GOAANYN KO 1 AEKTIKY
cVuAM Y. To devTepO BewpnTikd TAMiG10 0TIACETOL TNV EEEMEN TV YEVIKMDV GTOY®V TOV
Avavtikov TTpoypdppatog yia ) didackaio g yewpetpioc. Ot Houdement kot
Kuzniak (2003) éyovv mpoteivel TV 1860 TOV YEMUETPIKAOV TAPASELYUAT®V, GTO, TAOICLOL
NG aVAALGNG TOV TPOTOV ££EMENG NG Becukng opydvaong g dwaokaAing. H cuvleon
TOV TOPATAVED WEDV, OTMG TPOKLTOVY Héca and T PipAoypagia, amotélese T Pdon

v TN Oeaymyn ™S mapovcos EPEVVNTIKNG LEAETNC.

O yevikdg 6TOY0G LTINS TNG EPEVVITIKNG LEAETNG NTOV VO OLEPEVVI|GEL T OOUT| KOl
TIG YVOOTIKEG SLOOIKAGIEG TNG CLAANYNG YEOUETPIKOD TyNLaTos, o€ padntéc Mvpvaciov
kot Avkeiov. Edwcotepa, dtepeuvinkay n avTAnmTiki, n AEITOVPYIKY, 1] 0KOAOVOLOKY|
KO 1) AEKTIKY) GOAAN YN YeOUETPIKOV oynuatwv. H pedétn Baciotnke oe 1€60epic
Baocucovg dEoveg diepedvnong:
1. H yvootikn doun g GOAANYNG YEOUETPIKOV GYNHOTOS TV pobntodv Mpvaciov kot

Avkeiov.



2. Ot oyéoelg Hetalh TV TEGOAP®MY TUTOV CLAANYNG YEOUETPIKOV GYNUATOV.

3. H olykpion g cOAMNYNG YEOUETPIK®OV GYNUATOV HeTaED Tov podntdv Mopvaciov kot

Avkeiov.

4. Ta AaOn ko o1 10éeg TV pobntdv MNpvaciov Kot Avkeiov oyetikd pe tn cOAANYM

YEOUETPIKOV GYNUOTOG.

H perém avt Paciotnke 610 GLVOVAGUO TOGOTIKAOV KOl TOIOTIKOV OEOOUEVMV.
Ta moGoTIKG dedopUEVE GLAAEXON KOV LE TN YpNoT EVOG dokiiov Tov mepthaupave 16
veopeTpikd Epya. To dokipo yopnyndnke oe 881 pabntéc, nhkioc 15 éwg 17, amd
IMpvéaocia kot AVKELD AoTIKOV Kol 0ypoTIK®V Teployav g Kvmpov. Xvykekpiuéva, ot
ovppetéyovieg NTav 312 pobntég I' MNvpvasiov, 304 padntéc A” Avkeiov, 125 pabntég B
Avkeiov pe padnpatikd Kowvobd koppov kot 140 pabntég and B” Avkeiov pe pobnporticd
katevBvvong. Ta molotikd dedopéva GuAAEXOMKaY amd 9 pabntés, amd Tovg omoiovg

mhpOnkav cvvevtebEels e faon v enilvomn TEGCAp®V EPymV.

A6 TV ovAAVOT TOV SEGOUEVMV TPOEKLY AV CNUOVTIKG GTOLXEID Vi T GOAANYM
YEOUETPIKOV GYNLOTOG TOV LaONTAOV. ZVYKEKPIUEVO, KOTACKEVAGTNKE KOt EXAANOEVTNKE
éva oK LoVTELD, LE TO OTO10 TPOGIOPIGTIKE N GNUAGI TG AVTIANTTIKNG, TNG
AELTOVPYIKNG, TNG AKOAOLOKNG Kot TG AEKTIKNG GOAANYNG YemUETPIKOV oynuotoc. H
JoUN TOV YEMUETPIKOV GYNUOTOS GOUAANYNG dtatnpeitol apeTdfAntn yio Tovg Lobntég Tmv

dV0 eKTAdELTIK®V Pabuidmv kat tng Kabe Taénc.

Ot d1popeg S106TAGELS TNG COAANYNG YEMUETPIKOD GYNUATOG EEETAGTNKAY
TEPOLTEP®, DOTE VO EVIOMGTOVV 01 GYECELS LETAED TV TEGGAPWV TOTWOV COAANYTG.
AMNMAeTOpAGELS evTomioTnKay HETAED TV O10POp®V TOTTOV GOUAANYNG. [oyvpéc oyéoelc
Bpédnkav peta&d TG AEITOVPYIKNG Kol TG AEKTIKTIG CUAANYNG, KATASEIKVDOVTAG TN
ONUAGI0 TNG OTTIKOTOINGNG GTO YEWUETPIKO GLAAOYIGHO. ZNUOVTIKES, EXIONG, HTAV OL
OY£GELG TOL TPOEKLY AV LETAED TNG AEKTIKNG Kot TG akoAoLO1aknG cLAANYNG, TovilovTag
TN ONUOGIN TNG YVOONG TOV HOONUATIKAOV 1O10THTOV Y10 TIC YEMUETPIKES KOTACKELES KO
TIG O1001K0GT1EG GCLALOYIGHOV Y10 TIG YEMUETPIKES 0mooeilels. EmmAéov, o poOAog g
AVTIANTTIKNAG COAANYNG TPOEKLYE KABOPIGTIKOG Yo TNV EVEPYOTOINGT TNG AELTOVPYIKNG

KoL TG AEKTIKNG GOAANYNG YEOUETPIKOV GYNIOTOC.

H c0AAny1 yeopetpikov oyfUotog Tov Hodntdv Kupimg ovarTTOcoETOL OO T
ekmondevTikn Pabuida otnv emdpevn. Ot kKupLoTEPEG SOVGKOAIEG TOV HOONTOV TPOKLITTOVY
oTO £PY0l AEKTIKNG KOl 0KOAOVOLOKTG COAANYTG, VD gpeavilovtal ikavoTepol 6TV

eMIALON EPYOV AVTIANTITIKNG Kot AELITOVPYIKNG COAANYNG. EmmAéov, n mapéppaon g



OVTIANTITIKNG GUAANYTG GTI ADGT TOV £PYOV, LE TPOTO TOV VO VITEPIGYVEL EVOVTL TOV
QITOLTOVLLEVOL TOTTOV GUAANYMG, 00MYEl TOVG LaONTEG 08 AaVOAGEVES OTOVTGELS 1] OE

0pBEC amaVTNOELS TOL TPOKVTTOVY PEGH OTO AOVOUGUEVES O1UOTKAGTEG.

To A4On tov pabntov oyetiCovral, o¢ eni 10 TAEIOTOV, UE TNV AVTIANTTIKY
SUAMNYT. Me Bdon Tic oyéoelg petasd Tov Aabmv Tov HodnTodv ota £pya avayvmpiong
NG amOOEIENG KOl TIC OTAVTIGELS TOVG GTA £PY0L TAPAYWDYNG ATOJEENG, KoBopioTnKE O
TOTOG YEMUETPIKOV TOPAOEIYHOTOG EVTOG TOL 0Toiov ot HadNTEC epyalovtal ot
['sopetpio. Zuykekplpéva, 1 YEOUETPIKT OpactnplotnTa TV pobntodv tov MNpvaciov kot
™G A’ 1aéng Tov Avkeiov gaiveton va eviomiletal Kuplwg o€ Eva TAPASELY L0 EVOG UIKTOV
tomov ['ewpetpiag (Teopetpia 1/2), To omoio mepi€yel TePIoCOTEPQ YOPAKTIPLOTIKA OO
v Epnepucn F'eopetpio (Feopetpia 1), evod 1 ye@UETPIKN dpacTtnploTTa TOV
vroloinwv padntodv tov Avkeiov gaivetar mg eni 10 TAEIGTOV Vo GLVOEETAL e VOl LUKTO
tomo yeoperpiog (l'eopetpia 2/1), 0 omoiog dukatéxetan TEPIGGOTEPO AMO YOUPUKTNPICTIKA

¢ Epnelpuceng Adwopatikng I'eopetpiog.
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CHAPTER |

INTRODUCTION TO THE RESEARCH

Introduction

Geometry is the mathematics of space (Bishop, 1983) and the study of geometry helps
students represent and make sense of both the world in which we live and the world of
mathematics. Geometry occupies a particular place within mathematics; it appears as a
model of physical space, and it follows that the objects it deals with (e.g. lines, planes,
points) are supposed to be directly taken from sensory experience, unlike in the other areas
of mathematics (Parzysz, 1991). The NCTM (2000) characterizes geometry and the
perception of space as key factors for learning mathematics, as they provide ways to reflect
on and interpret our natural environment. Among the Curriculum and Evaluation Standards

for geometry for grades 9-12, students are expected to:

1) Analyze characteristics and properties of two- and three-dimensional geometric

shapes and develop mathematical arguments about geometric relationships:

— analyze properties and determine attributes of two and three dimensional objects;

— explore relationships (including congruence and similarity) among classes of two- and
three-dimensional geometric objects, make and test conjectures about them, and solve

problems involving them;

— establish the validity of geometric conjectures using deduction, prove theorems, and

critique arguments made by others;

2) Specify locations and describe spatial relationships using coordinate geometry

and other representational systems:

- use Cartesian coordinates and other coordinate systems, such as navigational, polar, or

spherical systems, to analyze geometric situations;

- Investigate conjectures and solve problems involving two- and three-dimensional

objects represented with Cartesian coordinates.

3) Apply transformations and use symmetry to analyze mathematical situations:



- understand and represent translations, reflections, rotations, and dilations of objects in

the plane by using sketches, coordinates, vectors, function notation, and matrices;

- use various representations to help understand the effects of simple transformations

and their compositions.

4) Use visualization, spatial reasoning, and geometric modeling to solve problems:

- draw and construct representations of two- and three-dimensional geometric objects

using a variety of tools;

- visualize three-dimensional objects and spaces from different perspectives and analyze

their cross sections;
- use vertex-edge graphs to model and solve problems;

- use geometric models to gain insights into, and answer questions in, other areas of

mathematics;

— use geometric ideas to solve problems in, and gain insights into, other disciplines and
other areas of interest such as art and architecture.

However, geometry is typically regarded as a difficult branch of mathematics for
many students. During the past thirty years, several mathematics educators have
investigated students’ geometrical reasoning based on different theoretical frames. For
example, van Hiele (1986) developed a model referring to levels of geometrical thinking.
Fischbein (1993) introduced the theory of figural concepts and Duval (1988) reported the
cognitive analysis of geometrical thinking, discriminating four apprehensions for a
geometrical figure. Duval (1999) stressed also the fact that in geometry, a very important
factor that influences understanding is that there will be no confusion between the
mathematical objects and their representation (Duval, 1999). Next, Houdement and
Kuzniak (2003) proposed three different types of Elementary Geometry.

Over the last years in Cyprus small research attempts have been made in the study
of geometry (i.e. Panayidou, Tsianni, & Gagatsis 2004; Vourgias, Peskias &
Chrysostomou-Vourgia, 2003), based mainly on the analysis of Duval (1995, 1998). These
researchers attempted to study the role of the geometrical figure in problem solving in
geometry. More recently a theoretical model about the different types of apprehension of
the geometrical figure, in primary and secondary school, was confirmed by Deliyianni,

Elia, Gagatsis, Monoyiou and Panaoura (2010). However there is a need for a systematic
2



attempt for the investigation of specific factors that relate to the geometrical figure

apprehension, such as its structure and the specific cognitive processes that are involved.

It is documented that instructional frameworks drawn from research-based
knowledge of students’ thinking have a vital role in bridging the gap between learning and
teaching and, therefore, in the effectiveness of mathematical teaching programs (Fennema,
Carpenter, Franke, Levi, Jacobs, & Empson, 1996). Consequently, the gathering of
empirical data allows the comparison between groups of students in a critical transition
point such the transition from lower to upper secondary education. These data can
contribute as a valuable source of information regarding aspects of teaching in the two
educational levels, as well as the difficulties faced by students of different age groups.
Keeping in mind the problems that occur during the transition from one educational level
to another universally (Mullins & Irvin, 2000), this study also examines the invariance of
the structural relations between the various types of geometrical figure apprehension in
both lower and upper secondary education. Taking also into consideration the different
geometrical paradigms proposed by Houdement and Kuzniak (2003), this examination
turns to the identification of the geometrical paradigm in which students of each level work
and the examination of their transition from one type of paradigm to another. The
identification of students’ geometrical paradigm will be conducted through the
examination of their performance in the tasks of a test, their general performance in each
different type of apprehension as well as through the analysis of their consistency in the
resolution of the tasks. The identification of the students’ geometrical paradigm work may
function as an epistemological tool for teachers, in order to choose the proper teaching
practices and face their students’ difficulties (Kuzniak & Rauscher, 2011).

The Cognitive and Educational Problem

The way of looking at any figure constructed with specific tools is a crucial cognitive
factor in solving problems and in reasoning and proving in geometry. Figures are the blind
spot in mathematics education as much for theories as for teaching. There is an equivocal
use of the verb “to see” regarding figures in geometry, because there are two levels of
cognitive functioning or recognition, which are not distinguished. Therefore, a strong no
congruence often occurs between what is seen and what is named or stated in the utterance

of the problem (Duval, 2012). Consequently, a wide gap is created in this case, giving rise
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to recurrent and very often insuperable difficulties for most students at any level of the
curriculum. These difficulties are well known to teachers, but knowledge of the factors that

cause them is still fuzzy.

Teaching should be organized to make students aware of the ways of how to see
and think in a relevant way in elementary geometry. For this educational goal, research
should focus on the cognitive conditions that allow students to learn to seek and find out
any geometry problem by themselves any geometry problem (Duval, 2012). Based on the
above a number of questions are raised about the source of students’ difficulties and how

these difficulties can be overcome:

- Is the way of looking at figures the same in geometry as the one for any iconic or
diagrammatic representation outside geometry, or is it quite different?

- If the way of looking at figures in geometry is different from the way we look at

iconic or diagrammatic representations outside geometry, how can this way be analyzed?

- Should this way be analyzed mainly from the viewpoint of a conceptual
understanding of what is represented in the constructed figure for deducing new properties

by “reading” the figure?

- Related to the above supposition, what is the cognitive and heuristic interest of

visualization through figures in learning geometry?

- On the other hand, can the introduction of a figure in the context of concrete
problems help students overcome the gap between a very often deceptive perception of
figures and their required mathematical comprehension? Or would it reinforce the

students’ difficulties in all their later learning?

Therefore, there is obviously a need to identify the cognitive processes and the type
of apprehension that students mobilize during the resolution of geometrical tasks and
examine whether this selection leads to a proper way of “looking” at the geometrical
figure. There are many factors that can inhibit or favor discrimination of these visual
operations, which can be studied experimentally (Duval, 2006). Thus this study constitutes
an attempt to provide a more coherent idea about the factors that comprise or influence the

apprehension of the geometrical figure.

During the transition from lower secondary school to upper secondary school
negative effects on the emotional and cognitive domain are identified (National Research
Council, 2004; Mullins & Irvin, 2000). In Cyprus, despite the shift in the level of upper



secondary school, the Commission for Educational Reform (2005) notices a gap between
Grade 10 and Grade 11 in the high school curriculum. Thus, the examination of the
geometrical figure apprehension will be in respect of students’ transition from lower to

upper secondary school.

Aim of the Research and Theoretical Choices

The aim of this research is to analyze the way students in lower and upper secondary
education can look at a geometrical figure. For this investigation a device of geometrical

tasks is organized by referring to two theoretical frameworks.

The first one concerns the distinction between four kinds of figure apprehension
proposed by Duval (1995, 2005) within the register of geometrical visualization:
perceptual apprehension, sequential apprehension, operative apprehension and discursive
apprehension. The first type of apprehension corresponds to the spontaneous and common
shape recognition. The second type of apprehension corresponds to the construction of
figures with the use of particular tools. However, only the third and fourth types of
apprehension are relevant in looking at figures in the way that it is required from a
mathematical point of view. In fact, operative apprehension is a heuristic reconfiguration
of the recognized shapes into other shapes. Discursive apprehension is the verbal
recognition of what the recognized shapes actually represent in a mathematical way. It
depends on the given elements and on the knowledge of definitions and theorems. But,
whatever the expected degree of formulation in teaching is, it always involves a

dimensional deconstruction of the shapes recognized.

The second theoretical framework focuses on the evolution of the global objectives
in the teaching of geometry throughout the curriculum. Houdement and Kuzniak (2003)
have proposed the notion of Geometrical Paradigms in analyzing this evolution in the
institutional organization of teaching. Thus, they have distinguished three geometric
paradigms: Gl for an empirical and pragmatic introduction of geometry in the Primary
school, Gl for a Natural Axiomatic Geometry, and GllI for a Formal Axiomatic
Geometry. But what is taught in the lower secondary school is considered to be a “Mixed
Geometry” (GI and GII) (Kuzniak, 2011).



Since this investigation is conducted with lower and upper secondary school
students, the aim and scope of the research is to elicit significant observations in answering
the following question: “What kinds of figure apprehension are students able to mobilize
when they move from lower secondary school (where a Mixed Geometry is taught) to
upper secondary school (where a Natural Axiomatic Geometry is taught). In a Mixed
Geometry, figures can be used in an empirical way and neither operative apprehension nor
a true discursive apprehension is required, whereas in Gl the educational standards are

quite different.

Based on the above the main aim of the research is summarized in the following figure
(Figure 1).

GEOMETRICAL
FIGURE
APPREHENSION
J Inferences based on
given and the

knowledge of
theorems and
definitinos

=_: o Heuristic
3 Recognition and J Reconfiguration
Naming figures .
of figures

of figures

Construction .-“:

Mixed Geometry
(GL'GII)

Transition from
lower to upper secondary school

Natural Geometry and Natural
Axiomatic Geometry

Figure 1. The main aim of the research

Research Questions of the Research

In order to be able to address the main aim of the research students’ answers in the tasks
will be analyzed according to the following the research questions, which correspond to

four main axes of investigation of the study:



1) The cognitive structure of the geometrical figure apprehension in the lower and

the upper secondary school:

— What is the cognitive structure of the geometrical figure apprehension in the lower

and the upper secondary school?

- What are the similarities and differences between the lower and the upper

secondary school students regarding the structure of their geometrical figure apprehension?
2) The relationships between the four types of geometrical figures apprehension:

- What are the relationships between the perceptual, the operative, the discursive and

the sequential apprehension for the solution of geometric tasks?

- How do the lower and upper secondary school students behave during the solution
of geometrical tasks involving each type of geometrical figure apprehension?

- Is there a development from the perceptual apprehension either to the operative
apprehension or to the discursive apprehension, from one grade to the next one, and mainly

during the transition from lower to upper secondary school?

- Is the operative apprehension closely connected to the discursive apprehension or
they are independent of each other? In other words, are the abilities to solve problems by

visualization closely connected to the development of deductive reasoning?

3) The comparison between the lower and the upper secondary school students’
geometrical figure apprehension:

- How able are the lower and upper secondary school students to solve geometrical
problems corresponding to the perceptual, the operative, the discursive and the sequential

apprehension?

- What are the differences between the four groups of students (grade 9, grade 10,
grade 11a and grade 11b) concerning their performance in the geometrical figure

apprehension tasks?

- What are the predominant kinds of figure apprehension for each kind of
geometrical task and at each level of teaching?

— Do students mainly mobilize the same kind of figure apprehension for the solution

of geometric tasks at each level of teaching?



4) The lower and the upper secondary school students’ mistakes and ideas about

the geometrical figure apprehension:

— What are the lower and upper secondary school students’ mistakes in the
geometrical tasks corresponding to each type of apprehension and what is the reason that

causes them?

- Do students get a right answer mainly when the perceptive apprehension is
not mathematically deceptive and do they fail when an operative or discursive

apprehension is needed?

- What differences exist between the four groups of students (grade 9, grade

10, grade 11a and grade 11b) in regard to their answers in the tasks of the interview?

— Are most students in the lower secondary school still working in the

paradigm GI or in the Mixed Geometry (GI/GlII) according to the educational standards?

- Are most students in the upper secondary school working in paradigm GlI,

the Mixed Geometry (GI/GII) paradigm, or only in paradigm GI?

Significance and Originality of the Research

Despite the fact that many changes seem to appear between lower and upper secondary
school students’ knowledge, abilities and performance (Commission for Educational
Reform, 2005), research has paid limited attention to this subject. Specifically, a systematic
approach in order to investigate the kinds of figure apprehension that students mobilize in
the performance of geometric tasks during their transition from lower to upper secondary
school is not found. Also, the structural relation between the four types of geometrical
figure apprehension in these educational levels has not been empirically verified yet. Thus,
the significance and originality of this study lies on a theoretical, a methodological and a

practical perspective.

Concerning the theoretical perspective, the first innovation of this research
concerns the verification of a proposed model regarding the structure of the geometrical
figure apprehension, in relation to students’ transition from lower and upper secondary
school. Although the construction of mathematical knowledge and geometrical knowledge
in particular, is considered a major issue (Gray, Pinto, Pitta, & Tall, 1999), there is absence



of models that describe the construction of students’ geometrical knowledge and abilities,
such as those acquired through the process of teaching. The proposed model supports
empirically Duval’s (1995) cognitive analysis about the different apprehensions of a
geometrical figure. Also, the model provides information on whether students’ transition to
a higher grade or a next educational level is related to changes in the structure of the

proposed model.

The epistemological situation peculiar to mathematics, the cognitive paradox it
creates and the specific problems of understanding that its learning raises create the need to
widen the field of questions and observations about thinking processes. Mathematics
education requires new cognitive models, more complex than the ones generally accepted
(Duval, 2008). Furthermore, this research allows tracing students’ cognitive procedures
during the solution of geometric tasks and identifying the factors that influence the relevant
way of looking at a geometrical figure. In other words it examines whether the type of
apprehension students choose is relevant in achieving a correct solution in the geometrical
tasks, thus being able to identify factors that function as a source of success or factors that
cause difficulties. In addition, the focus on the specific age group of the students provides
data for comparing students’ geometrical abilities and for pointing out the changes in the
students’ cognitive processes related to their geometrical thinking during their transition to
a higher grade or educational level.

The significance concerning the practical perspective lies in the fact that the results
of the research may provide useful information to curriculum designers and teachers in
both lower and upper secondary education. The proposed framework about students’
geometrical figure apprehension provides useful knowledge for classroom instruction, as it
can be considered a step towards attaining curriculum continuity and a smoother transition
of students from lower to upper secondary school in mathematical learning. In this
research, besides students’ abilities regarding the construction, perception and visual
processing of the geometrical figure, proof tasks are used in order to examine the
differentiation of the theoretical deductive reasoning from others kinds of reasoning. In
addition, the elaborate model offers a framework of students’ thinking while resolving a
wide range of geometrical tasks in a systematic manner within and between the two
educational levels. Therefore, the proposed framework may be used as a tool in
mathematics instruction and for designing geometry tasks in both lower and upper
secondary school. The results appear to be useful from an assessment perspective, as well,

as they can provide teachers with specific information about students’ thinking in geometry
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based on prior knowledge and enable them to enhance this thinking by giving appropriate
support through the tasks focused on the competences and cognitive processes for the

geometrical figure apprehension.

Beyond an assessment of students’ performance in geometry over four different
Grades, an analysis of the students’ personal Geometrical Paradigm is conducted. But
mainly the importance of the specific cognitive functioning of visualization in geometry is
shown, which is not at all taken in account in the institutional Geometrical Paradigm Gl
and GlII. Most students cannot find out by themselves a way of looking at figures, which
runs against the spontaneous way which is relevant outside geometry. In fact, based on the
results of this research, the type of Geometry (Kuzniak, 2011) in which students work in
each grade is identified and the shift in the type of Geometry they are engaged in while the
transition from lower to upper secondary school and from one grade to a next one is
shown. The identification of the geometrical paradigm students work in appears to be
essential, because according to Kuzniak and Rauscher (2011) “when people share the same
paradigm, they can communicate very easily and in an unambiguous way. On the contrary,
when they stay in different paradigms, mistakes are frequent and can lead, in some cases,

to a total lack of comprehension”.

From the methodological perspective, this research provides a valid and reliable
measurement tool for lower and upper secondary school students’ geometrical figure
apprehension and the identification of students’ geometrical abilities. The construction of
the research instrument and its validation can function as a tool for teachers in examining
their students’ geometrical thinking and, thus, identify their learning needs. Furthermore,
in this research Duval’s (2012) way of analyzing mathematical activities is adopted. This
method of analysis comprises two different points of view: the mathematical and the
cognitive point of view. By this cognitive analysis of the tasks the different cognitive
procedures related to students’ solutions are revealed and phenomena in which there is an
inconsistency between what is expected from the design of the tasks and the way students
react are highlighted. The cognitive analysis of the tasks can function as a methodological
tool for teacher in order to identify and, thus, try to limit the inconsistency between the
way students are working and the way their teachers expect them to do so. It is not an
assessment perspective that is used, but the focus is on the cognitive perspective and the
main interest is in gaining an insight into students’ understanding and misunderstandings

though the analysis of their answers. The lack of awareness of students’ cognitive

10



capacities and processes can create misunderstandings between students and teachers in the

learning of geometry (Kuzniak & Rauscher, 2011).

To sum up, this study contributes to the field of mathematics education research
and especially in the field of Geometry, by the formulation of a theoretical background to
geometrical apprehension, by providing methodological tools for investigations and by
proposing some practical applications. A coherent picture of students’ geometrical figure
apprehension is provided, which is necessary for teaching approaches focusing at the
development of the geometrical understanding. In addition this examination determines
whether the students are able to see the geometrical figure in a relevant way and whether
this way develops or not at a different educational level. Therefore it is feasible to discuss
about the possible factors that influence this relevancy in the way students look at
geometrical figures and be able to suggest possible factors that can inhibit or strengthen
students’ ability to see in a relevant way in geometry. This knowledge contributes in
providing suggestions about ways to support students’ geometrical understanding in such a

critical transition phase of their schooling.

Limitations of the Research

There are some certain limitations concerning the design and conduct of the research,

mainly due to factors related to sampling and administration of the tests.

The first limitation is related to the fact that no randomness of the sampling
procedure was achieved. The reason is that the test was administered in classrooms where
teachers were willing to participate in this procedure. Thereafter, it was not possible for the
administration of the test to be performed by the researcher in all cases. Despite the fact
that no further instructions should be given to students during the performance of the tasks,
in the case when the researcher was absent this could not be assured. In addition, there is
no certainty that the proper amount of time was provided to the students during the
performance of test. These can be factors affecting the reliability of the test, because it
cannot be certain that the same conditions held in every classroom during the
administration of the test. However, the teachers that administered the test were provided

with all the necessary instructions.
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As it was difficult to convince teachers to provide their teaching time for the
administration of the tests, the content of the test had to be limited. Thus, another limitation
concerns the number of tasks that were included in the test, so that the time students would
need to complete the test would not exceed two teaching periods. In order to avoid any
possible effect of students’ tiredness during performance of the tasks, the test was divided
into two parts, which were administered to students in two different sessions. Therefore,
another limitation is that there were cases in which some students were absent in one of the

two sessions of the test, and, thus, there was an effect on the total number of respondents.

A further limitation regards the developmental examination of students’ geometrical figure
apprehension. For this research only one measurement was conducted and, thus, no
longitudinal measurements were performed to examine students’ development in their
geometrical figure apprehension and their geometrical reasoning. Thus, the description of

the results is limited to students’ abilities in their current grade.

Thesis Structure and Summary

This first chapter constitutes the introduction to the research, in which the problem is set,
the aim and research questions are formulated and the significance, originality and
limitations of the study are described.

The second chapter deals with the literature review which relates to the main issues
examined in this research. The theoretical framework presented in this chapter constitutes
the basis for the design of the research and comprises of the presentation of theoretical
frameworks that relate to the cognitive and instructional issues of geometrical thinking.
Furthermore, the relevant literature concerning students’ transition from one educational
level to the next one is also examined, laying emphasis on the transition from lower to

upper secondary school.

The third chapter presents the methodology of the research. First information is
provided about the participants in the research. Next the instrument used for the research is
described and also the way students’ answers were codified and scored is explained. In this
chapter information about the analysis of the data can also be found, regarding statistical

and qualitative analysis.
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The next chapter deals with the presentation of the results from the analysis of the
qualitative and quantitative data of the research in relation to the research questions that are
set. In particular, the results of the descriptive statistics of the tasks are described, the
results pertaining to the construct validity of the test and the verification of the proposed
model concerning the geometrical figure apprehension are presented, and the implicative

relations and the hierarchical similarity connections of the variables are explained.

In the fifth chapter the results are discussed with reference to the theoretical

framework that was used for this research and the results from other relevant studies.

The last chapter consists of the conclusions of this research study. Directions for
further future research are suggested and implications for the teaching of geometry are also
provided.

Operational Definitions

Geometrical figure

There are quite different definitions of geometrical figure. For Duval a geometrical figure
constitutes any non — discursive and non — iconic representation, which can be constructed
with geometrical tools (ruler, compass, software), in any way the properties that could be
represented. The properties represented on the figure depend on the discursive given. For
Mesquita (1996) a figure constitutes the external and iconical representation of a concept
or a situation in geometry. For Fischbein (1993) geometrical figures are simultaneously
concepts and spatial representations. Generality, abstractness, lack of material substance
and ideality reflect conceptual characteristics. A geometrical figure also possesses spatial
properties like shape, location and magnitude (Fischbein & Nachlieli, 1998). In this
symbiosis, it is the figural facet that is the source of invention, while the conceptual side

guarantees the logical consistency of the operations.
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Geometrical figure apprehension

Duval (1995, 2005) distinguishes four apprehensions for a geometrical figure: perceptual,
sequential, discursive and operative. Specifically, perceptual apprehension is the
recognition of 2D or 3D shapes at first glance and is associated with names (words).
Sequential apprehension is required whenever one must construct a figure or describe its
construction by using tools. The construction is not the same according to the primitives of
the used tools. Discursive apprehension is related to the fact that the organization of the
elementary figural units does not depend on perceptual laws and cues, but on technical
constraints and mathematical properties. Through operative apprehension we can get an
insight into a problem solution when looking at a figure, as it depends on various ways of
modifying a given figure. To function as a geometrical figure, a drawing must evoke

perceptual apprehension and at least one of the other three.

Visualization

Duval (1998) refers to visualization as one of three independent cognitive processes in
geometry. Visualization is the heuristic and dimensional deconstructive way of looking at a
figure. It involves a quick recognition of all the possible figural units (0D, 1D, 2D) and

their various configurations.

Geometrical Paradigm

According to Kuzniak (2008), the study of geometry is based on an approach asserting that
geometry has undergone significant changes of perspectives equivalent to paradigmatic
shifts. Thus three geometrical paradigms are deemed to organize the interplay between
intuition, deduction, and reasoning in relation to space. These paradigms reflect the breaks
observed between the various academic cycles in the teaching and learning of geometry. A
single viewpoint on geometry would miss the complexity of the geometric work, due to
different meanings that depend both on the development of mathematics and school

institutions. In practice, the field of geometry can be mapped out according to three
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paradigms, two of which — Geometry | and Il — play an important role in today’s secondary
education (Kuzniak & Vivier, 2009). Geometry I confirms its validation in the material and
tangible world; Geometry Il is built on a model that approaches reality without being fused
with it (Kuzniak & Rauscher, 2011). Furthermore, the transition towards Geometry Il
based on Geometry | allows the supposition that a Mixed Geometry (GI/GI1) is possible
(Kuzniak & Rauscher, 2011).

Geometrical Work Space

The Geometrical Work Space (GWS) is the place organized to ensure geometrical work
(Kuzniak, 2009). For its definition two planes are introduced. First, there is the
components plane that networks three characteristic components (Kuzniak, 2006): the real
and local space, the artifacts and a theoretical system of references. To ensure that these
components are well used, we need to focus on some cognitive processes involved in
geometrical activity (Kuzniak & Vivier, 2009). In adapting Duval (1995), three processes

are identified: a visualization process, a construction process and a discursive process.
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CHAPTER II

LITERATURE REVIEW

Introduction

In geometry it is necessary to combine the use of at least two representation systems: one
for verbal expression of properties or for numerical expression of magnitude and the other
for visualization. Thus, geometry is a kind of knowledge area that requires the cognitive
joining of two representation registers: on the one hand, the visualization of shapes in order
to represent the space and, on the other hand, the language for stating some properties and
for deducing from them many others (Duval, 2005).

Geometry is also an important part of the mathematics curriculum. However,
students do not display strong conceptual knowledge of this subject (Mistretta, 2000).
Geometry may be exciting for mathematicians and for anyone who likes mathematics, but
what about the other students who must learn mathematics in their curriculum? Teaching
geometry is more complex and often less successful than teaching numerical operations or
elementary algebra (Duval, 1998). Carroll (1998) found that junior high and senior high
school students often lacked experience in reasoning about geometric ideas. He also argued
that middle school students were capable of developing good reasoning about geometric
situations when they had substantial exposure to geometry throughout elementary school.
Therefore, why teach geometry to all pupils? This question begs another one: How should
geometry be taught? In order to put forward some ideas on this basic issue we must take
into account the underlying cognitive complexity of geometrical activity (Duval, 1998).

Over the years the issue of the development of the geometrical knowledge has
caught the attention of many researchers from the field of mathematics education and the
field of cognitive psychology as well. There are a lot of researches and proposed
theoretical models about geometry learning, most of them taking into account geometrical
figures and the way of using them, but the figure is not the main target of their inquiry.
There are authors that are interesting not only in the geometrical figure, but mainly in
figures in relation to proving, space etc. (i.e. Bishop, 1983; Parzysz, 1991) and different
models that take into account the specific problem of figures and visualization (i.e.
Mesquita, 1996; Kurina, 2003).
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On the contrary, there are few approaches which can be regarded as focusing
explicitly and more specifically on figures and visualization (e.g. van Hiele, 1986; Duval,
1988; Fischbein, 1993; Houdement & Kuzniak, 2003). Thus in this chapter the main points
of the van Hiele model of thinking in geometry and Fischbein’s theory of figural concepts
is presented. The main emphasis is laid on Duval’s cognitive model of geometrical figure
apprehension and the notions of Geometrical Paradigms and Geometric Work Space
suggested by Houdement and Kuzniak (2003), as they constitute the main issues of
investigation in this research. Duval focuses on geometrical figures and discriminates
different ways of looking at figures. The framework of Houdement and Kuzniak (2003)
specifies the nature of geometrical objects, the use of different techniques and the
validation mode accepted in each of the three paradigms.

Actually, the first sub-chapter consists of the presentation of important theoretical
frameworks, focusing more specifically on the issue of geometrical figures. These
frameworks are distinguished into synthetic and global, and those presenting several
cognitive variables. The presentation of the approaches in each category is done according
to their historical order. Within the category of synthetic and global approaches the
different levels of the van Hiele’s model of thinking in geometry are firstly described,
followed by a summary of Fischbein’s theory of figural concepts. The remaining part of
this sub-chapter is devoted to Duval’s cognitive analysis of geometrical figure
apprehension and the notions of Geometrical Paradigms and Geometric Work Space.
Actually, the characteristics and the way each of the four different types of geometrical

figure apprehension functions is explained.

Subsequently, there is a presentation of some research efforts recently developed in
Cyprus, concerning the examination of the geometrical figure apprehension. These
researches were based on Duval’s approach and tried to examine the dimensions
comprising the geometrical figure and compare the reaction of students of different age
groups to tasks corresponding to different types of apprehension of geometrical figures.

This chapter ends with a literature review of the transition of students between
different educational levels, referring to the different impacts on the students’ cognitive
and affective domains. The main emphasis is laid on students’ transition from lower to

upper secondary education, as it is one of the dimensions that are examined in this study.
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The geometrical figure

There is a contrast between physical representations of objects with their corresponding
mental images. For example there are differences between a drawing on a paper or a screen
and the mental images regarding this drawing. A more important contrast is noticed in
geometry, concerning the difference between a drawing of a physical object (a house
outlined by a square and a triangle for roof) and a drawing of a geometrical figure (square,
triangle) (Duval, 1995):

- A classical definition of the term representation is that a representation is

something that stands for something else.

- A figure can be considered as a representation, but the opposite cannot stand,
because not every representation can be considered s a figure. A figure emerges through

the presence of traces of spots governed by Gestalt laws and perceptual cues.

- An image can be defined as the presentation of something through a physical of
physic reproduction relation. The retinal image results from stimuli and the perceived

figure results from their organization.
- The term picture is used for indicating any figure or image.

Parzysz (1991) referred to figures as instruments of both monstration and

demonstration. He mentions some purposes which can be fulfilled by them:

- they illustrate definitions (e.g., for parallelogram, pyramid) or theorems (e.g.,
Pythagorean). This is due to the nature of geometry, whose objects are obviously linked

with material realizations (drawings or models which can be drawn).

— they sum up a complex set of information: the figure, drawn in order to solve a
geometrical problem, allows a simultaneous glance at most of the data presented in the

wording.

- they help in conjecture: the figure also makes it possible to suggest potential
relations between its elements, which will have to be demonstrated afterwards (e.g. in the

drawing, this triangle seems to be isosceles: is it true?)

— they help with proof: the role of drawings in proofs is essentially of a negative
nature, i.e. it provides counter-examples to conjectures (this triangle, which was thought to
be isosceles, is certainly not so, for in another instance it is obviously not the case).
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In fact, a figure constitutes the external and iconical representation of a concept or a
situation in geometry. It belongs to a specific semiotic system, which is linked to the
perceptual visual system, following internal organization laws (Mesquita, 1996). As a
representation, it becomes more economically perceptible compared to the corresponding
verbal one because in a figure various relations of an object with other objects are depicted
(Lemonidis, 1997). However, the simultaneous mobilization of multiple relationships
makes the distinction between what is given and what is required difficult. At the same
time, the visual reinforcement of intuition can be so strong that it may narrow the concept

image (Mesquita, 1998).

In a geometrical figure internal constraints of organization can be found, which
does not exist in a drawing or a physical object, despite the fact that the appearance of the
two representations can be common. These internal constraints can be discovered by a
construction task of a geometrical figure. Furthermore, a geometrical figure must provide
help for the solution of problems and for finding the key idea for a proof. For these reasons
the way of looking at a drawing, or even a physical object, is different and thus
distinguished from the way we look at a geometrical figure. This difference is maintained

whether the representation is on paper or is mental (Duval, 1995).

So, we see that the geometrical figures are creations of notion of the human mind
which was inspired by the real objects to create them, but they don’t have the same
characteristics with them (Lemonidis, 1997). Many researches (Parzyzs, 1988; Duval
1988; Fischbein 1993; Laborde, 1994) point out and separate these different functions of
the geometrical figure. Fischbein (1993) talking about this subject introduces the term
“figural concepts” since these entities are simultaneously concepts and spatial
representations. Generality, abstractness, lack of material substance and ideality reflect
conceptual characteristics. But a geometrical figure also possesses spatial properties like
shape, location and magnitude. In this symbiosis, it is the figural facet that is the source of
invention, while the conceptual side guarantees the logical consistency of the operations
(Fischbein & Nachlieli, 1998). Therefore, the double status of external representation in
geometry often causes difficulties to students when dealing with geometrical problems due
to the interactions between concepts and images in geometrical reasoning (Mesquita,
1998).

The geometrical figures are visual representations that are coded with letters or
marks indicating given properties. But letters and marks refer to a statement. Also, we

always have, be it explicitly or implicitly, a dual representation. In any dual representation,
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letters and marks anchor the reference points of the statement in the visual representation,
but they belong to the statement and not to the visual representation. The visual
representation works in a way completely independent of what the given encoded imposes,

because for the same statement we have several possible visual variations (Duval, 2008).

AVAVS

P e N A N e

Figure 2. Visual variations of a geometrical figure

In the three figures above (Figure 3), if () is given as the starting dual
representation then (11) must be recognized as a subfigure of (I) for solving the problem,
and (I1) (111 can be also be given as starting figures within a dual representation.
Analyzing any geometric figure requires that we analyze the visual variations in which it
appears as a transitory foreground amongst many others. It is the requirement whose
complexity is seriously misunderstood, because without this discrimination, any figure,
even the most simple, becomes misleading or opaque. This complexity is due to the
possibility of quite different ways to split up the content of a geometric figure into figural
units. For distinguishing them we have to take into account the number of dimensions.
Thus, we get these two basic ways of splitting up (Duval, 2008). This discrimination goes
against the immediate perceptive organization. It is through this double possibility of
splitting up that geometric figures constitute a particular kind of semiotic representations

with a powerful potentiality for visual treatment:

1) The figural units have a number of dimensions equal to that of the starting figure: 2D/
2D in the framework of plane geometry. In this case, the figural units correspond to the
shapes, which are closed outlines. For example, in Figure 3 above, we can discriminate
in (1) two figural units (the two parallelograms (I1) or three triangles). This is the

spontaneous perceptive interpretation.

2) The figural units have a number of dimensions less than the one of the starting figure:

2D /1D (or OD). In this case, the figural units are straight lines free of any closed
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outlines. For example, in Figure 3, we can discriminate in (I) six figural units which are

the straight lines making up the network (111) underlying (1) and (1) (Duval, 2008).

Models focusing more specifically on the issue of geometrical figures

As geometry aims to encompass the understanding of diverse visual phenomena, it is
important to clarify what is meant by visualization and geometrical reasoning, which are
necessary in solving mathematical problems involving visual phenomena, and how such
reasoning develops (Jones, 1998). What follows is an overview of different theoretical
models which have been put forward as useful frameworks in describing and

understanding the development of geometrical thinking.

The synthetic and global approaches

The van Hiele model of thinking in geometry

Van Hiele developed his model for the first time in his thesis in 1959. He proposed a
model of a sequential and hierarchical progression of geometrical thinking, partly inspired
by the Piagetian model of cognitive development. But the progress from one level to the
next level is more dependent on educational experiences than on age or maturation. In fact

the van Hiele (1986) model suggests five levels:

Level 1 (Visualization): Students recognize figures by appearance alone, often by
comparing them to a known prototype. The properties of a figure are not perceived. At this

level, students make decisions based on perception, not reasoning.

Level 2 (Analysis): Students see figures as collections of properties. They can
recognize and name properties of geometric figures, but they do not see relationships
between these properties. When describing an object, a student operating at this level
might list all the properties the student knows, but not discern which properties are
necessary and which are sufficient to describe the object.

Level 3 (Abstraction): Students perceive relationships between properties and
between figures. At this level, students can create meaningful definitions and offer

informal arguments to justify their reasoning. Logical implications and class inclusions,

21



such as squares being a type of rectangle, are understood. The role and significance of

formal deduction, however, is not understood.

Level 4 (Deduction): Students can construct proofs, understand the role of axioms
and definitions, and know the meaning of necessary and sufficient conditions. At this level,
students should be able to construct proofs such as those typically found in a high school

geometry class.

Level 5 (Rigor): Students at this level understand the formal aspects of deduction,
such as establishing and comparing mathematical systems. Students at this level can
understand the use of indirect proof and proof by contrapositive, and can understand non-

Euclidean systems.

In fact the first three levels are obviously about visualization and the distinction
between figures. In this model the crucial point of articulation between figures and
reasoning is located at the third level. Clements and Battista (1992) completed this
approach of visualization by proposing the existence of Level 0, which they call pre-
recognition. Students at this level notice only a subset of the visual characteristics of a
shape, resulting in an inability to distinguish between figures. For example, they may
distinguish between triangles and quadrilaterals, but may not be able to distinguish

between a rhombus and a parallelogram.

In this model, a student cannot achieve one level of understanding without having
mastered all the previous levels. However a common situation that occurs is that the
teacher is thinking at a different van Hiele level than the students. In fact there are cases in
which high school geometry teachers think at the fourth or fifth van Hiele level (Mason,
1998). Therefore, teachers need to remember that, although teacher and student may both
use the same word, they may interpret it quite differently. Thus, the teacher should

evaluate how the student is interpreting a topic in order to communicate effectively.

However, different critics were found for this model. While research is generally
supportive of the van Hiele levels as useful in describing students’ geometric concept
development, Clements (2001) comments that it remains uncertain how well the theory
reflects children’s mental representations of geometric concepts, as various problems have
been identified with the specification of the levels. For example, the labeling of the lowest
level as ‘visual’ 1s used when visualization is demanded at all levels, and the fact that
learners appear to show signs of thinking from more than one level in the same or different

tasks, in different contexts. In fact what is striking is that the distinction into three levels of
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visualization is mainly made according to the absence or presence of reasoning and its role.
Also, criticizing this model, Jones (2000) argues that the usefulness of this model in
respect to other approaches to plane geometry (such as via vectors or transformations) and
to other geometries (such as spherical geometry) is not clear. As a consequence of these
various factors, the van Hiele model appears to be of only limited use in determining the
geometry curriculum and how this should be sequenced for teaching. Despite these
criticisms, what is striking is the fact that visualization is not characterized in itself, but is

characterized according to the absence or the first emergence of reasoning.

The theory of figural concepts

Fischbein first developed the idea of concept and figure as a cognitive rule in 1963, but he
really applied this idea for characterizing geometrical figures in 1993 in his paper “The
theory of figural concepts”, published in the journal Educational Studies in Mathematics.
In fact he attempted to interpret geometrical figures as mental entities which possess
simultaneously conceptual and figural properties. He observed that while a geometrical
figure can be described as having intrinsically conceptual properties (in that it is controlled
by a theory), it is not solely a concept, but it is an image too. As he says, “it possesses a
property which usual concepts do not possess, namely it includes the mental representation

of space property”.

Although there is usually an interaction between images and concepts in mental
activity, they seem to be basically incompatible. This is because a concept does not possess
spatial properties, as it is ideal and abstract. On the other hand, an image is not reducible to
an idea because of its sensorial properties. Nevertheless, a third category of mental
representations can be identified, which possess simultaneously both categories of
properties: the geometrical figures. So, Fischbein argues that all geometrical figures
represent mental constructs which possess, simultaneously, conceptual and figural
properties and that geometrical reasoning is characterized by the interaction between the

figural and the conceptual aspect.

A geometrical figure is an abstract, ideal entity, a general representation of a
category of objects. A point, a line, a plane, a circle, a square, a cube, etc. have no material
consistency, no weight, color, density, etc. They are abstract, ideal entities. Points, lines,
planes, circles, cubes etc. (in the geometrical, mathematical sense) possess these properties

and, consequently, they are concepts. But they are not pure concepts as they possess, in
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addition to their conceptual properties, also spatial properties (Fischbein & Nachlieli,
1998).

Therefore, he introduces the term “figural concepts” since these entities are
simultaneously concepts and spatial representations. This term was used for emphasizing
the fact that we deal with a particular type of mental entities which are not reducible,
neither to usual images nor to genuine concepts. The properties of figures are completely
fixed by definitions in the frame of a certain axiomatic system. Although a figural concept
consists of a unitary entity (a concept expressed figurally), it potentially remains under the
double and sometimes contradictory influence of the two systems to which it may be
related - the conceptual and the figural one. Generality, abstraction, lack of material
substance and ideality reflect conceptual characteristics. But a geometrical figure also
possesses spatial properties like shape, location and magnitude. In this symbiosis, it is the
figural facet that is the source of invention, while the conceptual side guarantees the logical

consistency of the operations (Fischbein & Nachlieli, 1998).

Mariotti (1995), in discussing Fischbein’s notion of figural concept, stresses the
dialectic relationship between a geometrical figure and a geometrical concept. She argues
that geometry is a field in which it is necessary for images and concepts to interact, but
from the student’s perspective, there can be tension between the two. In fact, this notion of
figural concept works well with people who are very familiar with geometry, but this is not
the case with young learners. For most students there is a big gap between the perception
of the figure and the concept. Therefore, the first challenge of teaching is how to make

students realize this connection.

Approaches based on discriminating several cognitive variables

The geometrical figure apprehension

Duval tried to analyze the different possible ways of seeing a figure in geometry firstly in
1988. In order to analyze the heuristic role of geometrical figures, he suggested that a
figure must be considered to be a cognitive “apprehension”. The word “apprehension” was
chosen to highlight the fact that there are several ways of looking at a figure. So he first
distinguished four apprehensions of a geometrical figure: the perceptual apprehension, the

operative apprehension, the discursive apprehension and the sequential apprehension. The
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first one constitutes the spontaneous way of looking at a figure for students and very often
it runs against the mathematical way of looking at figures. Only the operative and the
discursive ways are the ones required in mathematics, because the operative way is the
heuristic use of figures in solving problems, whereas the discursive way corresponds to the
way of looking at figures according to the given properties in order to deduce new
properties. For the functioning of a drawing as a geometrical figure, perceptual
apprehension and at least a second type of apprehension must be evoked. Each of these
four types’ is related to specific laws of organization and processing of the visual stimulus

array (Duval, 1995). Next, each type of apprehension is presented in a more detailed way.

1) The perceptual apprehension

A figure is an organization of elements, which, according to the number of its dimensions,
can be points, lines or planes. The points and the lines are respectively characterized by
their discrete or continuous character. The areas are characterized by their form that is by
their contour: a close line or a sequence of points is sufficient to detach an area of a
homogenous field. The perceptual organization of a figure follows the law of closure or
continuity: when different lines form a simple and closed contour, they are shown as a
figure in the background (Duval, 1988). Thus, the three figures below are recognized at a

glance as:

2 X

1. The superposition of 2. Anassemblage of 3. The division of a
two forms, a square two forms that are form, a rectangle
and a rectangle touched into two parts

People recognize something (a shape, a representation of an object, etc) in a plane
or in depth at first glance. Figural organization laws and pictorial cues determine what the
perceived figure shows (Duval, 1994). The perception of the figure results from an
unconscious integration and thus the perceived figure can differ from the retinal image.
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The retinal image can change, while the perceived properties of the figure (its shape, its
size, its brightness, etc) remain the same. This is what is called perceptual constancies.
People are also able to name what they recognize (it is a ... point, line, triangle, circle...),
but to discriminate and recognize in the perceived figure several sub — figures as well.
These sub — figures are like possible components that do not necessarily depend on the
construction of the figure, because a geometrical figure can involve more figural units or

more sub — figures than those used during its construction (Duval, 1995).

Any designed figure in the context of a geometrical activity is the subject of two
often opposite attitudes: the one is immediate and automatic — the perceptual apprehension
of forms, and the other is controlled and relevant to learning — the discursive interpretation
of figural elements. The lag between the discursive interpretation of a figure, required in a
geometric situation, and the perceptual apprehension, finds partly its origins in the laws of
perceptual organization. These two attitudes are often found in opposition because a figure
shows the objects that stand independently from all the expressions and that objects named
by the expression of hypotheses are not necessarily those that appear spontaneously. In
addition, the distinction between the hypotheses and those that can be deduced has no
meaning when they are kept within the perceptual apprehension of the figure. The problem
with the geometrical figures is entirely within this lag between the perceptual apprehension
and the necessary interpretation controlled by the hypotheses (Duval, 1988).

The autonomous perceptual structure of the geometrical figure can be shown by the

following example:

Figure I was proposed to 14 — 15 years old students in France with the expressions
below: (Duval, 1988): “AC and A'C’, AB and A'B’, BC and B'C" are parallel lines. Show
that A is the middle point of B’C"”. Just before this question the same problem was given
with Figure 11.

B = D 3
i \ ; \ / \
[} A : o A "
Figure | Figure Il Figure 111
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Actually, figure | appears as a triangle inscribed in another triangle or like a small
triangle posed on a bigger triangle. Figure Il is like two overlapping parallelograms and
figure 111 looks like a superposition of lines or a network of parallel lines. The perceptual
apprehension of figure 11 gives the objects which are referred to in the utterance of the task.
On the contrary, figure 111 is semantically the most congruent figure in relation to the
verbal part of the task, in which parallel lines are mentioned. The passage from the
representation that is semantically congruent has led to a very sharp fall in students’ rates
of achievement. More than half of the students who had solved the problem in its
semantically congruent version did not recognize the problem when presented just after a

version semantically non congruent (Duval, 1988).

This example shows that a geometrical figure keeps an autonomous perceptual
structuring. The objects that appear can be different from the type of objects that the
geometrical situation requires to be seen. A large majority of students remain in the
perceptual apprehension. These are those who do not suspect that a figure must be seen
through properties or conditions formulated as hypotheses. This is evident during their
attitude before solving a problem: they read the verbal part of the problem, they construct
the figure and then they focus on the figure without returning to the verbal description.
This omission of the verbal part of the problem shows the absence of what is called the
discursive interpretation of figures. It is for this reason that the problems that are accessible
to students are those in which the verbal part of the problem is semantically congruent with
the constructed figure (Duval, 1988).

2) The sequential apprehension

Sequential apprehension is required in the case when a construction of a figure or the
description of its construction is needed. The different figural units that emerge by the
construction of the figure occur following a specific order. The organization of the
elementary figural units does not depend on pictorial cues and laws but on technical
constraints and on mathematical properties. These technical constraints depend on the tools
that are used for the construction of figures, which can be a ruler and compass or available
primitives in geometrical software. On the other hand, a figure created by freehand
drawing does not have any instrumental constraints (Duval, 1995).

The importance of the choice of instruments in activities of reproduction is too

often unknown. Indeed, the so-called tasks of reproduction can be radically different (from
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a cognitive and a geometrical point of view as well) depending on the type of instrument
that is given to reproduce a figure. There are different examples that show that it is not as
much the task of reproduction that is important as the type of instrument chosen for this
reproduction. The variety of instruments that can be used in teaching lead to posing four

very important questions (Duval & Godin, 2005):

1) Which instruments to use and in what order to use them during the organization
of the sequence of activities?

2) Must the construction of a type of figure be associated with the use of a specific
instrument or, on the contrary, should it be possible to construct a figure with completely

different instruments?

3) To make deferrals in length, should we use tools that permit physical

measurements?

4) Since the instruments lead to the visual isolation of either 2D shapes or 1D
shapes, how can a choice of instruments pass students from a perceptual 2D vision ina 1D
vision which is required for identifying geometric properties?

The instruments that we take to reproduce a given figure control the way we look at
a figure. We see immediately that certain instruments (templates, stencils) retain the 2D
perceptual priority, while others may only be used if one is able to replace this perception,
the visualization of a network of 1D shapes (ruler, compass) (Duval & Godin, 2005).

However, technical constraints can provide feedback, due to the fact that the
intended figure cannot be realized while the relationships between mathematical properties
and technical constraints are not respected. Therefore, the geometrical figure can function
as a model on which actions on representative and observed results are related to
operations on the mathematically represented object (Duval, 1995). A sequence of
activities of reproduction, organized according to a variation of instruments, can lead
students to gradually change their look. But for such activities the figures for reproduction
must meet four criteria (Duval & Godin, 2005):

1)  The proposed figures should be compositions of forms, not just a "common
figures”, that is to say, the typical form of a geometrically remarkable polygon (triangle,
square, rectangle ...). These compositions of forms can be created by juxtaposition or

superposition.
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2) These compositions must respect alignments because alignments compliance is
important to encourage the activity that is essential for learning to pass from the prevailing
recognition of surfaces to the recognition of lines in the analysis of the figures. So students
can move gradually from an analysis of figures with a composition of surfaces to an
analysis of a composition of lines. Such compositions may also be determined by metric

relations.

3) The choice of a figure, that is to say a composition that can be analyzed as
a composition of surfaces or as a composition of lines, cannot be separated from the type
of the instrument associated with the activity proposed to students (reproduction,

restoration, etc).

4) The possibility of control of the equity of two figures by superposition of two

figures is important for giving meaning to any activities of reproduction.

Sometimes retours happen through other figures that don’t belong to the intended
figure. In such cases the sequential apprehension may cause a rupture with perceptual
apprehension intentions (Duval, 1995). Thus, we come to wonder about what determines

the kinds of figures we should choose. There are two criteria (Duval & Godin, 2005):

1) The figures used should be seen as a composition of forms by juxtaposition and

as a composition by superposition.

2) The chosen figures should be made to extend lines or building new lines to

make the reproduction.

There is also the chance of reducing the apprehension of the possibilities given by
the technical constraints. The scan of possibilities for software can be broad or narrow

according to design and intentions (Duval, 1995).

3) The heuristic exploration of a figure: the operative apprehension

The semantic congruence opens or closes the entrance in problems. To elucidate this very
essential aspect we must take into consideration not the perceptual apprehension of the
figures, but their operative apprehension (Duval, 1988). This type of apprehension is less
familiar than the previous ones. However, it is the type of apprehension through which we

can get an insight into a solution of a problem when looking at a figure (Duval, 1994).
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The operative apprehension of a given figure must be distinguished from its other
three apprehensions, as there is a special difficulty for this type of apprehension. The
difficulty relates to the fact that for a given figure various figural modifications are
possible, as well as many operations to bring them out (Duval, 1995). In operative
apprehension the given figure becomes a starting point in order to investigate others
configurations that can be obtained by one of these visual operations. In this respect,
operative apprehension can develop several strings of figures from a given figure.
According to the stated problem, one string shows an insight into the solution. Also, the
ability to think of drawing some units more on the given figure is one of the outward signs

of operative apprehension (Duval, 1999).

Operative apprehension is an apprehension that focuses on the possible
modifications on a starting figure and, therefore, on the perceptual reorganizations that that
these modifications create. For each type of modification there are many operations. The
heuristic productivity of a figure in a geometrical problem is due to the fact that there is
congruence between one of these operations and the possible mathematical treatments of
the posed problem. If we can always associate a figure with a described geometrical
situation, the figure does not necessarily have a heuristic function in every situation. This is

due to two very different reasons (Duval, 1988):

1) The first one concerns the non-congruence between the mathematical treatment
and the operative apprehension. Almost all problems involving the homothetic properties
present such difficulties. The obstacles that students face during the utilization of the
transformations in plane geometry relate also to the non-congruence between the

mathematical treatment of the problem and the operative apprehension of a figure.

2) The second reason concerns the case in which there is congruence between the
operative apprehension and the mathematical treatment of the problem. If we want to
initiate the large majority of students to geometry, this type of problem and the set of
factors influencing visibility must particularly regain attention.

Operative apprehension depends on the various ways of modifying a given figure
(Duval, 1988, 1995). All figures can be modified in many ways (Table 1), but the most
natural way is what is called the mereologic modification. This type of modification is the
most often required in the problems given in primary and lower secondary school. With
this modification the whole given figure can be divided into parts of various shapes (bands,

squares, rectangles and any other form) and these parts can be combined in another whole
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figure or new subfigures can appear (Duval, 1988, 1995). In this way, the shapes that
appeared at the first glance are changed: a parallelogram is changed into a rectangle, or a
parallelogram can appear by combining triangles.

The most typical operation is called “reconfiguration” (Duval, 1999). An example
of this operation is presented in figure 5. In this example the apprehension of this
transformation within the only starting figure can be inhibited by the visual difficulty of
double use of one sub-figure.

LN LN L

Figure3. Figural processing by reconfiguration (Duval, 1999)

The operations of an intermediate reconfiguration intervene in the first geometrical
problems that can be proposed to students, whose solution does not depend on the
knowledge and the use of an explicit corpus of definitions and theorems. The operation of
intermediate reconfiguration constitutes the heuristic productivity of figures. Thus, we
could regroup all the problems in which this operation is congruent with a mathematical
treatment possible in a class of problems accessible to students because they do not
require, in an explicit way, the implementation of any definition or theorem. However,
intermediate reconfiguration is not the only operation of the operative apprehension that is
related to mereologic modifications. There is also extension, which is based on an inverse
mereologic modification rather than the one implied in the intermediate reconfiguration:
for example a triangle can become a part of a parallelogram. The figure is divided and
unfolded in the plane (Duval, 1988).

In a given figure the operation of intermediate configuration can be performed in
many ways. There are different factors influencing the discernment of the appropriate
application of this operation, but particularly four factors are distinguished (Duval, 1988):

1) The fact that the division of the figure in basic parts is given from the start or

otherwise must be found.

2) The relevant regrouping of elementary parts form a sub-figure that is convex or
not. A non -convex sub-figure is more difficult to be detached from a figure than a convex

one, because the perceptual law of a unit of a contour is no longer respected.
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3) The relevant regrouping may require the substitution of the basic auxiliary parts

to those parts referred to in the utterance of the problem.

4) The fact that the same elementary parts can simultaneously belong to two

intermediate regroupings to compare. This is what is called the doubling of the objects

(Duval, 1983), which was observed to constitute a real obstacle for certain students. The

students were not able to see and understand that the same object can be at the same time

within two regroupings posed as different that were sought for comparison.

Table 1

The Complexity of the Operative Apprehension of Figures

Type of configural

modification

Operations constituting the

heuristic production

Factors influencing the

visibility

Mereologic modifications

Optic modifications

Place modifications

Intermediate reconfiguration
Extension

Superposability
Anamorphosis

Rotation

Translation

Convex or non convex
character of the basic parts
Partial recovery
Orientation

Stability of the surface of
the perceptual field for the

support of figures

The operative apprehension of a given figure is different both from perceptual and

discursive operation:

1) Operative apprehension is different from perceptual apprehension because

perception fixes at first glance the vision of some shapes and this evidence makes them

steady (Duval, 1999). The operative apprehension of figures is of a different nature as it is

not limited to a perceptive manipulation of forms. Certain observations have shown that

the students that search for a long time without seeing something implement the same

procedures with the ones applied from the students who have immediately seen. It is,

therefore, important not to confuse, during the cognitive analysis of geometrical problems

the heuristic productivity of a figure and the visibility of the operations related to this

productivity. The heuristic productivity depends on the congruence between an operation

and the possible mathematical treatment (Duval, 1988).
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2) The heuristic character of figures depends on operative apprehension. But not all
figures are congruent with the geometric situations that they are supposed to represent. The
discursive apprehension is inseparable from a double reference at a semantic network of
mathematic objects and an axiomatic network. The analysis of these two forms of
apprehension opens the perspectives not only for the classification of geometric problems,

but also for a different approach for geometric activities for students (Duval, 1988).

4) Discursive apprehension

By examining the congruence between the figure and the utterance of the problem on the
one hand, and between the figure and the mathematical treatments on the other hand, the
problem of the status of the geometrical figures is ignored. Indeed, the only acceptable and
relevant properties of a geometrical figure depend, each time, on what is denoted as
hypothesis (Duval, 1988). A figure is seen in relation to denomination or a hypothesis that
make certain properties explicit. Perceptual apprehension cannot determine the
mathematical properties represented in a drawing (Duval, 1995). Some mathematical
properties must be given through speech (denomination and hypothesis) and others can be
derived from the given properties. Therefore, it cannot be said that a mathematical property
“is seen” in a figure. The discursive apprehension of a figure corresponds to the
explicitness of other mathematical properties of a figure besides those that are indicated
from the stated hypothesis. This explicitness is of a deductive nature. The epistemological

function of discursive apprehension is demonstration (Duval, 1994).

The absence of denomination and hypothesis in a drawing makes it an ambiguous
representation and, thus, the properties that are seen are not the same for everyone (Duval,
1995). What the perceived figure shows is what is seen without any conscious analysis.
Shapes or objects are recognized with the derivation of any meanings to occur through
perception. What the perceived figure represents is determined by speech acts (through
denomination, definition, primitive commands in a menu). In the case when the properties
on a drawing are seen without the determination of speech, the following situation can
occur in a classroom: Some students discuss two lines and claim that “these two lines are
almost parallel” (Duval, 1994). This seems to be a good description of a drawing and,
therefore, the claims for and against parallelism appear to be equally valid. In fact the issue
was based on students’ reasoning, resulting from the first speech determination of some

traces in the drawing. Thus, in any geometrical situation the perceptual recognition of
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properties must remain under the control of statements. What the figure can represent
depends on the deductive dependence between statements. For this reason it is possible to
have a gap between what the figure shows and what it represents (Duval, 1995).

This implies a subordination of perceptual apprehension to discursive apprehension
and, consequently, the restriction of perceptual apprehension: a geometrical figure does not
show, at first, from its form and lines, but from those that are said (Duval, 1988).
Discursive apprehension can change without any corresponding changes to perceptual
apprehension, since for the same drawing what need to be modified are the first
determinations of speech or of the given hypotheses (Duval, 1995). The same figure, from
the perceptual point of view, can be a different geometrical figure if we modify the
statement of the stated hypothesis (Duval, 1988).

This subordination of perceptual apprehension to discursive apprehension can be
regarded as theorizing the figural representation: the geometrical figure becomes a
fragment of theoretical discourse. The comprehension of such theorizing of geometrical
figures, in which the perceptual apprehension must be subjected to the discursive
apprehension, constitutes one of the access thresholds for demonstration. It is well known
that students find it useless, and sometimes absurd, to demonstrate a property that is seen
from the figure (Duval, 1988).

The discursive apprehension also differentiates radically the tasks of demonstration
and the tasks of construction. And this discursive apprehension has a different nature from
the description of a construction procedure. In a construction task the figure is in a certain
way independent from all the statements. Perceptual apprehension can function as a control
register for judging whether the execution of the task is acceptable or not. The same figure
can illustrate different geometrical situations, meaning situations in which the hypotheses

are not the same (Duval, 1988).

5) The geometrical figure apprehension and the cognitive analysis of mathematical activity

After the description of each type of apprehension, some additional remarks can be made
about the relation between them. First of all, the sequential apprehension is explicitly
solicited in tasks of construction or in tasks of description for the reproduction of a given
figure. However, using figures in geometry creates a fusion of these different

apprehensions, so they come to be treated as one (Duval, 1995).
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The perceptual, the operative and the discursive apprehension are not always
clearly distinguished. However, the resolution of problems very often requires their
interactions and the realization of the distinction between these three types of apprehension
of figures (Duval, 1988). Secondly, for all these kinds of operations didactical variables
can be defined to organize tasks and help students develop in the way they deal with a
figure in geometry (Duval, 1995, 2005). With this model we have some cognitive variables
about visualization and the role of figures in learning geometry and about the process of
development in the way of looking at a figure. Finally, what is crucial in this model is that
Duval analyzes figures not in reference to the introduction of reasoning, but mainly by
laying emphasis on visualization. A factor that differentiates this model form the ones
previously described is that whereas these models focus on reasoning, Duval focuses on

visualization.

When we analyze mathematical activities from a cognitive point of view, we
analyze the transformation of some semiotic representations into others ones. There are
two kinds of transformation (Duval, 2007). Either representation is transformed into
another representation of the same register, or it is transformed into a representation of
another register, but referring to the same object. These two kinds of transformation are
respectively called treatment and conversion. Treatment depends on cognitive processes
that are specific to each register. Conversion depends on the cognitive distance between the

respective content of representation produced in two different registers.

Geometry requires both figural treatment for heuristic purposes and discursive
treatment for valid reasoning from given. So the operative apprehension is a figural
reorganization of figural units 2D. There are cognitive factors that inhibit or trigger the
figural heuristic recognition. Inhibition results from the prevailing perceptual recognition.
So the discursive apprehension starts from the given properties implicitly or explicitly
between 1D or OD figural units. It goes against the perceptual apprehension which makes
figural 2D Or 3D recognition prevail over 1D or OD recognition. Conversion can be made
either from apprehension focusing mainly on 2D units, either the perceptual one or the

operative, or from apprehension focusing on 0D or 1D figural units.

Geometry also requires conversions between the figural register and language, i.e.
to work in two registers. Without such conversion and synergy from the articulation
between these two registers, there is no true comprehension, no ability to solve problems.

But conversion can occur from three ways (Duval, 2006):
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— from perceptual apprehension focusing on the first recognition of 2D or 3D figural

units . In this case we have only recognition of typical figures with their name.

— from operative apprehension focusing on all the possible 2D or 3D figural units in a
geometrical configuration. So conversion leads to explanation and argumentation, but

not to demonstration.

— from discursive apprehension focusing on the possible OD and 1D figural units and

making given properties prevailing for deducing.

For the construction of the research instrument of this study for collecting
quantitative data we have confined ourselves to study the kind of geometrical figure
apprehension which is prevailing for students. In text books the cognitive variation in the

geometrical figure apprehension is completely ignored.

The notion of Geometrical Paradigms

During the conference CERME3 (2003), for the first time, Houdement and Kuzniak
presented a paper in which they referred to geometrical paradigms. Houdement and
Kuzniak (2003) have focused on figures not in relation to visualization, nor directly to
reasoning, but to their importance according to what they call the “different paradigms” of
geometry, and on “Geometric Work Space” (GWS). Thus, they proposed that elementary
geometry appears to be split into three paradigms, characterizing different forms of
geometry: Geometry | (Natural Geometry), Geometry Il (Natural Axiomatic Geometry)
and Geometry Il (Formalist Axiomatic Geometry). These paradigms reflect various stages
in the succession of academic cycles. Each stage is characterized by specific practices and
challenges in the teaching and learning of the discipline (Kuzniak & Rauscher, 2011). The
first two paradigms, play a part in today’s secondary education (Kuzniak & Vivier, 2009).

Specifically, the idea of geometrical paradigms was inspired by the notion of
paradigm introduced by Kuhn, in his work on the structure of scientific revolutions. In a
global view, a paradigm is what the members of a scientific community share, and, a
scientific community consists of people who share a paradigm (Houdement, 2007;
Kuzniak, 2012). It consists of all the beliefs, techniques and values shared by a scientific
group. The scientific activity of a researcher is guided by the paradigm on which he is

working. A paradigm is composed of a theory to guide observation, activity and judgement
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and to permit new knowledge production (Houdement, 2007). It indicates the correct way

for putting and starting the resolution of a problem.

The first paradigm that was proposed was Natural Geometry (Geometry I), which
finds its validation in the material and tangible world (real and sensitive world); hence, its
name natural geometry. In this geometry, valid assertions are generated using arguments
based upon perception and experiment (Kuzniak & Rauscher, 2011). To produce new
knowledge in this paradigm, all methods are allowed: evidence, real or virtual experience
and, of course, reasoning. Little distinction is made between model and reality and all
arguments are allowed to justify an assertion and convince others of its correctness.
Assertions are proven by moving back and forth between the model and the real: The most
important thing is to develop convincing arguments (Kuzniak, 2012).

The objects of Geometry | are material objects, graphic lines on a paper sheet or
virtual lines on a computer screen. Even material, the lines are always consecutive in a first
representation of reality. Objects of the sensitive space can be schematised in a micro-
space by a network of lines. The straight line is a model and, thus it refuses bumps; the
circle is perfect, all its points are at the same distance from the centre. The chosen graphic
objects (and their properties) are often in for the first time the most convenient to describe
reality, hence the name of Natural Geometry for Geometry | (Houdement, 2007). In this
paradigm the ordinary techniques are the drawing techniques with ordinary geometrical
tools: ruler, set square, compasses but also folding, cutting, superposing (Houdement,
2007). Proofs could lean on drawings or observations made with common measurement
and drawing tools such as rulers, compasses and protractors. Folding or cutting the
drawing to obtain visual proofs is also allowed. The development of this geometry was
historically motivated by practical problems. The perspective of Geometry I is of a

technological nature (Kuzniak, 2012).

Natural Axiomatic Geometry (Geometry I1), whose archetype is classic Euclidean
Geometry, is built on a model that approaches reality. In Natural Axiomatic Geometry (one
model is Euclid’s Geometry) the objects are no more material but ideal. Definitions and
axioms are necessary to create the objects, but in this paradigm they are as close as
possible to the intuition of the sensitive space, therefore the name of Natural Axiomatic
Geometry (Houdement, 2007). Once the axioms are set up, proofs have to be developed
within the system of axioms to be valid. The system of axioms could be incomplete and

partial: The axiomatic process is work in progress with modeling as its perspective. In this
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geometry, objects such as figures exist only by their definition even if this definition is

often based on some characteristics of real and existing objects (Kuzniak, 2012)

Geometry Il remains a model of reality. But, once the axioms are fixed,
demonstrations inside the system are required to progress and to reach certainty. In this
paradigm the text assumes great importance, and all the objects should be defined by texts;
drawings are only illustrations, accompaniments of textual propositions. As it is
convenient, the expert works with drawings, but they know how to read theses drawing and

how all the indications they put on the drawing are validated by the text (Kuzniak, 2012).

To these two approaches, it is necessary to add a third Geometry. Formal Axiomatic
Geometry (Geometry I11) which is scarcely present in compulsory schooling (Houdement,
2007), but is the implicit reference of teacher trainers when they have studied mathematics
at university, which is very influenced by this formal and logical approach. In Geometry
I11, the system of axioms itself, disconnected from reality, is central (Kuzniak, 2008). The
system of axioms is complete and unconcerned with any possible applications in the world.
It is more concerned with logical problems and tends to complete “intuitive” axioms
without any “call” for perceptive evidence such as convexity. Moreover, axioms are
organized in families which structure geometrical properties: affine, euclidean, projective,
etc. (Kuzniak, 2012).

Each paradigm is global and coherent enough to define and structure geometry as a
discipline and to set up respective working spaces suitable to solve a wide range of
problems (Kuzniak & Vivier, 2009). These various paradigms - and this is originality of
this approach - are not organized into a hierarchy, but their perspectives are different and
so the nature and the handling of problems change from one to the next. (Kuzniak, 2008).

The passage from one type of Geometry to another is really complex: it involves a
change of theory. This change can be seen as a revolution or as a dialectic and progressive
evolution. At least two transitions are not of the same nature. The first (from Geometry | to
Geometry I1) concerns the nature of the objects and of space. The second (from Geometry
Il to Geometry I1l) is more of an epistemological character. During elementary school the
first transition is certainly the more crucial one and one could think about the opportunity
to teach Geometry 11 soon to many lower secondary school students (Houdement &
Kuzniak, 2003)

Also, the passage from one type of geometry to the other one is not once

definitively established at a specific moment of the curriculum, and the transition seems
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ceaselessly put back on every new notion (Kuzniak, 2009). The new notions are introduced
and structured around geometric objects which can be seen also as objects of sensitive
space: triangles, circles, polygons (Kuzniak, 2011). Furthermore, the constant emphasis on
a transition towards Geometry Il based on Geometry | can let us suppose that a mixed

Geometry is possible. We will, thus, speak of a mixed Geometry (Gl / GlI).

The paradigms set the geometric horizon assigned by the user with a problem,
which determines the appropriate approach to the problem. It depends on the type of the
tasks that influence the choice of paradigm. It is, therefore, important to observe the
geometric practices proposed in school mathematics but also in other disciplines (including
physics or technology) (Kuzniak, 2006). Also, when people share the same paradigm, they
can communicate very easily and in an unambiguous way. By contrast, when they stay in
different paradigms, misunderstandings are frequent and can lead, in certain cases, to a

total lack of comprehension (Kuzniak, 2012).

The notion of Geometric Work Space

The Geometrical Working Space (GWS) is the place organized to ensure the geometrical
work (Kuzniak, 2008, 2009) and, thus, the work of people solving geometry problems
(geometricians) (Kuzniak, 2011; Kuzniak, 2012). It establishes the reference to the
complex setting in which the problem solver acts (Kuzniak & Rauscher, 2011). The
concept of Workspace of Geometry intervenes naturally until there is a reflection of the
conceived elementary geometry, as a result of an interaction between an individual and
geometric problems. The workspace must realize the articulations between different
elements from which the most characteristic are a theoretical framework, the geometric

objects and a material space (Kuzniak, 2006).

To define the Geometric Work Space two planes are introduced that are at the same
time material and intellectual: the components plane and the cognitive plane (Kuzniak &
Rauscher, 2011).In the components plane there is a networking of three characteristic
components (Kuzniak, 2006) of the geometrical activity into its purely mathematical
dimension (Kuzniak, 2012, 2008). These three interacting components are the following

ones:
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1. The real and local space as material support with a set of concrete objects;

2. Avrtifacts such as drawing instruments (rulers, compass, etc.) and software available

to the geometrician;

3. A theoretical system of references made of properties organized in a way depending
on the geometrical paradigm. This theoretical system defines the logico-deductive
system in which the theoretical model(s) and the mathematical object(s) are

organized.

real and local | _ | theoretical system
space of references

artifacts

Figure 4. The components of the geometric work space

By themselves, the components are not sufficient to define the global meaning of a
GWS, which depends on the function that its designer and its users gave to it (Kuzniak,
2011). The GWS function can evolve in connection with the social and economic context
which influences the educational institutions where geometry is taught. Moreover, this
function strongly depends on the cognitive ability of a particular user (Kuzniak, 1999). To
ensure that the components are well used we need to focus on some cognitive processes
involved in the geometrical activity (Kuzniak & Vivier, 2009). At each pole of the GFS a
cognitive component is superimposed appropriate to the geometrical activity of the
students (Bulf, 2009).

Therefore, a second level was introduced, centered on the cognitive articulation of
the GWS components, to understand how groups, and also particular individuals, use and
exploit the geometrical knowledge in their practice of the domain (Kuzniak, 2012). The

cognitive plane was introduced to clarify the cognitive processes involved in geometry and
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to describe the cognitive activity of a particular user. Duval’s approach was used to clarify
the cognitive processes involved in problem solving in geometry. In adapting Duval (1995,
1998), geometry involves three kinds of cognitive processes which fulfill specific

epistemological functions:

1) visualization processes with regard to space representation for the illustration
of a statement, for the heuristic exploration of a complex situation, for a synoptic glance

over it, or for a subjective verification;

2) construction processes by tools: construction of configurations can work like a
model in that the actions on the representative and the observed results are related to the

mathematical objects which are represented;

3) reasoning, in relation to discursive processes for extension of knowledge, for

proof, for explanation.

These different processes can be performed separately. So, visualization does not
depend on construction: there is access to figures, whatever way they are constructed. And
even if construction leads to visualization, construction processes depend only on
connections between mathematical properties and the technical constraints of the used
tools. Ultimately, if visualization is an intuitive aid that is sometimes necessary for finding
a proof, reasoning depends exclusively on the corpus of propositions (definitions, axioms,
theorems) which is available. And in some cases visualization can be misleading or
impossible. However, these three kinds of cognitive processes are closely connected and

their synergy is cognitively necessary for proficiency in geometry (Duval, 1998).

VISUALISATION

CONSTRUCTION == - R ASDNI@
5(A) 5(B)

Figureb. The underlying cognitive interactions involved in geometrical activity (Duval,
1998)
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In Figure 5 each arrow represents the way a kind of cognitive process can support
another kind in any task. Arrow 2 is dotted because visualization does not always help
reasoning. Arrow 5(B) emphasizes that reasoning B can develop in an independent way. In

many cases we can have a longer circuit (Duval, 1998).

As the GWS is created within the framework of school institutions, we need to
introduce different levels in order to describe the diversity existing in school education
(Kuzniak, 2011). When the problem is posed to a real individual (the pupil, the student or
the teacher), their treatment takes place in the workspace that will be important to be
studied (Kuzniak, 2009). This person handles the problem with his/her personal GWS,
which generally depends on the knowledge of the person but also on the institution where
the person works (Houdement, 2007). It is formed in a progressive way depending on the
individual and sometimes cannot be operational. However, not only students are concerned
by this notion but also teachers are responsible for shaping it. Indeed, they have to have
clear consciousness of the nature of the GWS to avoid some misunderstandings resulting
from a vague and implicit management of the interplay between paradigms (Kuzniak,
2011).

Compared to the previous models falling into the synthetic and global approaches, the
model of the geometrical paradigm and the GWS somehow interweaves the dimensions of
visualization and reasoning. Whatever the paradigm is, visualization is very important for
the GWS and its relation with reasoning is evident in the cognitive plane that is introduced,

where these two cognitive processes are reciprocally connected.

Research on the geometrical figure apprehension in Cyprus

Even though previous research studies investigated extensively the role of external
representations in geometry (e.g. Duval, 1998; Mesquita, 1996; Kurina, 2003), the
cognitive processes underlying the four apprehensions of a geometrical figure proposed by
Duval (1995) have not been empirically verified yet. Based on the cognitive model
proposed by Duval, in Cyprus two research attempts were recently made, aiming at

examining the structure of the geometrical figure apprehension.

Actually, Deliyianni, Elia, Gagatsis, Monoyiou and Panaoura (2010) tried to

determine the structure of the geometrical figure apprehension. Finally, they have
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confirmed a three level hierarchy about the role of perceptual, operative and discursive
apprehension in geometrical figure apprehension for primary and secondary school

students (Figure 6).

The first order — factors of the model revealed the differential effect of perceptual
and recognition abilities, of the ways of figure modification and of the measurement
concept on the three second-order factors that correspond respectively to perceptual,
operative and discursive apprehension of a geometrical figure. Finally, the effect of the
three second — order factors on a third-order factor that corresponds to the geometrical
figure apprehension was confirmed. In addition, the application of the structural equations
modeling allowed the examination of the invariance of this structure across primary and

secondary school students.
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Figure 6. The CFA model of the geometrical figure apprehension for primary and

secondary school students
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The structure of geometrical figure apprehension appears to remain constant for
primary and secondary school students and actually the potency of this structure seems to
increase according to age. The model points out the important role of each type of
geometrical figure apprehension, taking into account that, even though coordination
between them is needed, each one is distinct from the other (Duval, 1999). The elaborated
model, thus, offers teachers a framework of students’ thinking while solving a wide range

of geometrical tasks in a systematic manner within and between the two educational levels.

Furthermore, the results of their study revealed differences in primary and
secondary school students ‘performance in the geometrical figure apprehension tasks.
Particularly, secondary school students’ performance was higher in all the dimensions of
the geometrical figure understanding relative to the primary school students’ performance.
Concerning the way students behaved during the geometrical tasks solution process, it was
observed that the behavior of primary and secondary school students was similar during
the solution process of some of the tasks. This finding revealed that geometrical figure
understanding stability existed to a certain extent in these students’ behavior. However, in
some cases differences were observed in the way the two age groups of students dealt with
geometrical figure understanding tasks. To be specific, secondary school students behaved
in a consistent way during the solution of the perceptual, operative and discursive tasks. By
contrast, primary school students dealt with perceptual tasks in isolation, indicating a

compartmentalized way of thinking.

Moving a step forward, Michael, P., Elia, ., Gagatsis, A. and Kalogirou, P. (2010)
investigated the role the mereologic, the optic and the place way modifications exert on
operative figure apprehension of primary school students and they verified a model which
lent support to Duval’s (1995) conceptualization of the cognitive processes underlying

operative figure apprehension.
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Figure 7.The CFA model of operative apprehension of primary school students

In particular, the second-order model (Figure 7) which is considered appropriate for
interpreting operative apprehension, involves three first-order factors and one second-order
factor. On the second-order factor that stands for operative apprehension the first-order
factors F1, F2 and F3 are regressed. The first-order factor F1 refers to the tasks which
correspond to the mereologic way of modifying a given figure, the first-order factor F2

refers to the optic modification tasks and the first-order factor F3 refers to the place

modification tasks.

The factor loadings reveal that the mereologic and place types of modification are
the primary source explaining students’ operative apprehension of geometrical figures.
That is, they are closely related to operative apprehension. However, the results indicate
that all three ways of modifying geometrical figures have a significant effect on operative
figure understanding. The results also showed that students exhibited consistency in the
solution of the mereologic modification tasks and the optic modification tasks respectively,
but they applied the place way of modifying geometrical figures in a rather fragmentary

way.
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The transition between different educational levels

The transition problem from one educational level to another is universal (Mullins & Irvin,
2000). In recent years the research community has been occupied with the difficulties that
students seem to face during their transition from one educational level to another.
Research findings suggest that there is a negative change in students’ perceptions of
school, their attitudes towards various school subjects, their motives, their self-confidence
beliefs and their competence, but also a decrease in their performance during the transition
from primary to secondary education (Middleton, Kaplan, & Midlgley, 2004; Mullins &
Irvin, 2000; Anderson, Jacobs, Schramm, & Splittgerber, 2000; Anderman & Midgley,
1997).

Students also experience many changes in their school environment associated with
the transition from elementary school to lower secondary school. The goals of elementary
schools tend to be task-oriented, whereas the goals of secondary schools tend to focus on
performance (Midgley, Anderman, & Hicks, 1995). Secondary school teachers tend to
have many students for short periods of time; hence, the student-teacher relationship
changes from elementary to secondary school (Alspaugh, 1998). Researchers have found
declines in student self-perception and self-esteem associated with the transition from
elementary school to intermediate-level school (Seidman, Allen, Aber, Mitchell, &
Feinman, 1994).

Wanting to explore the nature of the achievement loss associated with school-to-
school transitions from elementary school to lower secondary school and to upper
secondary school, Alspaugh (1998) compared three groups of 16 school districts. His study
showed a significant achievement loss associated with the transition from elementary
school to secondary school. The transition loss in achievement was larger when students
from multiple elementary schools were merged into a single lower secondary school during
the transition. The students from the lower secondary schools experienced an achievement
loss in the transition at 9™ grade. Seidman et al. (1994) hypothesized that students may face
double jeopardy if they make a transition from elementary school to middle school and
then experience a second transition to high school. There also may be a relationship
between the number of school-to-school transitions and high school dropout rates.

Middleton, Kaplan and Midlgley (2004) studied through the use of longitudinal

survey data the change of achievement goal orientations, in a sample of school students in
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mathematics as they moved from sixth to seventh grade. They concluded that all goal
orientations were moderately stable over time, but that individuals who feel efficacious in
math while endorsing a performance-approach goal orientation may be particularly
vulnerable to adopting maladaptive performance-avoid goals over time and with change in

circumstances.

A change in school environment may contribute to a change in students’
achievement goal orientation (Anderman & Midgley, 1997). After the transition to
secondary school, students may experience an increase in the emphasis on relative ability
and competition with peers (Midgley, 1993). This may be particularly true in mathema cs,
a discipline oriented toward ability and achievement levels. Many secondary school
reformers have suggested that relative ability should be de-emphasized, but conversations
with the secondary school principals in the study of Middleton et al. (2004) suggest that
most of those reform efforts have been focused on the sixth grade level and the first year of
lower secondary school. Less attention has been paid to the upper grade levels in
secondary school.

During the efforts for educational reform in Cyprus (Commission for Educational
Reform, 2005), it seems that the transition to secondary education negatively affects the
performance of students in mathematical concepts taught at both levels of education. In the
case of Cyprus, students experience difficulties during the transition from primary to
secondary school, which is evident in their performance in most subjects and especially in
mathematics. During recent efforts for educational reform in Cyprus, it was shown that the
transition to secondary education negatively affects the performance of students in
mathematical concepts taught at both levels of education.

Summary

Through the literature review and the presentation of theoretical frameworks that relate to
the cognitive and instructional issues of geometrical thinking, the cognitive complexity of
geometry is revealed. The significance of elementary geometry is due to the fact that it
mobilizes two representational registers: the one of natural language and the one of gestalt
configurations (Duval, 2007).
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The figure register is used in order to ‘see’ and the natural language register in
order to ‘explain’ (Duval, 2000). The geometrical figure constitutes the representation that
possesses a central role in geometrical activity. In geometry a “figure” merges three
semiotic representations: magnitude, shape configurations and words naming the given
properties. The crucial issue in the learning of geometry is the separation between
magnitude and visualization (Duval, 2005). The reason is that magnitude causes visual

illusions and wrong perceptual estimation of the relations between figural units.

The main part of this chapter deals with the presentation of important theoretical
frameworks for the learning of geometry. These frameworks described theoretical models
focusing on geometrical figures. In some of these frameworks the figure itself was not the
crucial question, but the focus on it was in a side way. These were characterized as
synthetic and global, whereas the rest focused directly on the figure on the discrimination
of several cognitive variables. In the first category fall the different levels of van Hiele’s
model of thinking in geometry and Fischbein’s theory of figural concepts. The
discrimination of several cognitive variables is made in Duval’s cognitive analysis of
geometrical figure apprehension and Houdement’s and Kuzniak’s suggestions for the
notions of Geometrical Paradigms and Geometric Work Space. Each of these frameworks
provides theoretical resources to support research into the development of geometrical

reasoning in students and related aspects of visualization and construction.

The first approach presented in this review was van Hiele’s model of thinking in
geometry, in which geometrical thinking is described according to different levels and its
development is sequential and hierarchical. Regarding visualization, in this model it is not
considered itself, but its role is defined in relation to the involvement or not of reasoning.
The second approach included the theory of figural concepts proposed by Fischbein. This
approach constitutes an attempt to approach geometrical figures as entities possessing not
only figural, but conceptual properties as well. This model does not also emphasize the role
of visualization for the heuristic functioning of geometrical figures in problem solving,

creating a conflict for students between the perceptual and the conceptual aspect of figures.

On the other hand, the crucial role of visualization in solving problems in geometry
was highlighted in the approaches that are based on discriminating several cognitive
variables for the learning of geometry. First of all, Duval (1988) analyzed the mathematical
way required in using figures in problem-solving and the way most students look at a
figure. He suggested that four ways of looking at a drawing or a visual configuration, or in

other words four kinds of apprehension, must be taken into account. The first one is what is
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called perceptual apprehension that relates to the recognition of a shape at first glance in a
plane or in depth. This recognition keeps stable what is recognized and can be directly
associated with naming the figure. The second kind, that is sequential apprehension,
depends on the tool or the software used for the construction of figures, as there is an order
of construction, taking into account the primitive or the tool. But what matters after all is
what is seen when the figure is constructed. The next one is discursive apprehension,
which allows deducing new properties based on the given properties. And this is because
mathematical relations cannot be represented on a figure only from what is given by words
of properties. The last kind of apprehension is the one that makes a figure useful for
solving a problem. In fact the operative apprehension places the figure in a heuristic field,
due to the fact that a given figure becomes a source for searching other sub-configurations,
different from those perceived at first glance. This can be achieved through modifying a
constructed or a given figure in many different ways. What is mainly involved in primary
and (lower) secondary school geometrical activities is the mereologic modification,
because what is often asked is to make a reconfiguration of a figure in order to find a

solution.

The existence of different types of apprehension for the same figure shows the
complexity of geometrical problems that may seem the most simple. This conflict between
the geometric practice of figures and their cognitive style of their recognition raises

difficult and crucial problems for the teaching of geometry (Duval & Godin, 2005):
- How to get students to change their look at figures.

- How to pass from a look focusing at the surfaces and their contours to a look that
shows the network of lines and points underlying the different figures studied in

school.

The second approach is the different types of Geometries and the notion of GWS as
proposed by Houdement and Kuzniak. These researchers have taken into account the fact
that Geometry is not taught in the same way at the different educational levels. Therefore,
they have distinguished three paradigms: Geometry I, Geometry Il and Geometry IIl.
However, the transition from Geometry | to Geometry Il can be seen through an
intermediate type of Geometry, that is the Mixed Geometry GI / GlI. In this model the
focus on geometrical figures is not clearly through visualization or reasoning, but through

the connection between them.
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Through the overview of the theoretical models of van Hiele, Fischebein,
Houdement and Kuzniak, the conclusion is that visualization, whose role is decisive in
problem-solving in geometry, is not placed at the centre of these approaches. The approach
that manages to highlight this, from those discussed in this chapter, is the one of Duval, as
visualization is studied as a specific process that is a crucial factor both irreducible to
perception and conceptual or discursive apprehension. The core of the framework is the
coordination of registers. That means, in the case of geometry, the coordination between
visualization and valid deducing of new properties (discursive apprehension). For
visualization it is necessary to differentiate between discursive apprehension and
perceptive apprehension. But the crucial point is operative apprehension and how to make
pupils learn to see the pertinent configural change beyond factors triggering or inhibiting
its visibility (Duval, 1998).

The equivocal meaning of “seeing” creates a great cognitive heterogeneity in
geometrical problems that are very close mathematically or require the same knowledge.
Thereafter, a categorization of problems is indispensable for interpreting students’
performance and production on problems. In this research students’ production on
geometrical problems are going be analyzed according to the way students look at a
geometrical figure in relation to the four different types of apprehension, in order to
identify and suggest the factors that influence this proper way of looking at figures.
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CHAPTER IlI

METHODOLOGY

Introduction

This research aims to study the way lower and upper secondary education students look at
a geometrical figure in relation to the four different types of apprehension and to develop a
theoretical model for describing the cognitive structure of the geometrical figure

apprehension.

This chapter presents the methodology of the research. Actually it includes the
description of the participants, the procedure that was to be followed for the fulfillment of
the research and the analysis of the geometrical content of mathematics textbooks that was
conducted in order to facilitate the construction of the research instrument. Next the
content of the research instrument is presented and each task is analyzed according to the
cognitive requirements for its solution and the expected reactions of students during their
involvement with the tasks of the test. The way students’ answers were scored and codified
is then defined and, thus, the variables of the study are set. Also this chapter includes a
description of the statistical analyses that were performed on the collected quantitative
data. Furthermore, the research design and implementation of the task — based interviews

with only some students as well as the way these data were analyzed are presented.

Participants

The study examines lower and upper secondary school students’ geometrical figure
apprehension. Therefore, the participants are Grade 9, Grade 10 and Grade 11 students.
The selection of these groups of students allowed the examination of all the four types of
geometrical figure apprehension, since students of these ages have the necessary teaching

experiences that enable them to deal with such kind of tasks.

The changes that occur after students’ transition to a next educational level and
specifically from lower and upper secondary school are of a special interest in this
research. For this reason Grade 9 students are selected to participate, as they are in the last
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grade of lower secondary school and Grade 10 and 11 students were chosen because these

are the first two grades of the upper secondary school.

It should be clarified that in Grade 9 and Grade 10 the students are all attending the
same mathematics course. On the other hand, in Grade 11 students have the option to
continue with the teaching of a basic level of mathematics (G11a) or to attend the teaching
of a more advanced level of mathematics (G11b). Besides the level of the mathematics
taught in these two distinct classes, the teaching hours of mathematics in Grade 11b are
more than those in Grade 11a. Therefore, the reason that students from both types of Grade
11 were selected to participate in the research is for examining the difference after

students’ transition from Grade 10 to each type of Grade 11.

Specifically, the research was conducted among 881 students, aged 15 to 17, of
lower (Grade 9) and upper (Grade 10, Grade 11) urban and rural secondary schools, in
Cyprus. More specifically the participants were 312 students from Grade 9, 304 students
from Grade 10, 125 students from Grade 11a and 140 students from Grade 11b. Thus, it
was feasible to compare the geometrical figure apprehension of students from lower and
upper secondary school and trace the similarities and differences between them. It was also
possible to see whether development occurs not only after students’ change of educational
level, but also after they move to a higher grade. Regarding the task — based interviews,
they were conducted with 9 students. Actually there were 3 students from grade 9, 3

students from grade 10 and 3 students from grade 11, with medium or high abilities.

Procedure

The research was carried out through seven phases, described below.

Phase 1: In the first phase a relevant literature review in mathematics education in
relation to geometrical thinking and geometrical abilities was conducted. Particularly, the
theoretical framework about was formed by presenting the main theories about geometrical
thinking. Furthermore, the relevant literature concerning students’ transition from one
educational level to the next one was also examined, laying emphasis to the transition from

lower to upper secondary school.

Phase 2: The second phase involves the examination of the geometry curriculum

and geometry textbooks used for the teaching of geometry in Cyprus, for Grade 9, Grade
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10, and Grade 11. This examination provides information about the use of the geometrical
figure in the teaching of geometry for the specific grades that are examined in this study
and allows the discrimination of the tasks according to the type of apprehension that is
expected to be mobilized during their resolution. This information was also useful for the
development of the research instrument of this investigation, whose construction was done

in alignment with the geometrical content students are taught.

Phase 3: The development of the research instrument for the collection of
quantitative data took place in the third phase of the research. Specifically, a test was
developed in order to examine students’ way of looking at figures in relation to the four
types of apprehension (perceptual, operative, discursive and sequential). The test was
developed taking into account the relative bibliography and the examination of the

curriculum and the content analysis of the mathematics textbooks.

The development of the research instrument was followed by a pilot administration
for examining the construct validity of the test. After the pilot administration of the

research instrument the necessary changes were made in order to reach its final form.

Phase 4: In the fourth phase the administration of the tests and the collection of
quantitative data of the study took place. The test was divided into two parts and each part
was administered during one teaching period of 40 minutes. The administration was
mainly conducted by the mathematics teacher of each class, to whom the necessary
instructions and clarification about the administration process were provided. Also, the

scoring, the way of analyzing the tasks of the test and their codification were determined.

Phase 5: In this phase the task — based interviews were conducted. The interviews
were conducted with only some students. In the interviews students had the chance to
explain their thoughts and the way they had worked during the resolution of the tasks. The
task — based interviews aimed also at identifying the difficulty level of the tasks and
students’ difficulties and misunderstandings in the different tasks of the test as expressed

by them after their resolution.

Phase 6: The sixth phase included the analyses of the data and the organization of
the results of the study. The data were analyzed using statistical packages such as SPSS,
EQS, CHIC and QUEST.

The multivariate analysis of variance (MANOVA) was performed by the use of the
statistical package SPSS. The Rasch model analysis was used in order to investigate the

construct validity of the test and create a good interval level measure for the lower and
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upper secondary school students’ geometrical figure apprehension. For the estimation of
the Rasch models, the QUEST software (Adams & Khoo, 1996) was used. By the
Confirmatory Factor Analysis (CFA), using EQS (Bentler, 1995) software, the theoretical
models concerning the cognitive structure of the geometrical figure apprehension were
constructed and verified. Using the implicative analysis with the software CHIC (Bodin,
Coutourier, & Gras, 2000) the possible implicative relations between the tasks of the tests
were traced, whereas the similarity analysis revealed groups of tasks that were handled by
the students in a similar way. This phase included analysis of the qualitative data,

concerning the students’ answers in the task — based interviews.

Phase 7: In the last phase of the research the final results were formed and
discussed, and the final conclusions were formulated. Some relevant suggestions
concerning changes in the geometry curriculum and some practical recommendations

about the teaching and learning of geometry are also provided.

Analysis of the geometry content of mathematics textbooks

Introduction

The aim of this section is to present and discuss the results that were obtained from the
examination of the geometrical exercises and examples included in the mathematics
textbooks of the last grade of lower secondary school (Grade 9) and the two first grades of
upper secondary school (Grades 10 and 11) in Cyprus. Specifically, it is an attempt for
classifying the exercises and the examples of these textbooks, basing on the theoretical
model proposed by Duval (1995), which involves the four types of geometrical figure

apprehension.

It is widely acknowledged that school textbooks reflect the aims of the curriculum
(Pepin & Haggerty, 2002). In fact, the school textbooks correspond to the curriculum
(Symeou — Mai, 2008), present the content that is to be taught and provide support to the
teacher, in order to organize the teaching (Brandstrom, 2005). The wide use of textbooks in
the classroom gives them the potential to influence students’ learning (Pepin & Haggerty,
2004). Textbooks provide continuity and coherence for students during the lesson and
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prevent chaos in the classroom by keeping students occupied (Brandstrom, 2005).

Therefore, they have a central role in the classroom, both for students and teachers.

Recently, research has turned its interest to textbooks, as far as their content and the
way teachers use them are concerned (Pepin & Haggerty, 2002). Following the notion that
the school textbook is the main tool for the teacher, it is reasonable to explore school

textbooks as important tools for teaching.

Mathematical ability is a compound of general intelligence, visual imagery, and
ability to perceive number and space configurations and retain such configurations as
mental pictures (McGee, 1979). Both teachers and researchers agree that the use of visual
representations is an important part of mathematics education, because such
representations appear to enhance intuition and understanding in many areas of
mathematics (Krutetskii, 1976). To get some idea of the representations used in a
mathematics class, an easy method consists of taking a look at those in textbooks, which

can be considered as “fair copies” of the ones actually made in classrooms (Parzysz, 1991).

The Analysis

In analyzing the content of mathematics textbooks regarding geometry, each exercise and
example were placed in one of the four categories, which were determined according to the
type of apprehension that was required in order to be solved. Representative examples and
exercises from the mathematics textbooks of the three grades for each of the four types of
understanding can be found in Appendix 2. While examining and classifying the exercises
and examples of the specific textbooks, attention was also drawn to the theoretical content
of the textbooks. It is noteworthy that in all the three grades examined, three types of
apprehension are mainly involved in the different figures presented in the theoretical part;

which are the perceptual, the discursive and the operative apprehension.

The percentages of exercises requiring each type of apprehension of the
geometrical figure by grade are presented in Table 2. On the one hand, according to the
results, the highest percentage of the exercises examined in the textbooks requires the
activation of perceptual apprehension for Grades 9, 10 and 11. On the other hand, the least
required type of apprehension is the sequential, for Grades 9 and 10. However, this is not

the case for Grade 11, since discursive apprehension constitutes the type of apprehension
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that is the least expected to be mobilized in the exercises examined. As far as discursive
and operative apprehension are concerned, the percentages for Grades 9 and 10 are quite
similar. The situation is different for Grade 11, since there is a higher amount of exercises

mobilizing operative apprehension than discursive or even sequential apprehension.

Table 2

Percentages of Exercises Requiring Each Type of Geometrical Figure Apprehension by
Grade

N Perceptual Sequential Discursive Operative
(%) (%) (%) (%)
Grade 9 171 61.4 7.0 16.4 15.2
Grade 10 161 50.3 2.5 24.2 22.4
Grade 11 131 50.8 12.3 8.5 21.5

Comparing the percentages of exercises requiring each type of geometrical figure
apprehension in each grade, on the one hand there is a slight fall in the amount of exercises
requiring perceptual and sequential apprehension of the geometrical figure from Grade 9 to
Grade 10 and, on the other hand, an increase from Grade 10 to Grade 11 is observed. There
is, also, an increase from Grade 9 to Grade 10, as far as discursive and operative
apprehension are concerned, followed by a decrease from Grade 10 to Grade 11,

particularly as regards discursive apprehension.

Table 3 presents the exercises activating each type of apprehension of the
geometrical figure for the two educational levels. According to the results, some changes
occur during the transition from one level to the other. In particular, the percentage of
exercises involving perceptual apprehension decreases from lower to upper secondary
school. By contrast, the percentages of exercises involving discursive and operative
apprehension increase from lower to upper secondary school. As for sequential

apprehension, the percentages remain constant from lower to upper secondary school.
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Table 3

Percentages of Exercises Requiring Each Type of Geometrical Figure Apprehension by
Educational Level

Educational Level N  Perceptual  Sequential  Discursive  Operative
(%) (%) (%) (%)

Lower Secondary 171 614 7.0 16.4 15.2

Upper Secondary 291 50.5 6.9 17.2 22.0

The percentages of the given examples in the textbooks that require each type of
apprehension of the geometrical figure for Grades 9, 10, 11 are demonstrated in Table 4.
The table shows that the highest percentage of examples used in the mathematics textbooks
are those involving perceptual apprehension. A small percentage of examples that require
operative apprehension exist in the textbooks of the three Grades. As for discursive
apprehension, a small number of examples mobilizing this type of apprehension appear
only in Grade 9. It is also noticeable that examples involving sequential apprehension are

totally absent from the textbooks of these three Grades.

Specifically, concerning perceptual apprehension, there is an increase in the number
of examples of this type of apprehension while moving from Grade 9 to Grade 10. By
contrast, this number is reduced when passing from Grade 10 to Grade 11. As far as
operative apprehension is concerned, a slight decrease in the percentage of the examples
appearing in the textbooks from Grade 9 to Grade 10 is observed, while this type of
examples appears to be more frequently presented in the textbook of Grade 11 than in the
one of Grade 10.

Table 5 presents the percentages of examples which belong in each type of apprehension of
the geometrical figure for the two educational levels. Examples requiring perceptual
apprehension appear more frequently in the mathematics textbooks of upper secondary
school. We notice a similar situation for operative apprehension also, as there is an
augmentation of a similar percentage (almost 7%) in the use of this type of examples. As

mentioned above, examples of discursive apprehension are not used in high school,
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whereas examples of sequential apprehension are not involved at all, in both educational

levels of schools.
Table 4

Percentages of Examples Requiring Each Type of Geometrical Figure Apprehension by
Grade

Grade N Perceptual Sequential Discursive Operative
(%) (%) (%) (%)

Grade 9 34 79.4 0 11.8 11.9

Grade 10 57 93 0 0 7

Grade11 54 81.5 0 0 8.5

Table 5

Percentages of Examples Requiring Each Type of Geometrical Figure Apprehension by
Educational Level

Educational Level N Perceptual  Sequential Discursive Operative
(%) (%) (%) (%)
Lower Sec. School 34 794 0.0 11.8 5.9
Upper Sec. School 111 874 0.0 0.0 12.6
Conclusions

The aim of the analysis of the geometry content of mathematics textbooks was the
identification of the types of geometrical figure apprehension as proposed by Duval (1995)

which are required in the geometry exercises and examples for Grades 9 to 11.

According to the results, the perceptual apprehension is the dominant type of
apprehension required in both the exercises and the examples of the geometry content
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examined. Attention is also paid to the operative apprehension, even though exercises and
examples of this type are found in lower percentages in textbooks. The sequential is the
least demanded type of apprehension in the exercises. It is remarkable that examples which
involve sequential apprehension are totally absent from the geometry textbooks of the

grades examined.

The number of exercises classified in each type of geometrical figure apprehension
changes from Grade 9 to Grade 11. In particular, there is a rise in the amount of exercises
activating operative or discursive apprehension from Grade 9 to Grade 10, followed by a
reduction in Grade 11. As far as perceptual and sequential apprehensions are concerned,
the opposite situation is noticed. The number of these exercises is reduced in Grade 10,
while an augmentation occurs in Grade 11. Although there is a shift in the rates of
exercises of perceptual apprehension through the three Grades, this kind of exercises

occupies almost half of the total number of exercises.

Consequently, we may wonder whether we should refer exclusively to a transition
from lower to upper secondary school. According to the results of this analysis, students
pass through two different levels; the first one being from Grade 9 to Grade 10, while the
second is when passing from Grade 10 to Grade 11. Thus, attention should be paid to this
fact when referring to students’ problems and difficulties in order that the appropriate

actions for facing these problems and difficulties may be determined.

Concerning exercises and examples, the number of examples requiring perceptual
or operative apprehension corresponds to the number of exercises that require the same
type of apprehension, respectively. This is not the case for sequential and discursive
apprehension. Although there are exercises that involve these types of apprehension, the
number of examples included in the textbooks is very small or even totally absent in some
cases. Therefore, there is a lack of support to students through the examples, in order to

cope with tasks of these types of geometrical figure apprehension.

By the comparison between lower and upper secondary school, the conclusion is
that there is a reduction in exercises which involve perceptual apprehension, accompanied
by almost a corresponding increase in exercises of operative apprehension. This is an
important fact, because operative apprehension is fundamental in performing tasks. The
resolution of a task requires a reorganization of the shapes which are first recognized at a
glance in the figure, which in operative understanding the given figure functions as a

starting point for investigating other modifications (Duval, 1999).

59



Besides, during the transition from lower to upper secondary school the number of
examples is not in proportion to the number of exercises. Particularly, we notice that the
tasks of operative apprehension decline, while the corresponding examples increase. The
opposite situation is encountered regarding the perceptual apprehension, as there are more

examples and fewer exercises of this type in upper secondary school.

In the light of the above, it seems that the examination of students’ performance in
the four types of apprehension is necessary in getting an insight into students’ behaviors in
relation to a relevant way of looking at geometrical figures. Such kind of research makes
the discrimination of the similarities, differences, but also the problems that may occur in
students’ geometrical knowledge and abilities during the transition from one educational
level to the next feasible. In addition, it interesting to compare the results of this analysis of
the textbooks with results about students’ geometrical abilities and see the effect of this
geometrical content on students’ performance in the geometrical figure apprehension tasks.
Furthermore, it will be possible to see whether there is a discrepancy between what is
intended in the teaching of geometry and what is finally achieved.

Instruments

The quantitative data of the research were collected by the use of a test for examining
students’ relevancy in the way of looking at a geometrical figure and their geometrical
abilities, in relation to the four different types of apprehension (perceptual, operative,
discursive and sequential). To eliminate the factor of students’ tiredness, the test consisted

of two parts, in order to be completed within two different teaching periods.

For the construction of the test Duval’s (1995, 1999) apprehensions of a
geometrical figure were taken into account and tasks from previous studies were either
used or modified in order to correspond to the educational level of the participants.
Actually, some tasks were taken from the research instrument of the preliminary study of
Deliyianni, Elia, Gagatsis, Monoyiou and Panaoura (2010) that examined primary and
secondary school students’ apprehension of the geometrical figure and from the research of
Elia, Gagatsis, Deliyianni, Monoyiou and Michael (2009) that dealt with primary and
secondary school students’ operative apprehension of the geometrical figure. In addition,
new tasks were designed according to the research purposes of the study, the theoretical

framework on which it was based and the teaching experiences of the participants. In order
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to align the test with the mathematics curriculum concerning geometry of Grades 9 to 11, a
prior examination of the curriculum and the mathematics textbooks was conducted, as

described previously in this chapter.

The test comprises four groups of tasks, each one corresponding to the four
different types of geometrical figure apprehension proposed by Duval (1995, 1999). In the
next section the a priori analysis of the test is presented. Each task is explained in relation
to the mathematical content required and the cognitive processes that are mobilized during

its resolution.

The test is presented in its full form in Appendix 1. The development of the
research instrument was followed by a pilot administration to a small number of classes
from each grade, by which the necessary changes were traced. After these changes the test

reached its final form.

A priori analysis of the tasks

This section presents the a priori analysis of the tasks of the test. The tasks are placed in
each of the four categories of tasks, according to the type of apprehension that is
anticipated to be mobilized during their resolution. The characteristics of each task are
described and explained below. However, cases in which students would not choose the
type of apprehension anticipated were expected to occur, so it was not enough to focus just
on whether the final result of students’ resolution was correct or not, but it was also very
important to take into account the different cognitive procedures that were related to these
solutions. For this reason Duval’s (2011) approach to analyzing mathematical activities
was taken into account, as explained below, which refers to the mathematical way and the
cognitive way of analysis. Therefore, the a priori analysis of the tasks includes the
categorization of students’ answers in the tasks of the test, according to the type of

apprehension that is mobilized for their solutions.

61



How can we analyze and interpret the students’ performance?

Today’s current notion in mathematics education is expressing a variation in tasks
treatments and problems resolutions in relation to the context in which they are applied
(Kuzniak & Rauscher, 2011). This issue is the main challenge and the weak point of the
current research in mathematics education. The vast majority of studies are validated by
reproduction in extenso, or much too lengthy quotations, of what very few students have
told, written or drawn. We are in fact faced with a mass of raw data, whose interpretation is
half clinical, half assessment and, in any case, difficult to rebuild or check. It is like a

validation by testimony (Duval, 2008).

Mathematical activity has two sides that distinguish it from other forms of
knowledge. The visible or conclusive side is the one of mathematical objects and valid
processes used to solve a given problem. Its knowledge objects are only accessible through
semiotic representations (Duval, 1999). The hidden and crucial side is the one of cognitive
operations by which anyone can perform the valid processes and gain access to a
mathematical object. Registers of semiotic representation and their coordination set up the
cognitive architecture with which anyone can perform the cognitive operations underlying
mathematical processes. That means that any cognitive operation, such as processing
within a register or conversion of representation between two registers, depends on several
variables. To find out what these variables are and how they interact is an important field
of research in learning mathematics (Duval, 1999). These two characteristics are at the root

of problems of comprehension in mathematics learning for most students (Duval, 2008).

The educational issue is about the methodology and the theoretical framework
relevant to both cognitive and mathematical viewpoints, if we want to analyze these
problems of comprehension (Duval, 2008). In mathematics education, understanding as
well as learning must be examined not only from a mathematical point of view but also
from a cognitive point of view, because there may be a discrepancy in the conditions of
understanding between one point of view and the other: what can appear simple from one

point of view can hide a true complexity that is visible from the other (Duval, 2007).

Duval (2011) suggests there is diversity in the way mathematical activities can be
analyzed. In fact he suggests two quite different points of view: the mathematical one,
which focuses on the mathematical properties (definition, theorem) and methods or

procedures in solving a problem, and the cognitive one, which concentrates on the role of
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semiotic representations, the transformations of semiotic representations and the registers
involved. In concrete terms, any task or any problem that the students are asked to solve
requires a double analysis, mathematical and cognitive: the cognitive variables must be
taken into account in the same way as the mathematical structure for “concept

construction” (Duval, 1999).

Teachers must know the cognitive variation in the geometrical figure apprehension
and not confine themselves to the deceptive obviousness of perception for recognizing and
using geometrical properties. They must be able to analyze the function that visualization
can be performed in the context of a determined activity. We are here in front of an
important field of research. But it still seems to be often neglected because most didactical
studies are mainly centered on one side of the mathematical activity, as if mathematical
processes were natural and cognitively transparent. There is no true understanding in
mathematics for students who do not "incorporate™ into their "cognitive architecture” the
various registers of semiotic representations used to do mathematics, even those of
visualization (Duval, 1999). In order to understand what occurs as a recurrent source of
difficulties in learning mathematics we need extensive and detailed investigations about

the cognitive processes involved in the mathematical way of thinking (Duval, 2004).

Perceptual Apprehension Tasks

The first group of tasks examines students’ perceptual apprehension (PE) and includes
tasks examining students’ ability to discriminate, recognize and name several subfigures in
a complex figure. Actually the first two tasks ask students to define the type of particular
subfigures that are already coded in a divided figure. Two separate tasks are used, which
were administered separately, because there is a need of a number of figures that students
have to recognize, in order to check their perceptual fluency. In defining “perceptual
fluency” the term “fluency” from the notion of creativity is adopted. Particularly, fluency
refers to the number of answers provided by students (Leikin & Lev, 2007; Torrance,
1974). In modifying this term in order to be adjusted to this examination, students’
perceptual fluency is defined based on the number of figures students are able to recognize

and name.
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1. Figure KEZLisa ...............
A E BE 2. FigureIEZUisa ...............
7 3. Figure EZHLisa ...............
I L 4. Figure IKGU is a
5. Figure LGU isa
D G 6. Figure BELisa  ...............
7.  Figure HFGI isa  ...............
A B X X
8. Figure EGIHisa  ..............
nydu 9. Figure DBCisa  ..............
H
G
D 1 C

For analysis of the data these two tasks were merged into one. The correct recognition of
all the figures was concerned as the right answer from the mathematical point of view
(PE1). Based on the cognitive point of view students’ answers were grouped according to
the number of figures they had recognized correctly. Hence four categories of answers are

determined:
1) Students that recognize correctly all the 9 figures (R1)
2) Students that recognize correctly 8 or 7 figures (R2)
3) Students that recognize correctly 6 or 5 figures (R3)
4) Students that recognize correctly below 5 figures (R4)

In the third task students are asked to identify all the squares in the figure. In
question 1 they are asked to denote the number of the squares they have recognized,
whereas in question 2 they have to name each figure that was recognized as a square.
Question 2 is used in order to check whether students have recognized figures that were,
indeed, squares and did not include a false recognition of figures. From a mathematical
point of view the correct solution to this task was the correct recognition of all the seven

squares that are included in the given figure (PE2).
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H U I Look at the figure carefully and answer the

¥ T % questions:

1. How many squares can you distinguish in the

3 E K .
! figure?
7 5 P 2. Name the squares in the given figure.
I I L

In fact it is possible that students can recognize all the squares, at least the two most
obvious squares (FXRS and SRPO) or recognize less than seven squares, but without any
false recognition. That is the reason why a different categorization of students’ answers is
used. Although this task is about perceptual recognition, not all the students’ answers can
be considered to be only perceptual recognition, because there can be cases in which
someone can either recognize all the squares, can recognize correctly some but not all the

squares or can have false recognition.

The case in which someone achieves the correct recognition of all the squares
cannot be exclusively considered as mere perceptual recognition, because perceptively it is
not possible to see and recognize all the squares. In this case, the person is considered to be
at the borders of operative apprehension. On the other hand, within perception when a
person can see one square, it is not possible to discriminate a different one, as the
recognition of figures functions exclusively. For example, if a figure can be perceived and
seen by juxtaposition, it cannot be seen simultaneously by superposition. In addition,

within perception the estimation of magnitude is wrong.

Therefore, in the case of correct recognition of all the squares the person is
considered to be able to go beyond the perceptual apprehension of the geometrical figure
and is not far from operative apprehension. On the contrary, in the case of correct
recognition of only some squares the person is not able to go out of the perceptual

apprehension and remains within the limits of perceptual recognition.
To this end, three final categories of students’ answers can be set:

1) The first category involves the recognition of all the squares in the figure, but
without any false recognition. The answers that include all the correct squares only are
regarded as successful, because, if there is even one false recognition, the answer is
considered to be wrong (Rasq).
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2) The second category concerned the perceptual recognition of the included
squares FXRS and SRPO, which are considered to be the most obvious squares and, thus,

can be recognized more easily compared to the remaining five squares (Risq).

3) The third category is formed by answers including false recognition of squares,
even if some squares are recognized correctly. In the case of a rotated square there are
more possibilities for false recognition, because from a perceptual point of view a right
angle is recognized when there are horizontal and vertical segments; otherwise an illusion
in perception is possible to occur. But in the case of the particular figure given in this task,
in which no square is rotated, even if one false recognition is provided by the students the

answer is considered wrong (Rf).

Operative Apprehension Tasks

The second group of tasks consisted of five tasks that are chosen in examining students’
operative apprehension of the geometrical figure. Actually, these tasks test students’ ability
to modify a geometrical figure, as the tasks ask for a reconfiguration of the given

geometrical figure in order to be solved.

For the classification of the students’ performance, answers showing a similar
approach to a particular question were grouped together. This categorization was done
according to the type of cognitive procedures by which the answers occur. Thus, three
main approaches were anticipated: 1) answers from the operative apprehension
(mereologic modification), 2) answers from the perceptual apprehension, and 3) answers
from a different approach.

In the first task students are asked to compare the area of two figures.

Underline the right sentence and explain

your answer. ( (

a) Fig. A has an equal area to Fig. B Fig A Fig B

b) Fig. A has a smaller area than Fig. B

¢) Fig. A has a bigger area than Fig. B
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Actually, students were expected to perform a reconfiguration of Figure B and
realize that, when the front part of the figure is cut and moved to the back part of the

figure, a rectangle is formed, similar to Figure A, as shown in the figure below.

Fig. B

From a mathematical point of view the resolution of the task is considered to be
successful in the case students chose answer (a) (OP1). By cognitive analysis of the task
students’ explanations are categorized according to the type of apprehension that is
mobilized. For example, when a student used counting to find the answer, operative
apprehension is not activated. On the other hand, when a student adds some new lines on
the figure, it cannot be considered as only a perceptual approach, since it is an indication of
modifying the figure. A reconfiguration can be made explicitly or mentally (Duval, 1999)

and that is related to operative apprehension.
Thus, three categories of answers are set:

1) OP1me: This category includes right answers that occur from operative
apprehension, in which the reconfiguration is explicit. The term “explicit” denotes a
certainty that students have made a reconfiguration either by drawing extra lines in the
figure, showing which parts must be “cut” and change place or by verbal description of the
modifications made mentally.

2) OP1pe: In this category fall answers that occur from the perceptual apprehension,
for example students may be trying to calculate the perimeter by estimating the

length of each sector.

3) OP1da: In this case students’ right answers that occurred from a different approach

are grouped.

In the second task students are asked to find the length of the missing side of the
rectangle, based on the fact that the area of the rectangle is equal to the area of the

trapezium.
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The trapezium and the rectangle have equal areas. Find the length of the missing
side of the rectangle and explain your answer.

What is expected in this task is that students will apply a mereologic modification
on the figure and make a reconfiguration. In other words, students are expected to see that
if the trapezium is reconfigured by moving one of the two triangles and joining them
properly, a rectangle is formed. In this way they will be able to find the answer only by

visualization, without using any formulas or performing any calculations.

From a mathematical point of view, the correct answer is that the missing side
equals to 6cm, independently of the way the solution is reached (OP2). However, there
were cases in which students behaved in a different way during resolution of the task, to
the one expected. In fact, in this task it is significant to distinguish the students that are
able to recognize the proper reconfiguration from those who are not and go through the
calculation of the area of the trapezium. What is important to see is that the strategy is
different for those who have operative apprehension and those who don’t have and, hence,
use a more complex strategy. Consequently, answers are discriminated into three

categories:

1) OP2me: This group includes right answers that occur from operative
apprehension and the mereologic modification of the figure is explicit.

2) OP2pe: In this case right answers that occur from perceptual apprehension are
grouped. Students recognized the trapezium as a whole figure and answers are

linked to the use of the formula of the area of the trapezium.

3) Op2da: In this case students’ right answers that occurred from a different approach

are grouped.

In the third task concerning operative apprehension of the geometrical figure
students are asked to compare the perimeter of two figures. In this task it was anticipated
that the students’ answers would occur by the application of a mereologic modification of

the figures, i.e. students should make a reconfiguration of the figures by dividing then into
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parts and moving these parts in order to get two identical figures and check the equivalence

of their perimeter.

Look at the figures and circle the correct answer. Then explain your answer.

a) Figure A has a bigger perimeter than figure B.

b) Figure A has an equal perimeter to figure B. @ ;

A B
c) Figure A has a smaller perimeter than figure B.

The correct answer from the mathematical point of view is the choice of answer (b)

since the perimeter of the two figures is the same (OP3).
From the cognitive point of view, there are two categories of answers:

1) OP3me: Right answers that occur from operative apprehension and in which
the mereologic modification of the figure is explicit are grouped. As already mentioned,
students’ reconfiguration can be explicit by the addition of extra lines on the figures or by

the verbal explanation of the reconfiguration that they make.

2) OP3pe: Right answers that occur from perceptual apprehension are included in
this category. Such a solution is based on perceptual apprehension and, thus, on an effort to

calculate the perimeter by estimating the length of each sector.

3) OP3da: this group includes right answers that occurred from a different

approach.

4) The fourth task of this group demands, also, a mereologic modification of the
figure. In this case students were asked to divide the given figure into different parts and
combine these parts in different possible ways.

Draw the shapes you think that were
combined in order to form the following
figure. You can present more than one

solution.

\VAY
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The four possible solutions that occurred from operative apprehension and
reconfiguration of the figure are displayed below. So, success in this task from a
mathematical point of view is determined by the number of solutions students were able to
provide (OP4). Actually in this task students were expected to provide four solutions and
thus they have to find four different reconfigurations for the same figure. For succeeding
this students had to make many and different combinations of the subfigures included in
the given figure and use each subfigure in a different way each time in order to come to a
new answer. Therefore it is assumed that for the solution of this task a higher level of
abilities in modifying a given figure through the involvement of the operative apprehension

In necessary.

Solution 1 Solution 2 Solution 3 Solution 3

A\ VA L AU

Besides the four expected solutions that occurred due to operative apprehension of
the geometrical figure, students provided different solutions also, related to the
involvement of perceptual apprehension. Actually, the first solution is related to perceptive
juxtaposition (OP4pel), solution 2 to perception of the global shape (OP4pe2) and solution
3 to perceptive superposition of the figure (OP4pe3). These mean score for these three

answers were computed and express by the variable OP4pe.

Solution 1(OP4pel) Solution 2 (OP4pe2) Solution 3 (OP4pe3)

The last task used in order to examine students’ operative apprehension includes a

rectangle, which is divided into different subfigures (triangles and rectangles). In figure
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ABCD the diagonal AC divides the rectangle into two equal right-angled triangles (ADC
and ABC). Each of these triangles includes two other right-angled triangles, which occur
from the division of two rectangles included in figure ABCD respectively. Thus, from the
triangles ADC and ABC equal parts are subtracted. Consequently, rectangle 1 and
rectangle 2 have an equal area. For such a solution procedure operative apprehension is
needed in order for someone to be able to discriminate the different reconfigurations in the
figure and realize the relations between these subfigures. Students were expected to go

through these reconfigurations and finally conclude that the two rectangles have the same

area.
Figure ABCD is a rectangle. Look at the shadowed ' 1 ¥
rectangles 1 and 2 and choose the correct answer.
Then justify your choice. 2
a. Rectangle 1 has a bigger area than rectangle 2.

D C

b. Rectangle 1 has an equal area to rectangle 2.

c. Rectangle 1 has a smaller area than rectangle
2.

From a mathematical point of view, choice (b) is considered to be the correct answer
(OP5). However, students’ answers were not always related to a justification occurring
from operative apprehension. According to the cognitive point of view, the following

categorization of students’ answers was used:

1) OP5me: In this category right answers that occurred from a mereologic
argument are grouped (e.g. “I have two right-angled triangles and | take out equal parts

from each triangle”™).

2) OP5pe: in this case right answers that occured from a composition argument are
included (e.g. students’ justifications including compensatory relations between the two
shadowed triangles, like “Rectangle 1 is long and narrow, but rectangle 2 is short and
wider”, “if rectangle 1 is divided into two equal parts and these two parts are joined

together, then we get rectangle 2”).
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3) OP5da: This group includes right answers that occurred from the use of a
different approach, as there were students who tried to measure the sides of the two
rectangles and had to compare and calculate their area.

Sequential Apprehension Tasks

The third group consists of tasks examining students’ sequential figure apprehension.
Particularly it comprise of tasks testing students’ ability to construct a figure and describe

its construction.

The first task concerns students’ ability to construct a figure based on given data.
Students’ success in this task is determined according to whether the arc they construct is,
indeed, equal to the one given (SE1). Students are also asked to describe the way they
worked for the construction of the geometrical figure, in order to ensure that they followed
a mathematically correct procedure for their construction and that they didn’t draw a
random arc. Based on this description, answers in which the constructed figure seems
perceptually similar to the correct one, but the procedure for its construction is wrong,
were grouped as SE1ps. A last category is formed by incorrect constructions, in which

students have mainly drawn a random arc (SE1ns).

Draw an arc AB with centre C, equal to arc MN with centre O. Then describe the figure’s

construction.

P

°0

In the second sequential apprehension task students had to use the provided data

properly, in order to construct a correct figure.

In a triangle ABC, point E is situated on the segment AC. The circle with diameter AE

intersects side AB at point Z. Provided that AB=6, AC=6,5, BC=2,5 and AE= %AC,

draw the figure using a ruler and compass.
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First, they had to draw triangle ABC according to the dimensions provided for each
side. Then they had to calculate the length of side AE, which is the diameter of a circle and
then they had to find the midpoint of side AE and draw the circle. Finally, they had to mark
the point where the circle intersects the triangle on side AB (point Z). Students’
construction was taken to be correct in the case that their figure was similar to the one

shown in the figure below (SE2).

z
iy

A _—
78 O\
.’/ \\
I/ K |

[s5]

Figure 8. The correct construction in the second sequential apprehension task

In this task it is important to define what the main difficulty in that construction is.
So in the case when students do not succeed, what is the most difficult step of the
construction? What was hypothesized is that the most difficult part will be related to the

construction of the triangle.

Therefore, students’ constructions that were not correct were categorized as shown

below:

1) SE2pc: This group includes constructions that are partly correct, for example

constructions in which students succeed at least the right construction of the triangle.

2) SE2ps: In this group fall constructions with no success at all and especially
those who construct a wrong triangle. This can be connected with a perceptual approach:
the construction can be wrong but students may produce a figure similar to the correct one.

The figure can be similar, but the conditions for its construction are wrong.

The third of the sequential apprehension tasks asked students to construct a
parallelogram having equal area to the area of the triangle ABC.
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In the next figure lines (d) and (d") @ A

are parallel. Construct two points M

and N, so that the quadrilateral

AMCN is a parallelogram with an

area equal to the area of triangle | @) B C

ABC. Explain the way you worked

for your construction.

This task can be solved in two ways, which are both correct (SE3). In the first way
students draw a line passing through the midpoint of the height of the triangle. Taking side
BC as a base and the distance from BC to line e, a variety of parallelogram is created,
whose area equals the area of the triangle ABC (Solution 1). In the second way students
had to find the midpoint of the base BC (point O). Taking the distance between the lines d
and d” as height and the segment BO (Solution 2a) or OC (Solution 2b) as a base, a
parallelogram is formed having its points M and N on line d. In this task students are also
asked to provide an explanation for the way they worked for the construction of the figure.
What must be taken into account is whether the relevant properties that are used are named
or not and if they are named in a correct order. Besides the cases of a correct construction,
for the cognitive analysis of the task the perceptual answers of students are also grouped.
Thus, a variable (SE3ps) is created by grouping productions in which students construct a
parallelogram by drawing only one line or joining one vertex of the triangle to the opposite
parallel line. The last variable (SE3ns) consists of wrong constructions related to

approaches, such as the use of irrelevant formulas or wrong measurements.

Discursive Apprehension Tasks

The fourth group of tasks comprises tasks that are considered relevant in examining
students’ discursive apprehension of the geometrical figure. In these tasks the focus is on
students’ inferences, which constitute the indications for the existence of discursive

apprehension.
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The group of the discursive apprehension tasks includes a pair of tasks, whose
particularity is that they are used not only in order to examine students’ discursive
apprehension of the geometrical figure, but also the ‘Generality of proof” as defined by
Kunimune, Fujita and Jones (2008). Specifically, these two tasks include three different
types of proof: an empirical proof, a semi — empirical proof and a formal proof. Students
are asked to state whether they accepted each type as a proof. Thus, this pair of task
examines the degree of students’ awareness concerning the discrepancy between valid
reasoning and non-valid reasoning. It is significant to mention that this pair of tasks was
not administered to students at the same time, since each task was included in a different
part of the test. Thus, the resolution of the first task of each pair could not influence the

resolution of the second task.

In the first discursive apprehension task students were asked to choose one of the
four answers provided, but also to explain the way they had worked in order to find the

answer. Thus, students’ answers were correct in the case they proved that NH=MH (DI1).

In the triangle ABC: AB and AC are equal, line (e) is parallel to BC and AH is

perpendicular to BC. Choose the right answer, based on the data provided.
The length of NH:
a) is equal to MH &

b) is bigger than MH n/ N ®

c) is smaller than MH

d) it cannot be determined

Explain your answer.

The students’ inferences are decisive in the discursive apprehension tasks. Actually,
the resolution of this task involves knowledge of the properties of isosceles triangles and of
Thales’ theorem. So, on the basis of students’ justifications, the following categories were

formed:

1) Dllcj: The first category comprises correct answers that occur by a correct

justification.

2) DlIinj: The second category comprises correct answers for which no

justification is provided.
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3) DI1lwj: In the case students provide a correct answer but a wrong justification

they are added in the third category.

In the second discursive apprehension task students were given some information
about some figures that are included in the whole figure and they had to prove that three
particular sides of the figure are equal. Thus, students were expected to make an inference,
based on the properties of the geometrical figures and prove the equity of the three sides
(DI12).

In the given figure: A
o figure 1 is an equilateral triangle 1 o

B
o figure 2 is a rectangle 2

J D E
e figures 3 and 4 are squares 2 4
e the figure that consists of figures 3, 4 and 5 is a . L F
square. s

H G
Show that sides AC, LF and FG are equal.

Besides the cognitive procedures related to the discursive apprehension and
inference, the presence of the geometrical figure involves cognitive procedures that are
related to another kind of geometrical figure apprehension as well. This task is resolved
with inference but perceptual apprehension also intervenes, because students have to
recognize each figure that is mentioned in the instructions and use its properties. Therefore,
what is also important, besides inference, is transitivity. Transitivity can be described
either verbally or be shown by marking the sides on the figure. For this reason students’
answers are codified also for the cognitive point of view, according to the way transitivity

is made explicit. Three categories of answers are, thus, discriminated:

1) DI2vr: Here fall correct answers whose success is related to the explicit visual
recognition of transitivity. These can be solutions in which students draw on the figure to

show the equal segments.

2) DI2vei: Solutions are included in which success can be achieved by verbal

indication of transitivity.

3) DI2vrvei: this category includes answers in which both ways are used in

achieving the answers — visual recognition and verbal indication of transitivity.
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In the third discursive apprehension task three different students’ answers are
provided, which are trying to prove that the sum of the internal angles of a triangle is 180°.
Student A provides a semi empirical — proof, as he/she measures the angles of a triangle
and finds the sum. Student B gives an empirical proof, by drawing a triangle, cutting each
of his angles and then joining them. This student realizes that a straight line is formed and,
thus, proves that the sum of the interior angles of a triangle equals 180°. A formal proof is
given by Student C, based on the properties of the parallel lines. The student shows that the
angles Al - B2 and A3 - C are equal because they are alternate interior angles. In this way
he/she proves that angles A1, A2 and A3 form a right angle and then shows that the three

interior angles of the triangle are also equal to 180°.

In this task students were asked whether they accepted each student’s answer as a
proof or not and then they had to explain why. Since this task is related to proof and thus is
considered to be a discursive apprehension task, students were expected to make inference

and proper reasoning, which would bring them to choose the answer of student C (DI3).

Read the following explanations by three students who demonstrate why the sum of

the interior angles of a triangle is 180°.

Student A: ‘I measured each angle, and they are 50°, 53 °and 77°. 50+53+77=180.

Therefore, the sum is 180° °.

* Do you accept the explanation of student A as a proof? Yes/ No ............

Student B: ‘I drew a triangle, I cut out each angle and I put them together. They

formed a straight angle. Therefore, the sum is 180 °.

* Do you accept the explanation of student B as a proof? Yes/ No ............

[ Student C: Demonstration by using properties of parallel lines|

xx'//BI = A, =B, and A, =I'=A,+A,+A,=180°= B, + A, +1" =180°

* Do you accept the explanation of student C as a proof? Yes/ No ............
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However, other types of geometrical figure apprehension seem to be involved after all and
influence students’ choice of the acceptable type of proof. So, besides the correct answer
from a mathematical point of view, it is important to approach the task also from the
cognitive point of view and check the effect of other types of apprehension in students’

awareness of the right reasoning.

The three solutions presented in this task, apart from corresponding to a different
type of proof, also come from a different kind of geometrical figure apprehension:

1) Student A: This answer is based on measuring and computation and these

approaches are not related to visualization, but rather to perception (DI3pe).

2) Student B: This answer is based on reconfiguration. The student divides the
figure into parts and combines these parts in order to form a straight angle. Thus, operative

apprehension of the geometrical figure is involved (DI3op).

3) Student C: This answer is based on discursive apprehension because properties

are used and inference is performed (DI3di).

Similar to the previous task, the discursive apprehension task 4 includes answers of
three different students, who try to prove that the exterior angle of a triangle equals the
sum of the angles that are opposite it. Student A gives a semi empirical proof, as he
measures the angles in order to prove that they are equal. Student B gives an empirical
proof, by cutting out the two interior angles and putting them together in the exterior angle
to prove their equity. Student C provides a formal proof, because he is based on the use of
two parallel lines. The student draws a line parallel to one side of the triangle. This parallel
line divides the exterior angle into two angles. Then he proves that these two new angles
are equal to the two angles that are opposite the exterior angle of the triangle, by using the

properties of the parallel lines (corresponding angles/ alternate interior angles).

Similarly, as in task 3, students had to decide whether they accepted each student’s
answer as a proof or not and then to explain why. Students were again expected to choose
the answer of student C (D14).
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Read the following explanations of three students, who explain why the exterior angle of a

triangle equals the sum of the angles that are opposite it.

Student A: I measured the three angles of the triangle. A and B, which are 54° and 80°
respectively. The external angle T2 is 134°. So we have 54°+80°=134°. Thus the
external angle of a triangle equals the sum of the angles that are opposite to it.

)
B r

* Do you accept the explanation of student A as a proof? Yes/ No ............

Student B: I drew a triangle, I cut angles A and B and | put them together, placing them
at the top of the external angle I'2. They completed exactly external angle T°2.
Therefore, the external angle of a triangle equals the sum of the angles that are opposite
to it.

= Do you accept the explanation of student B as a proof? Yes/ No ............

Student C: Explanation based on the use of two parallel lines.

A

1N/4
B r

A A

We draw Iy // AB= A =T, and B=1", = A+B=1,+1, > A+B=I"_

» Do you accept the explanation of student C as a proof? Yes/ No ............

In this task the same codification of answers is used, as in the previous
corresponding task. The three solutions considered by the cognitive point of view are the

following:
1) Student A: This answer is based on measuring and computation and, thus, on
perception (Dl4pe).
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2) Student B: This answer is based on reconfiguration. The student divides the
figure into parts and combines them in order to compare the three angles. This answer
results from the involvement of the operative apprehension of the geometrical figure
(Dl4op).

3) Student C: This answer is based on the discursive apprehension, as inference is

made and because it includes the use of properties (D14di).

In the fifth discursive apprehension task students were expected to make inference
using Thales’ theorem (intercept theorem). Thus, they were expected to prove by
explaining that the segment that joints two midpoints, is parallel to the opposite segment
and equal to its half. In this task the mathematically correct answers were proofs by using

the intercept theorem for each of the three parallelograms (DI5).

In the triangle ABC, M, N and P are the B
midpoints of its sides. Prove that the
quadrilaterals APMN, BMNP, and GNPM are

parallelograms. A

For the cognitive analysis of the task each inference must be codified separately.
What is actually needed for a proper mobilization of discursive apprehension is the
following sequence of inferences for one of the parallelograms:

1) Inference 1 by using the intercept theorem for the 1% parallelogram
2) Inference 2 by using the intercept theorem

3) Inference 3 by using the definition of parallelogram from the two previous

conclusions

This sequence was scored as shown in Table 6.
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Table 6

Scoring for the Discursive Apprehension Task DI5

Right Wrong  Nothing

1. Inference 1 by using intercept theorem for the 1%

2 1 0

parallelogram
2. Inference 2 by using the intercept theorem 2 1 0
3. Inference 3 by using the definition of parallelogram ) . 0

from the two previous conclusions

Thus, the variables of the cognitive analysis of this task are triplets which are

considered to be one variable. The formed triplets are displayed in Table 7.

Table 7

Variables for the Discursive Apprehension Task DI5

Variables Triplets

1. DI5c comprehension of step deduction 2-2-2

2. DI5cg  comprehension of step deduction, but a gap 2-2-0

3. DI5wa wrong approach 1-0-0 or 2-0-0

There can be two cases of what is called a “wrong approach”. The first is related to
the irrelevant use of properties or of the theorem, and the reason for this is mainly
perceptual apprehension. Perception overrides all of the recognition and, thus, the
perception of a figure can be an obstacle to the recognition of the relevant theorem. The
second concerns the case in which students just mention the except theorem, but no further

reasoning occurs.

For variables 1 and 2 there is mobilization of discursive apprehension. For triplet 3
students may have no idea of reasoning and, thus, they can be completely confused. They
do not realize what is to justify and there is no discursive apprehension because there are

no inferences at all.

81



The last discursive apprehension task includes three triangles, two of which are
equal. Students were asked to find the two triangles that were equal and explain their
answer. Their answer was correct if they had found that the equal triangles are the first and
the third (DI6). Students were also expected to make inference using the properties of
triangles regarding the sum of the interior angles and also the criteria for the equity of

triangles.

Find the two triangles that are equal and explain your answer.

Similarly, in the rest of the task of this group what is decisive is students’ inference.
Consequently, students’ right answers had to be seen in relation to the justification students

provided.

1) Dlé6ci: In this category right answers with correct inference are grouped. These
are answers including the use of the properties of the triangle and the criteria for the equity

of triangles are found.

2) DI6wi: This category includes right answers with wrong inference, thus answers

that are not related to a proper justification.

3) DI6ni: In this category right answers with no inference, and, thus with no
justification are included. If students don’t give any justification, this can be because of the
influence of the perceptual apprehension, as they see that the two figures are the same and

they feel no need for proving it.

Reliability of the research instrument

In examining the reliability of the research instrument that was constructed in order to

measure the students’ geometrical figure apprehension, the Cronbach Alpha was
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calculated. The value of the Cronbach Alpha was higher than 0.75, therefore it can be
considered satisfactory (Cronbach’s Alpha = 0.803, p< 0.05) (Cronbach, 1990).

Variables of the research and scoring of the test

Codes serve to summarize, synthesize, and sort many observations made of the data.
Coding becomes the fundamental means of developing the analysis. Researchers use codes
to pull together and categorize a series of otherwise discrete events, statements, and
observations which they identify in the data. At first the data may appear to be a mass of
confusing, unrelated accounts. But by studying and coding the researcher begins to create
order (Zhang & Wildemuth, 2009).

During correction of the students’ answers in the tasks of the tests, 1 was used for
scoring the correct answers and 0 was given in the cases where the answer was wrong or
there was no answer. The results concerning students’ answers to the tasks were codified
with PE, OP, SE and DI corresponding to perceptual, operative, sequential and discursive
apprehension respectively. The following table (Table 9) presents the variables that were

used for the mathematical and cognitive analysis of the tasks.

Table 8

The Variables of the Study

Perceptual Apprehension tasks

Tasks 1 -2

PE1 Mathematically correct answer

R1 Correct recognition of all the 9 figures
R2 Correct recognition of 8 or 7 figures
R3 Correct recognition of 6 or 5 figures
R4 Correct recognition of below 5 figures
Task 3

PE2 Mathematically correct answer

83



Rasq
Risq

Rf

Recognition of all the squares
Recognition of included squares

False recognition

Operative Apprehension tasks

Taskl
OP1
OP1me
OP1pe
OPlda
Task 2
OP2
OP2me
OP2pe
OP2da
Task 3
OP3
OP3me
OP3pe
OP3da
Task 4
OP4
OP4rfl
OP4rf2
OP4rf3
OP4pel

OP4pe2

Mathematically correct answer
Mereologic solution
Perceptual solution

Different approach

Mathematically correct answer
Mereologic solution
Perceptual solution

Different approach

Mathematically correct answer
Mereologic solution
Perceptual solution

Different approach

Mathematically correct answer
Reconfiguration — solution 1
Reconfiguration — solution 2
Reconfiguration — solution 3
Perceptual recognition — solution 1

Perceptual recognition — solution 2
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OP4pe3
Task 5
OP5
OP5me
OP5pe

OP5da

Perceptual recognition — solution 3

Mathematically correct answer
Mereologic argument

Perceptual (composition) argument

Different approach (e.g. measurement argument)

Sequential Apprehension tasks

Task 1
SE1

SE1lps
SE1ns
Task 2
SE2

SE2pc
SE2ps
Task 3
SE3

SE3ps

SE3ns

Correct construction
Perceptual solution

Constructions with no success

Correct construction
Constructions that are partly correct

Perceptual solution

Correct construction
Perceptual solution

Constructions with no success

Discursive Apprehension tasks

Task 1
DI1

DI1cj
DI1n;j

DI1wj

Mathematically correct answer
Right answer with correct justification
Right answer with no justification

Right answer with wrong justification
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Task 2
DI2
Di2vr
DI2vei
DI2vrvei
Task 3
DI3
DI13pe
DI13op
DI3di
Task 4
Dl4
Dl4pe
Dl4op
Dl4di
Task 5
DI5
Dl5c
DI5cg
Di5wa
Task 6
D16
Dl6ci
Dl6wi

Dl6ni

Mathematically correct answer
Visual recognition of transitivity
Verbal indication of transitivity

Visual recognition and verbal indication of transitivity

Mathematically correct answer
Answer based on perceptual apprehension
Answer based on operative apprehension

Answer based on discursive apprehension

Mathematically correct answer
Answer based on perceptual apprehension
Answer based on operative apprehension

Answer based on discursive apprehension

Mathematically correct answer
Comprehension of step deduction
Comprehension of step deduction, but a gap

Wrong approach

Mathematically correct answer
Right answer with correct inference
Right answer with wrong inference

Right answer with no inference
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The research design of the task — based interviews with students

Qualitative research aims to gather an in-depth understanding of human behavior and the
reasons that govern such behavior. The task — based interviews will be conducted in order
to gain an insight into students’ strategies, difficulties and misconceptions during the
resolution of selected tasks, as students will have the chance to explain their answers

verbally to the researcher.

The qualitative method investigates the why and how of decision making, hence,
smaller but focused samples are more often needed than large samples (Flyvbjerg, 2006).
Thus, the interviews were conducted with only some students, who were chosen on the
basis of the results of the statistical analyses, according to their level of achievement. As
mentioned earlier, the participants were 3 students from grade 9, grade 10 and grade 11

respectively, of medium and high abilities.

In the interviews students were given each of the selected tasks separately in a written
form. They resolved each task and after its solution they had the chance to explain their
thoughts and the way they had worked during performance of the tasks. So, particular
questions were posed in order to help students express and explain their thinking process

and solution practices. Some representative questions that were used were the following:
- How would you explain your solution to a classmate?

- How difficult was the solution of the task?

- Did you encounter any particular difficulties during the solution of the task?

- Did you use the given figure during the solution of the task?

- Was the given figure helpful or not for the solution of the task?

After the questions concerning the solution of each task, general questions were
posed to students about all the tasks they were given during the interviews. In particular,
the questions were about characterizing the type of the tasks, for example whether the tasks
were interesting, boring, tiring or different from those usually given to students at school.
Furthermore students were asked to express their opinion about the teaching of Geometry
they receive at school, for example whether they were satisfied with the current way of
teaching and what they would like to change. In addition, students were encouraged to

express any other difficulties they encountered in geometry.
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The duration of each interview was approximately 40 minutes and each student was

interviewed by the researcher separately. The interviews were audio — taped.

Analysis of the data

This research design includes a combination of both quantitative and qualitative
approaches. In real research work, the two approaches are not mutually exclusive and can
be used in combination. As suggested by Smith (1975), “qualitative analysis deals with the
forms and antecedent-consequent patterns of form, while quantitative analysis deals with

duration and frequency of form”.

Thus the quantitative data were collected by the administration of the test. The task
— based interviews allowed collection of the qualitative data of the research. The collected
data of both types were analyzed by using different techniques and statistical software. The
quantitative and qualitative analyses of the data of this research are explained below in a

more detailed manner.

Quantitative analysis

Structural Equation Modeling and CFA

Confirmatory factor analysis (CFA), by using the EQS program, was performed for
exploring the structural organization of the various dimensions of the geometrical figure

apprehension (Bentler, 1995).

Structural equation modeling (SEM) is a statistical methodology that takes a
hypothesis testing (i.e. confirmatory) approach to the multivariate analysis of a structural
theory bearing on some phenomenon (Byrne, 1994). This theory concerns causal relations
among multiple variables (Bentler, 1988). These relations are represented by structural,
namely regression equations, which can be modeled in a pictorial way to allow a better

conceptualization of the theory involved.

SEM differs from the more traditional multivariate statistical techniques in at least
three dimensions: First, with the use of SEM analysis of the data is approached in a
confirmatory manner rather than in an exploratory way, making hypothesis testing more
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accessible and easier, compared with other multivariate procedures. Second, whereas SEM
gives the estimates of measurement errors, the conventional multivariate methods cannot
assess or correct for these parameters. Third, SEM involves not only observed but also
latent (unobserved) variables, whereas the older techniques incorporate only observed

measurements.

CFA is used in situations where the researcher aims to test statistically whether a
hypothesized linkage pattern between the observed variables and their underlying factors
exists. This a priori hypothesis draws on knowledge of related theory and past empirical
work in the area of the study. In this case the knowledge comes from the theory of Duval

(1995, 2005) about the geometrical figure apprehension.

CFA allows the researcher to test the hypothesis that a relationship between the
observed variables and their underlying latent construct(s) exists. The researcher uses
knowledge of the theory, empirical research, or both, postulates the relationship pattern a
priori and then tests the hypothesis statistically. Traditional statistical methods normally
utilize one statistical test to determine the significance of the analysis. However, Structural
Equation Modeling, CFA specifically, relies on several statistical tests to determine the
adequacy of model fit to the data. The chi-square test indicates the extent of difference
between expected and observed covariance matrices. A chi-square value close to zero
indicates little difference between the expected and observed covariance matrices. In
addition, the probability level must be greater than 0.05 when chi-square is close to zero
(Suhr, 2006).

The basic steps that a researcher follows in carrying out CFA are described below:
The model is specified, based on knowledge of relevant theory and previous empirical
research. Using a model-fitting program, such as EQS, the model is analyzed so that the
estimates of the model’s parameters with the data are derived. Then the tenability of the
model is tested based on data that involve all the observed variables of the model (Byrne,
1994; Kline, 1998).

The number of levels that the latent factors are away from the observed variables
determines whether a factor model is called a first-order, a second-order or a higher order
model. Correspondingly, factors one level removed from the observed variables are labeled
first-order factors while higher-order factors which are hypothesized to account for the

variance and co-variance related to the first-order factors are termed second-order factors.
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A second or a higher order factor does not have its own set of measured variables. In this

study a second-order model will be considered.

QUEST software

The Rasch model analysis (Andrich, 1988) was used for determining the degree of
difficulty the tasks and for creating a good interval level measure for the lower and upper
school students’ geometrical figure apprehension. The estimation of the Rasch models was

conducted with the use of the QUEST software (Adams & Khoo, 1996).

SPSS Statistical Package

The descriptive analysis was performed by using the SPSS statistical package. The
descriptive analysis provided information about the students’ percentages of correct or
wrong answers, the different approaches employed and the categorization of the students’
justifications and wrong answers. The SPSS was used also for performing the multivariate
analysis of variance (MANOVA), in order to examine the differences in the students’
performances in the different types of tasks according to the educational level and

according to their age.

Implicative Statistical Analysis and Hierarchical Clustering of Variables

For the analysis of the collected data, the hierarchical clustering of variables and Gras’s
implicative statistical method were also conducted using the computer software called
C.H.L.C. (Classification Hiérarchique, Implicative et Cohésitive) (Bodin, Coutourier, &
Gras, 2000). These methods of analysis determine the hierarchical similarity connections
and the implicative relations of the variables respectively (Gras, 1992, 1996). For the needs
of this study, similarity and implicative diagrams were produced from the application of

the analyses on the sample of students.

The hierarchical clustering of variables (Lerman, 1981) is a classification method
which aims to identify in a set V of variables, sections of V, less and less subtle,
established in an ascending manner. These sections are represented in a hierarchically
constructed diagram using a similarity statistical criterion among the variables. The

similarity stems from the intersection of the set V of variables with a set E of subjects (or
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objects). This kind of analysis allows the researcher to study and interpret clusters of
variables in terms of typology and decreasing resemblance. The clusters are established in
particular levels of the diagram and can be compared with others. This aggregation may be

attributed to the conceptual character of every group of variables.

In particular, the method used here is the ‘likelihood linkage analysis’ (LLA)
(Lerman, 1991). LLA is a methodology for grouping data into significant classes and
subclasses, using an algorithm of hierarchical classification. This method introduces a most
original notion of statistics for measuring statistical relationships and proximities, namely
the “likelihood” concept. Lerman (1991) sets up the “likelihood” notion as part of the
“resemblance” notion. The flexibility of this method enables taking into account any
combinatorial and logical structure of which the modality set of a given descriptive

variable is provided.

The construction of the hierarchical similarity diagram is based on the following
process: Two of the variables that are most similar to each other with respect to the
similarity indices of the method are joined together in a group at the highest (first)
similarity level. Next, this group may be linked with one variable in a lower similarity
level or two other variables that are combined together and establish another group at a
lower level, etc. This grouping process goes on until the similarity or the cohesion between
the variables or the groups of variables becomes very weak. In this study the similarity
diagrams allowed for the arrangement of the variables, which correspond to students’

responses in the tasks of the tests, into groups according to their homogeneity.

The implicative statistical analysis (Gras, 1996; Gras, Peter, Briand & Philippe,
1997) aims at giving a statistical meaning to expressions like: “if we observe variable A in
a subject, then in general we observe variable B in the same subject”. Thus, the underlying
principle of the implicative analysis is based on the quasi-implication: “if A is true, then B
is more or less true”. An implicative diagram represents graphically the network of the
quasi-implicative relations among the variables of the set V. In this study the implicative
diagrams will contain implicative relations, indicating whether success at a specific task

implies success at another task related to the former.
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Qualitative analysis

Qualitative data facilitate a better interpretation of the results of the statistical analyses,
allowing the formation of more comprehensive conclusions. Task-based interviews were
conducted with nine students, in order to triangulate the quantitative data. Thus, the
students’ transcripts were analyzed so that their thinking processes, misunderstandings and

difficulties would be highlighted.

Analyzing qualitative data is a process that consists of three parts (Seidel, 1995)
(Figure 9):

1) Noticing: it means making observations, writing field notes, tape recording
interviews, gathering documents, etc. Once a record is produced, the focus of attention is

turned to noticing interesting things in the record.

2) Collecting: as interesting things are noticed and named, the next step is
collecting and sorting them. Sorting and sifting through the data is the primary path to

analysis.

3) Thinking about interesting things: in the thinking process the things that you

are collected are examined.

Qualitative Data Analysis

Y Notice Things ‘,\\
v T v
Think _—~ Coll
About “ = T&n"é
Things
L A

Figure 9. The process of analyzing qualitative data and the relationships among its parts

For the analysis of the qualitative data of the research the method of Qualitative
Content Analysis was used. Qualitative content analysis is a valuable alternative to more

traditional quantitative content analysis, when the researcher is working in an interpretive
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paradigm. The goal is to identify important themes or categories within a body of content,
and to provide a rich description of the social reality created by those themes/categories as
they are lived out in a particular setting (Zhang & Wildemuth, 2009).

Qualitative content analysis has been defined as ““a research method for the
subjective interpretation of the content of text data through the systematic classification
process of coding and identifying themes or patterns” (Hsieh & Shannon, 2005) and as “an
approach of empirical, methodological controlled analysis of texts within their context of
communication, following content analytic rules and step by step models, without rash
quantification” (Mayring, 2002). Patton (2002) provides another definition according to
which it is “any qualitative data reduction and sense-making effort that takes a volume of

qualitative material and attempts to identify core consistencies and meanings”.

Qualitative content analysis involves a process designed to condense raw data into
categories or themes based on valid inference and interpretation. Through careful data
preparation, coding, and interpretation, the results of qualitative content analysis can
support the development of new theories and models, as well as validating existing theories
and providing thick broad descriptions of particular settings or phenomena (Zhang &
Wildemuth, 2009).

Zhang and Wildemuth (2009) describe the process of Qualitative content analysis
in eight steps:

1) Prepare the data

2) Define the unit of analysis

3) Develop categories and a coding scheme

4) Test your coding scheme on a sample of text
5) Code all the text

6) Assess your coding consistency

7) Draw conclusions from the coded data

8) Report your methods and findings.
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Summary

The present research study was conducted in seven phases. In the first phase the literature
review regarding geometrical thinking and geometrical abilities was conducted, while in
the second phase the geometry curriculum and the geometry textbooks used for the
teaching of geometry in Cyprus, from grade 9 to grade 11 were examined. Then the
research instrument of the study was developed, which comprised of four groups of tasks,
each one corresponding to the perceptual, the operative, the sequential and the discursive

apprehension.

The test was administered to 881 students, aged 15 to 17, of lower (Grade 9) and
upper (Grade 10, Grade 11) urban and rural secondary schools, in Cyprus. In particular, the
participants were 312 students from Grade 9, 304 students from Grade 10, 125 students
from Grade 11a and 140 students from Grade 11b. The task — based interviews with 9
students followed, in order to triangulate the quantitative data regarding the students
geometrical figure apprehension.

At a further stage the data were analyzed, with the use of different software and
statistical packages. The confirmatory factor analysis (CFA), by was used for examining
the structural organization of the various dimensions of the geometrical figure
apprehension. The SPSS statistical package was used for the descriptive analysis of the
data and for tracing the differences in the students’ performances in the different types of
tasks according to the educational level and according to their age, by the multivariate
analysis of variance (MANOVA). The hierarchical similarity connections and the
implicative relations between the variables were examined using the hierarchical clustering
of variables and Gras’s implicative statistical method through the computer software

C.H.1.C. For the qualitative data the Qualitative Content Analysis was used.

Based on the results that occurred through the analysis of the qualitative and the
quantitative data, finally the final conclusions were extracted, discussed and interpreted, in
reference to the literature review and to the outcomes of previous research, and teaching

implications, but recommendations for further research as well were given.
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CHAPTER IV

RESULTS

Introduction

This chapter presents the results that were extracted from the statistical analyses of the
data, which were performed in order to answer the research questions of the study. The
chapter is organized in four subchapters; each one focusing on the four axes of

investigation for this study.

The first subchapter includes the results related to the investigation of the cognitive
structure of the geometrical figure apprehension in the lower and the upper secondary
school. In fact, the structural model of the geometrical figure apprehension is described,
through which the important role of the perceptual, the operative, the sequential and the
discursive apprehension was revealed. Furthermore, the invariance of this structure is

shown in relation to the students’ age or educational level.

The second subchapter comprises the results answering the questions on the
relationships among the four types of geometrical figure apprehension. These relations
were examined with the use of the hierarchical clustering of variables and the similarity
analysis of the students’ answers. However, the examination of these relations was
conducted not only based on students’ answers considered from the mathematical point of
view, but was also combined with an examination of the students’ answers according to the

cognitive point of view.

The next subchapter includes the description of the results that occurred regarding
the comparison between the lower and the upper secondary school students’ geometrical
figure apprehension. This comparison was done based on the descriptive statistics of
students’ responses to the geometrical figure apprehension tasks from the mathematical
and the cognitive point of view, on the examination of the effect of age and the educational
level in the students’ geometrical figure apprehension as well as the hierarchical
classification of the geometrical figure apprehension tasks according to the degree of
difficulty.

In the last subchapter the results of the students’ mistakes and ideas about the
geometrical figure apprehension are described. The students’ wrong answers and mistakes

in the tasks for each type of apprehension are analyzed while the similarity and implicative
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relations among the students’ mistakes in the tasks concerning the recognition of proof and
their responses to the tasks about the production of proofs were traced. These similarity
and implicative relations constitute the basis of the identification of the students’
geometrical paradigm. Finally, the results of the semi-structured interviews with lower and

upper secondary school students are included in this subchapter.

The cognitive structure of the geometrical figure apprehension in the lower and

upper secondary school

Confirmatory Factor Analysis and Development of a Structural Model of Geometrical
Figure Apprehension

The exploration of the structural organization of the geometrical figure
apprehension was conducted through the use of the Confirmatory Factor Analysis (CFA).
A structural equation model involves two basic types of components: the variables and the
processes or relations among the variables. A schematic representation of a model, which
is termed path diagram, provides a visual interpretation of the relations that are

hypothesized to hold among the variables under study.

A series of CFA models regarding the geometrical figure apprehension were tested
and compared, in order to come to a model which would fit the data better than other

models. The tenability of a model can be determined by using the following measures of

2
goodness of fit: X, CFl (Comparative Fit Index) and RMSEA (Root Mean Square of

Approximation). The following values of the three indices are needed to hold true in order

2
to support an adequate fit of the model: X /df <2, CFI > 0.9, RMSEA < 0.06. If the
hypothesized model is not consistent with the data, the model is re-specified and the fit of
the revised model with the same data is evaluated (Byrne, 1994; Kline, 1998).

Three models of the structure of the geometrical figure apprehension were tested in
order to ensure that the proposed theoretical model (Figure 10) fit the data better than other
models. The first-order factor structure of the geometrical figure apprehension was first
investigated in order to determine whether four specific factors are needed to explain
variability of performance on the tasks, or whether a single latent factor would suffice to
explain this variability better. Specifically, the first model involved only one first-order

factor associated with all the tasks. This model tests the assumption that a single common
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source of variance is sufficient to account for performance on all tasks addressed to the
participants of the research. This model was the most parsimonious; however, it
disregarded the related theory and past empirical work which pointed out that, different
cognitive processes are needed in order to solve the tasks regarding the perceptual, the
operative, the sequential and the discursive apprehension respectively. The fit of this model
was poor [CFI=0. 951, x?(44) = 8.243, RMSEA=0.30].

Thus, in line with the theory on which the research was based, a four-factor model
was then tested where the scores representing students’ performance in the four groups of
tasks were prescribed to load on a separate factor. In fact the second model that was
constructed and tested involved four first-order factors corresponding to the perceptual,
operative, sequential and discursive apprehension. However, the fit of the second model
was not acceptable [CFI= 0.411, x* (42) = 450.445, RMSEA= 0.105].

The last model that was examined was the one hypothesized to describe the
structure of the geometrical figure apprehension for lower and upper secondary school
students (Figure 11). Particularly a second order model was constructed and tested, which
involved four first-order factors and one second-order factor. The four first-order factors
corresponded to the perceptual, operative, sequential and discursive apprehension
respectively and were regressed on the second-order factor standing for the geometrical
figure apprehension. A chi-square difference test indicated a significant improvement in fit
between the first and the third model [Ax? (7) =21.401, p<0.005] due to the second-order
factor inclusion. Besides, the fit of the third model was acceptable [CFI= 0.971, x? (37) =
56.842, RMSEA= 0.25]. By comparing the second-order factor model with the theoretical
first-order factor model, a small decrease of the RMSEA (i.e. from 0.030 to 0.025) and an
increase of the CFI (i.e. from 0.951 to 0.971) are identified. Thus, the second-order factor
model was considered preferable for both statistical reasons and reasons of parsimony
(Maruyama, 1998).

It should be mentioned that particular tasks were omitted from the final model due
to the fact that the factor loadings indicating their regression on the first order factors were
very low. Particularly these are two of the most difficult operative apprehension tasks (OP2
and OP4) according to students’ performance in them. Specifically task OP4 was the most
difficult task in the category of tasks examining students’ operative apprehension. In this
task students had to provide four solutions by finding four different reconfigurations for
the same figure. In order to succeed, such a high number of and different combinations of

the subfigures included in the given figure were necessary. Task OP2 was the second most
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difficult operative apprehension task for the total number of students. The solutions of this
task involved the mobilization of the operative apprehension, but also the involvement of
the perceptual apprehension was possible combined to the use of formulas and
calculations. The existence of numbers in this task can be a factor that differentiated it
from the remaining operative apprehension tasks, because it may have inhibited the
mobilization of the operative apprehension and reinforced the intervention of the

perceptual apprehension.

Some of the tasks examining students’ discursive apprehension were also omitted
from the final model (D13, DI4 and DI6). In fact these tasks can ultimately be considered a
group of geometrical tasks which have indirect characteristics of geometrical proof.
Particularly tasks DI3 and DI4 examine students’ ability regarding the recognition of proof
and not the production of a proof. In addition for the solution of task DI6 the production of
a proof can be related to the perceptual apprehension, due to the given figures, which

possibly influenced the mobilization of the discursive apprehension in many cases.

The final model of the study is presented in Figure 11. It is a second-order model
consisting of four first-order factors and one second order factor. The four first-order
factors PE.A., OP.A., SE.A. and DI.A. correspond to the perceptual, operative, sequential
and discursive apprehensions respectively. The perceptual, the operative, the sequential
and the discursive apprehensions are regressed on the second order factor G.F.A. that
stands for the geometrical figure apprehension. The loadings of the four first order factors
on the second order factor are high, indicating that all the types of apprehension influence
the apprehension of geometrical figures. In fact, the factor loadings for the perceptual, the
operative and the sequential apprehensions are similar. On the other hand the discursive
apprehension is more strongly regressed on the second order factor, as the corresponding
factor loading is the highest of all the remaining factor loadings of the first-order factors on

the second order factor.

On the first-order factor PE.A, which stands for perceptual apprehension, the tasks
examining the ability to recognize and name figures is regressed (PE1 and PE2). The first-
order factor OP.A that represents the operative apprehension involves the tasks demanding
the heuristic reconfiguration of figures and thus the mobilization of the operative
apprehension (OP1, OP3 and OP5). The first-order factor SE.A consists of tasks examining
students’ ability to construct geometrical figures (SE1, SE2 and SE3). The proof tasks
demanding inferences based on given data or based on the knowledge of theorems and

definitions (D11, DI2 and DI5) are regressed on the first order factor DI.A, which stands
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for the discursive apprehension of the geometrical figure. The regression of each group of
tasks on a different first order factor reveals that different cognitive processes take place
when each different type of apprehension is mobilized for the solution of the tasks.

To test whether a differentiation exists in the structure described above regarding
the geometrical figure apprehension according to students’ educational level or age, the
multiple group confirmatory factor analysis was performed. The multiple-group CFA
compares groups within the latent variable measurement model context, adjusting for
measurement errors, correlated residuals, and so forth. Multiple-group CFA involves
simultaneous CFAs in two or more groups, using separate variance — covariance matrices
(or raw data) for each group. The equivalence or invariance of measurement can be tested
by placing equality constraints on parameters in the groups. Equality constraints require
parts of the model to be equivalent across groups (Brown, 2006). Therefore with the
multiple group CFA, the invariance of the structure of the model for grades 9, 10 and 11
separately was firstly examined and then the analysis was used for testing whether the
model has the same structure for the lower and upper secondary school respectively as

well.

Firstly, the examination of the model was based on the hypothesis that the loadings
of the observed variables on the first order factors and the loadings of the first order factors
on the second order factor are equal in the models for the lower and upper secondary
school respectively. The application of the multiple group CFA showed that the fit of the
model under the particular constraints was acceptable [CFI= 0.940, x? (83) = 119.505,
RMSEA=0.31]. Thus the results are in line with the hypothesis that the same geometrical
figure apprehension structure holds true for both lower and upper secondary school
students (Figure 11).

In the particular model the majority of the loadings of the observed variables on the
first order factors are higher for the upper secondary school students. It is also noteworthy
that some loadings of the first order factors on the second order factor are higher in the
group of the upper school students suggesting that the specific structural organization
potency increases across the two educational levels. This is the case for the factor loadings
of the operative and the discursive apprehension. On the other hand, the factor loading
regarding the sequential apprehension of the lower secondary school students is lower than
the factor loading regarding the sequential apprehension of the upper secondary school
students. The factor loadings for the perceptual apprehension appear to be the same for the

two groups of students.
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Subsequently, the model was examined according to the hypothesis that the
loadings of the observed variables on the first order factors and the loadings of the first
order factors on the second order factor are equal in the models for the students in grade 9,
the students in grade 10 and the students in grade 11. The results confirm that the structure
of the geometrical figure apprehension is invariant for all the different groups of students
(Figure 12), according to their age, as the model that came about from the application of
the multiple group CFA is acceptable [CFI= 0.969, x* (129) = 161.075, RMSEA= 0.22].
For the majority of the loadings of the observed variables on the first order factors a
decrease is observed from grade 9 to grade 11, whereas an increase occurs from grade 10
to grade 11. However the higher loadings of almost all the observed variables on the first
order factors are found in grade 11. Regarding the loadings of the first order factors on the
second order factor, these factors are higher as we move towards a higher grade of
discursive apprehension. The factor loading for the discursive apprehension for grade 10 is
higher than the corresponding factor loading for grade 9 and the factor loading for grade 10
is higher than the factor loading for grade 11. The opposite happens regarding sequential
apprehension, as the factor loadings are lower from one grade to the next one. Specifically
the highest factor loading is observed for grade 9 students. The factor loading for grade 10
students is lower than the one for 9" graders, whereas it is lower than the factor loading for
grade 11 students. In addition there are fluctuations regarding the loading of the perceptual
apprehension on the second order factor between the different groups of students.
Specifically the factor loading of the perceptual apprehension for grade 9 is higher than for
grade 10, but the factor loading for grade 10 is not higher that the factor loading for grade
11. However the factor loadings for grade 9 and grade 11 are very similar. Finally the
factor loading of the operative apprehension for grade 9 is the lowest compared to the other
two groups of students. For grades 10 and 11 the corresponding factor loadings are also

very similar.

The results show that the structure of the geometrical figure apprehension is not
influenced by students’ age or educational level, as it remains invariant in the different
groups of students. The fit indices of all the models that were examined and described

above are presented in table 9.
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Table 9

The Fit Indices of the CFA Models

CFA Model X df 4 CFI RMSEA
Model with a first order 78.243 44 1.778 951  0.30

factor for the total sample 0=.001 (.019, .040)
Model with four first order ~ 450.445 42 10.745 411 105
factors for the total sample 0=.001 (.096, .114)
Model with four first order  56.842 37 1.536 971 .025
factors and a second order p=.001 (.010, .037)
factor for the total sample

Model with four first order  119.505 83 1.440 940  .031
factors and a second order 0=.001 (018, .043)
factor for each educational

level

Model with four first order  161.075 129 1.249 969  .022
factors and a second order 0=.001 (.008, .033)

factor for each grade
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Figure 10. The proposed model of the structure of the geometrical figure apprehension
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the test, PE.A. = perceptual apprehension, OP.A. = operative apprehension, SE.A. = sequential apprehension,

DI.A. = discursive apprehension, G.F.A.= geometrical figure apprehension. Note: The four numbers denote

the factor loadings for the total sample, for lower secondary school students and for upper secondary school

students respectively.

Figure 11. The CFA model for the geometrical figure apprehension for each educational

level separately
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the factor loadings for the total sample, for grade 9, for grade 10 and for grade 11 respectively.

Figure 12. The CFA model for the geometrical figure apprehension for each grade

separately

104



The relationships between the four types of geometrical figures apprehension

In this section the data was analyzed using the computer software CHIC, with which the
hierarchical clustering of variables and the implicative analysis were performed. Firstly the
similarity relations among the students’ answers are described from the mathematical point
of view for the total of the students and for each of the groups separately, by age and by
educational level, in order to trace similarities and differences between them. Next the

implicative relations between the students’ answers are presented in the same form.

Similarity relations among students’ answers from the mathematical point of view

The similarity diagram for the total of students is displayed in Figure 13. The similarity
diagram consists of three similarity clusters. The first similarity cluster is formed according
to the relations between the solutions of the perceptual apprehension tasks and some of the
operative and the discursive apprehension tasks. Specifically, in this first cluster there are
two sub-groups which are significantly related. The first sub-group indicates the similarity
between the solution of a perceptual apprehension task (PE1) in which students were asked
to recognize some coded geometrical figures that were included in a divided geometrical
figure and a discursive apprehension task (D16) that asked students to find the equal
triangles among three different triangles. Task D16 was considered a discursive
apprehension task, as students were asked to prove the equity of the triangles using the
given properties. However the fact that the geometrical figures were given to students may
have facilitated the mobilization of the perceptual apprehension, as the two equal triangles
could be identified through perception. Therefore the relation between this proof task and a
perceptual task can be attributed to the presence of the geometrical figure that reinforced

the influence of perception in students’ inferences.

In the second sub-group of this similarity cluster there is a significant similarity
relation among a perceptual task (PE2), a discursive apprehension task (DI15) and two
operative apprehension tasks (OP1 and OP2). The relation between task PE2 and the
operative apprehension tasks can be attributed to the fact that the cognitive processes
involved for the success in this task seem to exceed the borders of perceptual apprehension

and to be close to operative apprehension. In fact in task PE2 students were asked to
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recognize seven squares in a largest square with different subfigures. Although this task
regards the perceptual apprehension, the case in which someone achieves the correct
recognition of all the squares cannot be exclusively considered mere perceptual
recognition, because it is not possible to see and recognize all the squares perceptively.
Within perception when a person can see one square, it is not possible to discriminate a
different one, as the recognition of figures functions exclusively. For example if a figure
can be perceived and seen by juxtaposition, it cannot be seen simultaneously by
superposition. In the case of correct recognition of all the squares the person is considered
to be able to go beyond the perceptual apprehension of the geometrical figure. On the
contrary, in the case of the correct recognition of only some squares the person is not able
to go beyond perceptual apprehension and remains within the limits of perceptual
recognition. Similarly, concerning the similarity relation of task D15 with the operative
apprehension tasks, this can be explained by the fact that the mobilization of operative
apprehension was necessary for identifying the necessary relations between the figural
units of the given geometrical figure in order students to be able to prove. In fact, this task
asked students to prove that three sub-figures of a trapezium were parallelograms, using a
theorem, and by tracing relations between particular figural units. Therefore the
reconfiguration of the figure was a necessary process for recognizing the proper properties
that should be used for proving.

The second similarity cluster includes the solutions of the sequential apprehension
tasks (SE1, SE2 and SE3), which form similarity relations with two operative apprehension
tasks (OP3 and OP4) and two discursive apprehension tasks (DI1 and DI12). In fact there is
a significant relation between the discursive apprehension tasks and a sequential
apprehension task. However the sequential apprehension tasks are also related to the
operative apprehension tasks. Thereafter in this similarity cluster significant interrelations

among the three types of apprehension are revealed.

In the last similarity cluster an operative apprehension task (OP5) and two
discursive apprehension tasks (DI3 and DI4) are grouped. In fact, the operative
apprehension task OP5 is a task directly related to proof, due to fact that it involves the use
of properties in order to make the necessary reconfiguration that leads to the right solution.
This group of variables indicates once again the significant relation between operative
apprehension and discursive apprehension, and specifically the role of operative
apprehension not only for the production, but also for the recognition of proofs. Overall,
the two last groups of variables of the similarity diagram can be considered as the groups
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that include the use of mathematical properties either for geometrical constructions or for

inferences and geometrical proofs.
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Figure 13. Similarity diagrams on the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for the total sample

Figure 14 presents the similarity diagrams for each group of students according to
their grade. The similarity diagram for 9™ graders comprises two similarity clusters. In fact
the first cluster is divided into two subgroups of variables, which are weakly related. So
these two subgroups can be almost taken as two distinct groups and therefore the similarity
diagram for grade 9 can ultimately be considered to comprise three similarity clusters. The
first similarity cluster can be characterized as the “perceptual group” of tasks. This is
because this group includes the two perceptual apprehension tasks (PE1 and PE2) and the
operative apprehension tasks OP1 and OP2, in which the role of perception is very
important for their solution. In effect, in these two tasks students firstly have to recognize
the parts with the same areas perceptively and then perform the mereologic modification
on the given figures. In addition this group includes the D15 and OP4 tasks, whose
common characteristic is that the given geometrical figures are almost the same. In fact in
these figures students have to discriminate among different triangles with the mobilization
of perception and combine them and then to identify different parallelograms with the

involvement of operative apprehension.

The second similarity cluster can be considered as the group of geometrical proofs
and constructions, in which the sequential apprehension tasks (SE1, SE2, SE3) are related
to the discursive apprehension tasks (D12, D12). In the sequential apprehension tasks the

construction of the geometrical figures is based not only on technical constraints, but also
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on mathematical properties. On the other hand, the discursive apprehension tasks of this
group concern the production of geometrical proofs, based on properties, axioms etc. In
task DI1 students have to produce a proof using a theorem and for the solution of task DI2
the proof is based on the properties of geometrical shapes (equilateral triangle, rectangles
and squares) resulting from their definitions. Finally this group includes two of the
operative apprehension tasks that are related directly or indirectly to geometrical proofs.
Specifically task OP5 is directly related to geometrical proofs, as the identification of the
equal parts in the figure results from geometrical reasoning based on the property of the
diagonal of a rectangle, which divides the rectangle in two equal triangles. Regarding the
OP3task, this task is indirectly related to proof, as students are asked to show that the two

figures have equal areas, either by using a formula or by modifying the figures.

The third similarity cluster is the group in which three discursive apprehension
tasks are related (D13, D14, DI16). This group of tasks can be characterized as a group of
geometrical tasks with indirect characteristics of geometrical proof. In fact in tasks DI3 and
D14 students have to choose the proper justifications and not to produce a proof
themselves. Also in task DI6 the production of the proof can be based on the perception of
the figure, which leads to the procedural application of the theorem on the equity of
triangles. This assumption is also enhanced by the results describing the way the 9™
graders have actually answered in this task. The percentage of students that gave a right
answer to this tasks in combination to a proper justification (12.18%) is lower than the
percentage of students whose right answer was given with a wrong justification (26.92%)
or no justification at all (11.22%). According to the cognitive analysis of the task, the
influence of perception can be responsible for the lack of need to justify and prove or even

for the wrong justification students provide.

From this diagram two important observations emerge. Firstly, perception
constitutes a basic dimension of any geometrical activity, as it appears to trigger
geometrical reasoning which leads to a geometrical proof and the modifications that
provide a heuristic function to geometrical figures. On the other hand the tasks that do not
demand an explicit geometrical proof (third similarity cluster) are not necessarily related
either to perception, to construction processes or to the heuristic functioning of geometrical

figures.

The similarity diagram concerning the responses of the 10™ graders in the tasks of
the test consists of three similarity clusters. The first similarity cluster is divided into two

sub-groups. The first sub-group includes the relations among a perceptual task (PE1), an
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operative apprehension task (OP1) and a discursive apprehension task (DI5). The relation
between the task OP1 and DI5 is also found in the similarity diagram for grade 9 students,
although this relation is stronger and more significant in grade 10. As explained
previously, the correct inference for the proof in task DI5 is based on the mereologic
modification of the figure, which allows students to see the proper reconfigurations on
which the inference is based. This can justify the relation among these tasks. On the other
hand, perception is crucial for the solution of these tasks, as the recognition of particular

parts of the figure is prior to the application of the mereologic modification on the figure.

The other sub-group is formed by the significant relation between the discursive
apprehension task D16 and the perceptual apprehension task PE2. As previously
mentioned, the solution of task DI6 can be linked to the mobilization of the perceptual
apprehension, by which the two equal triangles could be recognized without the use of any
properties or axioms. In grade 9 this task forms similarity relations with two other
discursive apprehension tasks. However in grade 10 the similarity of this task appears to be
with a perceptual task, leading to the assumption that the influence of perception in this
task was greater for the 10" graders than for the 9™ graders. Specifically for grade 9, the
students that provide a correct answer with a right justification (8.88%) are fewer than the
students that gave a right answer but wrong justification (30.59%) or no justification at all
(12.50%).

Therefore, the first similarity cluster of this diagram consists of tasks corresponding
to the perceptual apprehension and tasks related to the operative and the discursive
apprehension, in which perception is a factor that influences the way these tasks are
approached and solved by students in grade 10. So this group of tasks can be characterized
as the perceptual group, because the involvement of the perceptual apprehension for the
solution of these tasks appears to be intense. The second similarity cluster can be called the
operative apprehension group of tasks, as it mainly includes tasks corresponding to the
particular type of apprehension. Specifically, this cluster is formed by the similarity
relations between the tasks OP2, OP3, OP4 and SE3.

The third similarity is mainly formed by discursive and sequential apprehension
tasks. Particularly in this group the tasks D1, D2, D3 and D4 are found, which are related
to all the construction tasks SE1, SE2 and SE3. Similar to grade 9, the operative
apprehension task OP5 is included in this group, as it is a task which is directly related to
proof, due to the fact that it involves the use of properties in order to make the necessary

reconfiguration that leads to the right solution. Thus this last group of variables can be
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taken as the group that includes the use of mathematical properties either for geometrical
constructions or for inference and geometrical proofs and therefore it could be related to

the cognitive processes of geometrical constructions and geometrical reasoning.

The most important outcomes from the similarity diagram for grade 10 students is
firstly that the role of perception appears once again to be essential for the success in the
further mobilization of the operative and the discursive apprehension for the solution of the
tasks. In addition, differently from grade 9, the three tasks that do not demand an explicit
geometrical proof (DI3, D14 and DI16) form relations with the rest proof tasks or the

perceptual tasks.

The grade 11a students’ responses in the tasks are also grouped in three similarity
clusters in the similarity diagram. It must be mentioned that the variables corresponding to
tasks SE2 and DI5 are omitted, due to the very small number of correct answers given by
students (1.60% and 2.40% respectively). Regarding the first similarity cluster, it is formed
by similarity relations between discursive and operative apprehension with perceptual
apprehension. However, compared to the results of grades 9 and 10, these tasks are not the
same. In fact, the first similarity cluster includes the significant relation between the two
perceptual apprehension tasks PE1 and PE2, which are subsequently related to the
operative apprehension task OP5 and the discursive apprehension task DI2. It seems that
for the students in grade 11a perception was firstly activated for the solution of these two
tasks. It is true that perception was necessary for discriminating the different subfigures in
the divided rectangle at first glance in task OP5 and also for the recognition of the different
subfigures which the given figure in task DI2 included. Therefore the perception of grade
11a students was more strongly involved and led to the necessary reconfiguration in task
OP5 and the proper inference in task DI2. In addition the significant relation between the
two perceptual apprehension tasks indicates the strong coherence in the mobilization of

perception for these students.

In the second similarity cluster there are relations between tasks corresponding to
three different types of apprehension. As a matter of fact, there are two operative
apprehension tasks (OP1 and OP2), which both ask for the identification of parts with the
same areas and then for the application of the mereologic modification on the given
figures. These tasks are connected to the construction task SE3 and the discursive
apprehension task DI3. These tasks are next linked to the significant relation between two
discursive apprehension tasks, the DI1 and DI4. Although each of these two tasks belongs

to different subcategories of proof, in this grade a significant relation exists between them.
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This may be an indication that students start to link the cognitive processes needed for

inferences and proving in geometry in a more effective way.

A similar situation applies in the last similarity cluster of the diagram, which is also
created by similarity relations between operative, sequential and discursive apprehension
tasks. Particularly these are the tasks OP3, OP4, SE1 and DI16. Regarding task DI6, in the
two previous grades it was related either to the discursive apprehension tasks on the
recognition of the proper proof (grade 9), or to perception (grade 10). However, in grade
11a these relations do not exist, but on the contrary the relation is formed with tasks that

mainly demand the mobilization of the operative apprehension.

Overall, the differentiation in this grade is that the tasks with no explicit
characteristics of geometrical proof (DI3, D14 and DI6) are linked with the operative
apprehension for the first time and not with the other proof tasks or the perceptual tasks, as
for grades 9 and 10. Also students of this grade seem to display greater coherence
regarding the use of perception for the solution of geometrical tasks. The three cognitive
processes related to the discursive, the sequential and the operative apprehension are
related, mostly in the second and third clusters and compartmentalization appears for the

perceptual apprehension with the rest of the tasks.

The similarity diagram for the grade 11b students’ answers in the tasks also consists
of three groups of variables. In this diagram new relations between the tasks appear,
showing differentiations in the way students of this grade confront the tasks and the
different role of each type of apprehension for the solution of the tasks, in relation to the

rest of the students.

Starting from the perceptual group of tasks that existed in all the previous diagrams,
this group gets a new form in this case. Specifically, the first similarity cluster is created by
the perceptual task PE1 and the three discursive tasks that are not directly related to a
production of proof (DI3, D14 and DI16). Thus students at this level are able to distinguish
the tasks that demand the production of a proof from those that ask for the identification of
the proper proof while the cognitive processes that are involved in each type of task seem

to be different for these students.

The second perceptual task PE2 is included in the similarity relations between the
discursive apprehension tasks that ask the production of a proof (DI1, D2 and DI5), two of
the sequential apprehension task (SE1 and SE2) and one operative apprehension task

(OP2), which form the second cluster. This cluster could be characterized as the proof-
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construction group, as the majority of the tasks correspond to the discursive and the
sequential apprehension. The inclusion of the task PE2 in this group can be justified due to
the fact that, as explained in the description of the tasks, those who succeed in this task
seem to be able to go further than perceptual apprehension and go near the limits of
operative apprehension. For grade 11b students this seems to be the case. Therefore in this
cluster the cognitive processes related to construction and reasoning are mainly involved,

which are also related to the cognitive processes of visualization.

The third cluster is mainly comprised by the operative apprehension tasks (OP1,
OP3, OP4 and OP5), which are related to the construction task SE1. Therefore this can be
called the “operative apprehension group”, indicating the coherence in students’ way of
solving these tasks. Students display greater stability in the solution of the operative

apprehension tasks, which appear to be compartmentalized for the rest of the tasks.
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Figure 14. Similarity diagrams for the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for each grade

Figure 15 is used for summarizing the invariant relations and the differences
between the similarity diagrams for the different groups of students. First of all the tasks in
all similarity diagrams are divided into three similarity clusters. In each diagram there is a
perceptual group of variables, with some differentiations for each grade. In fact one of the
similarity clusters in each diagram includes relations between the perceptual apprehension
tasks and some of the operative and the discursive apprehension tasks. However this group
is differentiated for each grade and the perceptual apprehension tasks are related with
different tasks, showing that some tasks are confronted in a different way by the students

from the different age groups.
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For grade 9 students there is similarity between the solution of the perceptual
apprehension tasks and the OP1, OP2, DI5 and OP4 tasks. For grade 10 students the
perceptual apprehension tasks are related with the OP1, DI5 and D16 tasks. For grade 11a
students the similarity relations are between the perceptual apprehension tasks and the OP5
and DI2 tasks. For grade 11b students there is firstly a change regarding the relation
between the perceptual apprehension tasks, which are not found in the same similarity
cluster, as the other groups of students. In fact each of the two perceptual tasks is included
into a different similarity cluster. Actually for this grade the perceptual group includes task
PE1 and three discursive apprehension tasks with indirect characteristics of proof.
Therefore, in this grade the perceptual group assumes a new form. This new form may be
the result of the influence of teaching. On the other hand, the perceptual task PE2 is related

to operative, sequential and discursive apprehension tasks.

Another similarity cluster in each diagram includes similarity relations mostly
among the discursive apprehension tasks and the sequential apprehension tasks. This group
can be characterized as the construction — reasoning group. Furthermore a different group
existing in the diagrams of grades 10 and 11b can be named as the visualization group,
which mainly involves relations between the operative apprehension tasks. For grade 10
students this group consists of the tasks OP2, OP3, OP4 and the task SE3. For grade 11b
students this group is formed by the tasks OP1, OP3, OP4, OP5 and the task SE1. This
group of tasks does not form any relation with the rest of the tasks, thus there is a
compartmentalization in the solution of the operative apprehension tasks. In addition there
Is a compartmentalization of reasoning, regarding the cognitive processes involved in the
recognition of proofs and the production of proofs in grades 9 and 11b. The transition from
lower to upper secondary school seems to influence these students’ abilities, which are

correctly reformed in grade 11b, in which teaching is different.

114



Perceptual group of Construction — Compartmentalization
variables reasoning group
Grade 9 perceptual Reasoning:
apgrtehinsmn tasks between the cognitive
and tasks processes involved in
- OP1 the recognition of
_ op2 Similarity relations proofs and the
mostly among the production of proofs.
— DI5 discursive
_ OP4 apprehension tasks
and the sequential
apprehension tasks
Grade 10 perceptual Between construction
apprehension tasks — reasoning and
and tasks visualization
- OP1
- DI5
— Dle
Grade 11a perceptual No
apprehension tasks Compartmentalization
and tasks
— OP5
— DI2
Grade 11b The perceptual 1. Reasoning:
ap[t);eher:js[onﬂt]asks are between the cognitive
no _Iou_r: "I] te same processes involved in
SIaB CRySter. the recognition of
proofs and the
The perceptual group production of proofs.
includes task PE1 and
the tasks 2. Operative
- DI3 apprehension tasks.
- Dl4
- DI6

Figure 15. Invariant relations and differences between the similarity diagrams for the

different groups of students

What emerges from the comparison of the diagrams corresponding to the lower and
upper secondary school students (Figure 16) is firstly that there seems to be a change in the

role of proof and the influence of perception in the solution of the tasks, which
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differentiates the way the relations between the rest of the tasks are created for the two

different educational levels.

As previously described, in the similarity diagram of the students in the lower
secondary school the tasks are divided into three similarity clusters. The first similarity
cluster can be considered as the “perceptual group” of tasks. The second similarity cluster
Is characterized as the group of geometrical proofs and constructions, whereas the last
group of tasks can be named as a group of geometrical tasks with indirect characteristics of
geometrical proof. Therefore in this educational level the solution of the tasks with indirect
relation to proof is different from the production of a geometrical proof and no relation
exists between these two types of tasks. The use of mathematical properties, axioms and
theorems seems to be compartmentalized from the recognition of proofs or from the

solution of tasks whose answers can be reached through the mediation of perception.

On the other hand, this is not the case for students from the upper secondary school.
In fact in the similarity diagram of upper secondary school students’ solutions to the tasks
two similarity clusters can be identified. Both clusters include tasks from all the four types
of apprehension. However some particular relations appear to be more significant than the
rest of the relations. Such a relation is the one between the PE2 and DI6 tasks, indicating
the influence of perception in finding the correct answer to task D16. Overall the upper
secondary school students seem to coordinate the cognitive processes related to each type

of apprehension in a more effective way.

The second significant relation concerns the tasks SE2, DI1 and DI2, showing the
strong relation between the use of mathematical properties in tasks of geometrical
constructions and proofs. This relation remains invariant after the transition from lower to
upper secondary school, as it also appears in both similarity diagrams. Another invariant
relation in the similarity diagrams for the students from the two different educational levels
is the one between the PE1, OP1, OP2 and D15, showing that the involvement of
perception remains the same for the solution of particular tasks, even if students are of

different age groups and have gained different mathematical knowledge.
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Figure 16. Similarity diagrams for the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for each educational level

What is ultimately highlighted after comparing the ways the students from the
different educational levels treat the same tasks, is that the mobilization of the perceptual
apprehension seems to be crucial for the solution of tasks that are related to proof and the
application of modifications on the geometrical figure. Therefore perception appears to be
the first step towards successful use of mathematical properties for geometrical reasoning

and for processes that provide a heuristic role to geometrical figures.
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Implicative relations for students’ answers from the mathematical point of view

using the classical method

The implicative relations for the total sample are indicated in figure 17. At the top of the
implicative chain there is an implication between the solution of the operative task OP4
and the discursive task DI15. Actually the figure included in the two tasks is similar and
demands the same type of reconfiguration of the geometrical figure in order to be solved.
So what this relation shows is that students who manage to carry out the proper
reconfiguration in task OP4 also conduct the proper reconfiguration in task D15 and thus
identify the necessary properties in order to reach the right proof. Furthermore this relation
makes the relation explained previously in the similarity diagram between task DI5 and the

involvement of the operative apprehension clearer.

In the second part of the implicative diagram a group of variables with implicative
relations is formed, comprising the sequential apprehension tasks (SE1, SE2, SE3) and
some of the discursive apprehension tasks (D12, DI3, DI4). The relations between these
tasks indicate again the connection between the two types of apprehension and the relation
between the technical constraints during the construction of a figure and the importance of

properties represented in the figure after the construction of the figure is accomplished.

Similarly, an important relation is included in the diagram concerning the PE2 and
OP2 tasks. As explained before in the similarity diagram the success in task PE2 is related
to cognitive processes similar to those taking place within the mobilization of the operative
apprehension. What this relation essentially shows is that students that are able to
recognize all the squares in task PE2 correctly are also able to perform the mereologic

modification demanded for the solution of task OP2 correctly.

The following relation in the fourth part of the implicative chain highlights the
influence of perception in the solution of the discursive apprehension task D16, as the
students who succeed in this task also seem to be able to recognize all the figures in the
perceptual task PE1 correctly. The lowest part of the chain reveals the implications

between
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Figure 17. Implicative diagram for the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for the total sample

the solution of the operative (OP5, OP3, OP1) and the discursive apprehension tasks (DI1).
Therefore the relations between the ability to modify a geometrical figure and the ability to
prove appear to be important. There is a hierarchy in the tasks which shows that there are

implicative relations between the tasks corresponding to all the types of apprehension.
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Therefore it is shown that despite the fact that each type of apprehension is different, all

these different types are related.

Figure 18 presents the implicative relations for grade 9 and grade 10 respectively.
At the top of the chain for grade 9 the discursive apprehension tasks are found (D15 and
DI2). In fact the production of the proof in task DI5 leads to the production of the proof in
task DI2 and also in task DI6. These two tasks form another implicative relation in which a
perceptual task intervenes (PE2). Therefore, although students seem to coordinate the
cognitive processes to make the correct inference, perception seems to be also involved in

the solution of these tasks.

The perceptual apprehension is also involved in the solution of the operative
apprehension tasks. In fact an implicative chain begins with task OP4, whose solution
leads to the solution of task PE2. In the implicative chain the solution of task OP2 comes
next, which is also related to the solution of a perceptual task (PE1). This chain ends with
the proof DI1 task, in which perception also seems to be important. Thus this implicative
chain reveals the interaction between the operative and the perceptual apprehension for the
correct recognition of figures and subfigures and for choosing the relevant reconfiguration

which leads to the right solution.

The perceptual apprehension PE1 task is also involved in an implicative relation
with the DI1task. On the contrary task PE2 forms implicative relations with operative
apprehension tasks (OP4, OP2, OP3) and discursive apprehension tasks (DI2 and DI6),
revealing that the 9" graders that achieve the recognition of all the squares in task PE2 are

also close to operative apprehension.

In this diagram the tasks concerning the constructions of geometrical figures also
appear. Actually the correct solution for two of the sequential apprehension tasks (SE1 and
SE?2) is a prerequisite for proving correctly in task DI1. Therefore these relations highlight
the importance of the proper use of mathematical properties in geometrical constructions
and for geometrical proofs.

For grade 10 the first implicative chain (Figure 18) starts with the discursive
apprehension DI3 task, whose solution leads to the solution of the corresponding D14 task.
These are the two tasks that concern the recognition of a proof, which students seem to
face in a coherent way. The solution of these tasks as well as that of task DI5 leads to the

solution of the operative apprehension task OP2.
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The relation between the DI5 and task OP2s highlights the importance of the
involvement of the operative apprehension for the production of the necessary proof in task
DI5, in which the reconfiguration of the given figure was a prerequisite for making the

correct inference.

In addition, an implication exists between the two perceptual apprehension tasks
(PE1 and PE2), indicating a greater level of stability regarding the use of perceptual
apprehension, compared to grade 9 students. The solution of the perceptual apprehension
tasks is a precondition for the solution of task D16, whose solution seems to be influenced
by perception. This relation continues with the solution of the proof DI1 task, which

further leads to the solution of the operative apprehension task OP1.

The second implicative chain involves two operative apprehension tasks (OP4 and
OP5) and a perceptual apprehension task (PE2). The fact that only this perceptual task is
related to the operative apprehension enhances the hypothesis that for the successful
solution in task PE2 perception is not enough, but also the operative apprehension seems to

be necessary.

At the top of the third implicative chain a sequential apprehension task (SE1) is
found. The successful construction of the geometrical figure that is required in this task
leads to the production of correct proofs in the D16 and DI1 tasks, whose solution leads to
the right solution in task OP1. Task OP1 is the end of another implicative chain, which

involves the sequence between task SE3 and task OP3.

What the diagrams indicate overall is that, first of all there are implicative relations
between the different types of geometrical figure apprehension. Perception seems to be a
presupposition for the mobilization of the operative apprehension in some tasks or
intervenes in the solution of discursive apprehension tasks. In addition, grade 10 students
display constancy in the recognition of proofs. Furthermore the sequential apprehension
seems to be mostly related to the operative and discursive apprehension, whereas there are

no relations with the perceptual apprehension.
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Grade 9 Grade 10

Note: The SE2 and DI5 tasks do not appear in the diagram, because they are omitted due to the very small

number of correct answers provided.

Figure 18. Implicative diagram for the students’ responses from the mathematical point of
view in all the geometrical figure apprehension tasks for the 9™ and 10"

graders
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The implicative relations in the diagram for grade 11a students (Figure 19) begin
with a perceptual apprehension task (PE2) which forms implicative relations with a task of
the same type (PE1) and two operative apprehension tasks (OP3 and OP5). These relations
show that students display stability in the use of perception, but their perception is related
to the operative apprehension. Thus there are indications of coordination between the

perceptual and the operative apprehension for these students.

For the solution of the operative apprehension OP3 task other tasks are also
preconditions. These are the DI6 and SE1 tasks, indicating the relation among the
operative, the discursive and the sequential apprehension. From the construction task SE1 a
new implicative chain begins, which splits into two branches and mainly involves proof
tasks. The first branch continues with two tasks on the production of a proof (DI2 and
DI1), whereas the second brunch includes the tasks on the recognition of proofs (D13 and
DI4). Finally the chain ends with task OP1.

In fact in this diagram two groups of variables are identified. The first group
involves the tasks that are included in the first implicative chain, which are mainly
operative and perceptual apprehension tasks. Therefore this group is formed by the relation
between the perception of a figure and its heuristic function. The second group comprises
the tasks of geometrical constructions and geometrical proofs. The common characteristic
of these tasks is the importance of mathematical properties. For constructions these
properties are related to the right sequence of steps that will lead to a geometrical figure
which will show the relevant mathematical properties properly. In proving, the
mathematical properties represented in a figure have to be used correctly for making

correct inferences. So this group can be named as the “use of mathematical properties”.

The implicative diagram for grade 11b students (Figure 19) is formed by
implicative relations between tasks from all the types of apprehension. In the diagram
different groups of tasks can be distinguished, according to the relations that occur between
them. A first group shows that the correct construction of the geometrical figures in the
SE1 and SE2 task leads to the solution of the perceptual PE2 task. Therefore this group
indicates the relation of the geometrical constructions to perception. New relations emerge
from task PE2, which bring to the solution of the PE1, OP3 and DI2 tasks. These relations
show the coherence in the cognitive processes regarding the perception of geometrical
figures by the students in grade 11b and that perception influences the solution of
discursive and operative apprehension tasks. Another group includes the proof DI5 task

and task OP4, whose common feature is the similar geometrical figure that is given. The
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correct solution of these two tasks appears to be a precondition for the right solution in task
OP2, showing that the operative apprehension is needed to reach the right proof. The same
type of relation exists in the next part of this implicative chain, in which another operative
apprehension task (OP2) and discursive apprehension task (DI1) are involved. In addition
there is an indication for stability in the tasks regarding the production of proofs (D12, DI5
and DI1) as well. Therefore in this group the relation is revealed between the tasks
regarding the production of a proof and the heuristic exploration of the figure. The last
group concerns the relation between the discursive apprehension tasks that examine the
recognition of a proof (DI3 and DI4), which reveals stability in the way students solve
these tasks, as in grade 10 and 11a. On the other hand these two tasks are not related to any
of the other tasks, indicating a compartmentalization regarding the cognitive processes on

the recognition of proofs.

Concluding, there is coherence in the cognitive procedures related to the
recognition of proofs and the production of proofs respectively. However, there is
compartmentalization between the types of discursive apprehension tasks. On the other
hand the tasks regarding the production of proof are related to the operative apprehension.
Therefore students in grade 11b are able to coordinate the use of properties and the
heuristic functioning of figures, but activate different processes for the recognition of
proofs.
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Figure 19. Implicative diagram for the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for grades 11a and 11b

In the implicative diagram for the upper secondary school students (Figure 20),
three groups of tasks can be identified. The first group consists of the implicative relations
between the sequential apprehension tasks and the discursive apprehension tasks. Firstly,
there is an implicative relation between the two tasks that examine the recognition of proof
(DI3 and DI4), displaying coherence in the way students confront this type of tasks.
Coherence is also displayed in the second relation, which is formed between two sequential
apprehension tasks (SE2 and SE1). The third sequential apprehension task (SE3) is linked
to the proof DI5 task. These three relations as well as the operative apprehension OP4 task

are related to the solution of the proof DI2 task. Therefore this group can be characterized
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as the group of the use of mathematical properties, as the use of properties is a common

characteristic of the discursive and the sequential apprehension tasks.

The second part of this diagram is a hierarchy which includes implicative relations
among the OP2, PE2 and PE1 tasks. This relation shows that the solution of the operative
apprehension OP2 task brings to the solution of the perceptual PE2 task, which also
includes some characteristics of the operative apprehension. The solution of these tasks is a
precondition for the solution of the other perceptual apprehension task (PE1), indicating
coherence in the way students mobilize perception. Therefore this group can be considered
as the “visualization group”, in which there exists coordination between the operative and

the perceptual apprehension.

The last part of the similarity diagram is formed by a group of operative
apprehension tasks and proof tasks, which form implicative relations between them. The
first task in this group is the discursive apprehension D16 task, which is previously related
to a perceptual apprehension task, indicating the involvement of perception for reaching
the solution of this task. From this task new implicative relations occur. These are relations
mostly between the operative apprehension tasks and the discursive apprehension tasks.
Specifically the solution of task D16 leads to solution of task DI1. Next the solution of task
DI1 is linked to the solution of two operative tasks (OP3 and OP1). In addition the solution
of the operative OP1 task is linked to the solution of task OP5. So what this group shows is
the relation between the heuristic use of figures and the procedures for proof. Operative
apprehension seems to very important for the identification of the relations among the
different figural units of the figure, in order to trace the necessary mathematical properties

for getting to the proper proof.

In both similarity diagrams the coordination between the operative and the
perceptual apprehension is displayed, whereas the upper secondary school students display
greater coherence regarding the perceptual apprehension than the lower secondary school
students. Also in both diagrams the relations between the variables revealed the importance
of the proper use of mathematical properties for the construction of geometrical figures and

for the production of geometrical proofs.
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Figure 20. Implicative diagrams for the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for each educational level
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Implicative relations for students answers from the mathematical point of view with the

entropy method

Apart from the classical in the implicative analysis, the entropy method (Gras, Peter,
Briand & Philipp, 1997) was also used. The latter can better meet the objective of
modeling of set inclusion or basic statistical theory of involvement and to take into account
the quality of the contra positive direct involvement. But it is more severe in matters of
intensity of involvement. An intensity of about 0.75 is as good as high intensities in the
classical method. The entropic method is highly recommended when the number of

individuals exceeds a few hundreds.

In the implicative diagram for the total sample there are implicative relations
mostly between the tasks of the operative, the discursive and the sequential apprehension.
The operative apprehension tasks and the discursive apprehension tasks are situated at the
bottom of the implicative chains, indicating the importance of these kinds of tasks for the
solution of the rest of the tasks. In fact the solution of some of the operative apprehension
tasks (OP1, OP3 and OP5) is a prerequisite for the solution of other operative apprehension
tasks (OP4), for discursive apprehension tasks (D12, D13, DI5) and for the sequential
apprehension tasks (SE1, SE2, SE3). This is also the case for the discursive apprehension
tasks (DI1 and D16), whose solution seems to be a prerequisite for the solution of the rest
of the discursive apprehension tasks that are included in the diagram (D12, DI3, D15), the
operative apprehension tasks (OP1, OP3, OP5) and the three sequential apprehension tasks
(SE1, SE2, SE3).

) 6 (=) @)
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Figure 21. Implicative diagram for the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for the total sample
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What is noteworthy is the presence of the perceptual apprehension PE2 task at the
bottom of the chain together with the operative and the discursive apprehension tasks.
Based on the cognitive analysis of the particular task, the correct answer (the correct
recognition of all the squares) does not remain only within the limits of the perceptual
apprehension, but this ability goes towards the borders of operative apprehension.
Therefore task PE2 is situated at the bottom of the implicative tasks along with the
operative apprehension tasks, forming an implicative relation with the sequential
apprehension SE2 task. In addition the tasks on the recognition of proof (DI3 and D14) are

not included in the implicative relations.

In the implicative diagram for the 9™ graders (Figure 22) the implicative relations
are mainly formed between the operative apprehension tasks and the discursive
apprehension tasks and on the other hand between the discursive apprehension tasks and
the sequential apprehension tasks. Particularly, the operative apprehension OP1 and OP3
tasks are situated at the bottom of the implicative chains. These tasks form implicative
relations with a task of the same type of apprehension (OP4), a perceptual task (PE2), a
discursive apprehension task (DI15) and a sequential apprehension task (SE2). Concerning
the discursive apprehension task which is also found at the bottom of the implicative
chains (DI1), the implications are created only with tasks of the same category (DI2) and
construction tasks (SE1, SE2 and SE3). From the three discursive apprehension tasks that
appear in this implicative diagram, task DI5 is the only one which is not related to the other
discursive apprehension tasks. On the contrary the rest of the discursive apprehension tasks
are related. Therefore the mobilization of the operative apprehension was crucial for the
production of a proof in the particular task.

In the implicative diagram for grade 10 students (Figure 22), the implications are
formed between variables corresponding to tasks from the three types of geometrical figure
apprehension, as the perceptual apprehension tasks are not present in the implicative
relations. In this diagram the first implicative chain is formed by the relations between two
operative apprehension tasks (OP1 and OP2) and a discursive apprehension task (D15).
This relation between tasks OP1 and DI5 remain constant compared to the corresponding
results about grade 9 students. This indicates that the 10" graders also mobilize the
operative apprehension for the solution of this discursive apprehension task. Similar to the
o graders’ diagram, implicative relations exist among the sequential apprehension tasks
(SE1, SE2 and SE3) and the tasks that are included in the category of the operative (OP5
and OP3) and the discursive apprehension tasks (DI1 and DI2). Compared to the
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corresponding relation for these tasks in the implicative diagram of grade 9, the relation
between task SE2 with a discursive and an operative apprehension task still exists. The
relation remains constant also regarding task SE1, which in both grades is only related to
the discursive apprehension DI1 task. The situation is different between the two grades
regarding task SE3. In grade 9 this task is only related to a discursive apprehension task

(DI1), whereas in grade 10 this task is related to an operative apprehension task (OP3).

Coming to the discursive apprehension tasks, implications are formed between
them (DI1 and DI2), with the operative apprehension tasks and with the sequential
apprehension tasks. In fact, in grade 10 more implications appear between the discursive
apprehension and the operative apprehension tasks (D15-OP1, DI1-OP4, DI12-OP3).
Compared to grade 9, task DI5 still remains with no further relations with the other
discursive apprehension tasks, whereas the remaining tasks of this type (D11 and DI12) are
both related with discursive and operative apprehension tasks. Consequently, the existence
of more relations among the operative apprehension, proof and constructions indicates that
the role of the operative apprehension seems to be even more important for the 10"

graders.

The implicative diagram for the students in grade 11a (Figure 22) includes fewer
implicative relations. As previously mentioned, tasks SE2 and DI5 are omitted from this
analysis due to the very small number of correct answers provided from the students. Two
small implicative chains are clearly distinguished. The first concerns the implicative
relation between task OP1 and tasks DI2 and SE3. So this chain includes implications
among the operative, the discursive and the sequential apprehension. The second
implicative chain is formed by the relation between tasks SE1 and OP3, indicating another
relation between the ability to construct a geometrical figure and to modify it. Compared to
the relations including task SE1 in the two previous grades, task SE1 is related to an
operative apprehension task for the first time. Concerning task SE3, it continues to form

implicative relation with an operative apprehension task, as in grade 10.

The implicative diagram for the students from grade 11b (Figure 22) contains more
implicative relations between the variables, compared to the diagram for grade 11a
students. This diagram is formed by implications between tasks from all the types of
geometrical figure apprehension. First of all the perceptual apprehension PE2 task is
included in an implicative chain with a sequential apprehension task (SE2) and a discursive
apprehension task (DI1). Task PE2 appears again only in the 9" graders implicative

diagram, though forming a relation with an operative apprehension task (OP1). Thus the
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role of perception seems to be different in the two tasks, as it appears to influence the rest

of the tasks in a different way.

Regarding the sequential apprehension tasks, they relate to the operative and the
discursive apprehension tasks. Specifically, task SE1 is linked to operative apprehension
tasks (OP1 and OP3) only, as in grade 11a, whereas tasks SE2 and SE3 are both related to
discursive and operative apprehension tasks. The difference in this diagram is that no
relations are found between the operative and the discursive apprehension tasks. The
operative apprehension tasks are mostly related to the sequential apprehension tasks or
with each other. As far as the discursive apprehension tasks are concerned, they are mostly
related with each other or to the sequential apprehension tasks. An important observation
about task DI5 is that it is involved with the rest of the discursive apprehension tasks (D11
and DI2) for the first time, and not with operative apprehension tasks, as in grades 9 and
10. This indicates the different treatment of this task by grade 11b students, who seem to
coordinate the cognitive processes involved in the procedure of proving in geometry. A
last observation about this diagram is that the solution of task DI1 turns to be crucial for
the solution of tasks from the other types of apprehension, as it is involved in many

implicative relations and it is situated at the bottom of these implicative chains.
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Figure 22. Implicative diagram for the students’ responses from the mathematical point of

view in all the geometrical figure apprehension tasks for each grade

In the implicative diagram for the upper secondary school students (Figure 23), all
the types of apprehension are involved in the implicative relations. In fact most of the
relations are among the operative, the discursive and the sequential apprehension tasks.
The perceptual apprehension task that appears in these implications (PE2) forms just one
relation with the sequential apprehension SE2 task. This is a first difference compared to
the implicative diagram for the lower secondary school students, in which the perceptual
apprehension task is related to an operative apprehension task. Therefore a change in the
role of perception in the upper secondary school is observed, as it seems to influence the

sequential apprehension of the geometrical figure.

Regarding the sequential apprehension tasks, there are changes in the tasks they are
related with. For example task SE1 creates implicative relations with tasks OP1 and DI1.
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Regarding the results of the lower secondary school students, this task is only related to the
discursive apprehension (task DI1). The second task (SE2) is the only one which is related
to tasks from the other three types of apprehension (OP5, PE2, DI2). The same task is
related to two operative apprehension tasks (OP1, OP3) and a discursive apprehension task
(DI1) in the lower secondary school. Lastly, task SE3 is involved in implicative relations
with the operative apprehension OP3 task and the proof DI1 task. The relation with task
DI1 remains constant in the implicative diagrams for the two different educational levels.
Another observation which is common for the diagrams of the two educational levels is
that in both cases the same tasks are situated at the bottom of the implicative chains. These
are tasks OP1, OP3 and DI1, whose solution seems to be decisive for the solution of other

tasks that correspond to the different types of apprehension.
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Figure 23. Implicative diagrams for the students’ responses from the mathematical point
of view in all the geometrical figure apprehension tasks for each educational

level

Comparing the two diagrams for each educational level, what surfaces is the
important role of the operative apprehension and the discursive apprehension for the
solution of geometrical tasks. Furthermore, the different types of apprehension of
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geometrical figures seem to be more coordinated in the upper secondary school than in the

lower secondary school.
Similarity relations among students’ answers from the cognitive point of view

In the a priori analysis of the tasks the students’ answers were not only viewed through the
mathematical point of view. A cognitive approach was used as well for codifying the
students’ answers, mainly according to the specific type of apprehension that was
mobilized for reaching the answer. In this section the data was analyzed using the
hierarchical clustering of variables, by which the similarity relations among these variables
were revealed. The results are presented separately for each type of apprehension.

Figure 24 presents the similarity relations among all students’ answers in the
perceptual apprehension tasks. In fact, there are three similarity clusters in this diagram.
The first similarity cluster is formed by the significant similarity relation between the
correct recognition of all the figures in task PE1 (R1) and the correct recognition of all the
squares in task PE2 (Rasq). The second similarity cluster is created by the significant
similarity relation formed between the recognition of the two most obvious squares (Risq)
in the PE2 and the recognition of almost all the figures (R2) in task PEL. In the last
similarity cluster the false recognition in task PE2 (Rf) forms similarity relations with the
recognition of 5-6 figures (R3) and the recognition of less than 5 figures (R4) in task PE1.

There is a weak similarity relation between the second and the third similarity cluster.
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Figure 24. Similarity diagram for the students’ responses from the cognitive point of view

in the perceptual apprehension tasks for the total sample

Generally the similarity diagram for the total of the students indicates that the
students, who are able to recognize all the squares in task PE2 correctly, can also recognize

all the figures in the PE1task. The students that recognize only the isolated squares in task
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PE2 are also able to recognize almost all the figures in task PE1. Regarding the students
who carry out false recognition in task PE2, they are able to recognize a fewer number of
figures (6 and less than 6) in task PE1.

The similarity diagrams for each group of students are presented in figure 25.
Particularly the similarity diagrams for grades 9, 10 and 11b students’ responses to the
perceptual apprehension tasks are the same as the similarity diagram for the total of
students. The differentiation is that in grade 10 the similarity relation in the second
similarity cluster is not significant, whereas for grade 11b students this is the case for the
first similarity cluster. Regarding the similarity diagram of grade 11a students, the first
similarity cluster is formed by the same variables, as in the rest of the similarity diagrams.
The second similarity cluster also includes the recognition of the two most obvious squares
(Risq) in this case, which are significantly related to the recognition of less than 5 figures
(R4) and less related to the recognition of 5-6 figures (R3) in task PEL. Finally the false
recognition in task PE2 (Rf) is linked to the recognition of almost all the figures (R2).
Therefore the way the students in grade 11a deal with the perceptual apprehension tasks is

quite different from the rest of the students.
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Figure 25. Similarity diagrams for the students’ responses from the cognitive point of

view in the perceptual apprehension tasks for each grade

The similarity relations among all students’ answers in the operative apprehension
tasks, on the basis of the cognitive point of view, are indicated in figure 26. In fact there
are three similarity clusters in this diagram. In the first similarity cluster two subgroups are
distinguished. The first subgroup includes mainly the solutions which occurred through the
mobilization of the operative apprehension (OP1me, OP2me, OP3me and OP5me). This
subgroup also includes two solutions that are related to the involvement of perceptual
apprehension (OP2pe and OP5pe). Actually there is a significant similarity relation
between perceptual solution in task OP2 (OP2pe) and the use of the mereologic
modification for solving task OP5 (OP5me). This relation reveals the strong influence of
perception for the solution of task OP2, which was also indicated in the implicative

diagram for the total number of students.
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Figure 26. Similarity diagram for the students’ responses from the cognitive point of view

in the operative apprehension tasks for the total sample

The second subgroup includes the significant relation between the perceptual
answers in tasks OP1 and OP3 (OPZ1pe and OP3pe), which are also significantly related to
the use of a different approach in task OP4 (OP4da). These two subgroups are also
significantly related to the use of the mereologic modification for the solution of task OP4
(OP4me). Therefore the first similarity cluster comprises mainly the use of the mereologic
approach for the solution of the operative apprehension tasks, which seems to be used
coherently enough. However indication of coherence also appears in the intervention of
perception.

The second similarity cluster regards the similarity relation between the use of a
different approach for solving tasks OP1 and OP3 (OP1da and OP3da). Finally the
significant similarity relation between the perceptual solution in task OP4 and the use of a
different approach in task OP5 (OP4pe and OP5da) creates the last similarity cluster.

Consequently the relations among all the students’ answers reveal similarity mostly
between the use of the mereologic approach and the involvement of perception. However
less similarity relations appear between the perceptual solutions and the use of a different
approach. Coherence is displayed mostly for the use of the mereologic approach, as most
of those answers are located in the same similarity cluster. Less coherence exists for the

perceptual solutions and the use of the different approach.

The similarity diagram for the ot graders (Figure 27) comprises three similarity

clusters. The first cluster includes almost all the answers that occurred with the use of the
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mereologic approach (OP1me, OP2me, OP3me and OP5me) and almost all the perceptual
solutions (OP1pe, OP2pe, OP3pe and OP5pe). Specifically there is a significant relation
between the use of the mereologic approach in tasks OP3 and OP5 (OP3me and OP5me)
and another significant relation between the perceptual solutions in tasks OP1 and OP2
(OP1pe and OP2pe) with the rest of the aforementioned variables. The similarity relation
in the use of a different approach for the solution of tasks OP4 and OP5 (OP5da and
OP5da) forms the second similarity cluster. In the last similarity cluster two subgroups
appear which are significantly related to each other. The first subgroup is created by the
significant relation between the use of a different approach in tasks OP1 and OP3 (OP1da
and OP1da), whereas the second subgroup regards the relation between the use of the
mereologic modification and the perceptual answer in task OP4 (OP4me and OP4pe). The
9™ graders display consistency in each type of solution in the operative apprehension tasks,
as there are similarity relations among the solutions of the same kind. In addition, the
majority of the similarity relations are between the solutions which are related to the

operative and the perceptual apprehension.

The 10" graders’ solutions are grouped into two similarity clusters in figure 27. In
the first cluster two subgroups are formed. In the first subgroup almost all the solutions
occurring from the use of the mereologic modification (OP1me, OP2me, OP3me and
OP5me) are significantly related to the perceptual solution in task OP5 (OP5pe). The
second subgroup includes similarity relations between the perceptual solutions in tasks
OP1 and OP2 (OP1pe and OP2pe), the use of the mereologic modification in task OP5
(OP5me) and the use of the different approach in task OP3 (OP3da). Actually the relation
between the variables OP2pe and OP5me is significant. The perceptual solution in task
OP4 (OP4pe) is related to the rest of the variables included in the first similarity cluster.
The second similarity cluster also includes two subgroups of variables, which are
significantly related. In the first one the use of the mereologic modification in the fourth
task (OP4me) is significantly related to the perceptual solution in the fifth task (OP5pe)
and the use of a different approach in the first task (OP1da). The second subgroup is
formed by the similarity relation between the perceptual solution and the use of a different
approach in the third and forth tasks respectively (OP3pe and OP4da). Thus the first
similarity cluster mostly includes the solution involving either the operative or the
perceptual apprehension, whereas the second one mainly includes the use of the different
approach. Coherence in the way the 10™ graders solve the operative apprehension tasks

occurs mainly for the use of the mereologic modification. Compared to the solutions of the

138



9™ graders, in the similarity diagram for the 10" graders a similarity relation appears
between the use of the mereologic modification and the use of a different approach, which

does not exist for the 9™ graders.

The similarity diagram regarding the answers from students in grade 11a (Figure
27) is formed by three groups of variables. Specifically the first similarity cluster includes
the majority of the answers related to the use of the mereologic modification (OP1me,
OP2me, OP3me and OP5me) and a solution related to perception (OP5pe). Three other
solutions related to perception (OP1pe, OP2pe and OP3pe) and two answers related to the
use of a different approach (OP1da and OP5da) form the second similarity cluster, in
which most of these variables are significantly related. In the last similarity cluster there
are variables from the three types of solutions. In fact the use of a different approach in the
third task (OP3da) is related to the use of the mereologic modification in the fourth task
(OP4me). These variables are significantly related to the perceptual answer in the fourth
task (OP4pe). Finally these three variables are significantly related to the use of a different
approach in the fourth task (OP4da). In this sense, the similarity diagram for the students in
grade 11a indicates stability mainly for the use of the mereologic modification. Similarly to
the results of the 10™ graders there are significant similarity relations between the use of
the mereologic modification and the use of a different approach or the involvement of

perception.
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Figure 27. Similarity diagrams for the students’ responses from the cognitive point of view

in the operative apprehension tasks for each grade
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The last similarity diagram (Figure 27) concerns the students’ solutions in grade
11b in the operative apprehension tasks. These solutions are discriminated into three
distinct similarity clusters. The first similarity cluster is created by the relations between
the use of the mereologic modification in the two first operative apprehension tasks
(OP1me and OP2me) and the use of the different approach in the rest of the tasks (OP3da,
OP4da and OP5da). The next similarity cluster includes three perceptual solutions (OP1pe,
OP2pe and OP3pe) and a solution related to the use of the mereologic modification in the
fifth task (OP5me). In fact the perceptual solutions in the first and third task are
significantly related (OP1pe and OP3pe). In the last similarity cluster the use of the
different approach in task OP1 (OP1da), the use of the modification in tasks OP3 and OP4
(OP3me and OP4me) and the two perceptual solutions (OP4pe and OP5pe) are
significantly related. Differently from the rest of the students, there are more similarity
relations between the mobilization of the operative apprehension and the use of the
different approach for the solution of the tasks in grade 11b. The coherence displayed in
the previous results is not evident in this diagram. On the other hand greater coherence

seems to exist in the mobilization of the perceptual apprehension for solving the tasks.

The similarity relations between the variables occurring from the cognitive analysis
of the students’ answers in the sequential apprehension tasks are displayed in the figure 28.
The similarity diagram includes students’ correct (SE1, SE2, SE3) or partly correct
(SE2pc) constructions and answers that occurred with the involvement of the perceptual
apprehension (SE1ps, SE2ps and SE3ps). All students’ solutions are distinguished into two
similarity clusters. The first similarity cluster includes the similarity relations between the
correct constructions in the three sequential apprehension tasks (SE1, SE2 and SE3) and
the partly correct construction in the second task (SE2pc), with these relations being
significant. The other similarity cluster is formed by the similarity relations between the
variables corresponding to the perceptual solutions (SE1ps, SE2ps and SE3ps). The
similarity relation between the two similarity clusters is very low, which allows one to
consider the two clusters as distinct. Therefore compartmentalization appears between the
mobilization of the sequential apprehension, which leads to the correct constructions, and
the involvement of the perceptual apprehension, which is responsible for solutions that
look similar to the correct ones, but the procedure was not followed properly. In addition
there seems to be coherence in the way each type of apprehension is mobilized, as the
solutions occurring from each type of apprehension are grouped into separate clusters.

141



Figure 28. Similarity diagram for the students’ responses from the cognitive point of view

in the sequential apprehension tasks for the total sample

In the similarity diagram for the 9" graders (Figure 29) two similarity clusters are
also formed, though they do not include exactly the same variables as in the diagram for
the total sample. The first similarity cluster includes all the correct solutions of the
sequential apprehension tasks (SE1, SE2 and SE3), the partly correct solution in task SE2
(SE2pc) and one of the perceptual solutions (SE1ps). There is a significant similarity
relation between the correct construction in task SE1 and the partly correct solution in task
SE2 (SE2pc) (explain why). Also the correct solution in task SE3 is significantly related
with the variables SE1, SE2 and SE2pc. The second similarity cluster is formed by the
perceptual solutions in tasks SE2 and SE3 (SE2ps and SE3ps). The similarity relations
between the variables indicate coherence in the mobilization of the sequential and the
perceptual apprehension, but there is no compartmentalization between the two types of
apprehension, because a relation appears between the two types of solutions. Therefore the
9™ graders seem to be able to mobilize the sequential apprehension, but the perceptual
apprehension influences this procedure, as it intervenes in the sequence of steps for
constructing a figure and leads to a solution in which the necessary steps were not

followed.

The similarity diagram for the 10™ graders (Figure 29) also includes two similarity
clusters. As in the similarity diagram for the total number of the students, the first cluster
involves the correct and partly correct solutions (SE1, SE2, SE3 and SE2pc), whereas in
the second cluster all the perceptual solutions (SE1ps, SE2ps and SE3ps) are found. Same
as in the similarity diagram of the 9" graders, there is a significant similarity relation

between the correct construction in task SE1 and the partly correct solution in task SE2
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(SE2pc) (explain...), which form a subgroup in the first cluster. A second subgroup is
formed by the relation between the correct solutions in the second and third task (SE2,
SE3). In addition, the variables of the second similarity cluster that correspond to the
perceptual solutions are significantly related. In this case too, the similarity relation
between the two similarity clusters is very low, thus the two clusters can be considered as
distinct. The separation of the two types of solutions into two distinct similarity clusters
reveals the compartmentalization regarding the cognitive processes involved during the
mobilization of the sequential and the perceptual apprehension. Also coherence is indicated
in the involvement of each type of apprehension in the solution of the sequential

apprehension tasks, as each type of solution forms a separate similarity cluster.

The variables for grade 11a are also distributed into two similarity clusters (Figure
29). In fact new relations appear in this similarity diagram. The first cluster includes a
significant similarity relation between the variables SE1ps and SE2pc. The fact that a
perceptual solution is related to a partly correct construction can be indicative of the
influence of perception in the solution of task SE2. It is possible that perception intervened
during the construction process and influenced the operation of the sequential
apprehension. Therefore the students only achieved the construction of a part of the figure
(only the triangle in this case) and then continued the procedure without following the
steps in the required way, due to the involvement of perceptual apprehension. The
variables SE1ps and SE2pc are also related to the variable corresponding to the successful
construction in task SE1. The correct construction in task SE3 is significantly related to the
three previous variables. The second similarity cluster comprises the variables SE2, SE2ps
and SE3ps. What emerges in this diagram is that there is no coherence regarding the
mobilization of the sequential and the perceptual apprehension. The correct constructions
are related to the perceptual solution, showing that the proper mobilization of the
sequential apprehension is not achieved in all cases, giving space for perception to
intervene and influence the construction process. Compared to the other groups of students,
in grade 11a the most relations between the correct solutions and the perceptual solutions

appear.
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Figure 29. Similarity diagrams for the students’ responses from the cognitive point of view

in the sequential apprehension tasks for each grade

The last similarity diagram indicates the similarity relations between grade 11b
students’ answers in the sequential apprehension tasks (Figure 29). The variables are
grouped in two similarity clusters in this case as well. As in some of the previous diagrams
(total sample and gradel0), the first similarity cluster includes all the correct or partly
correct answers (SE1, SE2, SE3 and SE3pc), whereas the second is formed by all the
perceptual solutions (SE1ps, SE2ps and SE3ps). In the first similarity cluster the relations
among the correct solutions of the three sequential apprehension tasks are significant. This
significance of the relations among these three tasks appears for the first time in grade 11b
students and is indicative of the strong coherence in the way the students in this grade
construct a geometrical figure, following the right sequence of steps. In addition the
grouping of all the perceptual solutions in the same similarity cluster shows that there is
also coherence as regards the involvement of perception in the construction process. The
fact that the two similarity clusters are not related is indicative of the phenomenon of
compartmentalization between the cognitive processes related to the sequential and the

perceptual apprehension.

The similarity relations between the variables occurring from the cognitive analysis
of all students answers in the discursive apprehension tasks are presented in figure 30.
These variables form two similarity clusters and each one includes two subgroups. The
first similarity cluster includes the variables related to the comprehension of proof and the

variables that represent answers in which the justification was wrong. The second

145




similarity cluster includes the answers with no justification and solutions related to the

perceptual and the operative apprehension.
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Note: the variable DI2vr was not included in the analysis, because of low frequency

Figure 30. Similarity diagram for the students’ responses from the cognitive point of view

in the discursive apprehension tasks for the total sample

Specifically, the first subgroup of the first similarity cluster includes a significant
relation between the correct justification in task DI1 (Dl1cj), the combination of the verbal
indication and the visual recognition of transitivity in task D12 (DI2vrvei) and the
comprehension of proof with a gap (DI5cg). The variables corresponding to the
comprehension of proof in task DI5 (DI5) and the verbal indication of transitivity in the
second task (DI2vei) are also related to these variables. A significant similarity relation
appears between the aforementioned variables and the correct inference in task D16
(DI6ci). Then there is a significant relation between the students’ answers in the tasks on
the recognition of proof which occur from discursive apprehension (DI13di and DI4di). This
relation reveals stability in the way the students answer in this pair of tasks. All the
variables of this subgroup are significantly related, indicating coherence in the way
students mobilize the discursive apprehension. Regarding the second subgroup of the first
similarity cluster, it includes a significant similarity relation between the wrong
justification in the first task (D11wj) and the wrong answer in the fifth task (D15wa). These

variables are subsequently related to the wrong inference in the sixth task (D16wi). Thus
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this subgroup comprises variables related to the wrong answers and inference in the proof

tasks.

The second cluster, first of all, includes the similarity relation between the two
variables corresponding to answers without justification (DI1nj and DI16ni). The next
similarity relation is between the perceptual answers in the tasks on the recognition of
proof (DI3pe and Dl4pe). These variables are also related to the answers occurring from
the operative apprehension in the tasks about the recognition of proof (DI3op and DI4op).
These relations again show the stability in the way the students answer in the tasks
regarding the recognition of proof. In addition all the variables of the second similarity
cluster are significantly related. Therefore this cluster includes answers that are not related
to the discursive apprehension, but on the other hand these answers are related to the

perceptual and the operative apprehension.

Generally, the first cluster is related to the discursive apprehension, even if wrong
answers are included. These answers are related to the discursive apprehension, because an
effort for inference seems to have been made, albeit unsuccessfully. The second cluster
includes answers that are not related to the discursive apprehension, but on the other hand
these answers are related to the perceptual and the operative apprehension. The cases in
which students gave a wrong justification but their answers were correct appears to be
related to the discursive apprehension, but on the contrary the cases in which no
justification was provided is not related to the discursive apprehension, but can be
alternatively attributed to the influence of the operative and the perceptual apprehension. In
addition students display consistency in the type of apprehension that is mobilized for
solving the tasks regarding the recognition of proof.

The similarity diagram for the 9" graders (Figure 31) includes three similarity
clusters. The first similarity cluster includes four subgroups. In the first subgroup there is a
relation between the correct justification in the first task (DI1cj) and the indication of the
comprehension of proof but with a gap in the fifth task (D15cg). These two variables are
next significantly related to the verbal indication of transitivity in the second task (DI2vei).
In addition there is a relation between the three variables and the wrong answer in the fifth
task (DI5wa). In the second subgroup there is a significant relation between the
combination of the verbal indication and the visual recognition of transitivity in task D12
(DI12vrvei) and the comprehension of proof but with a gap in the fifth task (D15c). The
third subgroup is formed by the similarity relations between the students’ answers in the

tasks on the recognition of proof which occur form the discursive apprehension (DI3di and
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Dl4di) and the correct inference in task D16 (DI16ci). Therefore this group comprises
mainly the students’ answers that are related to the discursive apprehension, as in this
group the variables regarding correct justifications and inference or variables indicating
comprehension of proof are gathered. But this cluster also involves a relation between
these variables and a variable related to a wrong answer. Also the verbal indication and the
visual recognition of transitivity in task DI2 are related to the comprehension of proof. In
essence, this cluster indicates that the behavior of students towards the way they solve the
discursive apprehension tasks is coherent enough. The last subgroup comprises the
significant relation between the wrong justification in the first task (DI11wj) and the wrong
inference in the sixth task (DI6wi). This subgroup is significantly related to all the previous
subgroups, which are mainly related to the mobilization of the discursive apprehension.
The existence of this relation reveals that although the justifications prove be wrong, the
procedure for solving these proof tasks is related to the involvement of the discursive
apprehension. In the second similarity cluster relations are found between the students’
answers in tasks DI3 and D14, but specifically those related to the operative apprehension
(DI3op and Dl4op) and to the perceptual apprehension (D14pe). The third similarity cluster
includes the variables corresponding to the non provision of justification in task DI1
(DI1nj) and to no inference in task DI6 (DI6ni), which are related to the perceptual
solution in the DI3 (DI3pe).

In the similarity diagram for the 10™ graders (Figure 31) the variables are
distributed into five similarity clusters. The first similarity comprises mainly the answers in
which the inference and the justification were correct and answers displaying
comprehension of proof. Specifically, this cluster includes two subgroups of variables. In
the first subgroup the correct justification in task DI1 (DI1cj), the combination of the
verbal indication and the visual recognition of transitivity in task D12 (DI2vrvei), the
verbal indication of transitivity in the second task (DI2vei) and the comprehension of proof
displayed in task D15 (D15c) are related. In fact the relation between the last two variables
is significant. The other subgroup contains the significant relation between the
comprehension of proof with a gap in task DI5 (DI15cg) and the correct inference in task
D16 (DI6ci), which are next related to the wrong inference in the same task (DI16wi) Thus
in this cluster the first subgroup only contains variables that indicate a good function of the
discursive apprehension, whereas in the second subgroup there are relations between
variables that show comprehension of proof but also the opposite. Therefore coherence is

displayed by the first subgroup, but this is not the case for the second subgroup of
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variables. The first similarity cluster is significantly related to the second similarity cluster
which is formed by the relation between the answers in the tasks on the recognition of
proof which occur through the discursive apprehension (D13di and DI4di). These two
clusters are further significantly related with the next similarity cluster, formed by the
relation between the wrong justification and the wrong answer in the DI1(DIl1wj) and D15
(DI5wa) tasks respectively. As in the previous diagrams, there are so far significant
relations between the variables that are related to the mobilization of the discursive
apprehension, either expressing correct or incorrect answers. The fourth similarity cluster
is created by the relation between two variables corresponding to answers where no
justification and no inference were displayed (DI1nj and DI6ni). In the last similarity
cluster the relations regarding students’ answers in the DI3 and D14 tasks are found, but
specifically those related to the perceptual (DI3pe and Dl4pe) and the operative (DI3op
and D14op) apprehension. In contrast to the 9™ graders’ responses in these two tasks, the
10™ graders display consistency in their answers, as the same type of apprehension is
mobilized for the solution of each task. Therefore the 10™ graders seem to be more stable
regarding the recognition of proof than the 9" graders. Generally the 10" grades appear to
solve the proof tasks involving the discursive apprehension which leads to correct answers,
but in some cases these correct answers are not accompanied by the right justification. The
absence of justification and inference are not related to the discursive apprehension, but

different types of apprehension seem to be related to these results.

The answers of the students in grade 11a are distributed into two distinct similarity
clusters (Figure 31). In the first similarity cluster three subgroups are formed. The
variables DI2vr, and DI13op were omitted from the analysis, due to low frequency. The first
similarity cluster includes variables indicating the proper involvement of the discursive
apprehension. In fact the relation between the correct justification in task DI1 (DI1cj) and
the comprehension of proof in task DI5 (D15c) and the significant relation between the
answers in the pair of tasks on the recognition of proof related to the discursive
apprehension (DI13di and DI4di) are found. Actually all the variables are significantly
related. The second subgroup includes the significant relation between the combination of
the verbal indication and the visual recognition of transitivity in task DI2 (DI2vrvei) and
the comprehension of proof but with a gap in the fifth task (DI5cg). This subgroup forms a
significant relation with the previous subgroup. The last subgroup is created by the relation
between the non existence of justification in the first task (DI1nj) and no indication of

inference in the sixth task (DI6ni), a relation which also appears in the similarity diagram
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for the 10" graders. Therefore the first two subgroups of this first similarity cluster seem to
represent discursive apprehension. However, this is the first time that relations are found
between variables related to the mobilization of the discursive apprehension and the non
existence of justification and inference, which were so far related to the perceptual and the
discursive apprehension. The second similarity cluster is formed by two subgroups. In the
first one the wrong justification and wrong answer in tasks DI1 (DI1wj) and DI5 (DI5wa)
are related to the verbal indication of transitivity in the second task (DI2vei) and the
correct inference in task D16 (DI6ci). The other subgroup includes the two perceptual
solutions in the pair of tasks examining the recognition of proof (DI3pe and Dl4pe), the
wrong inference in the sixth task (DI16wi) and the solutions in task D14 relating to the
operative apprehension. It is interesting that, unlike the rest of the variables regarding the
wrong answers or inference, the wrong inference in the sixth task (D16wi) is related to the
activation of the perceptual apprehension in tasks DI3 and DI4. So the incorrect inference
in this task can be attributed to the influence of perception in the proving process, which
inhibited the right functioning of the discursive apprehension and thus the proper
inference. Therefore the influence of the perceptual apprehension on the discursive
apprehension was revealed, indicating that it may lead students to wrong inferences and

justifications.
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Figure 31. Similarity diagrams for the students’ responses from the cognitive point of view

in the discursive apprehension tasks for each grade

In the similarity diagram for the students’ answers in grade 11b (Figure 31) in the
discursive apprehension tasks according to the cognitive point of view, the answers are

placed into three similarity clusters. Actually the two first groups of variables are related,
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but this similarity relation is very low; therefore, they are considered as two distinct
clusters. In the first similarity cluster the variables create two subgroups. In the first the
solutions occurring from the involvement of the operative apprehension for the solution of
the tasks about the recognition of proof (DI3op and DI4op) are related to the correct
justification in the first task (DI1cj). In the second subgroup the verbal indication and the
visual recognition of transitivity in task D12 (DI2vrvei), the correct inference in the task
D16 (Dl6ci) and the comprehension of proof in the task DI5 are significantly related
(DI5c). The comprehension of proof with a gap in the same task is also related to the
aforementioned variables. Thus in this cluster the variables indicating the involvement of
the discursive and the operative apprehension are related for the first time. In the second
cluster the absence of justification in the first task (DI1nj) is related to the perceptual
solution in the DI3 (DI13pe). This relation indicates that the non provision of justification in
task DI1 can be related to the influence of the perceptual apprehension. Thus students seem
to have given their answers without actually making any inference and using any theorem,
but only through elaborating the given figure perceptively. In this cluster the significant
relation between the answers through the discursive apprehension in the pair of tasks on
the recognition of proof (DI13di and DI4di) is also found. Finally the two previous relations
are significantly related to the absence of inference in task DI6 (DI6ni). So in this grade the
absence of justification and inference is related to the discursive and the perceptual
apprehension. In the last similarity cluster the wrong justification in the first task (DI11wj)
and the wrong inference in the sixth task (D16wi) are related. These two variables are also
significantly related to the verbal indication of transitivity in task DI2 (DI2vei). Then,
these variables form a relation with the perceptual answer in task D14 (Dl4pe) and the
wrong answer in task DI5 (DI5wa). The relation between the last two variables can be
indicative of the influence of perception for the incorrect answer in task DI5. In fact, for
the solution of task DI5 the involvement of the operative apprehension was necessary, in
order for students to discriminate the proper reconfigurations and proceed to proving.
Therefore the wrong answer in this task can be the result of the influence of the perceptual
apprehension, which did not allow modifications on the given figure. Thus the necessary
reconfigurations were not available to students and they were not able to continue with the

proving procedure.
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Implicative relations for students’ answers from the cognitive point of view

The data which came about from the cognitive analysis of the tasks of the test were also
analyzed using the implicative analysis, through which the implicative relations between
the variables were revealed. The implicative analysis was performed separately for each

type of apprehension and the outcome for each analysis is described below.

The implicative relations between the variables regarding the analysis of all
students’ responses in the operative apprehension tasks from the cognitive point of view
are indicated in figure 32. In effect, students’ answers in these tasks were categorized
according to the type of apprehension that was involved. In fact there were answers which
occurred from the mobilization of the operative apprehension and thus the use of the
mereologic modification on the given figure, answers that involved the activation of the
perceptual apprehension and answers in which students used a different approach, mainly

related to calculations and measurements.

In the implicative diagram for the total sample (Figure 32) two groups of variables
can be distinguished. The first group is formed by implicative relations among the three
kinds of approaches. In fact the use of a different approach in task OP1 (OP1da), the
mobilization of perception in the same task (OP1pe) and the use of the mereologic
modification in tasks OP4 (OP4me) and OP5 (OP5me) form an implicative relation with
the involvement of perception in the solution of task OP2 (OP2pe). The fact that task OP2
is involved in these relations between the aforementioned variables shows the strong
influence of perception on the solution of the particular tasks, because it appears that
although all three kinds of approaches are used by the students for the solution of other
tasks (OP1, OP4, OP5), the solution of task OP2 comes mainly through the intervention of
perception. This is also revealed by the percentages of students that answer through
perception, which are higher than the percentages for those who use the mereologic
modification for solving this task. This could be attributed to the presence of numbers in
this task, which may have caused difficulties mobilizing the operative apprehension and on
the other hand facilitated the intervention of the perceptual apprehension. Therefore the
first group of variables shows that the perceptual apprehension is the type of apprehension
that is mobilized in a more effective way for the solution of task OP2.

The use of the mereologic modification for the solution of task OP5 (OP5me) is

also involved in the implicative relations that form the second group of variables in the
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implicative diagram. In fact this group of variables only includes the answers that occurred
from the activation of the operative apprehension. Particularly the implications are formed
by the use of the mereologic modification for the solution of tasks OP1, OP2, OP3 and
OP5 (OP1me, OP2me, OP3me and OP5me respectively). This group reveals a greater
consistency in the use of the mereologic modification for the solution of the operative

apprehension tasks, in relation to the rest of the approaches.

(opuca) (oPipe] (opame]

OP3me OP2me

Figure 32. Implicative diagram for the students’ responses from the cognitive point of

view in the operative apprehension tasks for the total sample

The diagram above presents the way all the students answer in the tasks that examine the
operative apprehension of the geometrical figure. However it is also important to trace the
particularities of each group of students in the way they confront the specific tasks. The

implicative diagrams for each group of students appear in figure 33.
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Figure 33. Implicative diagrams for the students’ responses from the cognitive point of

view in the operative apprehension tasks for each grade

In the diagram for grade 9 students (Figure 33) there are implicative relations
between variables that correspond to the use of the three types of approaches. In fact there
IS a group similar to the one formed in the implicative diagram for all students. In this case
this group includes the involvement of perception in task OP1 (OP1pe) and the use of the
mereologic modification and the different approach in the fourth task (OP4me and OP4da)
respectively, which form an implicative relation with the perceptual solution in the task
OP2. Therefore in this grade applies what holds true for the total sample as regards the
solution of task OP2. Another similar relation is the use of the mereologic modification in
tasks OP1 (OP1me), OP3 (OP3me) and OP5 (OP5me). So there is coherence in the use of

the mereologic modification in these three tasks.

For the 10™ graders two distinct implicative chains are distinguished (Figure 33).

The first implicative chain includes implicative relations among the use of the mereologic
modification, the perceptual approach and the use of a different approach. Particularly the
use of the mereologic modification in task OP5 (OP5me) is related to a perceptual answer
in task OP2 (OP2pe). The perceptual answer in task OP2 (OP2pe) is also related to the use
of the mereologic solution in task OP4 (OP4me). Similarly to grade 9, the solution of task
OP2 is related to answers occurring from operative apprehension. The use of the
mereologic modification in other tasks does not necessarily lead to the adoption of the

same method for the solution of task OP2, but on the contrary the influence of perception
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cannot be inhibited. This variable OP4me is also linked to the use of the different approach
in task OP5 (OP5da). Thus, what this chain indicates is that there seems to be no
consistency in the use of each type of approach in grade 10. On the other hand, the second
implicative chain is an indicator of consistency in the use of the mereologic approach in
tasks OP1, OP2 and OP3 (OP1me, OP2me and OP3me).

The implicative diagram for grade 11a students’ answers includes three implicative
chains (Figure 33). The first implicative chain includes the relation between the use of the
mereologic modification in tasks OP1 and OP2 (OP1me and OP2me). The second
implicative chain is created by the variable corresponding to the use of the mereologic
approach in task OP4 (OP4me), the use of the mereologic modification in the third task
(OP3me) and the perceptual answers in the fourth and fifth tasks (OP4pe and OP5pe). The
last implicative chain is formed by the answers occurring from the perceptual apprehension
in tasks OP2 and OP3 (OP2pe and OP3pe). The implications between the variables
provide indications of consistency in the use of the mereologic modification and the
activation of the perceptual apprehension. In this diagram there are relations between the
operative and the perceptual apprehension, but the use of the different approach is not
present in any relations. In addition, in the implicative diagram for grade 11a the relation
including the perceptual answer in task OP2 (OP2pe) does not appear, as in grades 9 and
10.

The implicative diagram for grade 11b students’ answers (Figure 33) indicates two
implicative chains. The first implicative chain is formed by an implicative relation between
the perceptual answers in the third and the first tasks (OP3pe and OP1pe). The perceptual
answer in the third task is also related to the use of the mereologic modification in task
OP5 (OP5me), which is next related to the answers occurring from the perceptual
apprehension in task OP2 (OP2pe). The second implicative chain includes the relation
between the use of the mereologic approach in task OP4 (OP4me) and the use of a
different approach in task OP1 (OP1da).

The comparison between the implicative relations regarding the cognitive analysis
of the students’ solutions in the operative apprehension tasks shows that there are
differentiations in the way the different groups of students solve the particular tasks. In all
the groups of students there are implicative relations indicating stability in the involvement
of the operative apprehension for the solution of some of the tasks. In grades 9, 10 and 11b

there are relations among the variables corresponding to the three types of solutions,
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whereas these relations are not observed in grades 11a in which the variables

corresponding to the use of a different approach do not appear in the similarity diagrams.

The cognitive analysis of students’ answers in the perceptual apprehension tasks
was based on the number of figures students have recognized correctly. The implicative
relations among the variables corresponding to all students’ answers in the perceptual
apprehension tasks are presented in figure 34. In fact there are three implicative chains in
the diagram. The first implicative chain is formed by the implicative relations between the
recognition of 5-6 figures (R3) and the recognition of less than 5 figures (R4) with the false
recognition in task PE2 (Rf). The second implicative chain includes the relation between
the recognition of the two most obvious squares (Risq) in task PE2 and the recognition of
almost all the figures (R2) in task PE1. The last implicative relation between the variables
corresponding to the correct recognition of all the figures in task PE1 (R1) and the correct

recognition of all the squares in task PE2 (Rasq) forms the third implicative chain.
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Figure 34. Implicative diagram for the students’ responses from the cognitive point of

view in the perceptual apprehension tasks for the total sample

Generally what the implicative diagram for the total of students indicates is that the
students that recognize correctly all the squares in task PE2 also recognize all the figures in
task PE1. The students that recognize only the two most obvious squares in task PE2 can
recognize almost all the figures in task PE1. Finally those who carry out false recognition

in task PE2 recognize a fewer number of figures (6 and below) in the PE1.

Figure 35 presents the implicative diagrams for the different groups of students,
regarding their answers in the perceptual apprehension tasks. The implicative diagrams for
grades 9 and 10 are the same as the implicative diagram for the total sample. However
some differentiations appear in grades 11a and 11b. Specifically the false recognition of
squares in task PE2 (Rf) forms implicative relations with the correct recognition of almost
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all the figures (R2) and the right recognition of 5-6 figures (R3). On the other hand the
relation between the correct recognition of all the figures in task PE1 and the correct
recognition of all the squares in task PEZ is still present in the implicative diagrams for
grades 11a and 11b. Therefore the way the students deal with the perceptual apprehension
tasks is the same in grade 9 and grade 10, but there is difference between these two groups
and the students in grades 11a and 11b. In addition the way the students confront the
perceptual apprehension tasks is the same in grade 11a and grade 11b. Thereafter the
changes in the students’ perceptual apprehension come after the students move to grade 11

and especially after the transition from grade 9 to grade 10.
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Figure 35. Implicative diagrams for the students’ responses from the cognitive point of

view in the perceptual apprehension tasks for each grade

The implications among all the students’ solutions in the tasks examining the
sequential apprehension of the geometrical figure, according to the cognitive analysis of
the tasks, are displayed in figure 36. In these tasks students’ answers were categorized
according to whether the construction of the geometrical figure was correct (SE1, SE2,
SE3), partly correct (SE2pc) or came about with the involvement of the perceptual
apprehension (SE1ps, SE2ps, SE3ps). In the implicative analysis the variables related to
solutions with no success at all (SE1ns, SE3ns) are also included, in order to examine the

implications between the wrong answers and the rest of the variables.

In the implicative diagram for the total sample (Figure 36) two groups of variables
are formed. Specifically the first implicative chain includes the variables regarding the
perceptual solutions (SE2ps, SE3ps) or an unsuccessful solution (SE1ns). The second
group of variables is created by the implicative relations between the correct constructions
in the three sequential apprehension tasks (SE1, SE2, SE3) and the partly correct
construction in the second task (SE2pc). Therefore the first implicative chain is indicative
of the influence of the perceptual apprehension in the procedure of the construction of a
geometrical figure. The other group of variables indicates the coherence in the activation of
the sequential apprehension which leads to a correct construction of the geometrical figure
or even a partly correct construction if a particular difficulty occurs at a specific step
during the construction process. In addition there are no relations between the two
implicative chains, showing that compartmentalization occurs regarding the cognitive

processes involved in each chain.
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Figure 36. Implicative diagram for the students’ responses from the cognitive point of

view in the sequential apprehension tasks for the total sample

The implicative diagram for each group of students regarding their answers in the
sequential apprehension tasks is presented in figure 37. For the 9" graders there are
implicative relations between the variables that represent an unsuccessful construction or
constructions that occurred after the involvement of the perceptual apprehension. In fact
the perceptual solution in task SE3 (SE3ps) leads to the same behavior in task SE2 (SE2ps)
and to no success in task SE1 (SE1ns). Also the incorrect construction in task SE3 (SE3ns)
leads to a perceptual solution in task SE2 (SE2ps). In addition this diagram includes
another distinct relation between the correct construction in task SE1 (SE1) and the partly
correct construction in task SE2 (SE2pc). Therefore there are indications of coherence in
the involvement of the perceptual apprehension which is also related to the unsuccessful
solutions, whereas no strong consistency is found regarding the proper mobilization of the

sequential apprehension for the solution of the tasks.

Weaker relations between the variables appear in the implicative diagram for grade
10 students (Figure 37). However the existence of these relations shows stability in
students’ solutions that occur through the involvement of the perceptual apprehension.
Specifically in the first implicative chain the perceptual solution in the first sequential
apprehension task (SE1ps) leads to the same type of solution in the third task (SE3ps) and
this further leads to a perceptual solution in the second task (SE2ps). The second
implicative chain displayed in this diagram is formed between the partly correct

construction in the second task (SE2pc) and the success in task SE1. Also in this grade the
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correct or partly correct construction form no implicative relation with the variables
corresponding to unsuccessful or perceptual answers. The second implicative relation is
formed between two solutions that occur through the involvement of the perceptual
apprehension (SE3ps and SE2ps). This relation indicates stability in the influence of
perception during the construction process, but coherence appears regarding the proper
mobilization of the sequential apprehension. This is not the case for the implicative
diagram of grade 11a (Figure 37). In this grade an implicative relation is formed between
the partly correct construction in task PE2 (PE2pc) and the perceptual answer in task SE1
(SE1ps).

The greatest coherence in the proper activation of the sequential apprehension and
thus the successful geometrical constructions appears in grade 11b. In fact the successful
construction of the geometrical figures in the three sequential apprehension tasks is related.
Similarly to the rest of the implicative diagrams (Figure 37), the other group of variables
includes implications between variables related to the perceptual (SE2ps, SE3ps) or
unsuccessful solutions (SE1ns). Again the two groups of variables are distinct and no

relations are formed between them, thus compartmentalization appears in this case as well.

What surfaces from all the diagrams of figure 37 is that there are two groups of
variables, each one corresponding to the proper mobilization of the sequential
apprehension or the influence of the perceptual apprehension respectively. What differs in
each group of students is the degree of stability in the way these types of apprehensions are
involved in the solution of the tasks. The greatest coherence regarding the mobilization of

the sequential apprehension is found in grade 11b.
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Figure 37. Implicative diagrams for the students’ responses from the cognitive point of

view in the sequential apprehension tasks for each grade
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The consideration of students’ answers from a cognitive point of view lead to
categorizing these answers according to the type of apprehension involved for the solution
of these tasks, to the justifications provided, to students’ inferences and to the degree of the
comprehension of proofs. Figure 38 includes the implicative relations between these
variables and provides information about all students’ ways of solving the five discursive
apprehension tasks they were given. In this implicative diagram there is a large group
including most of the variables. The implicative relations start with an implicative chain
which includes the comprehension of proof in task DI5 (DI5c), the provision of a correct
justification in task DI1 (DI1cj) and the correct inference in task D16 (DI6ci). The former
variable is also related to the comprehension of proof but with a gap in task DI5 (DI5cg).

From this variable another subgroup of variables begins which firstly includes the
implicative relations among the answers that occur through the mobilization of the
discursive apprehension in the two tasks testing students’ abilities in the recognition of
proofs (DI3di and DI4di). In this subgroup the verbal indication of the transitivity between
the relations among the different figural units of the given figure in task D12 (DI2vei) and
the combination of the verbal indication and the visual recognition of transitivity in the

same task (DI2vrvei) are also related to the aforementioned variables.

Another group of variables is formed at the bottom of this large group of variables.
In fact, this subgroup includes the incorrect answers, justifications and inference in tasks
DI5 (DI5wa), DI1 (Dl1wj) and DI6 (DI6wi) respectively.

Finally this implicative diagram includes an implicative relation which is separated
from the relations formed between the rest of the variables. In fact this relation regards the
two tasks examining the recognition of proofs and in effect the answers that occurred

through the mobilization of the perceptual apprehension (DI3pe and Dl14pe).

Generally the three groups of variables included in the implicative diagram for the
total number of students could be characterized as corresponding to three levels of proof
abilities. The first group includes variables indicating a proper mobilization of the
discursive apprehension which brings to the correct inference and justifications in the proof
tasks and thus developed proof abilities. The second group involves variables that also
indicate abilities regarding proofs, but of lower level, as these abilities are not merely
related to the production of proof, but to the recognition of proofs or to a production of
proof but not through a discursive process, but through the use of visual methods, like

drawing on the figure to indicate relations between different parts of the figure. Finally the
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last group of variables indicates a lower level of proving abilities, as it includes variables
that are related to wrong answers, justifications and inference. In addition stability is
revealed in students’ answers in the two tasks on the recognition of proof, regarding the
answers that result from the perceptual apprehension or the discursive apprehension.

Students mobilize the same kind of apprehension in order to answer these two tasks which

are of the same type.
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Figure 38. Implicative diagram for the students’ responses from the cognitive point of

view in the discursive apprehension tasks for the total sample
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The implicative diagram for each group of students is included in figure 39. The
variables in the implicative diagram for the 9" graders are separated in three distinct
groups. The first group includes variables corresponding to a wrong answer (DI5wa), to
wrong inference (D16wi) and to a wrong justification (DI11wj). The second group of
variables includes the answer that occurred though the mobilization of the perceptual
apprehension in the task on the recognition of proof (DI3pe) and the absence of
justification in task DI1 (DI1nj). The last group of variables includes more implicative
relations between the variables. In fact this group includes the answers that are related to
the mobilization of the discursive apprehension in the two tasks concerning the recognition
of proof (DI3di and DI4di), the variables that show comprehension of proof or
comprehension but with a gap in task D15 (DI5c and DI5cg respectively), the correct
justification and inference in tasks DI1 and D16 respectively (DI1cj and Dl6ci) and finally
the verbal indication of transitivity in task DI2 (DI2vei) as well as the combination of the

verbal indication and the visual recognition of transitivity in the same task (DI2vrvei).

The implicative diagram of the 10" graders’ responses to the discursive
apprehension tasks (Figure 39) also includes three groups of variables that are related. The
first group of variables includes the implicative relation among the answers that occurred
through the mobilization of the discursive apprehension in the two tasks on the recognition
of proof (DI3di and DI14di) and the relation with the comprehension of proof in task DI5
(DI5c). The second group of variables is formed by the implicative relations between the
correct justification and inference in tasks DI1 and D16 respectively (DIl1cj and DI6ci) and
the combination of the verbal indication and the visual recognition of transitivity in task
DI2 (DI2vrvei). The relations present in the two aforementioned groups of variables
converge at the variable representing the comprehension of proof but with the existence of
a gap in task D15 (DI5cg). From this variable new relations emerge which can be
considered as the third group of variables. In fact, the last group, similarly to the previous
diagram of grade 9 students, includes the variables regarding a wrong answer (DI15wa),
wrong inference (D16wi) and wrong justification (DI11wj). The variable DI1wj is also

related with the verbal indication of transitivity in the second task (DI2vei).

Four distinct implicative chains are formed in the implicative diagram for grade 11a
students (Figure 39). The first one involves three variables, two of which correspond to an
incorrect answer (D15wa) and to a wrong justification (DI11wj). In this implicative chain
the verbal indication of transitivity in the second task (DI2vei) is also participating. The
second implicative chain is formed by the relation between the answers through the
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mobilization of the discursive apprehension in the two tasks on the recognition of proof
(DI13di and DI4di). Subsequently, the relation between the absence of inference and
justifications in tasks DI1 (DI1nj) and DI6 (DI16ni) is found. The last implicative chain
indicates stability in the activation of the perceptual apprehension for answering the pair of
tasks about the recognition of proof (DI3pe and DI4pe). This type of answers in tasks DI3
and D14 lead to wrong inference in task D16 (DI6wi).

The last implicative diagram is the one comprising grade 11b students’ answers
(Figure 39). In the particular diagram two distinct implicative chains appear. The first one
starts with the correct inference in task D16 (Dl6ci). The correct solution of this task leads
either to a solution that indicates comprehension of proof in task DI5 (DI5c) or to answer
showing comprehension of proof but also a gap in task DI5 (DI5cg). Surprisingly the
variable DI5c is related to a wrong justification in task DI1 (DI1wj). Actually this is the
first time that such a relation appears, since in all the previous diagrams there was not a
relation between the comprehension of proof and a wrong answer. The second implicative
chain indicates that the mobilization of either the discursive or the perceptual apprehension
in task DI3 brings to the mobilization of the discursive apprehension in the similar task
DI4.
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Figure 39. Implicative diagrams for the students’ responses from the cognitive point of

view in the discursive apprehension tasks for each grade

The comparison between the implicative diagrams for each group of students shows
that in each diagram there are groups of variables indicating different levels of proving
abilities, similar to what the groups of variables of the implicative diagram for the total
sample express. However these groups include different relations in each grade. Therefore
the groups of variables indicating possible different levels of proof abilities comprise
different variables in each grade. In addition in all grades stability is displayed in tasks D13
— DI4 regarding the discursive and the perceptual apprehension. However there is no
appearance of the operative apprehension in the relations of these tasks. The three groups
are more clearly distinguished in grade 9 and 10, but this is not the case for grade 11a and
11b, in which less stability appears regarding the mobilization of the discursive

apprehension.
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The Comparison between the Lower and the Upper Secondary School Students’
Geometrical Figure Apprehension

The Effect of Age on the Geometrical Figure Apprehension

Table 10 presents the students’ performance in the tasks of the test for the total sample
according to grade. The results concern the percentages of right answers from a
mathematical point of view. This means that what was taken into account was whether the
answer was correct or not, but without taking into account the particular type of
apprehension that was essentially involved in solving the tasks. This is, in fact, taken into
account in a following section which deals with the cognitive analysis of the students’
answers, in which the students’ correct answers are examined in relation to the particular

type of apprehension that was involved in reaching this answer.

Thus these are the results for students’ right answers in the tasks, without taking
into consideration the type of apprehension through which these answers occurred. The
results revealed differences between the students’ performances in the tasks for the
different grades. There are cases in which the performance of students is higher as we
move to a higher grade, but there are also cases in which the opposite situation occurs.
Specifically, there are tasks in which students’ success is higher in every next grade.

These are tasks PE2, OP1, DI3 and DI4. In fact in these tasks grade 9 students performance
is lower compared to grade 10 students’ performance. Then the students in grade 11a are
more successful than the 10™ graders while the same applies for students in grade 11b,
compared to students in grade 11a. Therefore for these tasks there seems to be an evolution
in students’ performance in relation to the hierarchy of the grades they attend. It is
interesting that in these tasks the tasks on the recognition of proofs are included. This may

provide an indication about the way this ability develops.

On the other hand, some tasks are identified, in which students’ performance is not
higher in every higher grade, but instead there are fluctuations in their performances in
each grade. This is actually the case for the majority of the tasks. The tasks that are
included in this category are the first perceptual apprehension task (PE1), four of the
operative apprehension tasks (OP2, OP3, OP4 and OP5), two of the sequential
apprehension tasks (SE1 and SE2) and finally all the discursive apprehension tasks on the

production of proof (DI1, DI2, DIS, DI6). In fact for these tasks students’ performance is
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better in grade 10 compared to grade 9 and grade 11a and the highest performance is

observed in grade 11b students. Thus, success in the specific tasks increases from grade 9

to grade 10, then it is reduced from grade 10 to grade 11a and next there is an

augmentation in grade 11b.

Table 10

Percentages of the Students’ Performance in the Tasks of the Test from the Mathematical

Point of View by Grade

Tasks All students  Grade 9 Grade 10 Grade 11a Grade 11b
) (%) (%) (%) )
PE1 35.19 21.47 45.72 20.8 55.71
PE2 43.36 36.54 43.75 44.0 57.14
OP1 71.74 62.82 71.38 79.2 85.71
OP2 37.57 32.05 35.86 26.4 63.57
OP3 62.32 54.17 62.50 59.2 82.86
OP4 11.46 10.34 11.84 8.40 15.89
OP5 60.61 53.21 66.78 57.6 66.43
SE1 16.57 9.62 18.09 12.8 32.14
SE2 5.33 1.28 3.29 1.60 22.14
SE3 8.85 8.01 7.24 7.20 15.71
DI1 60.73 57.05 61.18 44.0 82.86
DI2 29.06 21.15 25.99 24.8 57.14
DI3 15.89 9.94 15.13 21.6 25.71
Dl4 19.30 141 18.75 22.4 29.29
DI5 12.49 9.29 15.79 2.40 21.43
DI6 53.80 50.32 51.97 46.4 72.14
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Finally there is a task in which the pattern regarding the fluctuations in students’
performance in each grade is rather different than the pattern described above. This is the
sequential apprehension task SE3, in which the 10" graders’ performance is lower than the
gt graders’ performance, but it is equal to the performance of students in grade 11a. As
previously, the students in grade 11b have the highest performance from all the other

students.

In order to examine whether there are significant differences in the different types
of geometrical figure apprehension among the students in each grade, a multivariate
analysis of variance (MANOVA) was performed. The means and the standard deviations
for students’ performance in each type of the geometrical figure apprehension for each
grade are presented in Table 11. In all the groups of students the highest scores are found
in the operative apprehension, whereas the lowest are noticed for the sequential

apprehension.

The effect of students’ age is significant (Pillai’s F3, 779y=14.51, p<0.001) regarding
the students’ performance in the geometrical figure apprehension tasks. In particular the
results are indicative of the differences that exist in the mean performance of students from
each grade in the perceptual apprehension tasks (Fs, 779y=21.48, p<0.001), the operative
apprehension tasks (F, 779)=25.20, p<0.001), the sequential apprehension tasks (F,
779=29.31, p<0.001) and the discursive apprehension tasks (Fs, 779y=34.43, p<0.001).

Table 11

Means and Standard Deviations of the Students’ Performance in Each Type of
Geometrical Figure Apprehension by Grade

All students Grade 9 Grade 10 Grade 11a Grade 11b

SD ¥ SD ¥ S.D

]

Types of X SD X S.D

Apprehension

PE 039 038 029 035 045 039 032 036 056 0.39
OP 049 024 043 024 050 024 046 023 063 0.20
SE 0.10 019 006 015 010 0.18 0.07 014 023 0.28
DI 032 023 027 020 031 022 027 023 048 0.23
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The post hoc analysis indicates the statistically significant differences among the
mean performances in the tasks examining the different types of geometrical figure
apprehension of the different age groups (p<0.001). Specifically, in the perceptual
apprehension tasks (PE) the mean performance of the 9™ graders is statistically
significantly lower than the mean performance of the students in grades 10 and 11b,
whereas the difference between grade 9 and grade 11a is not statistically significant. As
regards the 10" graders, their mean performance in the perceptual apprehension tasks is
statistically significantly higher than for the students in grade 11a and statistically
significantly lower than the students in grade 11b. Also the mean performance of the
students in grade 11a is statistically significantly lower than the mean performance of the
students in grade 11b. Regarding the operative apprehension tasks (OP), for the 9™ graders
the same situation stands as for the perceptual apprehension tasks. The mean performance
of the 9™ graders is statistically significantly lower than the mean performance of the
students in grades 10 and 11b, whereas the difference between grade 9 and grade 11a is not
statistically significant. The mean performance of the 10" graders is statistically
significantly lower than the students in grade 11b, whereas there is not a statistically
significant difference from the mean performance of students in grade 11a. Students’
differences are the same in the sequential apprehension tasks and the discursive
apprehension tasks. In fact the 9" graders’ mean performance is statistically significantly
lower than the mean performance of students in grade 11b. However no statistically
significant differences appear with the mean performance of students in grades 10 and 11a.
In addition, the mean performance of students in grade 10 is statistically significantly
lower than the mean performance of students in grade 11b. This is also the case for

students in grade 11a.

The Effect of Educational Level on Geometrical Figure Apprehension

The students’ performance in the geometrical figure apprehension tasks by educational
level are displayed in table 12. The results indicate that the upper secondary school
students’ performance is higher than the lower secondary school students’ performance in
all the tasks. In addition the multivariate analysis of variance (MANOVA) was performed
in order to examine whether there are significant differences between lower and upper

secondary school students’ performance in the different types of geometrical figure
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apprehension. The means and the standard deviations for each type of the geometrical

figure apprehension for each grade are presented in Table 13. In all the groups of students

the highest scores are indicated in the operative apprehension, whereas the lowest is

noticed for the sequential apprehension. Overall, the effect of students’ educational level

(lower or upper secondary) is significant (Pillai’s F(1, 779)=14,86, p<0.001).

Table 12

Percentages of the Students’ Performance in the Tasks of the Test from the Mathematical

Point of View by Educational Level

Tasks All students Middle High
(%) (%) (%)
PEL 43.36 36.54 47.10
PE2 35.19 21.47 42.71
oP1 71.74 62.82 76.63
OoP2 37.57 32.05 40.60
oP3 62.32 54.17 66.78
OP4 11.46 10.34 12.08
oP5 60.61 53.21 64.67
SE1 16.57 9.62 20.39
SE2 5.33 1.28 7.56
SE3 8.85 8.01 9.31
DI1 60.73 57.05 62.74
DI2 29.06 21.15 33.39
DI3 15.89 9.94 19.16
DI4 19.3 14.1 22.14
DI5 12.49 9.29 14.24
DI6 53.8 50.32 55.71
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In particular, the mean value of upper secondary school students’ geometrical
figure perceptual ability (PE) is statistically significantly higher (F, 779y=35.80, p<0.001),
than the mean value of lower secondary school students. Similarly, the mean value of
upper secondary school students in the operative apprehension tasks (OP) is statistically
significantly higher (Fs, 779)=32.85, p<0.001) than the mean value of lower secondary
school students. This is also the case for the sequential apprehension tasks (SE) (F,
779=20.50, p<0.001) and the discursive apprehension tasks (DI) (F, 779=23.25, p<0.001).

Subsequently, the results indicate that differences exist between the lower and the
upper secondary school students’ performance regarding the different types of geometrical
figure apprehension. Specifically the higher secondary school students’ performance is
higher in all the types of geometrical figure apprehension compared to the lower secondary

school students’ performance.

Table 13

Means and Standard Deviations of the Students’ Performance in Each Type of

Geometrical Figure Apprehension by Educational Level

All students Lower Upper
Types of Apprehension X S.D X S.D X S.D
PE 0.39 0.38 0.29 0.35 0.45 0.39
OP 0.49 0.24 0.43 0.24 0.52 0.24
SE 0.10 0.19 0.06 0.15 0.12 0.21
Dl 0.32 0.23 0.27 0.20 0.35 0.24

Descriptive Analysis of the students’ responses to the geometrical figure apprehension

tasks from the mathematical and the cognitive point of view

Table 14 summarizes the results regarding the students’ answers in the perceptual
apprehension tasks, based on the cognitive analysis of the tasks. In the first perceptual task

students’ answers were categorized according to the number of figures students are able to
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recognize correctly. For the second perceptual task students’ answers were discriminated
based on which squares they are able to recognize. That is, whether they have recognized
all the squares correctly but without making any other false recognition (Rasq), whether
they have recognized the two most obvious squares only (Risq) or whether they have
carried out false recognition of squares, even if some squares are recognized correctly (Rf).
For these tasks the variables R1 and Rasq correspond to the variables PE1 and PE2
respectively for the consideration of the results from the mathematical point of view.

Regarding the first task PE1, most students achieve the recognition of either all the
9 figures or of 8 or 7 figures. In fact in grades 10 and 11b the higher percentages are found
in the recognition of all the figures, whereas in grades 9 and 11a the majority of the
students succeed the recognition of the 8 or 7 figures. The number of students that
recognized all the figures correctly increases from grade 9 to grade 10 and then it is
reduced in grade 11a. The highest number of such answers is found in grade 11b. The
situation is the opposite concerning the recognition of the 8 or 7 figures and thus the
fluctuations of these two categories of answers are almost analogous in every grade.

In the second task PE2 most of the students either recognize correctly all the squares or
carry out false recognition. Specifically, in grades 9, 10 and 11a the majority of students
conduct false recognition, whereas for grade 11b students most of the students achieve the
correct recognition of all the squares. Regarding the recognition of the two squares, this
answer is provided by a very small percentage of students in each group, which is reduced

in every next grade.

Generally, in task PE1 there seems to be a progression in the recognition of figures
from grade 9 to grade 11, with grade 11a being the only exception. It is also noticed that in
task PE2 the number of students that achieve the right recognition of all the squares
without making any other mistake increases as we move to a higher grade. As explained
earlier, when students are able to recognize all the squares correctly they are also able to go
beyond the perceptual apprehension of the geometrical figure and they approach the limits
of the operative apprehension. On the other hand, when students are able to recognize only
some squares correctly they are not able to exceed the limits of the perceptual recognition.
Therefore a progression of students’ perceptual apprehension can be assumed from grade 9

to grade 11, which moves towards the boarders of the operative apprehension.
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Table 14

Percentages of the Students’ Answers According to the Cognitive Analysis of the

Perceptual Apprehension Tasks

PE1 PE2

(%) (%)
Grade 9figures 8or7 6or5 Less All Two False

figures figures than 5 squares  squares  recogn.
figures

All 35.19 47.45 13.17 4.20 43.36 3.06 53.58
Students
Gr.9 21.47 57.05 15.71 5.77 36.54 4.17 59.29
Gr.10 45.72 39.14 11.84 3.29 43.75 3.29 52.96
Gr.lla 20.80 53.60 19.20 6.40 44.00 1.60 54.40
Gr.11b  55.71 38.57 5.00 0.71 57.14 1.43 41.43

The results of students’ performance, from the mathematical point of view, in the

operative apprehension tasks are presented in table 15. The results are presented for the

total sample of students and for each grade separately. Starting from the results for all the

students that participated in the research, the highest performance for the total sample of
students is in task OP1. Tasks OP3, OP5 and OP2 come next, whereas task OP5 seems to

be the most difficult one, because it is the task in which students have the lowest

performance. The performance of students in grades 9, 11a and 11b follows the same

sequence as the one described for the total sample. However in grade 10 the situation is

slightly different. The tasks with the highest and the lowest success are the same as for the

rest of the grades and what changes is the ranking of the rest of tasks. Regarding these

three tasks, the performance in task OP5 is higher than in task OP3 and the success in task
OP2 is the lowest of the three.
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Table 15

Percentages of Students’ Answers in the Operative Apprehension Tasks According to the

Mathematical Point of View by Grade

Tasks All Grade 9 Grade 10 Grade 11a  Grade 11b
Students (%) (%) (%) (%)
(%)
OP1 71.74 62.82 71.38 79.2 85.71
OP2 37.57 32.05 35.86 26.4 63.57
OP3 62.32 94.17 62.50 59.2 82.86
OP4 11.46 10.34 11.84 8.40 15.89
OP5 60.61 53.21 66.78 57.6 66.43

Based on the cognitive analysis of the tasks, the following table (Table 16) presents
the students’ success in the global right answer of the tasks in relation to the approach they
used for getting to this answer. Thus the percentages for each approach represent only the
right answers that occurred from the use of the specific approach. It should be noted that
the percentages of answers in each category are not very high, because of the limited
proportion of students that provided an explanation for their answer. The results are again

presented for the total sample of students and for each grade separately.

Focusing on the cognitive procedures of the total sample involved in arriving at the
global right answer to the tasks, the operative apprehension is not always the reason for the
success in these tasks, but perception seems to be involved as well. In fact the operative
apprehension gives the highest number of correct answers in tasks OP1 and OP3,
compared to the other approaches. On the other hand the perceptual apprehension is related
to a greater number of correct answers for the tasks OP2 and OP4. In task OP5 the two
types of apprehension give almost the same amount of correct answers. It is interesting that
the two tasks in which the operative apprehension gives the highest number of correct
answers are the tasks in which students score higher, in relation to the rest of the operative

apprehension tasks.
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Table 16

Percentages of the Total of the Students’ Answers According to the Type of Apprehension
Involved in the Solution of the Operative Apprehension Tasks

Tasks Global Right Operative Perceptual Different
Answer Apprehension Apprehension Approach
(%) (%) (%) (%)

OP1 71.74 23.72 15.21 17.48

OP2 37.57 7.72 27.24

OP3 62.32 10.56 6.13 4.09

OP4 11.46 11.46 24.63 7.94

OP5 60.61 10.1 10.78 9.76

Besides the observations for the total sample, it is interesting to examine each grade
separately, in order to see whether the different groups of students behave in a similar way.
So each task is discussed separately in relation to the approach students of each age group
put into work for the solution of the tasks. The results for all the tasks and for all the
groups of students are displayed in table 17. Starting from task OP1, the prevalent type of
apprehension involved for the correct solution of this task is the operative apprehension,
through the application of a mereologic modification on the geometrical figure. This stands
for the students of grades 9, 10 and 11a, whereas there is a differentiation for grade 11b.
Despite the fact that a similar proportion of these students apply the mereologic
modification in order to solve the task, in relation to the rest of the students, the majority of
the right global answers occurs through the use of a different approach. However the
amount of answers provided through the mobilization of the operative apprehension is
higher than the answers that occurred through the involvement of perception. As
mentioned above the performance of calculations or the focus on the global shape
constitutes the different approaches used by students. The use of these kinds of approaches
by the students in grade 11b can be attributed to the type of teaching these students are
exposed to, since in this grade they deal with higher level (more abstract, formal)
mathematics, which involve the use of formulas, the performance of calculations and less

or no attention is given to visualization. The use of a different approach in grade 10 and
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grade 11a gives the least correct answers compared to the operative and the perceptual
apprehension. On the other hand it is the use of perception that is related to the lowest
amount of correct answers for grades 9 and 11b.

Concerning task OP2, it is evident that the success of students of all grades in this
task can be attributed to the use of the perceptual approach of the geometrical figure, since
the percentages regarding the use of this approach to solve the task correctly are greater
than those concerning the application of a mereologic modification on the geometrical
figure. Thus in this task students were not able to see the possible reconfigurations of the
given trapezium flexibly, but they were restrained under the influence of perception and

preferred to solve the task with the use of calculations.

Similarly to task OP1, in task OP3 the greatest amount of right answers occur
through the application of a mereologic modification on the geometrical figures of the task.
This is the case for all four different groups of students. The lowest amounts of correct
global answers are related to the use of a different approach by students of grades 9, 10 and

11a, but for grade 11b it is perception that gives the least correct answers.

In the next task (OP4), the students of the four different grades give solutions that
are more related to perception, rather than the mereologic modification of the figure. For
these tasks the perceptual apprehension exercised a greater influence on students’ behavior
and seems to have decreased the flexibility in the way they were able to see and elaborate
on the geometrical figure. The smallest numbers of solutions is related to the use of a
different approach for grades 9, 10 and 11b, whereas for grade 11a the fewest answers

come from the involvement of the operative apprehension.

In the last task (OP5), perceptual apprehension is responsible for most of the right
answers for students in grade 10 and in grade 11a. On the other hand the dominant type of
apprehension for grade 11b students is the operative apprehension, as most of these
students’ correct answers result from the mereologic modification on the geometrical
figure. For grade 9 the highest percentage of students’ correct answers is related to the use

of a different approach.
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Table 17

Percentages of the Students’ Answers According to the Type of Apprehension Involved for the Solution of the Operative Apprehension Tasks

by Grade

Global Right Operative Perceptual Different

Answer Apprehension Apprehension Approach
(%) (%) (%) (%)

Tasks G9 G10 G1l1A Gl11B G9 G10 Gl11A Gi1i1B G9 G10 G1l1A G1i1B G9 G10 Gl1A Gl1B
OP1 6282 7138 79.20 85.71 2212 2368 232 2786 1218 18.09 16.0 150 1442 1447 120 35.71
OP2 3205 3586 2640 6357 6.09 855 160 150 2244 2599 192 4786 ---
OP3 5417 6250 59.20 8286 1090 1053 6.40 1357 513 691 480 7.86 353 263 160 10.71
OP4 10.34 1184 840 1589 10.34 11.84 840 1589 2233 2654 216 2833 687 814 1214 6.13
OP5 5321 66.78 576 66.43 6.73 921 240 2643 9.62 1349 112 7.14 12.82 10.53 7.20 3.57
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The results of the cognitive analysis of the students’ responses in the operative
apprehension tasks are summarized in table 18. The tasks in which the students’
performance is the highest and the lowest are the same for all the groups of students.
Concerning operative apprehension, it is mainly involved in the solution of tasks OP1 and
OP3. For grade 11b students the operative apprehensions is mostly related to the correct
solution of task OP5. On the other hand the perceptual apprehension is the type of
apprehension that is mostly mobilized for the solution of tasks OP2 and OP4 for all the
students. Grade 10 and grade 11a students’ greatest number of correct answers through the
involvement of perception also occur in task OP5. Regarding the use of a different
approach, it brings the highest number of correct answers in task OP5, for grade 9 students,
and in task OP1 for the grade 11b students.

Table 18

General Presentation of the Students’ Behavior in the Solution of the Operative
Apprehension Tasks

Grade Highest Lowest Operative Perceptual Different

performance performance approach

apprehension  apprehension

Grade 9 task OP1 task OP4 tasks OP1/ tasks OP2/ OP4 task OP5
OP3

Grade 10 task OP1 task OP4 tasks OP1/ tasks OP2/ OP4/
OP3 OP5

Grade 11a  task OP1 task OP4 tasks OP1/ tasks OP2/ OP4/
OP3 OP5

Grade 11b  task OP1 task OP4 tasks OP3/ tasks OP2/ OP4 task OP1
OP5

For the sequential apprehension tasks students’ answers from the cognitive point of
view are divided into three categories. The correct construction involves the proper
mobilization of the sequential apprehension, whereas the involvement of the perceptual
apprehension also takes place in their answers, as students make constructions that are
perceptually similar to the correct one, but the process followed for the construction is not

correct. The last category concerns students’ constructions that are partly correct or not
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correct at all. The answers in which the sequential apprehension was properly mobilized
correspond to the right answers from the mathematical point of view (variables SE1, SE2
and SE3).

According to the results indicated in table 19, the general picture from all students’
responses is that the number of students that achieved a correct construction is limited and
this number is smaller than the number of the perceptual solutions or the number of partly
correct or incorrect solutions. In fact grade 9, 10 and 11a students do better at task SE1,
then task SE3 follows while the lowest performance in the correct constructions is
observed in task SE2. This order is not the same for students in grade 11b, as they score
higher in task SE1, then in task SE2 and finally in task SE3. Generally the highest
percentages of correct constructions are observed in grade 11b.

For task SE1 sequential apprehension is not activated properly for most of the
students. The percentages of correct solutions are higher in grade 10 than in grade 9. In
grade 11a these solutions are less than in grade 10 and more than in grade 9. Especially in
grades 9, 10 and 11b most of the students’ constructions are not successful and these
answers are more than those related to the intervention of the perceptual apprehension. The
percentages of the unsuccessful constructions in this task reduce in every higher grade.
Regarding the percentage of perceptual solutions, it increases from grade 9 to grade 10, it
is next reduced in grade 11a and in grade 11b this percentage is the highest. In addition, in

grade 11b the number of correct and incorrect constructions is close.

Regarding task SE2, the mobilization of sequential apprehension was achieved by
very few students — especially in grades 9, 10 and 11b — as the corresponding percentages
are extremely low. Therefore students faced great difficulties in the construction of the
geometrical figure required in this task. On the other hand grade 11b students seem to have
faced less difficulties, compared to the rest of the students, as the number of students who
succeed in activating the sequential apprehension properly is higher. Furthermore, most of
the students, in all the groups, give a solution that occurs with the influence of perceptual
apprehension. Also the number of students that carried out a partly correct construction is
higher than the number of correct solutions. However this is not only the case for grade
11b students, as partly correct solutions are the least. It thus appears that the number of
students that are not able to follow the correct sequence of steps for the construction is
higher than those who at least carried out the right construction of the triangle. Therefore,
this can be an indication verifying the hypothesis that the most difficult part of this

construction is the construction of the triangle.
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Coming to the last sequential apprehension task SE3, sequential apprehension did
not function as expected, as the percentages of the students’ correct constructions are very
low. In fact the number of the students’ correct constructions is reduced from grade 9 to
grade 11a, whereas the highest number of correct constructions appears in grade 11b. Same
as in the previous task, most of the students’ answers come from the intervention of
perceptual apprehension, as student from all groups give answers perceptually close to the
correct one, but without following the right order of the construction steps. Also the
constructions with no success are more than the correct constructions in grades 9, 10 and

11b, whereas this does not stand for grade 11a students.
Table 19

Percentages of the Students’ Answers According to the Type of Apprehension Involved for

the Solution of the Sequential Apprehension Tasks

Task 1 Task 2 Task 3

(%) (%) (%)

Grade SE.A. PEA. N.S. SE.AA.  PEAA. NS SE.AA. PEA. NS

All 16.57 2123 4393 5.33 4745 1487 8.85 36.32 1351

G9 9.62 19.87 50.96 1.28 5096 1538 8.01 4231 9.62

G10 18.09 2237 43.09 3.29 5296 1316 7.24 33.88 15.13

Glla 1280 1520 40.00 1.60 3440 1360 7.20 31.20 4.00

G11b 3214 2714 3357 2214 3929 1857 1571 3286 27.86

Explanation of symbols: SE.A. = Sequential apprehension, PE.A. = Perceptual apprehension, N.S. = No
success, G9 = grade 9, G10 = grade 10, G11a= grade 11a, G11b = grade 11b.

Regarding the discursive apprehension tasks examining the students’ ability of
producing a proof (DI1, DI2, DI5 and DI6) from the mathematical point of view (Table
20), the highest performance of all the students is observed in task DI1. This is not the case
for grade 11a students, whose highest performance is in task D16. On the other hand all the
students score lower in task DIS. Especially grade 9 and grade 11a students’ scores are
very low in the particular proof task. In addition, in these tasks the students’ performance

does not always evolve in every next grade, but there are cases in which performance is
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lower in the next grade. Particularly what stands for these tasks is that the score gets higher
from grade 9 to grade 10, but falls from grade 10 to grade 11a. Next there is again an
increase in the students’ performance and in grade 11b the students have the highest
percentage of correct solutions, compared to the rest of the students. The students’
performances in the tasks that concern the recognition of proof (DI3 and DI4) get higher in
every next grade. It seems that the higher the grade of the students, the more able to
recognize a formal proof from an empirical and a semi-empirical proof they are. It can
therefore be assumed that the ability of recognizing a proof develops as students grow up

and attend a more advanced mathematics class.
Table 20

Percentages of the Students’ Performance in the Discursive Apprehension Tasks from the

Mathematical Point of View

Tasks All Grade 9 Grade 10 Grade 11a Grade 11b
Students (%) (%) (%) (%)
(%)

DIl 60.73 57.05 61.18 44.00 82.86

DI2 29.06 21.15 25.99 24.80 57.14

DI5 12.49 9.29 15.79 2.40 21.43

D16 53.80 50.32 51.97 46.40 72.14

DI3 15.89 9.94 15.13 21.60 25.71

Dl4 19.30 14.10 18.75 22.40 29.29

This part continues with the presentation of the results that were extracted from the
cognitive analysis of the tasks examining the production of proof. For the first task falling
in the category of the discursive apprehension tasks examining the production of a
geometrical proof, apart from the correct choice of answer, students’ justification was also
important. Therefore attention was paid to whether students’ right answers were
accompanied by a correct or wrong justification or if no justification was provided at all.
So the percentages for each variable express only right answers in relation to the
justification that was given. As table 21 shows, most of the students’ correct answers are

accompanied by a wrong justification for all the groups of students. Actually these are
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more than half of the right answers and this is true for all the groups of students. For grade
9, grade 10 and grade 11a the correct answers that are related to a correct justification are
the least, compared to the answers with no or wrong justification. However the situation is
rather different in grade 11b, in which there are more students that provide a correct
justification, than those who do not give any justification. But these students are still less
than those whose justification is wrong. In addition, in grade 11b there is the biggest
number of correct justifications, compared to the rest of the students.

Table 21

Percentages of Students’ Answers according to the Cognitive Analysis of task DII

All Grade 9 Grade 10 Grade 11a  Grade 11b
Students (%) (%) (%) (%)
(%)
Global Right 60.73 57.05 61.18 44.00 82.86
Answer
Dllcj 9.42 11.54 4.93 2.40 20.71
DI1nj 13.28 15.38 12.17 9.60 14.29
Dilwj 38.02 30.13 44.08 32.00 47.86

Thus, what surfaces from these results is that, despite the fact that the students are
able to provide a correct answer when a geometrical proof is asked, they are not able to
express the steps they followed and their way of thinking for reaching the particular
answer. It thus appears that it is not easy for students to translate their geometrical
reasoning into verbal form and students appear to have difficulties writing down correctly

the procedure they followed.

In the second task on the production of proofs (DI2) what was also taken into
account, besides proving what was asked correctly, was the way students expresses their
thinking. In fact there were students that either drew on the figure in order to show the
relation between the different figural units (DI2vr), indicated these relations verbally
(DI2vei) or others that used both ways for expressing their answers (DI2vrvei). The results
in table 22 show the percentages of the correct answers that occurred in relation to the way
students expressed their thinking procedure. What is indicated in the table is first of all that
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most of the students in all the grades choose to express their answers through a
combination of a verbal description of the relations between the figural units and marking
them on the figure.

Table 22

Percentages of the Students’ Answers According to the Cognitive Analysis of task DI2

All Grade 9 Grade 10 Grade 11a Grade 11b
Students (%) (%) (%) (%)
(%)
Global Right 29.06 21.15 25.99 24.80 57.14
Answer
DI2vr 7.95 0.64 0.00 0.00 0.71
DI2vei 20.20 8.65 7.24 12.80 20.00
DI2vrvei 28.38 11.86 18.42 12.00 36.43

In fact, in grade 11a the number of these answers is very close to the number of
answers that are only expressed verbally. The students who give their solution only by
making the visual recognition of the relation between the figural units on the given figure
explicit are the least. In fact in grades 10 and 11b there are no students that reach a right
answer using the particular approach, despite the fact that 7.89% and 11.20% of the
students respectively have used this approach. Thereafter, it happens that just the visual
recognition of transitivity in this task was not enough for students to complete their
reasoning and reach the right solution of the task. The verbal expression of the proving
process was necessary in order for students to follow the necessary sequence of steps to
reach the proper solution correctly, whether it was used alone or combined to marking the
figural units. However the combination of the two ways seems to be more effective for

getting a right answer in this task, compared to the use of each approach in isolation.

For the next discursive apprehension task DIS that examines the students’ ability
for producing a proof, the results are shown in table 23. The considerably low amount of
students’ global right answers, especially for the students in grade 9 and in grade 11a,
indicates that this task was difficult enough for the students. From the cognitive analysis of
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this task the students’ answers were categorized according to the degree of the

comprehension of proof.

Table 23

Percentages of the Students’ Answers according to the Cognitive Analysis of task DI5

All Grade 9 Grade 10 Grade 11a  Grade 11b
Students (%) (%) (%) (%)
(%)
Global Right 12.49 9.29 15.79 2.40 21.43
Answer
Dl5c 8.17 S5.77 5.59 5.60 21.43
Dl5cg 14.76 10.26 19.40 3.20 25.00
Dl5wa 10.90 8.33 13.16 15.20 7.86

In grades 9, 10 and 11a the number of students that demonstrate a real
comprehension of proof (DI5c) is very limited and these are the least students compared to
those with a gap in the comprehension of proof (D15cg) and those that give a wrong
answer showing no comprehension of proof (DI5wa). For grades 9 and 10 most of the
students appear to have a gap in the comprehension of proof and in fact these students are
more than those with no comprehension at all. As for grade 11a the highest percentage
regards students with no comprehension of proof, but the percentage of those who have
comprehension is higher than those who have a gap. The biggest number of students with
comprehension appears in grade 11b. However there is a greater number of students that

have a gap in the comprehension of proof.

Interestingly, in grade 11b all the students that reach the correct global answer are
essentially those who show comprehension of proof. This is not the case for the rest of the
groups of students. In grades 9 and 10 the students that give a correct answer, from a
mathematical point of view, are more than those who show good comprehension of proof.
On the contrary in grade 11a the students that appear to have a good comprehension of
proof are more than those who just provided a correct answer from the mathematical point
of view. Consequently these contradictions highlight the importance of this way of
analyzing tasks, as the examination of the correctness of the answers only from a
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mathematical point of view does not fully enable the description of the general situation

concerning students’ behavior. The cognitive analysis of the tasks provides more valuable
information about students’ cognitive processes, their abilities and understanding and thus
it is not enough to merely rely on the mathematical correctness of students’ work in order
to extract some results and interpretations. The combination of the two ways of examining
students’ answers allows for a more accurate and general description of what a researcher

wishes to examine.

In task DI6 (Table 24) the students’ inference was very important to examine
similarly to task DI1. Consequently the students’ right answers were considered in relation
to the justification students provided. Specifically, most of students’ correct answers in this
task are accompanied by a wrong justification. In grades 9, 10 and 11b there is an
observable difference between the answers with a wrong justification and the answers with
a correct or no justification. In grade 11a the amount of answers with no justification is
very close to the answers no justification. Another observation is that the percentage of the
students’ answers with no justification is higher than those with a correct justification, in
grades 10 and 11b. It is possible that for the students of these grades the influence of
perception was stronger, because the cases in which students do not provide any
justification can be related to the influence of perceptual apprehension. And this is why the
two figures that are equal can be perceptively recognized in the given figures and as a

result students can decide that there is no need for making any inference and proving it.

Table 24

Percentages of the Students’ Answers according to the Cognitive Analysis of task DI6

All Grade 9 Grade 10 Grade 11a  Grade 11b
Students (%) (%) (%) (%)
(%)
Global Right 53.80 50.32 52.49 46.40 72.14
Answer
Dl6ci 10.78 12.18 8.88 8.80 13.57
Di6ni 12.71 11.22 12.50 19.20 10.71
DI6wi 30.31 26.92 30.59 18.40 47.86
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The results concerning the cognitive analysis of the task examining the students’
abilities on the recognition of proof are presented in table 25. It should be noted that there
were students that accepted more than one answer as a proof. Thus the percentages are
low, because these include only answers in which the students accepted just one type of
proof. Regarding task DI3, most of the answers occur from the discursive apprehension for
all the groups of students. This is also the case for task D14, with the only exception being
the students of grade 9, who give more answers through the perceptual apprehension. Even
in task DI3 the number of answers that occur from the mobilization of perceptual
apprehension is almost analogous to that of the answers that occur after the mobilization of
discursive apprehension. It therefore seems that there is no coherence in the way the 9"
graders deal with these tasks and that their ability concerning the identification of the

proper proof is not well developed yet.
Table 25

Students’ Answers according to the Type of Apprehension Involved in the Tasks Examining
the Recognition of Proof

Tasks All Grade 9 Grade 10 Grade 11a Grade 11b
Students (%) (%) (%) (%)
(%)

Task OP3

DI3pe 7.38 8.65 7.57 8.80 2.86

DI13op 431 4.81 4.61 1.60 5.00

DI3di 15.89 9.09 15.28 21.60 25.71

Task OP4

Dl4pe 14.19 17.95 14.80 13.60 5.00

Dl4dop 6.47 6.73 7.24 6.40 4.29

Dl4di 19.30 14.10 18.94 22.40 29.29

This conclusion was also derived from the results of the hierarchical clustering of
variables and the implicative analysis. Instead, perceptual apprehension is involved, which

inhibits the recognition of the formal proof. The influence of perception, which appears to
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be stronger in grade 9, could be a factor that affects students’ discursive apprehension
negatively, especially as far as the recognition of proof is concerned. On the other hand
operative apprehension is related to the lowest number of answers in these tasks for all the
groups of students. So the influence of the particular type of apprehension does not seem to

be affecting students’ ability to recognize formal proof.

A local comparison between the OP4 and DI5 tasks

The discursive apprehension task DI5 is an implicit operative apprehension task which is
very similar to task OP4, because the given figures in the two tasks are almost the same.
An interesting question to pose is: Have students that cannot succeed in task DI5
encountered a problem with the figure? Is it possible for the students’ errors to be related to
their difficulties regarding the way they see the geometrical figure, which does not allow
any modification on the figure? Therefore the hypothesis is that students who are not able
to put the operative apprehension into work when looking at the figure in task OP4, cannot

choose the right theorem or prove in task DI5 either.

In an effort to answer this question, the results concerning the way students behave
in the two tasks are summarized in table 26. What this table shows is the number of wrong
answers (D15wa) while it further examines the connection among students’ answers in task
OP4. In fact the variables WA-ME, WA-PE, WA-DA pertain to the students that arrived at
a wrong answer in task DI5 and whose answer in task OP4 was either related to the
mereologic modification or to another type of answer (perception / different approach)
respectively. In fact, there were students that gave two or more kinds of answers in task
OP4. In this case they were distinguished from those that used only one approach. So the

students that used more than one approach are not included in this analysis.
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Table 26

Relations among the Students’ Answers from the Cognitive Point of View in Tasks OP4
and DI5

DI5wa (%) OP4 (%)
WA — ME WA — PE/ DA
Grade 9 8.33 3.85 65.38
(N=312) (N=26) (N=26)
Grade 10 13.16 0.0 50.0
(N=304) (N=40) (N=40)
Grade 1la 15.20 10.53 42.11
(N=125) (N=19) (N=19)
Grade 11b 7.86 0.0 45.45
(N=140) (N=11) (N=11)

Explanation of symbols: WA — ME = wrong answer in task DI5 and answer through the mereologic
modification in task OP4, WA — PE/ DA = wrong answer in task DI5 and answer through the perceptual

apprehension or a different approach in task OP4.

A first observation from the table is that most of the wrong answers are related to
the use of the perceptual or the different approach in task OP4. This is the case for all the
groups of students. In addition it is interesting that in grades 9 and 11b there are no wrong
answers related to the use of the mereologic modification in task OP4. Consequently there
seems to be a relation between these two tasks, providing indications for the verification of
the hypothesis stated above. The results show that the students’ inability to prove in task
DI5 can be related to the way students look at the figure, and thus the type of apprehension
they are able to mobilize. The fact that students cannot choose the necessary theorem,
which leads to the proper proof, can be attributed to the lack of operative apprehension,
which does not allow for the identification of the relations between the different figural
units of the figure.
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Hierarchical classification of the geometrical figure apprehension tasks according to the

degree of difficulty

This part deals with the hierarchical classification of the geometrical figure apprehension
tasks, according to the degree of difficulty, in order to see whether there are differences
regarding this classification for the different groups of students. The Rasch analysis was
used in order to define the degree of difficulty of the tasks. Besides the calibration of all
the tasks of the test on a single scale using the Rasch models, the difficulty of the tasks was
also examined through using implicative analysis. In fact in this case the difficulty of the
tasks included in each of the four groups of tasks was examined separately. Therefore a
hierarchy of the tasks occurred for each type of apprehension. For each group of tasks
corresponding to a different type of apprehension a hierarchy of the tasks for the total
number of students is presented and it is then contrasted to the hierarchy for each group of

students.

Hierarchical classification of all the geometrical figure apprehension tasks according to

the Rasch model

The Rasch model is a probabilistic model used widely for purposes of educational measurement
around the world and for purposes of unidimensional scale-building. This model aims to describe
the interaction between a person and a task, expressing the abilities of the persons and the
difficulties of the tasks/questions onto a single linear scale (i.e., the logit scale). This serves the
need for direct comparisons between the ability of a specific person and the difficulty of a specific
guestion, i.e. the need to locate the two on the same psychometric continuum. Equation (1)
illustrates the Rasch model in the case where a person n attempts to respond to question i which is

scored on a scale from zero to k.

|Og[ Pri ): B,-D, - F (1)

ni(k-1)

where
Paic is the probability of person " being assigned on question I the score K,
Puitc-y) is the probability of person N being assigned on question I the score k—1,
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B, indicates the ability of the person N,
D; indicates the difficulty of the question I and

F indicates the difficulty of score K in relation to score K —1 .

Each distinct score on a question (marked from 0 to k points) may be considered as a ‘step’.
According to Equation (1), the interaction among a person’s ability, a question’s difficulty and a
step’s difficulty define the score that a person is most likely to obtain on the question. Equation (1)
illustrates the case where all the questions on the test employ the same scale (e.g., 0 to 10 points),
and it is assumed that the scale maintains the same meaning across the guestions (e.g., a score of 5
has the same meaning for all questions). This is the Rating Scale model (Andrich, 1978; Wright &
Masters, 1982).

In the case where each question is modeled to show its own rating scale, (e.g., when a score of 5 for
one question is not equivalent to a score of 5 for another question, or when different questions have

different maximum possible scores), then the equation becomes:

ni(k-1)

|09[ Pri J: B, -D, —Fy (2)

where Fix indicates the difficulty of score K in relation to score K —1 for question i. This
is the Partial Credit model (Wright & Masters, 1982).

The Rasch model was considered to be more appropriate than other item response theory
models. Firstly, the raw scores of the persons constituted sufficient statistic information for the
estimation of their underlying ability. In addition, there was no need to award more points for
correct or partly correct responses to more difficult questions and to penalize the persons for
incorrect or partly-correct responses to easier questions. Finally, the nature of the open-ended
questions did not encourage guessing (so a three-parameter model was not a choice). Overall,
models that had weighted scores as sufficient statistics or incorporated pseudo-guessing parameters

were not appropriate for the data of this research.

The Partial Credit Model (which assumes that all questions scored are either correct or
incorrect) was used to analyze the data instead of the Rating Scale model. Most of the questions
were scored as dichotomous (correct/incorrect) and some of the questions of the test were scored
on a scale from 0 to k (not all questions have the same maximum possible score). Two statistics
were selected for this study in order to evaluate model-data fit for individual items. These are the
Infit Mean Square and the Outfit Mean Square (Wright & Stone, 1979). Fit statistics are used to
assess whether a given person’s performance (or a given item) is consistent with other persons’

performances (or items) and are based on the differences between the expected and observed
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performances. Outfit statistics are based solely on the difference between observed and expected
scores whereas in calculating infit statistics extreme persons or items are downweighted. All
weighted (i.e. infit) statistics in the Rasch model actually increase the weight of targeted responses.
They are called “Pearsonian” statistics because they aggregate the residuals as measures of
aberrance. The two statistics are known to be able to identify general aberrance in response
patterns. This is an advantage because a fit statistic that focuses only on a specific type of
aberrance may not have enough power to identify other types of aberrance (Klauer, 1995).

The two statistics have been used for a long time in order to evaluate model-data fit for
individual items (e.g., Wright & Masters, 1982; Smith, 1991; Smith, 2000; Wright & Mok, 2000;
Lamprianou & Boyle, 2004). Both are approximately y’—distributed (Wright & Mok, 2000) but
there is no agreement between researchers regarding the “acceptable” values (values that indicate
acceptable fit). Indeed, Karabatsos (2000) suggested that the distributional properties of the two
statistics might differ significantly across datasets with different characteristics such as length and
item difficulty distribution. In a number of studies (e.g., Engelhard, 1992, 1994; Lunz, Wright, &
Linacre, 1990) the range of acceptance for persons was set at 0.6 to 1.5. The range of acceptance
for the question fit was often set between 0.7 and 1.3 but these are just rules of thumb. In the
examination of the person statistics for fit to the Rasch model, the outfit square statistic is
considered to provide more useful information than the infit, because a person’s performances on
both the easiest and the hardest items are taken into equal consideration (Andrich, 1988). Any
marked difference between the calculated values for the outfit and the infit statistics is highly
informative, since it indicates a tendency for a different pattern of responding to easier or harder
items, when compared to items at the centre of the scale.

The Rasch model analysis (Andrich, 1988) was used in order to examine the
hierarchical classification of the geometrical figure apprehension tasks according to the
degree of difficulty. The estimation of the Rasch models was conducted with the use of the
QUEST software (Adams & Khoo, 1996). The Rasch model also allowed the investigation
of the construct validity of the geometrical figure apprehension test and the creation of a
good interval level measure for the lower and upper secondary school students’
geometrical figure apprehension. The findings showed that the Rasch analysis supports the
conceptual design of the test, since a scale of items measuring students’ geometrical figure
apprehension is indicated. The students’ psychometrical behavior is invariant in the four

age groups examined.

The data of the research were firstly analyzed for the total number of students. The
initial Rasch analysis did not indicate items that were misfitting the Rasch model, therefore

no item was excluded from the scale. Next the analysis was repeated for the students in
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grades 9 and 10, in which the students are before and after the change of educational level

respectively. The examination with the particular groups of students was chosen in order to
examine whether these two groups face the test with the same coherence and whether there
are differences regarding the calibration of the tasks on the scale, in relation to the fact that

they belong to different educational levels.

The calibration of the items on the scale for the total sample is presented in Figure
40. The scale comprises all the tasks included in the research instrument and presents the
degree of difficulty of the tasks and the students’ distribution on the scale according to
their abilities when dealing with geometrical figure apprehension tasks. In fact the item
difficulty range is from -2.05 logits to 2.38 logits. On the other hand students’ abilities are
distributed between -3.32 logits and 2.51 logits. As far as relating the person ability range
with the item difficulty range is concerned, it can be said that there is a satisfactory
targeting of the items for the students. However the targeting of the items could be further
improved by the inclusion of some tasks of less difficulty in the test. From the figure it is
also noticed that most of the students are situated between -2.5 logits and 0.5 logits,
whereas fewer students are found below -2.5 logits and above 0.5 logits. Hence the
majority of the students are of low or medium ability regarding the geometrical figure
apprehension, based on the particular tasks of the test that they were given. The tasks that
are situated at the top of the scale were answered by the students of high ability, whereas
the tasks found at lower parts of the scale were answered by medium and low ability
students. It can therefore be said that the total sample of the students is normally

distributed according to their ability regarding the items of the test.

More specifically the items with the highest difficulty are the sequential
apprehension tasks (SE, SE2 and SE3) and some of the discursive apprehension tasks. In
fact these are task DIS and the two tasks which examine the students’ abilities regarding
the recognition of proof (D13 and D14). For this group of tasks the smallest number of
students is found on the scale and these are the students of high achievement and thus of
higher abilities concerning geometrical figure apprehension. In the middle part of the scale,
where most of the students are also situated, the perceptual apprehension tasks are found
together with the operative apprehension tasks OP2 and OP4 and the discursive
apprehension tasks D12 and DI16. The fact that the perceptual apprehension tasks are found
near the discursive and the operative apprehension tasks on the scale, according to their
degree of difficulty, could be explained by the fact that perceptual apprehension could
intervene in the solution of the rest of the tasks of this group. In fact for the solution of the
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operative apprehension OP2 task the effect of the perceptual apprehension was possible
because of the presence of number, which can more likely lead students to the performance
of calculations than the reconfiguration of the figure to find the answer, and thus the
neutralization role of the operative apprehension. Also for task OP4, which asked for a
different solution from the students, answer only premised on the perceptual recognition of
the figure were possible to occur, especially by students that cannot go beyond the
perceptual recognition of figures.

Regarding the discursive apprehension tasks, the solution of task DI2 required
increased perceptual abilities, as the recognition and the discrimination of the subfigures
included in the given figure were important for the students to be able to use the given data
in the task. Furthermore the solution of task DI6 could also be related to the perceptual
apprehension of the figures, because the students could identify the two equal triangles
among the three given figures, due to the visual support of the provided figure. At a lower
part of the scale the easiest items are found, which are three of the operative apprehension
tasks (OP1, OP2 and OP5) and a discursive apprehension task (DI1). In fact in these three
tasks the students were asked to compare the area or the perimeter of two parts of the given
figures. This commonality in the nature of the tasks could be the possible reason for the
placement of these tasks in a similar part of the scale. However, there no tasks situated at
the bottom of the scale where the easy items should be situated. This indicates that the
alignment of the test to students’ abilities needs further improvement, by adding tasks of

less difficulty.

The hierarchy of the items on the scale was next examined for the 9" and the 10"
graders separately, because these two groups of students correspond to the end of the lower
secondary school and the beginning of the upper secondary school respectively. Therefore
the scope was to examine whether great changes occur in the way the tasks are placed on
the scale according to their difficulty after the students’ transition from one educational
level to a next one. In comparing the hierarchy of the items on the scale for the 9™ (Figure
41) and the 10" (Figure 42) graders respectively, it can be observed that the items are
situated in a very similar way on each scale. A difference is noticed regarding the
placement of the two perceptual tasks on the scales, which for grade 10 students appear to
have almost the same degree of difficulty. Despite the calibration of the items in the scales
for the two groups of students, table 27 indicates that the degree of difficulty of the tasks is

not the same for the students of the two grades. The difficulty of the tasks is higher for
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grade 9 students than for grade 10 students, as the scores of the 9" graders are lower than

those of the 10™ graders.

On the contrary difference is traced between the two models regarding the
distribution of the persons on the scale. What is actually observed is that the 9" graders are
distributed at a lower part of the scale, in relation to the distribution of the 10" graders.
Specifically the distribution of the persons on the scale for grade 9 is between 1.5 logits
and -3.5 logits, whereas for grade 10 the persons are found within the range of 2.5 and -3.5
logits. Overall the main outcome of the comparison between the Rasch models for grade 9
and grade 10 respectively is that the ranking of the tasks according to the degree of
difficulty is the same for the two groups of students, but what is different is the students’
abilities, which appear to be higher for the students in grade 10. This was expected because
students in grade 10 are older than the students in grade 9, hence their abilities are more
developed due to the richer teaching experiences they have and also due to possible

cognitive development.

The summary of the item fit statistics for the total sample, for grade 9 and grade 10
students is presented in table 28. The fit statistics for the test of the items for the three
Rasch models are satisfactory for the purpose of this study, since the Infit mean square and
the Outfit mean square are near 1 and thus fall into the range of model acceptance. The
Infit t and Outfit t are also within the range of acceptance for the fit of the items. The fit
indices are also satisfactory for the persons for the three Rasch models, as the Infit mean
square and the Outfit mean square are also near 1 and the Infit t and Outfit t are also within
the range of acceptance. The reliability for the items and the persons is high for the items
and the persons as well. Consequently the scale of items measuring students’ geometrical
figure apprehension that occurred from the Rasch analysis validate the test that was
developed for examining lower and upper secondary students’ geometrical figure

apprehension.
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Table 27

Items Scores for Grade 9 and Grade 10 students

Tasks Grade 9 Grade 10
(Maximum score=312) (Maximum score=304)

PE1 114 133

PE2 67 139

OP1 196 217

OP2 100 109

OP3 169 190

OP4 108 114

OP5 166 203

SE1 30 55

SE2 4 10

SE3 25 22

DIl 178 186

DI2 66 79

DI3 31 46

Dl4 44 S7

DI5 29 48

D16 157 158
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Table 28

Statistics for the Geometrical Figure Apprehension Tasks for the Total Sample, the Grade
9 and the Grade 10 Students

Statistics Total sample Grade 9 Grade 10
(N=881) (N=312) (N=304)

Mean

Iltems™ 0.00 0.00 0.00

Persons -0.88 -1.30 -0.89
Standard deviation

Iltems 1.32 1.04 1.39

Persons 1.17 1.08 1.15
Reliability

Items 0.99 0.98 0.99

Persons 0.67 0.59 0.66
Infit mean square

Items 1.00 0.98 1.00

Persons 1.00 1.00 1.00
Outfit mean square

Items 1.00 1.09 1.03

Persons 1.00 0.98 1.03
Infit t

Items -0.02 0.20 0.01

Persons 0.03 0.04 0.03
Outfit t

Items 0.02 0.13 -0.06

Persons 0.12 0.14 0.15

201



3.0 High Achievement Difficult items

|
|
|
I
X I
| SE2
I
I
2.0 X |
| SE3
|
I
). 5.8.9.4 |
| DI5
I
). 5.9.9.9.9.4 | SEl DI3
1.0 |
| DI4
). 5.9.9.9.9.4 |
|
|
).5.0.8.68.5.0.5.0.9.4 |
| DI2
|
0 1 8.5.8.0.0.0.00.00.00.00 4 |
| PEZ2 oP4
PS80 050000004 | oPpZ2
I
| FE1l
).8.9.5.8.0.60.0.0.0.0.0.0.0.9.4 |
|
-1.0 |
) 5.8.80.8.08.60.808.50.5.0.9.4 | DI&
|
I
X T | OP3 oP5 DI1
I
I
-2.0 )8 0.88.0.00.0.0.80.0.0.0.9.4 |
| oPl
I
I
) 8.0.6.0.0.00.0.0.0.0.0.4 |
|
|
I
-3.0 |
|
I
).5.9.9.9.9.9.4 |
I
|
I
|
-4.0 Low Achievement | Easy items
Each ¥ represents 6 students

Figure 40. Scale for the geometrical figure apprehension tasks for the total sample
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Figure 41. Scale for the geometrical figure apprehension tasks for grade 9 students
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Examination of the hierarchy of the tasks of each type of apprehension separately

according to the degree of difficulty

The figure XX presents the implicative relations among the operative apprehension tasks.
The hierarchy formed in the implicative relations among the tasks reveals the difficulty of
these tasks. In fact the same order of difficulty is also present in the scale of the Rasch
model (Figure 43).

[-:m ] 11.46%

@Pa 37.57%

[ops ] 60.61%

[0;1 ] 71.74%

Figure 43. Implicative diagram for the students’ responses from the mathematical point of

view in the operative apprehension tasks for the total sample

Specifically the most difficult task from the category of tasks examining students’
operative apprehension is the operative task OP4. In this task students were expected to
provide four solutions and thus they had to find four different reconfigurations for the same
figure. In order to do so, students had to carry out many and different combinations of the
subfigures included in the given figure and use each subfigure in a different way each time
in order to come to a new answer. This can be the factor that increased the difficulty of this
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task and led to the lowest students’ performance (11.46%), compared to the rest of the
operative apprehension tasks. Therefore the need to the mereologic modification on the
figure more than once seems to have increased the complexity of the cognitive processes
involved in the solution of the task and thus the difficulty of the task. It is assumed that for
the solution of this task a higher level of abilities in modifying a given figure through the

involvement of the operative apprehension seems to be necessary.

The second most difficult operative apprehension task is task OP2. As explained in
the a priori analysis of the tasks, the solutions for this task could occur from the
mobilization of the operative apprehension or by the involvement of the perceptual
apprehension combined to the use of formulas and calculations. The existence of numbers
in this task may be the reason that caused students’ limited success (37.57%) in relation to
the rest of the tasks of this group. In fact the presence of numbers can be a factor that
inhibits the activation of operative apprehension while, on the contrary, it also creates
space for the perceptual apprehension to intervene. When the chosen path for students’
solutions is not through the operative apprehension, but through a different approach their

solution is less short and more complex and therefore the possibility of error increase.

Next, task OP5 is found in the hierarchy of the tasks. The difficulty of task OP5 lies
on the fact that, as in task OP4, students had to modify the figure more than once in order
to find the relations between the different subfigures and reach the correct answer. In
addition the knowledge of the properties of the different parts of the given figure was a
facilitator for finding the right answer after the proper reconfiguration was conducted.
Therefore the need for multiple modifications on the figure and the need for the knowledge

of properties influenced the students’ performance in this task.

What follows is task OP3, in which students also had to perform the mereologic
modification on the given figure, but this time just once. In fact, students first had to
identify the different parts in which the given figure was divided perceptively and then
perform some mental modifications on the figure, in order to choose and rotate specific
parts of the figure and come to the choice of the proper answer. Similar to task OP5, the
knowledge of the properties of the given figure was also a factor which facilitated the

correct solution of the task after the reconfiguration was performed.

Finally the easiest task in this category appears to be task OP1. In this task students had to

do a simple modification on the figure without the necessity to use the properties of the

206



given figure. They just had to identify a particular part of the figure which should be cut
and moved, without involving any knowledge regarding the properties of the figure.

OP4 OP4
o
OP5 OP5
|
|
OP3 @a
oP1 OP1
Grade 9 Grade 10 Grade 11a Grade 11b

Figure 44. Implicative diagrams for the students’ responses from the mathematical point of

view in the operative apprehension tasks for each grade

The difficulty of the tasks was examined for students of each grade separately, in
order to trace the differentiations in the ranking of the tasks for the different age groups.
The implicative diagrams for each grade are presented in figure 44. First of all, there is
similarity in the hierarchy of the operative apprehension tasks between grades 9 and 11a.

In fact this hierarchy is the same as the one created for the total sample of students (Figure
43). Regarding grade 11b, the hierarchy formed is very similar to the one for grades 9 and
11a, with the only difference being the absence of task OP4, which does not appear in the
implicative chain. A slight difference is created in grade 10, in which tasks OP3 and OP5
are situated on the same level in the implicative chain.
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Based on the above, the ranking of the tasks according to their degree of difficulty
seems to be almost the same for the different groups of students. What differentiates the
results is the students’ performance which corresponds to the different levels of ability for
each group of students. Furthermore the factors that determine the difficulty of the tasks
and hence the students’ performance is first of all the number of modifications necessary in
a figure for the solution to be reached. Another factor that influences the difficulty of the
tasks is the presence of numbers in the given figure, which make the way to the solution
more difficult and longer than a solution through the operative apprehension. In addition
the students’ geometrical knowledge is a factor that affects the difficulty of the tasks, along

with the two previous factors.

The hierarchy of the sequential apprehension tasks is indicated in the following
implicative diagram (Figure 45). What is firstly observed when looking at the percentages
included in the diagram of the students’ correct solutions is that their performance in these
task is low, which shows the high degree of difficulty of these tasks for students. So what
firstly surfaces is that the students’ abilities regarding the construction of geometrical

figures do not seem to be very developed.
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Figure 45. Implicative diagram for the students’ responses from the mathematical point of

view in the sequential apprehension tasks for the total sample

At the top of the implicative chain task SE2 is situated, which can be considered as
the most difficult task in the group of tasks examining the sequential apprehension of

geometrical figures. It seems that it was very difficult for students to use the given
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information properly and to follow the necessary sequence of steps, on the basis of the
given data. There is a possibility that students misused the given data or either used them
in an inappropriate order and thus they were unable to come to a right construction.
Following the right order of steps is decisive for carrying out the process of constructing a

geometrical figure successfully.

The following task, the degree of difficulty of which is somehow lower, is task
SE3. In this task students had to construct a figure, but not only on the basis of the given
data. The difference in this task, compared to the previous one, is that students were given
a figure and they were asked to base their construction on this given figure. Therefore the
fact that students were given a part of the figure, and not only some data to use in the
different steps of the construction process, may be a reason that somehow facilitated the
construction of the geometrical figure and brought about an increase in students’ success in

this task, compared to the former one.

The task with the lowest degree of difficulty among the three sequential
apprehension tasks is task SE1. In this task students were given the data and the constraints
for the contraction they had to do, but they were also given the figure which had to be
constructed. So students knew a priori which the final result of the construction was and
they already had the picture of how the correct construction of the geometrical figure
should look like. The presence of the geometrical figure seems to be helpful for students,
because it may have functioned as a source for providing feedback for students regarding
the correctness of their construction. Therefore in this case it was important for students to
use the given data appropriately and retain the mathematical properties of the figure they
had to construct, on the basis of the given figure.

Consequently, the hierarchy of the tasks formed in the implicative diagram, which
is in line with the one of the Rasch model, reveals that the amount of the given data in each
task seems to be decisive for students’ success. The first task only provided the students
with some data that had to be used in a right order, while the rest of the tasks gave students
either a part of the construction or even the whole figure combined to the necessary data
for conducting the construction process. Therefore the amount and the type of the given
information in each task appear to influence students’ solutions and seem to be related to

the success of their constructions.

The comparison of the ranking of the sequential apprehension tasks according to

the degree of difficulty for each group of students is indicated in figure 46. The implicative
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diagrams for each grade reveal differences in the way the different groups of students
approach sequential apprehension tasks. In effect, an implicative diagram for the students
in grade 11a could not be formed. In fact the variable corresponding to task SE2 is omitted,
due to the very small number of correct answers given by students (1.60%). Therefore an

implicative chain for the rest of the two tasks was not possible to be formed.

What emerges for grade 9 students is that tasks SE3 and SE2 are more difficult than
task SE1. A similar hierarchy is also formed for students in grade 11b, in which task SE3 is
situated at the top of the implicative chain and task SE1 at the bottom of the chain. The
situation is different for the10™ graders, as the hierarchy of the tasks is different compared
to the rest of the students. Actually for students in grade 11a the most difficult sequential
apprehension task is the SE2, which is placed at the top of the implicative chain. Task SE1
is the second task in the implicative chain, whereas task SE3 is the easiest of the three, as it
is found at the bottom of the hierarchy. Finally it appears that there are differentiations in
the way the sequential apprehension tasks are ranked in each group of students and these
hierarchies are different from the hierarchy that occurs when the total of students is
examined. Thereafter the different amount of the given data in each task appears to

influence the solution of the sequential apprehension tasks in each grade in a different way.

[SE3 J [SEZ J SE2 SE3

SE1 SE1 SE2
SE3 SE1
Grade 9 Grade 10 Grade 11b

Figure 46. Implicative diagrams for the students’ responses from the mathematical point of

view in the sequential apprehension tasks for each grade
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A hierarchy of the discursive apprehension tasks is also formed with the use of
implicative analysis, the results of which are presented in the implicative diagram in figure
47,
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Figure 47. Implicative diagram for the students’ responses from the mathematical point of

view in the discursive apprehension tasks for the total sample

In this case also the hierarchy of the tasks is in line with the results of the Rasch
model. At the top of the implicative chain task DI5 is found. The increased degree of
difficulty of this task could be attributed to the fact, apart from discursive apprehension,
that the mobilization of the operative apprehension was needed to be activated for its
solution. Actually in this task the students had to make different reconfigurations on the

given figure, because they firstly had to be able to see the three parallelograms related to
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the proofs they were asked to produce. In order for students to be able to see the three
parallelograms, the different parts of the divided given figure had to be combined in more
than one ways. Therefore the mobilization of operative apprehension was a crucial factor
for the success in this task, as the identification of the three parallelograms was a
prerequisite for the use of the necessary axioms. Besides the multiple reconfigurations of
the figure for the identification of the three parallelograms, students also had to find the
relations among the different figural units of the figure and then employ the knowledge of
properties and axioms in order to produce the necessary proofs. Therefore, the need for
increased ability in modifying a geometrical figure, combined with a discursive process
seems to be the reasons for the increased difficulty of this task and the low performance
observed by students (12.49%).

Next the pair of tasks examining the recognition of proof is situated in the
implicative chain. Despite the fact that both tasks examine the same aspect of proof,
students dealt with a different degree of difficulty in each task. Although the difference
between the two tasks is not considerable, task DI3 appears to be slightly more difficult
than task DI4. The explanation for that can be related to the axiom that was asked to be
proved in task DI3. Task DI3 involved the proof on the sum of the internal angles of
triangles, whereas the proof in task D14 concerned the axiom on the relation between an
external angle of the triangle and the sum of the internal angles that are opposite to it.
Consequently students’ prior knowledge of the properties of the triangles and the axioms

involved in each of the tasks may have had an effect on their performance.

The following task in the implicative chain is task DI2. This task demanded good
perceptual ability in order to recognize the different subfigures included in the given figure
correctly and then a good knowledge of the properties of these figure. In addition students
had to follow the transitivity in the relations between the different figural units of the
figure correctly, which, in turn, demands the involvement of the operative apprehension as
well. So in this task students appear to be more able to identify the necessary subfigures
and trace the relations between the different figural units in the figure, in relation to the

previous tasks.

Task DI6 on the identification of equal triangles appears at a lower part of the
hierarchy, meaning that students have faced fewer difficulties in this task compared to the
former ones. In fact this task did not demand any recognition or reconfiguration of the
given figures. On the contrary, this was a task for which the solution only involved the use

of the properties of the triangles and the knowledge of the criteria for two triangles to be
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equal. Thereafter in this task a discursive process was mainly needed and not any

intervention of either the perceptual or the operative apprehension.

The last task in this hierarchy is task DI1. For the solution of this task the
knowledge of a theorem was necessary in order for students to be able to prove correctly.
Although this task also involved perceptual recognition and the ability to trace relations
between particular figural units, the good knowledge of the theorem may have been the

reason for students’ greater success in this task, in relation to all the other tasks of this
group.

Figure 48 includes the implicative diagrams for the discursive apprehension tasks
for each grade separately. Comparing the different diagrams, there are small differences in
the formation of implicative relations among the tasks. However the ranking of the tasks in
each grade is similar and also not very different from the hierarchy that occurred for the
total number of students. For all the groups of students tasks DI3, D14 and DI5 are situated
at the higher parts of the implicative chain, indicating that these tasks cause greater
difficulties to students compared to the rest of the tasks. This is also the case for task DI2,
which also appears to be more difficult than tasks DI1 and D16, which are found at the
bottom of all the implicative chains. Particularly task DI1 appears to be the easiest task, but

this does not stand for grade 11a, as the easiest task for students in this grade is the DIG6.

Overall a factor that seems to influence the discursive apprehension of geometrical
figures is basically the students’ geometrical knowledge. The involvement of perception
and the need for multiple reconfigurations on a figure are also factors that are related to the

mobilization of the discursive apprehension.
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Figure 48. Implicative diagrams for the students’ responses from the mathematical point

of view in the discursive apprehension tasks for each grade

The implicative relation (Figure 49) between the two perceptual apprehension tasks

indicates that task PE2 is more difficult than task PE1. The same result is also indicated in

the Rasch model for the total of the students. Students appear to recognize the different

hidden squares in the given figure in task PE2 correctly more easily than finding the name

of the coded figures and defining their type in task PEL.

The examination of the implication between the two perceptual apprehension tasks

for each group of students (Figure 50) shows that the ranking of the tasks is the same in

grades 9, 11a and 11b, in which task PE2 is at the top of the implicative relation and task

PE1 at the bottom. However the opposite happens in grade 10, in which the two tasks are

placed in the opposite way.

214




43 36%

35.19%

Figure 49. Implicative diagram for the students’ responses from the mathematical point of

view in the perceptual apprehension tasks for the total sample
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Figure 50. Implicative diagrams for the students’ responses from the mathematical point of

view in the perceptual apprehension tasks for each grade

The Lower and the Upper Secondary School Students’ Mistakes and Ideas on the
Geometrical Figure Apprehension

Analysis of wrong answers and mistakes in the tasks for each type of apprehension

This section deals with students’ unsuccessful efforts during the solution of the tasks that
they were given for the purposes of this study. Actually in this section students’ wrong
answers and the different mistakes that occurred during the solution of the tasks are
presented and analyzed for each task separately and for each one of the four groups of

students. First the results regarding the perceptual and the operative apprehension tasks are
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displayed and then the results of the sequential and finally the discursive apprehension

tasks follow.

Firstly, table 29 concerns the first perceptual apprehension task and presents the
percentages of students that did not achieve the recognition of each figure that was
required in task PEL. Actually the table shows the percentages of wrong answers for each
figure separately for all the different groups of students. A first general observation is that
most of the students’ mistakes appear regarding the recognition of the type of coded
figures IKGU and HFGI, which are the two trapeziums. In fact this is true for all the

different groups of students.
Table 29

Percentages of Wrong Answers in the Recognition of Figures in task PE1

Task PE1 Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)
Figure KEZL 5.8 1.3 3.2 0.7
Figure IEZU 6.4 2.3 6.8 1.4
Figure EZHL 20.2 10.2 16.0 5.0
Figure IKGU 67.9 39.1 50.4 35.7
Figure LGU 7.4 5.3 8.8 2.1
Figure BEL 7.4 6.9 16.0 0.7
Figure HFGI 42.0 29.6 52.0 18.6
Figure EGIH 6.7 10.5 15.2 2.9
Figure DBC 8.0 10.9 16.0 2.1
(N=312) (N=304) (N=125) (N=140)

More specifically, the highest percentage in the false recognition of the first figure
(KEZL) is found for the 9" graders. For the second figure (IEZU) most of the mistakes are
made by the students in grade 11a and grade 9, whose percentages are very similar. The
majority of the mistakes in the third and fourth figure (EZHL and IKGU) appear to be
made by the 9™ graders. In the rest of the figures (LGU, BEL, HFGI, EGIH and DBC) the
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biggest percentages of false recognition belong to the students from grade 11a.
Furthermore, for all the figures grade 11b students have the lowest percentages of wrong
recognition. Overall, in all the figures the percentages of the students’ wrong recognition
are the highest in grade 9 and the lowest in grade 11b. The corresponding percentages in
grade 10 are lower than in grade 9 and in grade 11a. Furthermore the percentages of the

students’ wrong answers in grade 11a are greater than in grade 11b.

As mentioned previously, most of the students’ mistakes were related to the
recognition of the two trapeziums (figure IKGU and figure HFGI). Therefore the particular
mistakes that came about from the recognition of these figures were further examined. The
following table (table 30) shows the percentages for each type of mistake that was
identified during the recognition of these figures. For the figure IKGU three were the main
types of mistakes that appeared. In the first type students could not specify the type of the
coded figure IKGU and their answers were that: “The figure IKGU is nothing”. In the
second type of mistake the figure IKGU was considered as “a triangle on a square”. In the
third type of mistake students have recognized the figure IKGU as a pentagon. For the
figure HFGI two more types of mistakes were traced (type 4 and type 5). In particular the
type 4 mistake included answers in which the figure HFGI was seen as a rectangle and in
type 5 mistake, similar to type 2 mistake, the figure was taken as a right triangle on a
rectangle. The small differentiation in the types of mistakes that appeared for the
recognition of these two trapeziums could be attributed to the orientation of the two
figures, which was different. So the different orientation of the figures can be a factor that

caused the different types of mistakes in the recognition of these figures.

According to the results of table 30 for the figure IKGU, the most common mistake
regarding the total number of students is the type 2 mistake. Concerning each group of
students separately, this is also the case for grade 9 and grade 11b students. In grade 10 the
most frequent mistake is the first one, although the percentage for this type of mistake is
actually very analogous to the percentage for the occurrence of the second type of mistake.
For grade 11a students the highest percentage is found for the type 1 mistake. Regarding
the mistakes in the figure HFGI, for the 9™ graders the percentages of students mistakes are
higher in the second type than in the first type. For the 10" graders the percentages for
each type of mistake are equal and this holds also for the students in grade 11b. Regarding
the students in grade 11a, similarly to the students in grade 9, the percentage of mistakes in
the second type is larger than in the first type. The biggest number of answers in the type 1
mistake is given by students in grade 10, while for the type 2 this is the case for the
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students in grade 9. It is also interesting to examine the relations between the percentages
regarding the type 2 and the type 5 mistakes, as these two types of mistakes are very
similar. In fact in all the groups of students the frequency of the type 2 mistake is higher

than the frequency of type 5 mistake.
Table 30

Percentages of Types of Mistakes in task PE1

Mistakes Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)
Figure IKGU
Type 1 51 6.6 13.6 0.7
Type 2 13.8 6.3 9.6 5.7
Type 3 1.6 2.3 0.8 0.7
(N=312) (N=304) (N=125) (N=140)
Figure HFGI
Type 4 4.8 4.9 0.8 1.4
Type 5 9.9 4.9 4.0 1.4
(N=312) (N=304) (N=125) (N=140)

Explanation of symbols: Type 1 = figure IKGU is nothing, Type 2 = figure IKGU is a triangle on a square,
Type 3 = Figure IKGU is a pentagon, Type 4 = Figure HFGI is rectangle, Type 5 = Figure HFGI is a right

triangle on a rectangle.

Next the results regarding the wrong answers in the recognition of the seven
squares that were included in the given figure in task PE2 are described. These results are
displayed in table 31. For each of the seven squares the percentages of the students’ wrong
answers for each grade are shown separately. The figure in which most of the wrong
answers occur is the square HILN, for all the groups of students. This was the largest
square which included all the other squares. It seems that students focused on finding the
squares that were included in the whole figure and paid less attention to the outline of the
whole figure, in order to be able to recognize it as a square too. The least frequent students’

mistake concerns the recognition of the square SRPO, with the only exception being the
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students in grade 11a, whose less frequent mistake regards the recognition of the figure
FXRS. In fact these two figures (the figure SRPO and the figure FXRS) are the two most
obvious squares for someone to recognize at first glance, because these two figures do not
include any other subfigures. This can explain the students’ success in the correct
recognition of these figures as they were more easily traced and recognized in the whole
given figure, compared to the rest of the figures. In fact there is not a big difference
between the students’ wrong answers in these two figures and for the 9th graders these two

percentages are in fact the same.
Table 31

Percentages of Wrong Answers in the Recognition of Figures in task PE2

Task PE2 Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)

Figure HUST 21.2 15.5 16.8 2.9

Figure UIKS 22.8 15.1 16.8 21

Figure SKLM 23.7 15.8 19.2 4.3

Figure TSMN 244 16.1 23.2 3.6

Figure SRPO 15.7 10.2 11.2 1.4

Figure FXRS 15.7 8.6 13.6 2.1

Figure HILN 39.1 28.0 27.2 13.6
(N=312) (N=304) (N=125) (N=140)

Regarding the four biggest squares HUST, UIKS, SKLM and TSMN the
percentages of the students’ wrong answers are very similar for each shape. A small
differentiation appears in grade 11a though, in which the percentages of the figures SKLM
and TSMN are higher than for the figures HUST, UIKS. Same as in the previous task, in
all the figures the percentages of the students’ wrong recognition are the greatest in grade 9
and the smallest in grade 11b. The relevant percentages in grade 10 are lower than in grade
9 and in grade 11a. Furthermore the percentages of the students’ wrong answers in grade

11a are higher than in grade 11b.
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Besides the wrong answers concerning the recognition of the seven squares, other
figures, which were not squares, were also recognized by students. The following table
(table 32) presents the three more frequent types of mistakes which occurred, in relation to
the other types of mistakes. The type 1 mistake is related to the consideration of the figure
Y XPJ as a square. In the second type of mistake figure YFST was recognized as a square,
while in the type 3 mistake it was the figure TSOJ that was mentioned as a recognized
square. For grade 9, there are no major differences among the percentages of the three
types of mistakes, especially for the first two types of mistakes, although the percentage is
slightly higher for the type 3 mistake. In grade 10 the percentages for the type 2 and type 3
mistakes are almost analogous, while the greatest percentage is found in the first type of
mistake. This is also the case for the students in grade 11a, even though the difference
between the type 2 and type 3 mistakes is slightly bigger than in grade 10. For grade 11b
students the percentages are the same for the two last types of mistake, whereas the type 1
mistake has the highest percentage of answers. Therefore the most observed mistake for
the total of students is the first type of mistake and the least observed is the second type of

mistake.

Examining the differences in each type of mistake among the different groups of
students, students in grade 9 have the lowest percentage in the type 1 mistake. The
percentages for the students in grades 10 and 11a, which are very similar, are greater than
the percentage for the students in grade 9. In this type of mistake the biggest number of
answers is given by the students in grade 11b. On the contrary, the students in grade 11b
have the lowest percentage of wrong answers in the second type of mistake, whereas the
9™ graders have the highest percentage. The students in grades 10 and 11a are found in the
middle, whose percentages are comparable in this case too. Conversely, in the type 3
mistake, the biggest percentage of incorrect answers is found for grade 11a students and
the smallest for grade 11b students. In this case the 9" and the 10™ graders are found in the

middle, whose amount of answers is similar.
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Table 32

Percentages of Types of Mistakes in task PE2

Mistakes Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)

Type 1 147 194 19.2 23.6

Type 2 144 13.2 13.6 114

Type 3 15.1 145 16.8 11.4
(N=312) (N=304) (N=125) (N=140)

Explanation of symbols: Type 1 = figure YXPJ, Type 2 = figure YFST, Type 3 = Figure TSOJ.

Regarding the group of the operative apprehension tasks, table 33 indicates the percentages

of the students’ wrong answers and mistakes in task OP1. This task included three choices,

one of which was the correct answer.

Table 33

Percentages of Wrong Answers and Mistakes in task OP1

Type of answers Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)
No answer 6.1 4.9 7.2 1.4
Wrong Answer 31.7 23.7 13.6 12.9
(N=312) (N=304) (N=125) (N=140)
Mistakes
Type 1 26.16 23.64 11.76 28.00
Type 2 73.75 77.69 88.24 72.33
(N=99) (N=72) (N=17) (N=18)

Explanation of symbols: Type 1 = figure A has a smaller area than figure B, Type 2 = that figure A has a

smaller area than figure B.
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The remaining two choices are presented in table as type 1 and type 2 mistakes. In
fact, in the type 1 mistake the answer that the students have chosen was that “figure A has
a smaller area than figure B”. In the type 2 mistakes the answer “figure A has a bigger
area than figure B” was given. The second type of mistake was more often observed for all
the different groups of students, in comparison to the first type of mistake. In the first type
of mistake the biggest percentage is observed for grade 11b students, while the second for
students in grade 11a. The lowest percentages correspond to the students in grade 11a and

the students in grade 11b for the first and the second type of mistake respectively.

The results of the students’ wrong answers and mistakes in task OP2 are displayed
in table 34. In this task the percentages of the cases in which no answer or a wrong answer
were provided cannot be considered as low. In fact the highest percentage of cases in
which the task was left unanswered is found for grade 11a students, whereas the lowest
amount of such cases relates to the students in grade 11b. The percentages of the 9" and
the 10" graders are similar in this category of answers. Most of the cases in which the
answers that students gave were wrong were observed for the 9" graders while the least for
students in grade 11b. In this category the percentages of the students’ answers in grades

10 and 11a are equal.

As regards the types of mistakes that were traced, three categories were formed for
each type. The type 1 mistake had to do with the wrong use of calculations. Specifically in
this category, students’ wrong calculations during while using formulas were included, as
well as answers including meaningless combinations of data (e.g. 4 x 7=28 + 4+7+4+7=22).
Answers including the calculation of the perimeter of the trapezium and subsequently of
the rectangle and answers including the calculation of the big base of the trapezium
(3+3+3=9) were also added in this type of mistake. The second type of mistake had to do
with the wrong reconfiguration of the given figure and therefore with an unsuccessful
mobilization of the operative apprehension. Finally in the last type of mistake other

different less often observed mistakes were grouped.
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Table 34

Percentages of Wrong Answers and Mistakes in task OP2

Type of answers Grade 9 Grade 10 Grade 11a  Grade 11b
(%) (%) (%) (%)
No answer 36.5 36.2 45.6 15.7
Wrong Answer 314 28.0 28.0 20.7
(N=312)  (N=304)  (N=125)  (N=140)
Mistakes
Type 1 68.77 63.66 65.71 72.41
Type 2 6.05 1.07 5.71 0.00
Type 3 20.38 34.33 28.57 17.38
(N=98) (N=85) (N=35) (N=29)

Explanation of symbols: Type 1 = wrong use of calculations, Type 2 = wrong reconfiguration of the given

figure, Type 3 = other mistakes.

The results show that the type 1 mistake is the one mostly observed in the students’

answers and this is the case for all the groups of students. For the other two types of

mistakes the percentages for each group of students are lower. In the first type of mistake

the biggest percentage was observed for the students in grade 11b, while the lowest

percentage is noticed for grade 10 students. Regarding the second type of mistake, the

greatest percentage occurred for the students in grade 9, while the smallest percentage is

noticed for grade 11b students. What is also noticed is that no answers at all were given by

grade 11b students. Regarding the final type of mistake the highest percentage occurred for

the students in grade 10, while the lowest percentage appears again for the students in

grade 11b.

For the next task (OP3) the information on the percentages of the students’ wrong

answers and mistakes are summarized in table 35. The table includes the percentages of no

answers and wrong answers as well as the percentages for each particular type of error for

every group of students. To begin with, the cases in which no answer was given are less

than the cases in which the students’ answer was not correct and this is the case for all the

groups of students. Most of the cases in which no answer was given are observed for grade
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10 students, while the fewest cases are noted for grade 11b students. Regarding the wrong
answers, most of them were given by the 10™ graders, whereas the lowest percentage was

again observed for the students in grade 11b.
Table 35

Percentages of Wrong Answers and Mistakes in task OP3

Type of answers Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)
No answer 7.1 135 6.4 1.4
Wrong Answer 38.1 85.9 34.4 15.7

(N=312)  (N=304)  (N=125)  (N=140)

Mistakes
Type 1 98.32 32.61 97.67 95.45
Type 2 1.57 2.33 2.33 4.45

(N=119)  (N=261)  (N=43) (N=22)

Explanation of symbols: Type 1 = figure A has a bigger perimeter the figure B, Type 2 = figure A has a

smaller perimeter than figure B.

Similarly to the first task (OP1), this task included three choices as well, one of
which was the correct answer. The other two choices are found in the table as type 1 and
type 2 mistakes. In fact in the type 1 mistake the answer that the students have chosen was
that “figure A has a bigger perimeter than figure B”. In the type 2 mistakes the answer
“figure A has a smaller perimeter than figure B” was given. The first type of mistake was
more often observed for all the different groups of students, in comparison to the second
type of mistake. In the first type of mistakes the biggest percentage is found for grade 9
students, while the lowest percentage corresponds to students in grade 10. For the second
type of mistake the students in grade 11b have the biggest percentage and the students in

grade 10 have the smallest percentage.

For the next operative apprehension task (OP4) no results are displayed in this section
which concerns students’ wrong answers and mistakes, as none of the different responses

that were given by the students could be considered a mistake. On the contrary the
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different answers that appeared were grouped according to the type of apprehension that

was mostly involved for getting this answer and were analyzed in a previous section.

The last table (table 36) regarding the operative apprehension tasks presents the
percentages of the students’ wrong answers and mistakes in task OP5. Similarly to the
previous task this table also includes the percentages of no answers and wrong answers as
well as the percentages for each particular type of error for each group of students. First of
all the cases in which no answers were given are fewer than those in which the students’
answer was wrong and this is true for all the groups of students. Specifically, the students
in grade 11a are related to the most cases in which no answer was provided, while the least
of such cases were identified for students in grade 11b. Regarding the wrong answers, the
students in grade 9 have the greatest percentage of such answers, whereas the students in

grade 10 are those with the least wrong answers.
Table 36

Percentages of Wrong Answers and Mistakes in task OP5

Type of answers Grade 9 Grade 10 Grade 11a  Grade 11b
(%) (%) (%) (%)
No answer 14.4 8.9 16.8 5.7
Wrong Answer 32.4 24.3 25.6 27.9

(N=312)  (N=304)  (N=125)  (N=140)

Mistakes
Type 1 41.70 46.01 50.00 64.26
Type 2 58.38 52.58 43.75 35.90

(N=101)  (N=74) (N=32) (N=39)

Explanation of symbols: Type 1 = rectangle 1 has a bigger area than rectangle 2, Type 2 = rectangle 1 has a
smaller area than rectangle 2.

In this task three choices were given to students as well. The two wrong choices are
presented as type 1 and type 2 mistakes. Actually in the type 1 mistake the answer was that
“rectangle 1 has a bigger area than rectangle 2”. In the type 2 mistakes the answer
“rectangle 1 has a smaller area than rectangle 2.” was given. For students in grades 9 and
10 the type 2 mistake is more frequently observed than the type 1 mistake, whereas the

opposite occurs for the students in grades 11a and 11b. In the first type of mistake the
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highest percentage is observed in grade 11b and in the second type this is the case for
grade 9. The lowest percentage in the type 1 mistake is found for the 9™ graders, while for
the second type of mistake the lowest percentage is noticed for the students in grade 11b.

Moving to the tasks examining the students’ sequential apprehension, the results
regarding the students’ wrong answers and mistakes in task SE1 are summarized in table
37. First of all the correct construction of the geometrical figure that was required in this
task was not achieved by a large number of students, therefore the percentages of students’
wrong constructions are considerably high, for all the groups of students. The lowest
percentage of wrong constructions is observed for grade 9 students, whereas the highest
percentage is found for grade 10 and grade 11a students, whose percentages are almost the
same. However, the percentage of the cases in which no answer was provided by the
students in this task is lower than the percentages of the students’ incorrect constructions.
This is true for all the different groups of students. The students in grade 11a possess the
greatest amount of no answers, whereas the lowest amount of such answers is found for

grade 11b students.

The students’ incorrect answers were classified into three categories, according to
the type of mistake that occurs in these answers. The first type of mistake included
constructions in which students have drawn a random arc, when trying to construct a figure
that would look similar to the given figure. In these cases students drew a ratio of random
length and then draw an arc corresponding to this random ratio. Hence in these cases the
sequence of the proper steps for the construction of the figure was not taken into account
by students at all, but on the contrary their focus was on making a construction that would
perceptively look similar to the given figure. In the second type of mistake the students
made an effort to follow some steps for the construction of the figure. However, the
procedure they followed was wrong, as it included false steps. For example there were

cases in which students have mentioned that:

“I measured the two ratios OM and ON in the given figure, | tried to keep the slope
of the ruler stable and then I drew the two new ratios. Then I drew the points A and B and

next | joined them in order to form an arc”.

In addition, into this category fall answers which were based on finding the middle
point of the given arc. In specific the students noted that:

“I have measured the ratio from the point O to the middle point of the arc and then

| followed the same procedure for the required arc AB”.
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The last type of mistake included answers in which different other mistakes were observed,

which had low frequency and could not be considered a separate category.
Table 37

Percentages of Wrong Answers and Mistakes in task SE1

Types of answers Grade 9 Grade 10 Grade 11a  Grade 11b
(%) (%) (%) (%)

Wrong construction 68.6 58.6 58.4 57.9

No answer 21.8 23.4 28.8 10.0

(N=312)  (N=304)  (N=125)  (N=140)

Mistakes in constructions

Type 1 70.56 83.17 55.82 40.79
Type 2 19.10 23.57 20.55 48.22
Type 3 17.20 24.08 17.81 17.11
(N=214)  (N=178)  (N=73) (N=81)
Correct description of procedure 8.0 115 2.4 28.6
Wrong description of procedure 38.5 33.2 28.8 42.9
No description of procedure 53.5 55.3 68.8 28.6

(N=312)  (N=304)  (N=125)  (N=140)

Explanation of symbols: Type 1 = constructions with a random arc drawn, Type 2 = wrong procedure, Type 3
= other mistake.

According to table 37 the most frequent type of mistake is type 3 mistake, but this
is not the case for grade 11a students, for whom type 1 mistake is more frequent. The
highest percentages in type 1 mistake is observed in grade 10 and the least observed cases
related to this type of mistake concern grade 11b students. On the contrary the students in
grade 11b make type 2 mistake more frequently, as they have the highest percentage of
such answers. For the third type of mistake it is the students in grade 10 that gave the most

answers including it. The least answers of this type are found for grade 11b students.
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This task also involved the description of the procedure that students have followed
for constructing the geometrical figure they were asked. Besides the difficulties that
students have faced with the construction of the task, students also encountered difficulties
with describing the procedure they have followed and this is obvious in the percentages of
students that formulated a correct description of the construction of the figure. In fact the
percentages of the students that described the construction procedure correctly are low in
all the groups of students, but especially for the three first groups of students. These low
percentages are related to the low percentages of students that carry out the correct
construction of the figure (see table 10). In all the cases the number of students that put
together a correct description is lower than the number of those that conducted a correct
construction of the figure. This shows that even though the students are able to follow the
sequence of steps for the construction of a figure correctly, they are not always able to
produce a written description of this sequence. It should also be mentioned that the highest
percentage of correct descriptions is given by grade 11b students, whereas the lowest
percentage is found in grade 11a.

Nevertheless, there were cases in which students tried to provide a description of
the construction procedure, though unsuccessfully. The greatest percentage of wrong
descriptions is observed for grade 11b students and the smallest percentage of wrong
descriptions is found in grade 11a. Finally there were also cases in which students did not
give any description of the procedure they have followed. The majority of such cases is

found in grade 11a and the least such cases are found in grade 11b.

The next table (Table 38) illustrates the results regarding the percentages of
students’ wrong answers and mistakes in task SE2. Similarly to the previous task, the
construction of the geometrical figure that was required in this task was also difficult for
students. In fact, according to the results of table 38, the difficulties are greater in this task,
than in the previous one, as students score lower in this task. Therefore, the percentages
representing the students’ wrong or no answers are not very low. More than half of the
students’ answers in grades 9, 10 and 11b are unsuccessful, with the majority of these
answers found for the 9™ graders. The lowest percentage of wrong constructions is found
in grade 11a, which is lower than 50%. Concerning the cases in which no answer was
provided, most of these cases are observed in grade 11a. The percentages are lower in
grades 9 and 10, in which the difference is not very significant. The lowest percentage is
observed for grade 11b students.

Table 38
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Percentages of Wrong Answers and Mistakes in task SE2

Types of answers Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)

Wrong constructions 66.3 65.5 48.0 57.9

No answer 34.4 31.3 50.4 20.0

(N=312) (N=304) (N=125) (N=140)

Mistakes in constructions

Type 1 15.52 36.82 55.00 20.91

Type 2 26.98 21.08 8.33 32.15

Type 3 61.34 75.47 48.33 65.33
(N=207) (N=199) (N=60) (N=81)

Explanation of symbols: Type 1 = wrong construction of the triangle, Type 2 = wrong construction of the
circle, Type 3 = other mistake.

Observing the wrong constructions drawn by the students, three types of mistakes
were identified. Thus students’ incorrect solutions were distributed into three categories,
each one corresponding to a different type of mistake. In fact, the type 1 mistake is related
to the construction of the triangle. There were cases in which students have drawn side AB
of the triangle to be greater that side AC, which was opposite to the given data. There were
also cases in which the students have drawn an isosceles triangle with side AB being equal
to side AC. The second type of mistake is related to the construction of the circle. Cases
were observed in which the construction of the diameter of the circle was wrong. For
example there were students that drew the diameter AE as a ratio. In other cases students
drew a random point Z for the circle, without using the given information. In the third type

of mistake, different other mistakes whose appearance was less frequent were grouped.

In the third type of mistake most of the students in grades 9, 10 and 11b are found,
whereas students in grade 11a mostly make the type 1 mistake. Actually the students in
grade 11a have the highest percentage of answers in the type 1 mistake. In the type 2
mistake the greatest percentage is observed for grade 11b students and for the last type of
mistake the 10™ graders are those with the biggest percentage of such answers.

For the last sequential apprehension task, the percentages of students’ incorrect
answers and errors are displayed in table 39. This task also reflects what was previously
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mentioned about the increased difficulties that students have encountered for the solution
of the task, which is highlighted by the percentages of wrong or no constructions. The
greatest percentage of wrong constructions is found for grade 11a students, with this
percentage being similar to the percentage of the wrong answer given by the students in
grade 11b. The lowest percentage of wrong constructions is found for grade 11a students.
On the contrary grade 11a students have the biggest percentage of no answers in this task,

while the lowest amount of no answers belongs to grade 11b students.

As far as the students’ wrong constructions are concerned, four types of mistakes were
traced, according to which four groups of wrong answers were formed. In particular in the
type 1 mistake, answers in which students have drawn a random parallelogram were
included. In the type 2 mistake constructions in which the area of the constructed
parallelogram was double the area of the triangle were grouped. The third type of mistake
comprised the construction of a different figure, for example a rectangle or a trapezium. In
these cases students usually joined points B and C with the two edges of the given line d
respectively, in order to construct a closed figure. The type 4 mistake includes all the other

different mistakes which appear less frequently and thus were grouped together.

For the first three groups of students the most frequent type of mistake is the first,
while for grade 11b students it is type 4 mistake that appears the most. In the type 1
mistake the highest percentage is in grade 11a. In addition, in the type 1 mistake the
percentage of the 9™ and the 10" graders is very similar. Grade 11b students have the
smallest percentage in this type of mistake. The appearance of the type 2 mistake in the
students’ answers was less frequent, as the percentages in this category are lower, with the
lowest percentage being for grade 11b. Regarding the type 3 mistake, the percentages are
low in this case too. Most of these mistakes are made by grade 11b students, whereas very
few are the mistakes of this type that committed by grade 11a students. For the last type of
mistakes the percentages are low for the three first groups of students, but mostly for grade
9 and grade 11a students. The highest number of mistakes falling into this category regards

grade 11b students.

Coming to the results of the description of the construction procedure, which was
also asked in the task, it is obvious that the students that succeeded in giving a correct
description are very few. In fact no student has managed to do this in grade 11a. On the
other hand the greatest percentage of correct descriptions was provided by grade 11b
students. However this is also the case for the wrong descriptions of the construction

procedure in the same grade. The biggest percentages are found in the category
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representing the non provision of a description of the construction procedure. In this
category high percentages appear for all the groups of students, with the highest being
found in grade 11a, which is above 90%. The least number of no descriptions of the

construction procedure is found for grade 11b students.
Table 39

Percentages of Wrong Answers and Mistakes in task SE3

Types of answers Grade 9 Grade 10 Grade 11a  Grade 11b
(%) (%) (%) (%)

Wrong constructions 54.8 44.4 39.2 53.6

No answer 37.2 48.4 53.6 30.7

(N=312)  (N=304)  (N=125)  (N=140)

Mistakes in constructions

Type 1 57.84 58.55 65.31 49.28
Type 2 13.50 11.93 12.24 5.41
Type 3 5.84 5.85 2.04 6.72
Type 4 17.52 34.00 10.20 51.89
(N=171) (N=135) (N=49) (N=75)
Correct description of procedure 3.5 5.6 0.0 114
Wrong description of procedure  19.9 15.8 8.0 31.4
No description of procedure 76.6 78.6 92.0 57.1

(N=312)  (N=304)  (N=125)  (N=140)

Explanation of symbols: Type 1 = constructing a random parallelogram, Type 2 = the area of the constructed
parallelogram was double the area of the triangle, Type 3 = construction of a different figure, Type 4 = other
mistake.

Regarding the discursive apprehension tasks, the students’ wrong answers and
mistakes in task DI1 are shown in table 40. In this task students had to choose the correct
answer among four possible answers that were given in the task. The results show that
regarding the group of students that did not reach the correct solution of this task, the
percentages of those who did not provide an answer are greater than those who gave a

wrong answer and this is the case for all the four groups of students. In fact, in grade 11a
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the percentage of students that were not able to give an answer is similar to the percentage
of students that answered correctly in this task. In all the grades, the answer that the
comparison between the segments NH and MH cannot be determined is chosen by the
highest number of students, compared to the rest of the wrong answers. These numbers can
be related to a lack of knowledge of the relevant theorem that was necessary for the
solution of the task. This could also be the case when justifying the significant number of
students that were not able to provide any answer.

Table 40

Percentages of Wrong Answers and Mistakes in task DI1

Types of answers Grade9  Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)

No answers 31.65 32.22 41.2 13.14

Wrong answers: 11.3 6.6 14.8 4.0

(N=312) (N=304) (N=125)  (N=140)

Mistakes
M1: NH is bigger than MH 8.91 15.20 0.00 14.00
M2: NH is smaller than MH 23.18 10.64 5.26 0.00
M3: The comparison between NH  68.64 74.48 92.11 86.00

and MH cannot be determined.

(N=35)  (N=20)  (N=19) (N=7)

Besides choosing an answer, students also had to explain and justify their choice.
The results in table 41 show that the students who provided a correct justification are less
than those who gave a wrong or no justification. Especially in grades 10 and 11a the
percentages of correct justifications are very low, whereas the highest percentages of such
answers are found for grade 11b students. For grade 9 and 11a the majority of the students
did not give a justification for their answers, whereas for grades 10 and 11b the greatest

percentages are for students whose justification is wrong.

Students’ incorrect justifications were discriminated according to the mistakes they

included and four types of mistakes were determined. The first type of mistake was related
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to the parallelism of lines. In particular students’ justifications were based on drawing a
triangle MHN, which they considered an isosceles. They explained that “NH is equal to
MH because the distance of the two points M and N on line (e) from the same point H on
the parallel segment BC is the same”. The second type of mistake concerned the students’
justifications that were based on the comparison of triangles. Actually the students
compared the triangles MHO and HON, using that MO = ON (the point O is the
intersection point of segments AH and MN), but without justifying it.

Table 41

Percentages of Types of Justification and Mistakes in Justifications in task DI1

Types of justification Grade9  Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)

Correct justification 115 4.9 2.4 20.7

Wrong justification 35.6 50.0 40.0 51.4

No justification 52.9 45.1 57.6 27.9

(N=312) (N=304) (N=125) (N=140)

Mistakes in justification

Type 1 10.96 8.60 18.00 15.17
Type 2 7.03 14.60 10.00 11.08
Type 3 30.64 33.40 12.00 30.53
Type 4 4778 44.60 66.00 42.97

(N=111) (N=152)  (N=50) (N=72)

Explanation of symbols: Type 1 = justification based on the parallelism of lines, Type 2 = justification based
on the comparison of triangles, Type 3 = justification based on the reproduction of the given data, Type 4 =
other mistakes.

There was also another kind of answer in which the comparison of triangles was
used. In this type of answer students drew the triangles MBH and NHC and then compared
them using the fact that that angle AHC is 90° as a criterion. The third type of mistake was
related to the given data. There were students whose answer was actually a reproduction of
the given information in the task. There were also students that characterized the given
data as insufficient. Specifically they noted that “the comparison between NH and MH

cannot be determined because there is data missing”. Finally the last category of students’
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mistakes included other different errors that occurred in their justifications, such as the

provision of equations without justifying them.

Observing table 41, most of the students’ wrong justifications are included in the
fourth type of mistake, for all the different groups of students. In the type 1 mistake the
students from grades 11a and 11b have more answers than the 9™ and 10™ graders. The
highest percentage of justifications in type 2 and type 3 mistakes are found for grade 10
students, whereas for type 4 mistake this is the case for grade 11a students.

Table 42 presents the percentages of students” wrong answers and mistakes in task
DI2. The highest percentages of wrong answers are found in grade 10, while the lowest are
in grade 11a. On the contrary the largest amount of no answers is given in grade 11a,
whereas the smallest amount is found in grade 11b. Regarding students’ justifications in
this task, similarly to students’ correct answers, the percentages of the correct justification
were again not very high, especially for grades 9, 10 and 11a. The greatest percentage of
such answers concerns grade 11b students, whose correct answers are slightly over 50% of
their total answers. In fact the majority of students in grades 9, 10 and 11a did not provide
any justification while the amount of wrong justifications is less than the amount of no
justifications. This situation is different for grade 11b students, for whom the percentage of

wrong justifications is equal to the percentage related to the absence of justification.

Students’ incorrect justifications were discriminated according to three types of
mistakes that were observed. In the task students were asked to prove the equity among
three segments of the given figure. But there were answers in which students proved only
the equity between the two of the three segments, therefore their answers were incomplete
and were categorized as wrong. Thus the first type of mistake only proved that FG= LF,
the second type that AC= LF and the last type was related to only proving that AC = FG.
In effect, table 42 shows that the greatest amount of mistakes in justifications are found in
the type 1 mistake for students in grades 9 and 10 and in the second type for students in
grades 11a and 11b.
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Table 42

Percentages of Wrong Answers and Mistakes in task DI2

Types of answers Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)

Wrong answer 21.2 30.9 14.4 20.7

No answer S71.7 43.1 60.8 22.1

(N=312) (N=304)  (N=125) (N=140)

Correct justification 20.8 26.0 24.8 57.1
Wrong justification 21.2 30.9 14.4 22.1
No justification 58.0 43.1 60.8 22.1

(N=312) (N=304)  (N=125) (N=140)

Mistakes in justification

Type 1 45.38 41.40 36.11 21.23

Type 2 22.69 28.78 40.28 64.13

Type 3 17.96 20.37 23.61 13.55
(N=66)  (N=94) (N=44)  (N=31)

Explanation of symbols: Type 1 = prove only that FG= LF, Type 2 = prove only that AC= LF, Type 3 =
prove only that AC = FG.

The results of students’ answers in the tasks examining the identification of the
formal proof are indicated in tables 43 and 44 respectively. Specifically the results of
students’ answers for task DI3 are included in table 43. Most of the students gave an
incorrect answer in this task and the percentages of students’ no answers are not very high.
In particular, there were students that accepted only one answer as a proof, but there were
also cases in which students accepted two answers or even all the three answers as formal
proofs. Thus students’ mistakes were categorized in six types. Students that accepted only
one type of proof were included in the first two types of mistakes. In fact answers in which
the answer of student A was accepted were included in the type 1 mistake, whereas
answers in which the answer of student B was accepted were included in the type 2
mistake. The next three types of mistakes were related to answers in which two types of

proofs were accepted. Specifically the type 3 mistake included answers that accepted the
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proofs of students A and B, the type 4 mistake included answers that accepted the proofs of
students A and C and in the type 5 mistake, answers that accepted the proofs of students B
and C were categorized. Finally in the type 6 mistake the acceptance of the three types of

proofs was included.
Table 43

Percentages of Wrong Answers and Mistakes in task DI3

Types of answers Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)
Wrong answers 80.2 79.4 65.6 70.1
No answers 9.9 5.5 12.8 4.2
(N=312) (N=304) (N=125) (N=140)
Mistakes
Type 1 9.66 8.96 11.22 3.90
Type 2 5.33 5.42 2.04 6.73
Type 3 5.00 6.60 9.18 5.79
Type 4 23.87 31.81 34.69 20.19
Type 5 13.55 15.55 8.16 19.25
Type 6 31.64 25.22 18.37 38.50
(N=250) (N=241) (N=82) (N=98)

Explanation of symbols: Type 1 = answer of student A , Type 2 = answer of student B , Type 3 = answer of
students A and B, Type 4 = answer of students A and C , Type 5 = answer of students B and C , Type 6 =
answer of students A, B and C.

Table 43 indicates that the majority of grade 9 and grade 11 students commit the
type 6 mistakes. For grades 10 and 11a the majority of the students’ answers is found in
the type 4 mistake. On the other hand the lowest percentages are found in the type 3
mistake for grade 9 and 11b students, but for students in grades 10 and 11b this is the case
for the type 2 mistake. Concerning the mistakes in which one type of proof was accepted,
grade 9, 10 and 11a students’ percentages are higher in type 1 mistake than in type 2. For
grade 11b students the opposite situation applies. Regarding the students’ mistakes in

which more than one type of proof was accepted, most of these mistakes occur in the type
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4 and type 6 mistakes. In fact for grade 9 and grade 11b students the biggest amount of
such mistakes are in type 6. For grade 10 and 11a students the greatest amount of such
mistakes is included in the type 4 mistake.

Regarding the corresponding D14 task, the results are displayed in table 44. The
amount of wrong or no answers is similar to the previous task. The numbers indicate that
the majority of grade 9 students make the type 1 mistake, the majority of grade 10 students
the type 4 and 6 mistakes, most of the students in grade 11a make the fourth and fifth types
of mistakes with exactly the same number and finally the type 6 mistake is the most
frequent for grade 11b students. This situation is different from the results of the previous
task. On the contrary the results of the mistakes in which one type of proof or more than
one types of proof were are very similar. Specifically, as regards the mistakes in which one
type of proof was accepted, all groups of students’ percentages are higher in type 1
mistake. As for the students’ mistakes in which more than one type of proof were accepted,
7 most of these answers were found in the type 4 and type 6 mistakes. In particular for
grade 9 and grade 10 students the largest amount of such mistakes is found in type 4. For
grade 11a students the greatest amount of such mistakes is included in the type 4 and 5

mistake and for grade 11a students in the type 6 mistake.

Comparing the way the different groups of students answer in the two tasks when
eXamining the recognition of proof, there are differentiations in students’ mistakes in this
pair of tasks. In particular in the first three types of mistakes the percentages are higher in
task D14 than in task DI3 for the 9™ graders. This is also the case for students in the rest of
the grades, but a differentiation also exists in grade 11b, in which the percentage of the
type 2 mistake is lower in task DI4 than in task DI3. For the type 4 mistake the amount of
such mistakes is lower in task D14 than in task DI3 for grade 9, 10 and 11a students,
whereas the opposite happens for grade 11b students. Regarding the fifth type of mistake,
this mistake is more frequent in task DI3 than in task DI4 for students in grades 9, 10 and
11b, but this is not true for students in grade 11a, whose type 5 mistakes are more in task
DI4 than in task DI3. Finally the last type of mistake is less observed in task D14 than in
task D13 for all the groups of students.
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Table 44

Percentages of Wrong Answers and Mistakes in task D14

Types of answers Grade 9 Grade 10  Grade 11a Grade 11b
(%) (%) (%) (%)
Wrong answers 75.6 72.7 68.8 66.4
No answers 10.3 8.55 8.8 4.3
(N=312) (N=304)  (N=125)  (N=140)
Mistakes
Type 1 23.66 20.36 19.77 7.53
Type 2 8.86 9.90 9.30 6.47
Type 3 15.20 12.24 12.79 10.69
Type 4 22.47 23.52 20.93 24.69
Type 5 11.90 10.87 20.93 12.95
Type 6 17.85 23.11 16.28 37.63
(N=236) (N=221)  (N=86) (N=93)

Explanation of symbols: Type 1 = answer of student A , Type 2 = answer of student B , Type 3 = answer of
students A and B, Type 4 = answer of students A and C, Type 5 = answer of students B and C , Type 6 =

answer of students A, B and C.

Students’ mistakes in task DIS are summarized in table 45. In this task three types

of mistakes are distinguished. The type 1 mistake is related to the use of the necessary

theorem for the solution of the task. Students made irrelevant or no use of the theorem. For

example students did not use the theorem for justifying the equal sides and the parallel

lines in the figures they had to prove that they were parallelograms. The type 2 mistake

included answers in which students did not make proper use of the necessary criteria in

order to prove that a figure is a parallelogram. In these cases students either used the

criterion of one pair of parallel lines in order to prove that the figure was a parallelogram

or did not use any of the criteria and merely mentioned that “there are three trapeziums

that are parallelograms”. In the last type of mistake other different mistakes with less
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frequency were grouped. One example is answers in which students considered the

medians as heights as well, indicating a lack of knowledge of the properties of the figures.

For the students in grade 9 and 11a the cases in which no answer was given are
more than the cases in which the answer was wrong, while the opposite happened for the
students in grades 10 and 11b. The majority of wrong answers is given by grade 10
students and the minority of such answers concerns grade 9 and grade 11a students. Most
of the cases in which no answer was given are found in grade 11a and the least in grade
11b. Regarding the three types of mistakes, the results show that the type 2 mistake is the
most frequent for all the students. More specifically the highest percentage of type 1
mistake is found in grade 11a. The type 2 mistake is mostly made by grade 9 students and
the type 3 mistake by the 10" graders.

Table 45

Percentages of Mistakes in task DI5

Types of answers  Grade 9 Grade 10 Grade 11a Grade 11b
(%) (%) (%) (%)
Wrong answers 34.6 46.1 34.4 42.9
No answers 56.11 38.11 63.2 35.67
(N=312) (N=304) (N=125) (N=140)
Mistakes
Type 1 54.60 33.66 34.88 53.43
Type 2 4.62 11.29 23.26 26.60
Type 3 40.73 55.15 41.86 20.07
(N=108) (N=140) (N=43) (N=60)

Explanation of symbols: Type 1 = irrelevant use of the theorem, Type 2 = irrelevant use of criteria, Type 3 =
other mistake.

The results regarding the students’ answers in the last task examining the discursive
apprehension are included in table 46. The results show that the percentages of the cases in
which students did not give any answer in this task are greater than the cases in which their

answer was wrong and in fact this is true for students in grades 9, 10 and 11a. On the other
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hand this is not the case for grade 11 b students, whose wrong answers are more than the
cases they did not give an answer. Furthermore in grade 11b the least cases in which no
answer was provided are found, compared to the rest of the groups of students, while the

greatest number of such cases is found for grade 11a students.

Among the students’ incorrect answers three kinds of mistakes were found. The
first mistake (M1) was that students answered that the triangle ABC is equal to the triangle
DEZ. In the second mistake (M2) the triangle DEZ was considered equal to the triangle
KLM. The last type of wrong answers (M3) included the equity between the three given
triangles, which shows a misuse of the instructions given in the task, as it is clarified that
students have to find two triangles that are equal. This last type of mistake is also
indicative of a lack in the students’ theoretical background regarding the order of the
criteria for the equity of triangles. In this case the students identify that all the triangles
have angles of 50° and 40° and a side of S5cm, but they do not combine these information
with the correct sequence of the criteria for choosing the proper triangles that are indeed
equal. The most observable mistake among the three for all the groups of students is the
second mistake. It seems that students focused on the indication concerning the angles of
40° and the side of 5cm which were present in both triangles, but did not consider the
criteria for the equity of triangles (angle — side — angle) in the right order. Therefore this
mistake can be indicative of a lack in students’ theoretical background. The remaining two
mistakes were more rarely found in students’ answers, as indicated by the low percentages

for all the groups of students.

In task DI6 students were also asked to justify their answer. The percentages of
students that succeeded in providing a correct justification for their answer are not high in
all the different groups of students. The highest amount of correct justifications is provided
by grade 11b students and then the students in grade 9 follow. For grade 10 and 11a
students the percentages of correct justifications are almost equal. The cases in which a
wrong justification or no justification was provided are more than the cases in which
students succeeded in justifying their answers correctly. For grade 9 and grade 11a students
the percentages of answers with no justification are greater than the percentages of answers
in which a wrong justification was provided. On the contrary for grade 10 and 11b students
the percentages of answers in which no justification was given are lower than the

percentages of answers in which the justification was wrong.
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Table 46

Percentages of Wrong Answers and Mistakes in task DI6

Types of answers Grade 9 Grade 10 Grade 11a  Grade 11b
(%) (%) (%) (%)
Wrong answers 13.5 20.4 11.2 15
No answers 36.2 27.6 42.4 12.9
(N=312)  (N=304)  (N=125)  (N=140)
Types of mistakes
M1: ABC=DEZ 7.43 9.81 28.57 14.00
M2: DEZ = KLM 80.97 177.47 64.29 62.00
M3: ABC=DEZ= KLM 11.89 12.75 7.14 24.00
(N=42) (N=62) (N=14) (N=21)
Correct justification 125 8.9 8.8 13.6
Wrong justification 42.6 53.0 35.2 62.1
No justification 44.9 38.2 56.0 24.3
(N=312)  (N=304)  (N=125)  (N=140)
Mistakes in justification
Type 1 26.27 34.18 18.18 36.85
Type 2 6.80 2.45 0.00 6.92
Type 3 41.99 27.95 52.27 28.64
(N=133)  (N=161)  (N=44) (N=87)

Explanation of symbols: Type 1 = irrelevant use of criteria, Type 2 = visual observation, Type 3 = other

mistake.

The students’ incorrect justifications were classified into three categories according

to the type of error that appeared in each. Specifically the first type of mistake is linked to

the use of the criteria for proving the equity of triangles. In fact there were answers in

which students referred to the proper relations between the triangles, but without using the
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proper criteria. There were also cases in which the students used four criteria and in a
wrong sequence (angle — angle — angle — side). The category of the type 2 mistakes was
formed by justifications which were mostly based on the visual observation of the figures.
In such answers students justified their answer by mentioning that “the triangles are equal
because the figures look similar”. There were also answers in which the equal sides in the
triangles were only mentioned, but not justified. Therefore this type of mistakes shows the
influence of the students’ visual perception of the figures, and hence the effect of the
operative apprehension. The third type of mistakes comprised answers which included less
systematic mistakes, which were grouped as other mistakes. One example of such cases is
the use of formulas for calculating the areas of the triangles in order to trace the two equal
triangles. The percentages in each type of mistake show that the first and the third types of
mistakes appear more frequently in relation to the type 2 mistake. The highest percentage
of the type 1 and type 2 mistake is observed in grade 11b. The greatest percentage for the
third type of mistake is found in grade 11a. For grades 9 and 11a the most frequent is the
third type of mistake. Furthermore the type of mistake that appears the most in grades 10
and 11b is the first.

The re