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MEPINAHWH

H xhaocoikn Bewpio tAnpopopiag ypnoonolel tv apotfoio tAnpoeopia yio va opicet
N YOPNTIKOTNTO TOV KOVOAM®DV Kol TN GUUTIEST TV TNY®V TANpogopiac. ['ia kavaiia
Kol TNYEG YOPIC VUM Kot ovaTpo@oddTnoT, To LETPO anTd UTopel va ypnotpomon el
pe emTuyio Yoo Vo VTOAOYIOTEL 1| AELTOVPYIKT XOPNTIKOTNTA TV KOVOA®OV Kot M
ovumieon TOV TNYOV. o KavaAla (e Lynun ovotpopoddTnor Kot Y10 GUUTIEST) YDV
o TPAyHaTIKOd Ypdvo, ywpic kabvotépnon n opoaioc mAnpoopia dev amoteiet
KATAAANAO LETPO TANPOPOPIOG.

H xatevBouvopevn minpoeopia pmopel va ypnoyonombet yio va vroAoyloty 1660 1M
YOPNTIKOTNTO KOVOADY [E UVAUN KoL 0VOTPOPOOATNOT, Yo YOPNTIKOTNTO JIKTO®V,
KOO KOt Y10l 0VAALGT PLOAOYIKOV GUGTNUATOV.

H ovykekpiévn owatpin] epevvd, péow g KatevbBuvouevng miAnpogopiag, v
YOPNTIKOTNTO, KOVOADV HE LUVIAUN KOL OVOTPOQOJOTNON TNV GLUTIECT MNYADV OF
TPAYLLATIKO YPOVO, TNV KOWVT| KOOIKOTOINGM TTNYNG Kot KAVAALOD TPOYLATIKOD YPOVOD,
OGO Kol TNV XPNOLOTOINGT TG TANPOPOPIOS Yo 6TOXAGTIKO £heyyo cvotnudtov. H
TOPOVGiooT YIVETOL GE £VOL EVOTOMUEVO TAOIGLO KATAAANAO Y10l TNV OVOALGT TETOLWV
TPOPANUATOV YPNOUOTOIDOVTOS APYES KOt EVVOLEG TNG GTOYXUCTIKNG Bewplag eAEyyov,
TOL SVVOUIKOD TPOYPUUUATIGLOD KOl AOYIGHOV TV HETAPOADV.



Abstract

Traditional information theoretic measures for capacity and lossy compression are defined
via mutual information. For memoryless communication channels and sources these mea-
sures have been successfully applied to compute the operation capacity of channels and
lossy compression of sources, respectively. For channels with memory and nonanticipative
(causal) feedback and nonanticipative lossy compression of sources with memory the valid
information measure is the directed information defined via nonanticipative conditional dis-
tributions. Directed information is also extensively utilized in networks, communication for

real-time stochastic control applications, and in biological system analysis.

This thesis investigates via directed information, capacity of channels with memory and
feedback, lossy nonanticipative data compression, Joint Source Channel Coding based on

nonanticipative transmission, and communication for real-time stochastic control.

The thesis presents a unifying framework to analyze such extremum problems. It utilizes
concepts from stochastic control theory, dynamic programming, and calculus of variations
to address extremum problems of capacity of channels with memory and feedback, ex-
tremum problems of nonanticipative rate distortion function of sources with memory, ex-

tremum problems of Joint Source Channel Coding based on nonanticipative transmission.
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Chapter 1

Introduction

Communication systems have rapidly changed since Claude Shannon’s seminal paper [65]
gave birth to the field of Information Theory. The point to point communication diagram is
illustrated in Figure. 1.0.1. It consists of an information source described via a probability
distribution, a noisy channel described via a conditional probability distribution, a transmit-
ter and a receiver. While the initial task of point to point reliable transmission, has evolved
with time to include sources with memory, channels with memory and feedback, control
communication schemes and networks, the communication problem remains the same. Send
the minimum amount of data from the transmitter to the receiver in order to reconstruct the

initial message, with or without distortion, with arbitrarily small probability of error.

Traditional information theory considers transmission schemes where the transmitter re-
quires the whole symbol sequence to construct infinitely large blockcodes, while the receiver
requires the blockcodes at the channel output to reconstruct the channel source sequence.
This is a significant drawback when dealing with channels with feedback, real time commu-
nication schemes and communication for control applications, where delays must be taken

into consideration.

The main goal of this thesis is to provide a comprehensive analysis of nonanticipative reli-
able communication. The key mathematical tool when dealing with such problems is nonan-
ticipative conditional distributions which are used to define nonanticipative or causal, infor-
mation measures. In this thesis, we describe how this approach affects the traditional aspects
of the lossy compression of general sources with memory, the capacity for general channels

with memory and feedback, and joint source-channel coding. These concepts are embedded
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Information
Source Transmitter Receiver Destination
> > —»
Signal Received
Signal
Message Message
Noise
Source

FIGURE 1.0.1: Shannon’s communication diagram [65]

into specific examples which are finally merged together to show that nonanticipative trans-
mission is indeed optimal and nothing can be gained in terms of performance by encoding
messages into long codewords. Moreover, we expand these concepts for lossy compression

of sources with feedforward information at the decoder.

1.1 Outline

1.1.1 Chapter 2: Nonanticipative Rate Distortion Function

In lossy compression problems for general sources with memory, the reproduction symbol at
time instant n, ;,, depends on past source symbols {X"~! 2 Xo,--.,Xn—1}, the present source
symbol {X,}, and future source symbols {X,1,X,12,...}. This means that the optimal
reproduction distribution, Pyn |y (dy"|x") = @ Py xn yi-1 (dyilx", y*~1), and has limitations

in terms of real-time applications.

The first limitation is the computational complexity of obtaining an exact expression for the
optimal reproduction distribution of the classical Rate Distortion Function (RDF), which
gives the Optimal Performance Theoretically Attainable (OPTA) by noncausal codes. For

general sources with memory, the exact expression is known only for Gaussian sources.

The second limitation is that the reconstruction distribution cannot be decomposed into a
convolution of causal conditional distributions. This directly implies that, in general, the
classical RDF cannot be used in nonanticipative joint source channel coding and in proba-

bilistic matching of the source to the channel.
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In Chapter 2, we overcome this limitation by introducing an analytical framework via the
nonanticipative RDF for general sources with memory, which give optimal nonanticipative
reproduction distributions. The analysis includes discussion on noncausal codes, causal
codes and sequential codes, relation of the nonanticipative RDF with Gorbunov and Pinsker
nonanticipatory €—entropy [34], and noisy coding theorems via joint source channel match-
ing, which are further elaborated on Chapter 4.

The contributions are the following:
e Theoretical framework of the nonanticipative RDF.

e Closed form expression for the optimal reconstruction distribution, and solution of the

nonanticipative RDF for stationary source-reproduction sequence.
e Bounds on the OPTA by noncausal and causal codes.

e Examples to illustrate the calculation of the nonanticipative RDF and the optimal re-

construction distribution for a binary symmetric Markov source.

1.1.2 Chapter 3: Structural Properties of Encoders for Channels with
Memory and Feedback

Capacity of channels with feedback and associated coding theorems are often classified into
Discrete Memoryless Channels (DMC) and channels with memory, with or without feed-
back [41, 65]. In chapter 3 we generalize current and past research in the area of capacity of
channels with memory and feedback, and indicate the necessity of considering nonanticipa-
tive kernels in capacity optimization problems. We derive structural properties of capacity
achieving encoders and channel input distribution for channels with memory and feedback,
and structural properties of encoders that maximize directed information measure from the
source to the channel output. Moreover, we apply dynamic programming recursions to com-
pute the optimal conditional distributions. Finally, we generalize the Posterior Matching

Scheme proposed in (PMS) [70] for channels with memory and feedback.

We derive a closed form expression for the capacity and the optimal channel input distri-
butions, for a unit memory channel (the binary state symmetric channel). This analysis
includes both the feedback and no feedback case, as well as, constraint and unconstraint

capacity. The final expression of the capacity can be interpreted as the optimal time sharing
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among the two states of the channel.

The contributions are the following:

e Structural encoder properties which maximize directed information from the source

to the channel output.
e Structural properties of capacity achieving distribution.
e Dynamic programming recursions to aid the computation of the optimal distributions.

e Optimal form of the channel input distribution that achieves the capacity for the unit

memory channel with feedback.
e Capacity and optimal input distribution for the binary state symmetric channel.

e PMS for designing encoders, to achieve the information capacity for channels with

memory and feedback.

1.1.3 Chapter 4: Nonanticipative Joint Source Channel Coding for

Real-Time Transmission

Coding over infinitely large blocklengths, although optimal under certain conditions, it is not
claimed to be the only optimal choice. Two classical memoryless examples, the Independent
and Identical Distributed (IID) Bernoulli source with a single letter Hamming distortion
criterion transmitted via a binary symmetric channel, and the Gaussian source with a mean
square error distortion criterion transmitted via a Gaussian channel, indicate that real-time
transmission performs optimally. For the case of the Bernoulli source this is achieved by the
absence of an encoder-decoder scheme, hence both cost and complexity are reduced to an

absolute minimum.

In Chapter 4, we merge Chapter 2 and Chapter 3 and we introduce the concept of nonan-
ticipative transmission and minimum excess distortion, to show achievability of SbS codes
with memory without anticipation via a noisy channel. Subsequently, we show that Joint
Source Channel Matching (JSCM) of a binary symmetric Markov source with a single letter
Hamming distortion and a binary state symmetric channel subject to a cost constraint is fea-
sible. We additionally show than even in the unmatched case, where the capacity is greater
than the nonanticipative rate distortion function, that uncoded schemes performs reliably in

terms of average and excess distortion probability.
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The contributions are the following:

e Develop theoretical framework for nonanticipative and SbS transmission for general

sources with memory and general channels with memory and feedback.
e Provide noisy coding theorems showing achievability of the nonanticipative code.

e Show that JSCM for a binary symmetric Markov source with single letter Hamming

distortion via a binary state symmetric channel subject to a cost constraint.

e Provide unmatched SbS transmission.

1.1.4 Chapter 5: Nonanticipative Rate Distortion Function with Feed-

forward Information

In Chapter 5, we investigate the role of the nonanticipative feedforward side information,
where the decoder has access to the previously transmitted symbols. We begin the analy-
sis by introducing the concepts of feedforward compression and the nonanticipative RDF
with feedforward information. We identify and compare the RDF when the decoder and the
encoder has the same available information [84], the feedforward RDF [79], and the nonan-
ticipative RDF with feedforward information. Here we prove that the first two measures are
equivalent. Then, we elaborate on the nonanticipative RDF with feedforward side informa-

tion, where we provide a closed form expression for the optimal reproduction distribution.

We continue our analysis focusing on Markov sources with certain distortion criteria, and
we show that the feedforward RDF and nonanticipative RDF with feedforward information
are equivalent. Finally, we solve examples for Markov sources via the proposed method-
ology, by calculating directly the optimal reproduction distribution, and the solution of the
nonanticipative RDF.

The contributions are the following:

e Formulate the nonanticipative RDF with feedforward information at the decoder, char-
acterize the optimal reproduction distribution and provide a closed form expression for

the nonanticipative RDF with feedforward side information.

e Show equivalence between the mutual information with causal conditioning and the
feedforward RDF.
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e Prove equivalence between feedforward RDF and nonanticipative RDF with feedfor-

ward information, for Markov sources under certain distortion measures.

e Provide a lower bound for the classical rate distortion problem and describe the Rate

Loss of causal codes with respect to noncausal codes.

e Calculate the RDF for Markov sources with feedforward information.



Chapter 2

Nonanticipative Rate Distortion Function

2.1 Introduction

In lossy compression source coding with fidelity constraint [4, 38], the sequence of real-
valued symbols X" = {Xo0,X1,.... X}, Zon — x*  Zi, n €N, X; € Z;, generated by a
source distribution Py», is transformed by the encoder into a sequence of symbols, the
compressed representation zk £ {Zy,Z,,...,Z;} (taking values in a finite alphabet set),
which is then transmitted over a noiseless channel. The decoder at the channel output
upon observing the compressed representation symbols produces the reproduction sequence

A
Y" = {Y(),Yl,...,Yn} = %7,1.

Such a compression system is called causal [56] if the reproduction symbol Y;,, depends
on the present and past source symbols {Xp,...,X,} but not on the future source symbols
{Xn+1,Xn12,--.}. Thus, in a causal source code the cascade of the encoder-decoder, called
the reproduction coder, is a family of measurable functions {f,, : n =0,1,...}, such that
Y, 2 fn(Xo,...,X,), while the compressed representation itself may be noncausal and have
variable rate [56]. Consequently, the decoder can generate the reproductions with arbitrary

delay.

Zero-delay source coding is a sub-class of causal coding, with the additional constraint that

the compressed representation symbol Z,,, depends on the past and present source symbols
A . .

X" ={Xp,X1,...,X,}, while the reproduction at the decoder ¥, of the present source symbol

: A .
ns "= 0y £15 -++y £ .
X,, depends only on the compressed representation Z {2y, Z Z, } received so far.
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Thus, a zero-delay coding system consists of a family of encoding-decoding measurable
functions {A;, fi} :i=0,1,...,such that Z; = h;({X;: j=0,1,...,i})and Y; = fi({Z;: j=
0,1,...,i}),Vi>0]2, 25,27, 48, 75].

On the other hand, the most efficient zero-delay coding systems in information theory is
that of uncoded transmission, obtained by Joint Source Channel Coding (JSCC) based on
Symbol-by-Symbol (SbS) transmission [31], also called source-channel matching. Two such
fascinating examples are a) the Independent Identically Distributed (IID) binary source with
Hamming distortion transmitted uncoded over a symmetric channel, and b) the IID Gaussian
source with average squared-error distortion transmitted over an Additive White Gaussian
Noise (AWGN) channel, with the encoder and decoder scaling their inputs. These examples
demonstrate the potential of the joint source-channel coding system operating with zero-
delay coding in complexity, when compared to the asymptotic performance of optimally
separating the encoder/decoder to the source and channel encoders/decoders which require

long processing delays.

In general, very little is known about the Optimal Performance Theoretically Attainable
(OPTA) by causal, zero-delay codes, and based on SbS transmission. Often, bounds are
introduced to quantify the rate loss due to causality and zero-delay of the coding systems

compared to that of the noncausal coding systems.

Clearly, in many delay sensitive applications of lossy compression, limited end-to-end de-
coding delay is often desirable, while for real-time systems, such as, communication for
control over finite rate channels [9, 11, 26, 55, 76], and in general, for systems involving
feedback [77], causal and more importantly, zero-delay coding is preferable to noncausal

coding.

Before we discuss our results and related literature, we identify some limitations of the clas-
sical information RDF with respect to its computation, and its applications to source-channel
matching based on SbS transmission. These limitations, together with our interest to develop
bounding techniques for noncausal and causal codes, motivated us to consider the nonantic-

ipative RDF.
Recall that the classical information RDF. Given a source probability distribution Py» (dx")

and a reproduction probability distribution Pyx|x»(dy"[x") the joint probability distribution
Pyn xn(dy",dx™) of (Y",X"), its Y" marginal Py»(dy"), and product measure Px»(dx") x
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Pyn(dy™) are uniquely defined. Let
o Fon X Do [0,50) 2.1.1)

The single letter distortion function is defined by
A n
don(x",y") = Y p(xi,y1) 2.1.2)
i=0

With respect to the distortion function, the fidelity set of reproduction conditional distribu-

tions is defined by'

A 1
Q07n<D) = {Pynxn . m Prp d07n(xn,yn)(Pyn‘Xn ®PX")(an,dyn) S D} (213)
0,n 0,n

The finite-time information RDF is defined by

A
Ro (D) = inf I(xmy" (2.1.4)
n( ) Py11‘Xn€Q07n(D) ( )
where
I(X"Y") = D(Qxny»||[Pxr x Qyn)
Qyn|xn (dy"|x")
— /log WQynxn (dy"|x")Pxn (dx") = Hxn;yn (Pxn,Qynp(n)

in which D(.||.) is the Kullback—Leibler divergence, defined by

[log (g((fé%) P(dx) if P<< Qand log (&Zﬁ%) eL!(P)

D(P||Q) = (2.1.5)

otherwise

The functional Txny»(Pxn, Qyn|x») is used to denote the functional dependence of the mutual

information on the source and reconstruction distributions.

The information RDF is defined by

Ron(D) (2.1.6)

'® denotes convolution of distributions.
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provided the limit exists and the infimum in Ry, (D) exists (it is finite) [20, 63]. Under
general conditions [4, 38], (i.e., jointly stationary ergodic processes) it is already known that
if the infimum over Qg ,(D) exists, then the limit R(D) = lim, . ﬁRo,n (D) exists, and
R(D) is the OPTA by noncausal codes.

Moreover, it is also known that if the optimal conditional distribution achieving the infimum

in (2.1.4) exists, then it is given by the implicit expression

e5don(x" ") P, (dy)
f%,n eSdO,n (xn 7yn)P}(‘n (dyn> ,

Py (dy"[x") = <0 2.1.7)
where s € (—oo,0] is the Lagrange multiplier associated with the fidelity constraint Qg ,(D),

and

Ponldy") = [ Bojxn (dy" ") P (")
0,n

Although, from the point of view of establishing a noiseless coding theorem giving an op-
erational meaning to R(D) as the OPTA by noncausal codes is by now standard, R(D) has
certain limitations.

The first limitation of the classical information RDF is the computational complexity of ob-
taining the exact expression of R ,(D) and P;”\X” (dy"|x"), for finite n, and R(D), in the
limit n — oo, even for stationary sources. The exact expression of R(D) is only known
for a small class of sources, which are either memoryless or Gaussian, often with respect
to a single-letter distortion function. For example, for finite alphabet sources, the exact
computation of R(D) is based on its single-letter expression. Indeed, for the Binary Sym-
metric Markov Source BSMS(p), the complete characterization of the OPTA by noncausal
codes is currently unknown; more precisely, it is only known for a certain distortion region

0<D<D?2 D, = %(1 — /1= (%)2>, p=1—¢q,g< % and only bounds are available
[5,37,42].

The second limitation of the classical information RDF is the noncausality or anticipative
form of the optimal reproduction distribution (2.1.7), which implies that for any time n, the
reproduction at time i < n of x; € 2; by y; € % has the form f;(x,xi11,...,%,), Vi < n,
and hence it depends on the past and future source symbols (i.e., its is noncausal). The

noncausality of the optimal reproduction distribution (2.1.7) follows directly by Bayes’ rule,

2This is the region for which the exact value of R(D) is known [5, 37, 42].
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FIGURE 2.1.1: Block diagram of nonanticipative information transmission.
which yields

P;"IX”uyn’xn) - ®?:0P£|Yi*17Xn (d}’i|yiflaxn) (2.1.8)

# ®?:OP;;|YFI7X{<dyi|yi_] ,xi) (2.1.9)

Therefore, probabilistically, the optimal reproduction distribution (2.1.7) of the classical
information RDF cannot be decomposed into a convolution of causal conditional distribution
(i.e., it is anticipative). The anticipative form of the optimal reproduction distribution (2.1.7)
(or failure of (2.1.9) to hold) implies that, in general, the classical information RDF cannot be
used in JSCC based on nonanticipative transmission (see Figure 2.1.1), and in probabilistic
matching on the channel [10, 31, 44, 45]. An exception is the class of independent sources.
Indeed, a necessary condition for probabilistic matching of the source to the channel via
nonanticipative transmission as illustrated in Figure. 2.1.1, is causal conditioning of the
optimal reproduction distribution, that is, (2.1.8) should be equal to (2.1.9), or equivalently,

the following causality constraint expressed in terms of Markov chains (MC) should hold.
XL, < XY Yo i=01,...,n—1,VneN (2.1.10)

Among all the classes of sources, the only subclass for which the optimal reproduction distri-
bution (2.1.7) of the classical information RDF is nonanticipative (i.e., causal with respect to
future source symbols), and hence satisfies the necessary conditions for probabilistic match-
ing of the source to the channel via nonanticipative transmission, is the independent source

{X,,: n=0,1,...} with single letter distortion. In this case we have

P;;"|X" (dy"|x") = ®?:0P£|Xi(dyi]x,~) (2.1.11)
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and hence P}, (dy;|x;) satisfies the necessary condition for probabilistic matching of the

Yi|X;
source and the| channel (memoryless) via nonanticipative transmission. Alternatively stated,
given any source (with or without memory), a necessary condition for probabilistic match-
ing of the source to a noisy channel via nonanticipative transmission (as shown in Fig. 2.1.1)
is the realization of the optimal reproduction distribution by an encoder-channel-decoder
which process, at each time instant symbols causally. Moreover, such realization of the
optimal reproduction distribution is a necessary condition for JSCC via nonanticipative or
uncoded transmission [31, 44, 45]. This nonanticipative nature of the reproduction distribu-
tion is fundamental in the two examples of nonanticipative transmission mentioned earlier
(see also [31]), e.g., the binary IID source with a Hamming distortion, and the IID Gaussian
source with mean-square distortion. In fact, by recalling the necessary and sufficient con-
ditions for source-channel matching based on nonanticipative transmission of memoryless

sources and channels given in [31, Lemma 2, ii)] it requires (by adopting our notation) that

the distortion satisfies
d(xi,yi) = —c2 logPXim(dxi\y,-) + dp(x;) (2.1.12)

where ¢, > 0 and dy(-) is an arbitrary function. It is easy to verify that (2.1.12) is just
a restatement of (2.1.7), for memoryless sources (i.e., Px(x") = @ Py, xi-1 (dxil X1 =
ioPx;(dx;)), where

i S0y py (dy;
Py, (dyilxi) = (dy) (2.1.13)

/ eSd(xi7Yi)B,i (dy;)
OJi

N

g(xi)

P;i‘yi (dxi\y,-)P;‘[
PXi (dx,-)

dy;
By simple manipulations (i.e., Py X, (dyi|xi) = @ )) from (2.1.13) we have

1 1 X
d(-xivyi) = ;logPX,|Y,(dxl|yl) + ;log (P;f((dljc))’ s <0
i 1

That is, ¢ = —%, do(x;) = —%log (P;i(()g))ci))’ Vi.

The main feature of the optimal reproduction distribution of the information nonantici-
pative RDF is that at each time instant n, it is described by the conditional distribution
Py, jyn-1 xn (dyn]y"~1,x"), hence it is causal with respect to the past and present source sym-

bols and past reproduction symbols (X", Y"~!) forn =0,1,....
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The information nonanticipative RDF is defined as follows. Given a source distribution
Py (dx"), a sequence of reproduction distributions {Py,yi-1 yi(dyily"™',x') : i=0,1,...,n},

and a measurable distortion function
n . .
don(.,-) : Zon X Pop—>[0,00), dow =Y poi(TX", T'y") (2.1.14)
i=0
where T'x" is for each time instant i, a causal mapping of X", i.e., T'x" is measurable function

of x', and similarly for 7%y", and an average fidelity set

A AN - .
I {?mn (") 2 @Byt ldyily ™ ) :

1
n+1.J2,x %,

dovn(x",y”)(?mxn ® Pxn)(dx",dy") < D} (2.1.15)

the finite-time information nonanticipative RDF is defined by

A . ?Y" xn (dy" [x")
na (D) = inf / 10g< )(? nxn ®Pxn)(dxn’dyn)
o Yﬂlel('|xn)€Q8:ln(D) %.nx%,n PY" (dyn) ! |X

_ inf Txn_yyo (Pn, P ynjyn) (2.1.16)

ynixn (+[x")€Qg4, (D)

Here, Iy»_,y»(-,-) is used to denote the functional dependence of Rj}“, (D) on the two distribu-
tions {PX”,?Yn xn . Whenever, the infimum in (2.1.16) does not exist the value of R’ (D)

18 set to oo,

The information nonanticipative RDF rate is defined by

na. (D) (2.1.17)

provided the limit exists; if the infimum in (2.1.16) does not exist we set R"*(D) = 0.

In this chapter, we consider the information nonanticipative RDF and we describe its appli-

cations in
1. Joint source-channel coding via nonanticipative transmission.
2. Bounding the OPTA by noncausal and causal codes [56] for general stationary sources.

3. Computing the OPTA by sequential codes [50, 75] for two dimensional sources.
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4. Show equivalence of the information nonanticipative RDF to Gorbunov and Pinsker
nonanticipatory € —entropy and message generation rates [34—36], which corresponds
to Shannon information RDF with an additional causality constraint imposed on the

optimal reproduction distribution.

5. Demonstrate that Gorbunov and Pinsker definition of nonanticipatory €—entropy is
limited by its own definition and hence, it cannot be extended to feedback control
applications while the information nonanticipative RDF is easily generalized to such

applications.

6. Derive the expression of the optimal reproduction distribution of the information

nonanticipative RDF and characterize some of its properties.

7. Compute the nonanticipative RDF of the BSMS(p).

2.2 Definition of Lossy Compression Codes

In this section we introduce the precise definitions for the different classes of codes (non-
causal, causal, sequential) and their associated information theoretic definitions (classical
information RDF, causal information RDF based on entropy rate of reproduction symbols,
sequential information RDF), in order to put into context the various applications of the

nonanticipaive RDF.

2.2.1 Noncausal Codes and Classical RDF

Assume a random sequence X 2 {X; : i € N} taking values in an arbitrary alphabet 2
and a compression scheme consisting of an encoder and a decoder. The encoder upon ob-
serving source sequences {X; : i € N} € Zj .. generates a message W, the compressed rep-
resentation {Z; : i € N}, taking values in a finite alphabet, which is then transmitted over a
noiseless channel of rate R bits per source symbol to the decoder. At the channel output the
decoder upon observing W obtains an estimate {Y; : i € N} € %, called the reproduction
of the source sequence {X; : i € N}. The cascade system consisting of the encoder and the
decoder is often called the reproduction coder. The reproduction coder is a family of mea-
surable functions {f; : i € N} such that ¥; = f;({X;}7_) is the reproduction of the source
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n = nR n
X—» Encoder W=1,2,...,2 Decoder L»

FIGURE 2.2.2: The source coding model

output. This coding scheme consists of the following encoding and decoding mappings.

Definition 2.1. (Noncausal codes)
A noncausal (n,2™®) source code of block length n and normalized rate R consists the fol-

lowing encoding and decoding mappings.

Encoding mapping: e, : Z" —# 2 {1,2,..,2"} and W = ¢,(X")
Decoding mapping: g;: # — % andY;=g;(W), i e N"

Note that the ith component of Y" is ¥; = g;(W) = gjoe,(X") and Y" = g"(W). The distortion
associated with the (n,2"®) code is defined by

E{don (0 exX )} =1 [ a7, e (X7))) P

n.Ja

D 1
n+1

where the expectation is with respect to the distribution Px»(.) induced by X”. The objective
is to minimize the rate R subject to the fidelity constraint defined by ﬁE {don(x",y")} <
D, D > 0. The operational definition of a code (n,2"F) is defined as follows.

Definition 2.2. (Achievable Rate)
A rate distortion pair (R,D) is called achievable if Ve > 0 and sufficiently large n there

exists a sequence (n,2"R) of noncausal code such that

1

——E{dy,( X", Y")} <D+e¢

n+1 { O,n( ’ )} <D+

The rate distortion region for a source is the closure of the set of achievable rate distortion
pairs (R, D). The classical RDF R(D) is the infimum of rates R such that (R, D) is in the rate

distortion region of the source for a given distortion D.

Suppose for a given n € N, a set of 2K reproduction sequences {yz‘i) €Ypp:i=1,...,2"}
are chosen, and the source sequences {x?l.) € Zop:i=1,... ,2"R} are mapped into this set

of reproduction sequences. Thus, a noncausal code (n,2"¥) is specified, in which {yE’l.) €
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on: i=1,... ,2"R} are all the possible codewords. Each codeword in such an encoding
can be represented by a sequence of length nR binary bits. These bits are transmitted over
a noiseless channel reliably such that the distortion between the reproduction sequence (one

of the codewords) and the source sequence is the distortion defined for the encoding.

Given a source distribution Px»(dx") and the encoding specified by a given noncausal code,
the joint distribution Px» y»(dx",dy") of a joint ensemble {(X",Y") : n € N} is defined as
follows. The conditional distribution of a reproduction sequence Y” given a source sequence

X" is given by
Pynixn (dy*[x") = &, (xn) (dY")

where &;(.) denotes the delta measure concentrated at point z. That is, Pynjx»(.[x") becomes
a point mass measure if y" is the codeword into which the source sequence x" is mapped

into. The joint distribution is

Pyn yn(dx",dy") = Pynjxn(dy"[x") @ Pxn(dx") = O, (xn) (dy") @ Pxn (dx")

The analysis of the achievable rate is done by utilizing a test-channel, and then studying
the behaviour of a randomly selected set of chosen codewords. Specifically, for a given test
channel Pyx xn(dy"[x"), and a source distribution Py»(dx"), an ensemble of source codes is
generated by selecting sets of 2% sequence y?l) , y?z), ceey y'(’an) drawn independently accord-
ing to the distribution Pyr(dy") = [, Pynjxn(y"|x") ® Px»(x"). The probability measure
on this ensemble is denoted by P.. For a given set of codewords y?l),y?z), .. ,y?an) in the
ensemble each source sequence x" is mapped into that codeword, y?j), which minimizes
dom(x",y’(lj)), je€{1,2,...,2"8} The selection of codeword is arbitrary if the minimum is

not unique.

Next we define the classical information RDF, a functional of the source distribution and re-
construction conditional distribution, which gives the OPTA by noncausal codes (see (2.1.1),
(2.1.2)).

Definition 2.3. (Classical Information RDF) Let Qo ,(D) (assuming is non-empty) denote

the average distortion or fidelity constraint defined by

A n n n n n n n
Qox(D) = {Pynp("(dy ") : don(X",y" ) Pynjn (dy" ") @ Pxn (dx") SD}

n-—+ 1 =%ﬁnv%ﬁn
(2.2.18)
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where D > 0. Define

ROJ, (D) = inf ]Ixn;yn (Pxn,Pynp(n) (2219)
Pyn|xn€Qo (D)

The classical information RDF is defined by

1
R(D) = lim

Jim R (D) (2.2.20)

It is well-known that for stationary ergodic sources, finite alphabet spaces, and single let-
ter distortion functions dy, (x",y") = ¥, p(xi,yi), that the information RDF, R(D), is the
OPTA by noncausal codes at distortion D. For memoryless sources (e.g., {X; : i € N}, IID),

R(D) is given by the single letter expression

R(D) = inf Iy (Py, P 2.221)
( ) PY\X:fp(x’y)PYIX(dy‘x)®PX(dx)§D XY( X Y\X)

For information stable sources and distortion stable [41], R(D) is also the optimal theoret-
ically attainable rate at distortion D. Further, it is shown in [20, 63] that for Polish spaces
(Z0.n, %0 n) in which %, is compact, and d(x",.) continuous on % ,, that the infimum is

attained at

eSPITTY ) p, (dy")
Ja, €P (Tix",Tiy") Pyn (dy")

Pyujn (dy"[¥") = (2.2.22)
where s € (—e0,0] is the Lagrange multiplier associated with the distortion constraint. The
condition on the compactness % ,, in [20] is removed in [63]. The generation of ensemble of
codes is done via any test-channel distribution which achieves the RDF (2.2.21) for a given

distortion D.

It is clear that in general, the optimal conditional distribution P;,‘,,| 5 (dY"|x") which gives the

infimum in (2.2.21) is noncausal, since by Bayes rule
PY”|X” (dyn |x}’l) = ®?:OPY,'|Y’;1,X” (dyi|yi_l,x")

This conditional distribution cannot be applied in causal compression [56], since it violates
the definition of causality that requires conditional independence on future source symbols,
given the past and present source symbols. Therefore, in order to characterize the causal

information RDF and to establish coding theorems, an information measure needs to be
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FIGURE 2.2.3: The causal source coding model

introduced, in order to impose a causality or nonanticipation constraint on the admissible set

of reproduction conditional distributions. This is elaborated in the next subsection.

2.2.2 Causal Codes and Causal Information RDF

Following Neuhoff and Gilbert [56], the cascade of an encoder and decoder is called the re-
production coder, and a coder is called causal if its reproduction coder is causal. The precise

definition is the following.

Definition 2.4. (Causal reproduction coder)
A reproduction coder f; : Zo, — %;, i€ N"is called causal, if the mapping x" — f;(x") is
measurable, Vi e N”, n € N, and

[(X") = fi(#), V&' suchthat ¥ =% Vi<n

A source code is causal if the induced reproduction coder is causal. For a given i € N the set

of such reproduction codes f; is denoted by IF;, and Iy ,, 2 X oFi= {fieF;:i=0,1,...,n}.

Therefore for causal codes, the induced reproduction coder, which is the cascade of the
encoder and the decoder, must satisfy the causality constraint of Definition 2.4. Thus, causal
codes are a subset of noncausal codes. In [56], Neuhoff and Gilbert have also shown that
for IID sources one may design the reproduction coder first, followed by a lossless code as
shown in figure Fig.2.2.3. Causal codes are dealt with the entropy rate of Y, while coding
theorems are generalized in [83], in the presence of side information. However, no closed
form expression is given for the reconstruction distribution, as in the OPTA of noncausal

codes.

The probabilistic equivalent to Definition 2.4 is the following. Since for any i € N" the
reconstruction symbol, ¥;, is allowed to depend on past and present source symbols {X; :
J=0,1,...,i} but not on the future ones {X;: j =i+ 1,i+2,...,n}, then the following
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Markov chain must hold
e XYY ey, Vi eN (2.2.23)

Given a source distribution Py (.) and a causal reproduction coder {f; : i=0,1,...,n} € Fy ,,

the joint distribution Py» y»(.,.) is specified uniquely as follows.

Pxnyn(dx",dy") = Pynjxn(dy"|x") @ Pyn (dx")
= @By xon(dyily ™" x") @ Pxn (dx”)
®?:0PY'I.|Yi—1 ,Xi (dyl'|yi_] ,Xi) ® PX" (dxn)
= o8y () ® Pn(dX)
where the equality in (@) is due to the causality of the reproduction coder which satisfies

Markov chain (2.2.23). Next, we provide the definition of causal codes and the operational

definition of causal codes for noiseless channels.
The coding scheme for causal codes consists of the following encoding and decoding map-

pings, as well as the causal reproduction coder.

Definition 2.5. (Causal Codes)
A (n,2™®) causal source code of block length n, and rate R consists the following encoding

mappings.

. . A
Encoding mapping: e, : 2" — # ={1,2,...2"%} and W = ¢,(X")
Decoding mapping: g;: # — % andY;=g;(W), i ¢ N"
such that the sequence of reproduction coders { f; = g;oe, }}_, are causal.
Next, we give the operational definition of causal codes for which an information theoretic

measure and a coding theorem are derived in [56].

Definition 2.6. (Operation of causal codes)
Let Q{;n(D) (assuming is non-empty) denote the average distortion or fidelity constraint
defined by

1
04(D) = {(foofr,- - fo) €Fos: —<E{don( ) <D} (2224)
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where D > 0. Define

>

Ry5(D) inf H(Yo,Y1,...,Y,) (2.2.25)

(f07f1 7’ﬁl)€Q£n(D)

The classical information causal RDF is defined by

C,0 . C,0
R°(D) = nhﬁmoo oy 1Rom(D) (2.2.26)
provided the limit exists and the infimum of (2.2.25) is finite. If the infimum in (2.2.25) is
not finite we set Ry (D) = oo

By Definition 2.6, the classical (noncausal) RDF does not account for (2.2.23), hence in
general the optimal reconstruction distribution does not satisfy causality, therefore a new

RDF needs to be defined and its operational meaning established.

Before we define the information definition of causal codes we recall Neuhoff and Gilbert
[56] operational and information definition of causal codes based on entropy. Consider a
causal source code with an induced reproduction coder {f; : i € N} € Fy ., applied to a
source {X; : i € N} and define the average distortion by

n

A L. 1 A
d(x,y) = limsup n E{don(X",Y")}, don(x",y") =Y p(xi,vi)

n—soo N 1 i—0

The average operational rate of the reproduction coder is defined by

: 1E{g”(xw)}

A

r = limsup

n—soo N

where ¢,(X*) is the total number of bits received by the decoder at the time it reproduces

the output sequence {Y; : j € N} when the source is X*° 2 {Xi:i € N}. Thatis, if Z,2,,...,

is the sequence of bits produced by the encoder in response to {X; : i € N}, and if ¥}, is pro-

duced by the decoder after receiving Z; but before Z;, 1, then £,,(X*°) = [ (here it is assumed
that the decoder has already produced Y”_l).

Definition 2.7. (Causal Achievable Rate)
A rate distortion pair (R,D) is called achievable if Ve > 0 and sufficiently large n there

exists a sequence (n,2"®) of causal codes such that

1
——FE{dy,( X" YY) <D-+e
n+1 { O,n( ; )}— +
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The causal rate distortion region for a source is the closure of the set of causal achievable
rate distortion pairs (R,D). The operational causal RDF is the infimum of rates R such that

(R,D) is in the rate distortion region of a source for a given distortion D.

In [56] the OPTA by causal codes for a source {X; : i € N} denoted by r“(D), is shown
to be the infimum of the average rates of all causal codes subject to an average distortion
constraint d(x,y) < D, defined by

r’(D) inf limsup

a {f"() Yn:fn(Xm),fn(‘) CausaL I’IGN}, d_(Xv)I)SD n—ryoo n

! CHY') o 2227)

Furthermore, it is shown that r“(D) is determined by properties of the reproduction coders.

The general, coding system has an equivalent representation as shown in Figure 2.2.3.

Next, we define the test-channel conditional distribution of causal reproduction coder, and
establish a lower bound to r“(D) via a variation of directed information. By definition, a

causal reproduction coder utilizes a test-channel of the form

A i i
Qyn‘Xn (dyn‘xn) = ?Y”‘X” (dyn‘xn) = ®?:1PY,'|YI.717X1. (dyl‘y l,xl), ne N

Similarly to the classical case, given a source Px»(.) and a sequence of causal reproduction
distributions Py, yi-1 xi : i € N the joint distribution Py» y»(.,.) and the marginals are obtained

as follows.

Pxn yn(dx",dy") = ®,’~‘:0Pmyl>17xi(dy,'|y’._l,xi)®PXi‘Xi71(dx,~|x"_l)
= Py (dy']1") @ Pea(d")
Pyn(dy") = Pynyn(Zon,dy")
Po(@y) = [ Propo(dy?) @ Puar)

The sequence uniquely defines the convolution measure ?Yn‘xn (dy*)x") = QioPy,xi yi-1
(dy;|x',y"~1) and vice-versa. The ensemble of causal codes, should be drawn independently
according to the distribution Py»(dy"). Therefore, the new information measure that should

be used instead of mutual information, is

D(?Y”|X” ®Pxn||Pyn X Pxn) = Ixn_yn (Pxn,?ynp(n)
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The notation Iyxr_,yn (PX",?YH‘Xn) is used to define the directed information evaluated at
Py, xi-1 yi-1 = Py, xi-1.

At this stage, it is informative to establish the relation between r¢(D) and the information
measure Ixn_,yn (PXH,?Yn xn). Let ZM (X*) denote the first £,(X>) bits produced by de-
coder, e.g., Z () (X*) is the sequence of bits received by the decoder at the time it produces

Y, (assuming the decoder already produced Y"~!). Then,

1 ) 1 )
n—+1 LX) = n+1H(Z( ))
(0;2) 1 u
- n+1H<Y )
(a3) 1 &

> n+1 Z (H(Y,'|Yi_1)—H(Yi|Yi_l,Xi)>

— I(X5Ly|yi—h
n+1 Z |
1
— ?I[XH%YH(PXH ?Y”‘X")

where (o) holds since the average length of the sequence of R.V.s is not less than the
entropy of the sequence of the R.V.s, () holds since the entropy of a function of a sequence
of R.V.s is not greater than the entropy of a sequence R.V, and (a3) holds since the entropy
is positive for finite alphabets. Note that inequality (03) is actually an equality because Y~
is causally dependent on {X;: j=0,1,...,j— 1}. The last equality holds since by (2.2.23),

Py, xi-1 yi-1 = Py, xi-1 -a.s for all causal reproduction coders. Hence, taking the infimum on
both sides
¢ 1 B
r‘(D) > inf lim sup Lyn_yyn(Pgn, P ynjxn)
(a2 Ya=(X=).£,(.) causal, neN}, d(xy)<D n—ee N+ 1

> lim sup inf gy (Pr, P yojyn) (2.2.28)

n—eo N1 yn|xn €04, (D)
The bound on (2.2.28), obtained by randomizing reproduction coders is the quantity we
obtained from (2.1.13), the nonanticipative information RDF. Moreover, since causal repro-

duction coders impose the additional causality constraint on the test channel of classical
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RDF, then the following relations hold.

1
r‘(D) > limsup inf

1 Hxn;yn (Pxn 5 Pyn‘xn)
=0 Pynyn €00 1(D),Pynjn (dy"|x")= P ynjyn (dy|er) 1+

1
= limsup inf n ]IX”%Y” (PXFI??YI”Xn)

n—-yoo ?Y"\X” Gngln(D) n 1

1

> limsu inf ———Ixn,yn (Pxn, Qyn|xn
n—>oop Pynjyn€Qon(D) N+ 1 ( i )

The last inequality holds because the infimum is over a larger set since Q}%,(D) € Q, (D).

Therefore, we can investigate the rate loss of causal codes with respect to the noncausal

codes by the equation RL 2 R(D) —r¢(D) < R(D) — R"™(D).

2.2.3 Sequential Codes and Sequential RDF

Clearly, causal coding regards only the information structure of the decoder, since no con-
straints are imposed on how the compressed representation {Zy,Z;,Z,, ...} is created from
{Xo,X1,X>,...} by the encoder and interpreted by the decoder. Since no restrictions are
imposed on how the index W, or its equivalent binary representation {Zy,Z;, 2>, ...}, is gen-
erated, causality does not imply zero-delay between the output of the decoder and the output
of the source. This is obvious by the encoding mapping since the encoder takes n time units,
until the index W is produced. Thus, the time ordering of the random variables for general
causal codes is X1, X5, ..,X,,,Y1,12,... Y.

A further restriction on causal codes is to require zero-delay between the time X, enters
the decoder and Y, is produced by the decoder. A causal code is said to have zero delay
or it is sequential, if each compressed representation symbol Z, depends on the past and
present source sequence Xo, X1, ...,X,, and the reproduction at the decoder Y,, of the present
source symbol X,,, depends on the compressed representation Zy,Zi,...,Z, received so far.
Thus, a zero delay or sequential code consists of a family of encoder-decoder measurable
function {(h;, f;j) : i=0,1,...} such that Z; = h,-({Xj}j.:O) andY; = f,-({Zj};:o),i =0,1,....
Such codes are desirable for delay-sensitive applications and for communication for control

application. Delayless codes are a subset of the family of causal source codes.

Coding theorems for Sequential Rate Distortion Function (SRDF) are discussed and derived
in [75] utilizing a two-parameter random processes. Specifically, consider a two dimensional

A . .
source XN = {Xtp:t=0,1,...,T, n=0,1,...,N} where ¢ represents the time index and
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n represents the spatial index, such as in video coding applications. The natural time or-
der is with respect to the time index, hence for a fixed ¢, one observes the spatial process
{X:0,X¢1,-..,X¢n}. In this formulation, the notation used for sequential codes is the fol-
lowing. For each ¢ € {0,1,...,T}, the time index alphabet is denoted by .2, 2 N _o 2 ns
for each n € {0,1,...,N} the spatial index alphabet is denoted by 2,/ 2 ®IT:03Z}’,,, and the
joint time and spatial alphabet is denoted by .2 7"V 2 ®th0 ®1,:’:0 Zin. Thus, for a fixed
t€{0,1,....,T}, xN € 2N, forafixedn € {0,1,..., N}, xI € Z;], and x™N = {x;; : i =
o1,...,T, j=0,1,..., N} € ZTN,

The precise definition of a sequential quantizer is the two-dimension generalization of the

causal reproduction coder defined as follows.

Definition 2.8. (Sequential reproduction coder)
A reproduction coder { fN: 27N %N :+=0,1,...,T} is called sequential, if the mapping

xTN s fN(xT'N) is measurable, and V¢t = 0, 1,...,T,
fNEINY = NIy e N xTN such that ¥ =V V¢ < T,VT,N € N (2.2.29)

and the range of each function is at most countable. For a given ¢ € {0,1,...,T}, the set of

. A A
such reproduction coders denoted by FY = @~ _FN ={f, ,€F, ,:n=0,1,...,N},FI:N =
@ JFN ={fNeFN:t=0,1,...,T}.

Clearly, a sequential reproduction coder is simply a two parameter generalization of the
causal reproduction coder, in which for a fixed time index t, the reproduction symbol y» €
N is allowed to depend on past, present and future spatial symbols {X:,j:j=0,1,...,N}.
Therefore, the probabilistic equivalent of a sequential reproduction coder is such that it sat-

isfies the following Markov chain.

(X1, X42.45 - Xrj 1 j=0,1,...,N} & X"V Y7y 5 ¥Nr € {0,1,...,T}
(2.2.30)
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Given a source distribution Pyr.v(.) and a sequential reproduction coder { fV:+=0,1,...,T},

the joint distribution Pyrw yr.n(.,.) is uniquely specified as follows

Pyrn yrn (de’N, dyT’N) = Pyrvyrw (dyT’N |xT’N) ® Pyrn (de7N)

®1T:OPYtN|Yt*1-,N7XT7N (d)’?] ’yt— 1 ’NXT’N) ® PXT,N (de,N)

—~
S
=

= ®,T:0PYtN|Yz—1,N7X;,N (dy;v|yt_1’Nxt’N) & Pyrn (de’N)
®,T:0 6]0[N(xt,N7yt71.N) (dyﬁv) ® Pyrn (de’N)

where the equality in (a) is due to the causality constraint of causal reproduction coder
which satisfies Markov chain (2.2.30).

The sequential coding scheme consists the following encoding and decoding mappings and

reproduction coder.

Definition 2.9. (Zero Delay Sequential Codes)
A sequential (N,2VR) source code of block length N and normalized rate R, at time ¢ €

{0,1,...,T}, consists of the following causal encoding and causal decoding mappings.

Encoding mappings:

NN N2 2 2R and WY = (XYY, Vi € {0,1,..., T}
Decoding mapping:

N x TN N and YN = NWN YN v €{0,1,...,T}

Note that the reproduction codes {f¥ =gNoel : +=0,1,...,T} are causal.

Sequential codes as introduced by Tatikonda [75] are dealt with mutual information between
X" and Y subject to a causal constraint on the reconstruction kernel. However, no closed ex-
pression is given for the optimal reproduction distribution Pyyyi-1.v i (dyN]y =N XN i =
0,1,...,n. The coding theorems are derived for two dimensional random precesses X7,
where N denotes the spatial block and 7 the time block, under the assumption that
P(dXTN) = @N_ P(dXT), and {X! :n=1,...,N} is identically distributed. In sequen-
tial codes the time-ordering between the output of the source and the output of the decoder

is X, YV, XN, YN, ... . Next we define the operational definition of a sequential RDF.
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Definition 2.10. (Operational Sequential RDF)
Let Qg]’f(D) denote the average distortion or fidelity constraint defined by

A 1
o (D) = LAY ) e FTY T—HE{dTvN(xTvN,yTW) <p}},
T
A
dTN (TN TNy & Z PN (N N (2.231)
=0

where D > 0 and [E(.) denotes expectation with respect to distribution Pyrn(.). Define

inf HYY,vN, ... YN (2.2.32)
RS0 F (D)

The sequential operational RDF is defined by

provided the limit exists and the infimum in (2.2.32) is finite. If the infimum in (2.2.32) does

: S,0
not exist, then Ry (D) = +oo.

Remark 2.11. The operational definition of sequential RDF above, is a slight variation of the
one given in [75]. Specifically, on [75] there are two formulations. Formulation 1 assumes

a pointwise distortion function
1 A
oy O = { (A ) € FTN BN (XN ) <D e = 0,1, T |

and formulation 2 assumes an average distortion
N.f)2 A N (N N v, | & N/yN yN
QO,T (D) = {(fO afl a"'?fT) eF ™ T——HZE{pt (Xt 7Yt )} SD}
=0

Next, we describe the test-channel conditional distribution of sequential reproduction coder
(i.e. (2.2.30)), and derive a converse coding theorem. By definition of sequential reproduc-

tion coder, the test channel is of the form

A J—
?YTsN\XT-N (dy"NxTN) = ®I,‘T:0PYtN‘Yt—I,N’Xt,N (dyN [y "N 1N
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Therefore, given a source distribution defined by Pyr~ and the test channel, the joint distri-

bution Pyrw yr.n(.,.) is defined uniquely by

PXT,N7YT,N(de,N,dyT,N) = ®tT:0PYIN|Yt_1,N7X,N(dyﬁv|yt—171v’xt’N)
QPN xi-1.N yi-1N (dxf‘v|xl_]’N,yl—l,N)
B ®Z:OPYZN|YFI’N7XLN (dyiv|ytil’N,Xt’N) ®PXfN|Xt71,N (d/sz’xI*I,N)

where the last equality follows because of the definition of causal reproduction coder satisfy-
ing (2.2.30). The ensemble of codes should be drawn independently according Pyrn (dy’ ")
given by

Pyrn (dyT’N) = /gngA,N ?YT,N|XT,N (dyTN TNy @ Pyt (de’N) (2.2.33)

Next we define the sequential information RDF as a functional of the source distribution

Pyr(.) and a sequential reproduction conditional distribution

™)

QyT,N‘XT,N(dyT,NpCT,N) = ?YT,N‘XTW (dy ’

Therefore, the new information measure that should be used is a special case of directed

information defined by

1>

I~ (XT7N — YT’N)

pl D(?YT,NP(T.N ® Py | ’?Yr,zv ® Pyrn)

= HxT,NﬁyTN(PxT,N,?YT,N|XT,N)

The functional Iyr~_,yrn(.,.) indicates the dependence on the distributions
{PxT,N,?yTW‘XT,N}. This functional is a variant of directed information from X7V to
YTN and the sequential information RDF its defined via is infimum over the average

distortion constraint.

Definition 2.12. (Sequential Information RDF)
Let Qg’]}[(D), assuming is non-empty, denote the average distortion or fidelity constraint
defined by

1
S.N N (TN .T.N
037 (D) = {Pyraprn(1): g [y o N0™)

?YTN‘XTN T"N|xT’N) ® Pyrn (de’N) <D}
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where D > 0.
Define

A .
= inf Iyrn_yrw (PXT,N , ?YT,N ‘XT.N) (2.2.34)

SN
RO7T (D) ? SN
yT.NxT.NE€QyT (D)

The sequential RDF is defined by

1
S SN
Ry (D) = Nhglw N 1R07T (D) (2.2.35)

provided the limit exists and the infimum in (2.2.34) is finite. If the infimum in (2.2.34) does
not exist, then RY (D) = +oo.

Next, we give a converse coding theorem for sequential RDF.
Theorem 2.13. (Sequential Converse Coding Theorem)

Let{fin:t=0,1,....,T,n=0,1,...,N} € FTN be a sequential reproduction coder satisfy-

ing the average distortion constraint. Then

S,N,0

> 9 S’N
Ry7™ (D) = Ry7 (D)

Proof. Consider any sequential reproduction coder. Then

1 4 d
(T+1)(N+1)§)log(e&) 2(T+1 N+1) Z:’) )
> O O A ) )
> (T+1)1(N+1>1(X3’,X{V,...,X%V;Y({V,Y{V,...,Y%V)
:(T+1)1<N+1)1TN(XO XYLty )
- 77 1)1(N+ ey (B, Pyragrn)

Taking the infimum over {f;, : ¢t =0,1,...,T,n=0,1,... N} € FTN which satisfies the

average distortion constraint yields

1 SN0 1
Ninaenr Pz mEnTTD

\V/?YT,NP(T,N € Qg:IY\{(D)

Iyrn_yrn(Pyrw, ?YT,N‘XT,N) ,
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Further, taking the infimum over ?qu XxTN € Qg’]}/ (D) the inequality is obtained. ]

Next, we introduce specific assumptions which are sufficient to apply the coding theorem
derived in [75].

Assumption 2.14.

1. The source is a two dimensional process {X;,: t =0,1,...,7, n=0,1,...,N} with
finite alphabet, X; , € 2;, V¢ €{0,1,...,T}, n € {0,1,...,N}, having finite di-
mensional distributions Pyr.y (dx) = ®£]:OPX’¥" (dxI') and {XT :n=0,1,...,N} are

identically distributed.

2. The distortion functions d”N : 2’ TN x #T:N 1 [0,00) is measurable and

T
TN/ TN .T.Ny 2 1 N N
dN (YY) = T—H;‘()Pt (xiv,yt)
1 T N
= (T+1)(N+1) ;()’;Pt xtnaytn)
N
= N+IHZOPO,T ,yn
where,
T .T 1 L
pO,T(xrmyn) = (T+1)[;()pt(xt,n7yt,n)

Assumption 2.14.1 states that the random processes X,/ 2 {Xon, X125+, Xrn} and X1 2
{Xo,m:X1.m- -, Xr,m} are independent Vm # n, m,n € {0,1,...,N}, and that the processes
{XT:n=0,1,...,N} are identically distributed. Assumption 2.14.2 states that the distortion

function is single letter.

The next theorem establishes that under Assumptions 2.14 it is sufficient to restrict the ex-

pression of sequential operational RDF to a single letter with respect to the spatial index.

Theorem 2.15. Suppose Assumption 2.14.1 holds. Then we have the following
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1. The following lower bound holds.

HxT,NﬁyT,N(PxT,N?Yr,NP(T,N) = Ip .y (XT"N;YT’N)
T
= Y Ip XV YN (22.36)
=0
T

> ZZIP, Yl
t=0n=
N

= Y I, , xI.yl (2.2.37)
n=0

2. The lower bound in (2.2.37) holds with equality if and only if the following almost

sure condition hold.

Pynpyiin xn (dy [y ) = vt (el ), 1=0,1,...,T (2.2.38)

Moreover, under the Assumption 2.14.2 the infimum over conditional distributions ?qu XTN

€ le}] of Iyrn_,yrn(Pyrw, ?YT,N‘ yr.~v) has the property (2.2.38), and

RY(D)=(N+1)_  inf Ty yr(Pyr, Pyryr) = (N+ DRS7(D)  (2.2.39)

YT\XTEQSA,T(D)

where ngT (D) is the single letter with respect to space index n € {0, 1,...,N} of the sequen-
tial RDF Rg’]}’ (D), and Pyr(.) is the single letter source distribution,

1 T

Qo7 (D) = {?YT\XT E{dor(X",Y")} <D}, dor(x",y") — T+1 Y pi (e, 1)
=0

and ?yTl w7 (.|xT) is the single letter reproduction channel.
Proof. See [75].

The sequential coding theorem described below is derived in Tatikonda [75].

Theorem 2.16. (Sequential Coding Theorem)
Suppose the source alphabet is finite and Assumption 2.14 hold. Then, for any € > 0 and
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finite T, there exists an N(€,T) such that for all N > N(g,T)

S0 _ 5S
N+l [Ror = Ryr(D)+e
Proof. The derivation is based on strong typicality of sequences utilizing the IID assumption

of random processes {X! :n=0,1,...,N}. O

Finally, note that the sequential RDF is not delayless because it corresponds to block coding.

That is, it is causal with respect to the blocks of the data.

2.3 Nonanticipative Information RDF

In this section, we define the nonanticipative information RDF as a functional of a source
distribution Py» and a causal reproduction conditional distribution ?an(n (dy"|x"). This
functional is a variant of directed information from the source X" to the reconstruction Y"
and the nonanticipative information RDF is defined via its infimum over the average distor-

tion constraint.

Definition 2.17. (Nonanticipative Information RDF)

Let 039 (D) (assuming is non-empty) denote the average distortion or fidelity constraint
defined by

1
01, (D) £ {Pynyn(.].): do (") P yupyn(dY' ") @ P (dx") < D} (2.3.40)

n4+1J2,%,

where D > 0. Define

(1>

0 (D) inf  Txuyya(Pyo, Pyojn) (2.3.41)
yn|xn Eann (D)
The nonanticipative RDF is defined by

R,(D) (2.3.42)

provided the limit exists and the infimum in (2.3.41) is finite. If the infimum in (2.3.42) does

not exist we set R"*(D) = +co .
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An equivalent statement of the Definition 2.17 is that the source is conditional independent
on the previous reconstruction symbols given all previous source symbols (see Lemma 2.21).
This holds since its reproduction symbol at any time instant is a function of up to current
source symbols. The nonanticipative property is necessary for showing operational meaning

to the JSCC based on nonanticipative transmission, for delayless communication.

Next, we provide the converse coding theorem for the nonanticipative information RDF.

Theorem 2.18. (Converse Theorem for Causal Codes)
The following bounds hold

(n+1)15,(D) > Ry, (D) > Ron(D) (2.3.43)
where
A 1
r§ (D) = inf E<l,(X") s, VneN
(D) ((): Yi=fi(xn).fi(.) causal i=0,1,...n}, d(x,y)<p "+ 1 { ol )}

Proof. Consider the joint distribution defined by Px»(dx"), and a causal conditioning repro-
duction distribution ?Y”I xn(+|x"). Then, by data processing inequality we have the following

bounds.

CE{60)) > )

n+1 n+1
| . o
> HY Y=Y —Hxy ! x }
> oy L {H T - H LX)
(0 1
£ o (Po, Pynpyn) (2.3.44)

where () follows from the fact that the joint distribution is defined by Px»(dx") and the
conditional reproduction distribution ?Y”\ xn(-]x"). Therefore, given a distortion function
do(x",y") and a distortion level D > 0, for any finite time n € N, by using (2.3.44), and
taking the infimum over the reproduction codes over randomized reproduction distribution
?Y”| xn (- |x") € g, (D) we have the following bounds.

(n+1)r5 (D) > RE,(D) > Rou(D), Yn >0 (2.3.45)

O
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The bounds in (2.3.45) remain valid if we divide by n_il take limsup,_ .., and then the

infimum giving

1
(D) > R"™* (D) 2 lim sup_— on(D) > RT(D) 2 limsup

1

R(D) (2.3.4
—R(D) (2346)
where

A 1
‘(D) =1i —r§,(D 2.3.47
(D) lnnggopnﬂro,n( ) ( )
Therefore, the information nonanticipative RDF, R* (D), is a lower bound on r“(D), the
OPTA by causal codes, and an upper bound to the classical RDF R(D), the OPTA by non-
causal codes. These bounds are investigated recently in [22] for quadratic fidelity and sta-
tionary Gaussian sources, but due to the complexity of computing R"*(D), they introduced

additional bounds.

While the expression provided for causal codes [56, 83] is quite attractive, its computation
for general sources is very difficult, and no specific examples are computed for sources with
memory aside for the case of high resolution [49]. The OPTA by causal codes is bounded
below by the expression of nonanticipative RDF rate, which by its turn is bounded below
by the expression of classical RDF. The advantage of the proposed nonanticipative RDEF,

Rgfln (D), is that the optimal reproduction distributions are easily computable.

Remark 2.19. (Letter-by-Letter (LbL) and Coupled Distortion Functions)

Although in our analysis of information nonanticipative RDF we consider an average fidelity
set, namely, ng’n (D), we can also handle Letter-by-Letter (LbL), and Coupled Letter (CL)
Distortion Functions (i.e., the current value of the source depends on the previous and cur-
rent values of the reproduction) defined by do; : Zi x %; — [0,00), i =0,1,...,n, with

corresponding fidelity set

>

Qo E (Do, .., Dy) {?O,n('|xn) :E<do,,~(X,~,Y")> <D, izo,l,...,n} (2.3.48)

where D; >0,i=0,1,...,n.

Such LbL and CL distortion functions are employed in sequential coding of correlated
sources with encoding and/or decoding frame-delays in [50, 80]. However, the average

distortion includes thess as special cases.
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2.3.1 Relation to Nonanticipatory -Entropy and Message Generation
Rates

In this section, we recall Gorbunov-Pinsker’s definition of nonanticipatory €-entropy [34].
Then, we show equivalence of certain statements regarding conditional independence and
finally, we show equivalence of the information nonanticipative RDF, information nonantic-
ipative RDF rate, and Gorbunov and Pinsker’s definition of nonanticipatory €-entropy and

message generation rates, respectively.

For a given source distribution Py» and a reproduction Pys|x» € Qon(D), Gorbunov and
Pinsker restricted the fidelity set of classical RDF Qy ,,(D) to those reproduction distributions
which satisfy the following Markov chain (MC).

X1 < X" < Y <= Pynjx=(dy"x7) = Pypnjxn (dY"|X") —a.a. x° € Zp0,n=0,1,...
(2.3.49)

Then, they introduced the nonanticipatory €-entropy and nonanticipatory message genera-

tion rate as follows.

Definition 2.20. ( Nonanticipatory €-entropy and message generation rate)

Consider the fidelity constraint set Qp ,(D). The nonanticipatory €-entropy is defined by

1>

R (D inf I(xmy" 2.3.50
OJZ( ) Pyn‘anenQoJ,(D)I ( ) ( )

X XY i=0,1,..n—1

provided the infimum in (2.3.50) over Qo (D) and X} | < X' oY i=01,...,n—1,
exists; if not, then we set Rf , (D) = +oo. The nonanticipatory message generation rate of

the source is defined by

1
RE(D) 2 Jim R, (D) (2.3.51)

provided the limit in the RHS of (2.3.51) exists; if the infimum in (2.3.50) does not exist, we
set R€(D) = +oo. In addition, we have

A . .
= inf lim
Pym‘XMEQ()’w (D): n—n—+ 1

X7 XY =01,

R®T(D) I(X";Y") > R%(D) (2.3.52)
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The MC constraint (2.3.49) is a probabilistic version of a randomized causal reproduction
coder as defined in Definition 2.4. Thus, a source code is called causal if the reproduction
code is causal. Since the class of randomized reproduction codes embeds deterministic
codes, then probabilistically, a reproduction coder is causal if and only if the following MC
holds X7 | <+ X i ¢+ Y;, Vi € N. Therefore, nonanticipatory £-entropy, R§ (D), imposes a

probabilistic causality constraint on the optimal reproduction distribution.

Gorbunov and Pinsker [36, 60] proceeded further to compute R¢(D) 2 lim, e ﬁRan(D),
whenever the limit exists, for the class of stationary ergodic scalar Gaussian sources by
working on the frequency domain using power spectral densities. Further, in [36, 60] it is
also shown that in the limit as D — 0, the nonanticipatory message generation rate R¢(D) of
stationary Gaussian sources converges to the classical information RDE. Recently in [22],
the authors revisited the nonanticipatory €-entropy for Gaussian sources and a quadratic
distortion function to derive several bounds for the OPTA by causal and noncausal codes,

using another expression which is an upper bound on R*(D).

Now, we are ready to establish the connection between nonanticipatory €-entropy (2.3.50)
(e.g., R§ (D)) and information nonanticipative RDF (e.g., R} (D)), and message genera-
tion rate of the source (2.3.51) (e.g., R¥(D)) and information nonanticipative RDF rate (e.g.,
R™ (D)), which follow directly from the following equivalent statements of MCs.

Lemma 2.21. (Equivalent Nonanticipative Statements)

The following statements are equivalent.

MCI: Pyn‘Xn (dy”\x") = ?Y”‘X” (dy”\x”) = ®?=OPY,‘|Y"717X" (dyi‘yi_l ,Xi), Vn c N

MC2: Y; « (X,Y')) & (Xi11,Xi42, ..., Xy) forms a MC, for eachi=0,1,...,n—1,Vn €
N.

MC3: Y < X! <> X | forms a MC, for eachi=0,1,...,n—1,Vn €N,

MC4: X! | <> X' <> Y' forms a MC, for eachi=0,1,...,n—1,Vn e N.
Proof. See Appendix A.1. O

The fact that MC1, MC2, MC3 is obvious. The implication of MC4 that implies any of
MC1, MC2, MC3 is also known. What is new in Lemma 2.21 is the equivalence of MC4
with any of MC1, MC2, MC3. Note that MC3 of Lemma 2.21 is precisely Granger’s

definition of temporal causality [71], which is used in econometrics to unravel complex
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relation between macroeconomic variables from a time series observation. It is also applied
in bioengineering [47, 71] and more recently in neuroimaging to infer that {Y, : n € N} does
not cause {X, : n € N}. Note also that [57] refers to MC4 as the “weak union” property of

conditional independence. For further elaboration on this issue see [62].

In the next theorem, we utilize Lemma 2.21, specifically the fact that MC4 is equivalent
to MC2 and MCI1, to show that the extremum of the nonanticipatory €-entropy (2.3.50),

RG (D), is equivalent to the extremum of nonanticipative RDF, R}, (D).

Theorem 2.22. (Equivalence of R}’ (D) and R (D))
Definition 2.17 and Definition 2.20 are equivalent, i.e.,

0:(D) = Rg (D)

Proof. By the definition of nonanticipatory £-entropy Rg , (D), the infimum is taken over the
A ; ; ’ .

set 05 ,(D) = Qo (D) (X[ <> X' <Y, i=0,...,n—1}. Using Lemma 2.21 we deduce

that the set Qf (D) is equivalent to

Q0,1 (D) [ Y Pynixen = Pynpen (-x") = ?Y"\X"('W)}

Moreover, for any Pynx» = ?Y”\ xn, the mutual information between X" and Y” is given by
I(X"Y") =1p,, (PX"7?Y'1|X")-

Since {PYi|Yi_17X,-(-|y”’1,x”) : i =0,...,n} uniquely defines ?Yn‘xn(-pc") and vice-versa,

then
RSJ" (D) = ' inf Hxnﬂyn (PXn R ?an(n)
P ympn (1) 2kt [ u(x,37) P ynpyn (dy? |x) @Pyn (dxn) <D
= Ryu(D)
This completes the derivation. 0

Next, we show that Gorbunov and Pinsker’s definition although, as stated in [34, I. Introduc-
tion], is motivated by real-time applications, such as, “control-related problems,” the MC
condition X/ | <> X' <Y i=0,1,...,n—1, imposed in the Definition 2.20 of Ran(D),
rules out any applications to control systems. On the other hand, we show how Rgf‘n (D) can

be generalized to handle control applications.
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FIGURE 2.3.4: Communication for real-time control processes.

Remark 2.23. Consider the typical block diagram of real-time communication for con-
trol over a finite rate channel (which can be noiseless or noisy) illustrated in Figure 2.3.4.
Here, {X;: i=0,1,...} is the controlled process specified by the conditional distributions
{Py,xi1 yi- (dx;]x—1 =1y i=0,1,...}, {U;: i=0,1,...} is the control process speci-
fied by the conditional distribution {Fy, ;i1 yi(d vi|vi~ly) 1 i=0,1,...}, which receives

information from a finite rate channel (noisy or noiseless), as shown in Figure 2.3.4.

This is a typical control system subject to rate constraint analysed in [9, 11, 26, 55, 76].
In Figure 2.3.4 the control laws or strategies are randomized (conditional distributions).
One may consider regular strategies, i.e., strategies which are measurable functions by
letting {PUi|Ui_1,Yi(dv,~|vi’l,yi) : i=0,1,...} to be delta measures concentrated at {v; =
v~y i=0,1,...}. A typical example is the linear controlled system X;, | = AX; +
BU; + Nj, Xo = x, where {N;: i=0,1,...} is an IID process. In either case, since the control
laws or strategies take as inputs previous controls U'~! = v'~!, and past and present repro-
duction Y = yi, if we impose Gorbunov and Pinsker’s MC ;"H — X"+ Y", then this MC
rules out the dependence of the controlled process distribution {PX,-| xi-1 yi-1 (dx;|xi=1 i1y
i=0,1,...},on {U;: i=0,1,...}. On the other hand, given the control strategies, since

Py, xi-1 yi-1 = Py, xi-1 yi-1, then the information nonanticipative RDF is easily extended by
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considering the information measure

Ixn_yyn (PX;|Xi‘1,Yi_l 7PI/,<|Yi—17Xi :1=0,1,... ,I’l)
< _
Pyt (@) @ Py (dy 1)

A
log ( =
%,n X%‘n P X;z'ynfl (dx" |yn71) ® PYn (dyn)

%
)(Pxn|yn71 ®?Y"\X")(dxnvdyn)

(2.3.53)

<— A , .
where P ynyn-1 (dx*y"1) = 0Py, xi-1 yi-1 (dx;|x=1,y=1), and Pyn(-) is the marginal of
the joint distribution on % ,,. Clearly, the information measure (2.3.53) is the directed infor-
mation from X" to Y" [53].

For such control system applications, we can define as a measure of performance (distortion
function) for control and compression, a generalized distortion function which includes the

cost of control and decompression, such as,

do (X", y" u" Z{||v,||2+||x, yil*} (2.3.54)

and then define the corresponding average fidelity set. An interesting problem with practical
implication is to minimize over the reproduction distribution and control policies the rate

subject to the fidelity defined by (2.3.54), namely,

! —
inf inf Tyn ,,pnnf,?nn
A1 (1) =01, 1= 1 By n e 0, (D) xn—5yn (P xnjyn=t, P ynjxn)

and its limit. This demonstrates our preference in information nonanticipative RDF, R} (D),
over R§ (D).

Clearly, Theorem 2.22 states that information nonanticipative RDF which is a special case of
directed information from X" to Y”, is equivalent to Gorbunov and Pinsker’s nonanticipatory

e-entropy defined via mutual information and Lemma 2.21, MC4.

2.3.2 Noisy Coding Theorem and Zero-Delay Codes

The achievability of nonanticipative RDF, can be shown via a noisy coding theorem using
delayless codes, by relating the channel capacity to the average distortion obtained from
the nonanticipative RDF. Before giving the main results, we state certain data processing

inequalities, relating mutual and directed information, which are necessary conditions for
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reliable communications.

Theorem 2.24. (Data Processing inequalities)

Consider the basic block diagram of information transmission illustrated in Figure 2.1.1.
Then the following hold.

1. Suppose X' <+ (A", B=1) < B; forms a Markov chain for i =0,1,...,n, t <n, then

I(X";B") <I(A" — B") (2.3.55)
2. SupposeY' +» (X’hfl,B”) < X forms a Markov chain fori =0,1,....t, t < n, then

(X" Y") < I(X";B") (2.3.56)

3. If the conditions of statements 1), 2) hold, then
I(X' =Y <IXLY)<I(A"—B")<IA%B"), t<n (2.3.57)

Proof. 1. By the identity of mutual information we have

I(X";B") = H(B")-H(B"X")
= H(B")-Y H(Bi|X'.B"")
i=0
(o) n 1 i
< H(B")—) H(BiX',B~' A
i=0
L HE) - Y HBIBA)
i=0
= I(A"—=B"), Vt<n (2.3.58)

where (@) holds because conditioning does not increase entropy, and (f3) follows from the

Markov chain.
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2. Similarly,

t
x4y = HX)-Y HX[x" 'Y
i=0

t
H(X") - ZH(Xin’*I,Yf,B")
i=0

IA

=

t
H(X" - ZH(Xi]Xi_l,B”)
i=0
I(X";B"), Yt <n (2.3.59)

where equality () follows from the Markov chain.

3. The lower bound follows from the fact that /(X";Y") =I(X' - Y")+1(X"' < Y") > (X' —
Y"), which holds with equality hold if and only Yie X Xi01,i=0,1,...,t is a Markov
chain or equivalently ¥; <+ (X!, Y"~1) < X/, is a Markov chain for i = 0,1,..., — 1. The
upper bound is obtained by (2.3.56) and (2.3.55) U

Therefore, given any communication channel with feedback {Py,pi-1 4i(dbilb™',a") = i =
0,1...,n} with a pre-encoder and a post-decoder connected to it, as in Figure 2.3.5, the fol-

lowing theorem is established.

Theorem 2.25. (Nonanticipative Data Drocessing Inequalities)

Suppose the following Markov chains hold.

X' (A B YeB,i=0,1,...,n
Y" (X7 B) =X, i=0,1,...,n

A necessary condition to achieve end-to-end causal information RDF over the channel
{ Py, pi-1 ai(dbilb™ ", a") : i=0,1...,n}is

on(D) <I(A"—B"), VneN (2.3.60)

for all  channels {PBi|Bi717Ai(db,-|b"*1,ai) i = 0,1,...,n} and encoders
{PAi|Ai—17Xi(da,~|a"’1,xi) 1i=0,1,...,n} '
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FIGURE 2.3.5: JSCC based on nonanticipative transmission.

Proof. Similarly to Theorem 2.24, we can show that I(X";Y") < I(A" — B"). Given
any source with distribution Pyn(x"), a channel {Pg i1 4i (dbilb~1,a) :i=0,1,...,n}
an encoder {F ai-1 xi(dajla™' x') :i=0,1,...,n} and a decoder with average distortion
#prnﬂ {do(X",Y")} < D, then by taking the infimum over Py x» satisfying the aver-
age distortion constraint and the MC: X' | > XLy~ o v :i=0,1,...,n— 1, yields

(2.3.60). U

We proceed by establishing an operational meaning for the information nonanticipative RDF
for sources with memory based on a noisy coding theorem. To this end, we define JSCC
with emphasis on nonanticipative coding i.e., the encoder and decoder at each time instant
i process samples independently, with memory on past symbols, and without anticipation

with respect to symbols occurring at times j > i.

We also show that even in the unmatched case, uncoded nonanticipative transmission of
sources with memory has an operational meaning, in the sense that the excess distortion
probability can be made arbitrarily small, based only on the properties of the information
nonanticipative RDF. Figure 2.3.5, describes the block diagram of JSCC using nonantici-
pative transmission. We assume that the cost of transmitting symbols over the channel is a

measurable function

n

COnio ¥ Bon1-0,%), conl@ b NEY y(Tia", Tip" ) (2.3.61)
i=0

where 7'0"~! is a measurable function of {bo,by,... b1 }. We use the following definition

of a nonanticipative code.
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Definition 2.26. (Nonanticipative code)

An (n,d, €, P) nonanticipative code is a tuple
(%,na %,na %()7", %,I’HPX” y ?A"‘B”_l X ?B”|A",X”7 ?Y”‘Bn , d()7n, C()’n>

where  {Py i1 git xi(+[+,0) Vi € N} {Pyyi g () : Vi € N} is the code,
{Pp, g1 i xi(*],++) : Vi € N"} is the channel, with excess distortion probability

]P’{do7n(X”,Y”) > (n+ l)d} <eg, €€(0,1),d>0

and transmission cost

1
—E{ A" B! } <P, P>0
nt1 C()Jl( ) =~ =

where P is taken with respect to the joint distribution induced by source-encoder-channel-
decoder Pxn an pn yn(dx",da",db",dy").

An uncoded nonanticipative code, denoted by (n,d, €), is a subset of an (n,d, €, P) nonantici-
pative code in which an encoder and decoder are identity maps, Py |4i-1 pi-1 xi (dajla=1, b~ X)) =
Sx;(day), Pyyi-1 pi(dyily™",b") = 8p,(dyi), that is, A; = X;, Y; = Bj, i = 0,1,...,n, and the

channel Py gi-1 4i(:|-,-) is used without feedback and power constraint.

Next, we define the minimum excess distortion as follows.

Definition 2.27. (Minimum Excess Distortion)
The minimum excess distortion achievable by a nonanticipative code with memory without

anticipation (n,d, €, P) is defined by
D°(n,e,P) 2 inf{d : d(n,d, €, P) nonanticipative code} (2.3.62)
For the uncoded nonanticipative code, (2.3.62) is replaced by

D°(n,€) 2 inf{d : 3(n,d, €) nonanticipative code } (2.3.63)
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Note that in our definition of nonanticipative code (n,d,€,P) we have assumed indirectly

that the finite time information capacity is defined by

1>

Con(P)

sup I(A" — B") (2.3.64)

{PAilAi717Bi71 (ai‘aiilvbiil): i:O7]7-“7n}E’@0Jl(P) n + 1

where the average power constraint is

. . 1
Pon(P) 2 {{PA,M,»,1 poifaila b i= 0.1 n) S E{coa(4", B ) < P}
1 b n

(2.3.65)
in which (A" — B") is the directed information from A” to B" defined by
A & ; ;
I(A"— B") =Y I(A'Bi|B™ 1) (2.3.66)
i=0
The information channel capacity is given by
C(P) = nh;nw ] Con(P) (2.3.67)

Thus, we have assumed the supremum (2.3.64) is finite and the limit exists.

Since at a first glance, the probabilistic realization of the optimal nonanticipative reproduc-
tion distribution of the information nonanticipative RDF by an encoder-channel-decoder is
necessary for probabilistic matching of the source to the channel, we introduce the following

definition of realization.

Definition 2.28. (Realization of the nonanticipative RDF)

Given a source { Py, yi-1 (dx;|x'~1) : Vi € N"}, a channel {Pp, g1 ai xi (dbi|b~ 1,4 x) Vi€
N"} is a realization of the optimal reproduction distribution {P;, yicl xi (dy;|y"=1,x') : Vi €
N"}, if there exists a pre-channel encoder {Py i1 gi-1 xi (dajla’=', b1 x%) : Vi € N"} and
a post-channel decoder { Py, yi-1 gi (dyi| y =1, b") : Vi € N*} such that

?an(n (dyn ’xn) = ®?:OP;;|YI‘_1 ,Xi (dyl ’yiil ,xi) = ®?:OPYI,‘YFI 7Xi (dyl ’yiil ,xi) (2368)
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where the joint distribution from which (2.3.68) is obtained is precisely

Pyn pn o yn(dX", da”,db" ,dy") = @} _oPyyi-1 i(dyily' ™" ,b") @ Py pi1 gi xi(dbi|b™ " d' ,x)
® PAi|Ai717Biflin(dai’aiil,biil,xi) ®PXI,‘X[71 (dxi|xi71)

Moreover, we say that R"*(D) is realizable if in addition the realization operates with average

— R"(D) 2 lim, oo LRI (D).

distortion D and limy, e, - Tnyn (Po, P LR

;u'xn)

Using the above definition of realization we now prove achievability of nonanticipative code

for sources with memory.

Theorem 2.29. (Achievability of a nonanticipative Code with Memory Without Anticipation)
Suppose the following conditions hold.

1. R}% (D) has a solution and the optimal reproduction distribution converges to a sta-

tionary distribution corresponding to R" (D).

2. The encoder and the decoder are unitary maps (no coding), and the channel Py, pi-1 4i

corresponds to PYi‘Yi—l7XI‘ (ie,A;i=X;,Y,=B;),i=0,1,...,n

3. For a given D € [Dpjn,Dmax|, R" (D) is finite, and lim,_ ﬁI(A” — B") is finite.

If

IP’{ Z po (T'X", T'Y") > (n+ 1)d} <e (2.3.69)
i=0

where P is taken with respect to Pyn xn(dy",dx") = ?;n‘Xn (dy"|x") @ Pxn(dx"), then there

exists an uncoded (n,d, €) nonanticipative code.

Proof. By conditions 1., 2., 3. and the data processing inequality we know that R"*(D) <

lim, o0 ﬁl (A" — B") < oo. Hence, if (2.3.69) holds, there exists an uncoded (n,d, €) SbS

code. L]

Next, we describe several consequences of Theorem 2.29.

Remark 2.30.

1. The method described in Theorem 2.29 is simple; find the optimal reproduction dis-
tribution of R"*(D), then use this distribution as the channel and ensure that (2.3.69)
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holds, which implies achievability. The only disadvantage is the loss of resources,
because in general the channel will have higher capacity than the value of R"(D).
Ideally one would like to ensure JSCC so that the channel operates at the supremum
of all achievable rates and hence R"(D) is the minimum rate of reproducing source

messages at the decoder.

2. In Chapter 4, we will revisit Theorem 2.29 to address the optimal JSCC problem,
in which R"(D) = C(P), by designing the encoder, decoder for a specific channel
with memory so that matching of the source and the channel is made feasible, often
requiring transmission cost constraint imposed on the channel, to reduce the capacity
to that of R"*(D).

2.4 Optimal Stationary Solution of the Nonaticipative RDF

The goal of this section is to to derive the optimal causal reproduction distribution to char-

acterize the solution of the nonanticipative RDF, for the stationary case.

Given the source {Py yi-1 (dx;|x'=1):i=0,1,...,n}, and a causal reproduction distribution
{Pyi‘yi—l7xi(dyi’yi_l,xi) :i=0,1,...,n}, the joint measure Px» y»(dx",dy") and the marginal
measures, Pyn(dy"), Pxn(dx") are uniquely defined. Hence, the directed information from

X" to Y" is also defined via

i—1 i

n PYA|Y1'71 Xi (dy:b’ ,X) . .
Tgn_yyn (X" — Y") = / 10g< e . )P,» J(dx dyiY2.4.70)
-1l ) ,;3 Zoix W, Pyyyi-1 (dyily™") il !

where
Pxn yn (dx",dy") = ®?:0 (P)/i|yi717xi (dyi\yi_l,xi) ®Pxi‘xi—l7yi—l (dxi|xi_1)> (2.4.71)

The solution of the nonanticipative RDF can be made precise by first identifying the appro-
priate spaces on which existence of solution to Ry, (D) is sought, and equivalence between
the constrained and unconstrained problems is shown. This is done in [8] using the weak*
convergence topologies, and in [72, 73] using weak topology.

Assumption 2.31. Appropriate conditions are assumed (i.e., [8]) so that an optimal solution

exists and the constrained problem Rj}% (D) is equivalent to the unconstrained problem, that
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is,

ma (D) = sup inf {ﬂxuyn(xn Sy
’ s<0{P, Y vi-1 xi (dy;ly/=1x7):j=0,1,.

s Z /ﬁ,0 , JOJPOJ(T”)CJ TPy yi(dod ,dy') — (n+1))} 2.4.72)

where s < 0 is the Lagrangian multiplier and the solution is stationary.

Next, we provide the optimal stationary solution for the nonanticipative RDF, Rj}% (D). An
alternative derivation based on Gateaux differential is found in [8, 73], for the case when the

source is not affected by past reproduction symbols.

Next, we provide the optimal solution for the nonanticipative RDF.

Theorem 2.32. Suppose Assumption 2.31 holds.
The optimal (stationary) reproduction distribution which achieves the infimum, assuming it
exists, of the rate distortion function, R{}, (D), is given by

' SpOz(T’ Tl ) Y‘Y’ ](dylb; )

Pri i(dyily LX) = i=0,1,...,n (2.4.73)
Y;|yi-l x t ’ o ixn Ti « R 3 Ly )
| Joe poi(T" Ty "p Yiyi- H(dyily™T1)

where s < 0 and denotes the optimal Lagrange multiplier in (2.4.72), and it is the solution
of s = $5R%, (D).
The information nonanticipative RDF, R’ (D), is given by

(D) = n+1)— / lo (/ e3P0, (T7X".TTy" )P* S (dy; j’1>
O,n( ) sD( 2o, x %1 g i Y|V i ( )’Jb’ )

J

PXj|Xj—l (dxj|x - ) ® P;j,ljyj,l (d)c/_1 , dyj_l) (2.4.74)
where

\ A _j- : g
Pyjryi- (dx! ™ dy ) = ® 1( Yi|yi- 1X,(dyl|y X') @ Py i1 (dxilx' 1>>
(2.4.75)

Proof. See [73].

Theorem 2.32 treats the stationary case. The nonstationary case is much more involved and

is given in [73].
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Remark 2.33.

1. The optimal stationary reproduction distribution (2.4.73) is causal, hence decoding can
be done without waiting to receive the entire sequence x"* before the symbol y;,i < n

is reconstructed.

2. From (2.4.73), we deduce that if po7i(Tix”, T'y") = p(xi,:), then
Py i xi(@yily ™' x) = Py i o (dyily'™ i) —aa (6 xd), i= 0,1, n

Hence, from (2.4.73) we obtain

P;l.‘yifl’)(i(dyﬂyi_l 7-xi) = P)tl.‘yifhxi(dyi’yi_l 7xi)
esP(MJ’i) f% PIZ\Y"*I,X,- (dyi\yi_l 7xi)PXi|Yf*1 (dxi]yi_l)

Sy S €P LIPS iy (dyily ! i) Py (dily™ )
(2.4.76)

where (2.4.76) is obtained by reconditioning. Similarly for other cases.

However, in general we do not know the length of the sequence Y'~! € %0.i—1 on
which the optimal reproduction distribution depends on. Properties of the solution are
derived for complete separable metric spaces in [73], and they are often very important

when solving specific examples like the Gaussian multidimensional process.

3. The optimal reproduction conditional distribution (2.4.73) is implicit because its right
hand side term depends on its left side, therefore one has to show existence and possi-

bly uniqueness via fixed point theorems.

2.5 Nonanticipative RDF of a Binary Symmetric Markov
Source BSMS(p)

In this section, we compute the optimal reproduction distribution of the information nonan-
ticipative RDF and rate R" (D) for a finite alphabet source with memory, the BSMS(p). The
classical RDF for the BSMS(p) is only known for the distortion region 0 < D < D, [37],

while for the remainder of the distortion region only bounds are known [5]. We additionally,
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compare these bounds to the one we proposed based on Rgfln (D) and compute the rate loss
of causal codes with respect to noncausal codes, by using the fact that this rate loss is at
most R"(D) — R(D) bits/sample, for the region where R(D) is computable. The achievabil-
ity of the nonanticipative RDF for the BSMS(p) based on nonanticipative transmission is

addressed in Section 4.3.4, Chapter 4.

Consider a BSMS(p), with stationary transition probabilities Py,  (x; = Olx;—1 = 0) =
PXi‘Xifl (x,' = 1|xl~_1 = 1) =1 —p and PXi‘Xifl (x,' = 1|xl~_1 = 0) :PXi‘Xi71 (xi = O|x,~_1 = 1) =p
and i € 0,1,.... We consider single letter Hamming distortion criterion p(x,y) =0ifx =y

and p(x,y) = 1 if x # y. The transition probabilities are illustrated via row stochastic matri-

CeEs.

Theorem 2.34. The nonanticipative RDF R"*(D) for BSMS(p) and single letter Hamming

distortion function is given by

H(m)—H(D) ifD<]

0 otherwise

R™(D) = {
where m=1—p—D+2pD.

Proof. First, we compute the steady state distribution of the source. Since the transition
matrix of the BSMS(p) is doubly stochastic with alphabet cardinality 2, the transition prob-
abilities is given by Px(0) = Px (1) = 0.5. The stationary reproduction distribution obtained

from Theorem 2.32, is Markov with respect to the source and it is given by

P;i‘yFl’Xl'(yl"yi_l 7xi) - P;<i|Yi717Xi (di‘yi_l ,Xi)

gsp(xia))i)PY 1 (yily ™)

Y-t iy .

- i __i—0.1,... (25.77)
Yyeqo,13 €P ) Pyyica (ily =)

Fori=0,1,..., we calculate P;|Y,-, L (dyil yi_l) by reconditioning it on X; and then substitute
it into the RHS of (2.5.77) and solve the systems of equations. Since we do not how much
the reproduction distribution depends from the past reproduction symbols Y, we start the

iterations from i = 0. The reconstruction distributions is given by

eSd(XO 7_Y0)PYO (yo)
Yyoe{0,1} 54(%0.Y0) Py, (vp)

Py, |x, volxo) = (2.5.78)
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where Py, (y0) = Lx, Py, |x, (0|¥0) Px, (x0)- Solving the systems of equations yield the follow-

ing results.

1 e’
Pyx,(0lx0) = | 1 Jgses 1 qus
1+eS 1+

while the distribution of the output symbol, at each time instance 0 is IID, and it is given
by Py, (yo) = 0.5, yo € {0,1}. Next, we calculate Py, y,(x1]yo), which is necessary in the
subsequent iteration, in order to calculate Py, |y, (y1|y0)- This is done by reconditioning on
Xo.

Py (xilyo) = Y Py jvox (K11y0,%0) Py, (x0ly0)
x0€{0,1}

Py, 1x, (0 |x0) Px, (x0)
= ) Pxrx(ilyo.x) s Pr (0) -
x0€{0,1} 0\Y0

= Z Py, |v,.x, (X110, X0) Py, x, (Yol x0)
X()E{O,l}

= ) Pxx (1 x0)Pyx, (olxo) (2.5.79)
x0€{0,1}

where equation () holds due to Lemma.2.21.

Then, we proceed to the iteration (i = 1), by calculating the conditional probability Py, |y, (v1y0) =

Yxoef0,1} Prjxo,v, 01 |x0,50)Px,.x, (*0]y0), replacing it into

esdx ’yl)PYl v, (1 1y0)
Yyef01} sl ’yl)PYl\YQ 1lyo)

Py, x,. v, 01lx1,50) =

and solve the resulting systems. This procedure yields the following reproduction distribu-

tion.
0,0 0,1 1,0 1,1
0 p 1—p e'p e'(1-p)
ptes(l1—p) 1-p(1—e) 1-p(l—e) p+es(1-p)
Py, ix,.v,01]x1,50) = S S
e’(1-p) e'p 1—p p

p+es(1—p) 1-p(l—e) 1-p(l—e) p+es(l1—p)
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For iteration, i = 2, we verify that Py, x, v, y, = Pr|x, .y, and that the optimal reproduction
distribution is characterized by P} ;- y; (dy;ly— !, %) = S (dyi[y' ', x;) = Py x, x, (dy1lx1,0),
for all i > 2. The Lagrange multiplier s is found from fidelity constraint as follows.

e’ D

E{p(xi,yi)} = I re =D — ¢ = ﬁ, D <0.5

By substituting the Lagrangian multiplier s, we obtain the expression for the optimal sta-

tionary reproduction distribution, given by

00 0,1 1,0 1,1

0] o B 1-B8 11—«
Pyix. v, Wilxi, yie1) = (2.5.80)
|1l-a 1-8 B &

where

(1-p)(1-D)

_ B p(1-D)
1—p—D+2pD’

"~ p+D—2pD

It is easy to verify that the distribution of the reproduction sequence is identical to the distri-

bution of the source sequence, and is given by

0 1
Py, Oilyicn) = 10[1;19 1fp (2.5.81)
while the steady state distribution of the output process is IID, given by
Py(vi)=0.5, Vy; €{0,1} (2.5.82)

The distribution of the source symbol given the previous reconstruction symbol is evaluated

using (2.5.79), and it is given by

0 1

0

Py, (xilyi-1) = .

m 1—m
[ ]7 m=1—p—D+2pD (2.5.83)
1—m m

Since the optimal distributions defined by (2.5.80)-(2.5.83) hold for i = 1,2,...,n, we will
evaluate the nonanticipative RDF for i = 1. This is done by substituting (2.5.80)-(2.5.83) in
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the expression of the nonanticipative RDEF, as follows

1
RY(D) = lim ——I(X"=Y")

n—soo 1+

1 1
= i IXY 5y — (x> yr
ngnoo{n—}—l ( )+n—|—1 (X 1)}

Py 1y, x, 0110, x1)
i Y [Yo.Xy ’ «
- fim lo P (x17y17y0)
n—en+1 x17yz1:y0 ( P;I Yo (1lyo) X115
Py (1]yo,x1)
- Z 1Og 1| - P;I,Yl,Yo(xlvylvyO)
X1,Y1,)0 Yl\yo(}’lb’o)
Py 1y, x, 0110, x1)
= Y log Yo, Xi Py ix, v, 011615 30) Py, 1y, (%1 [v0) Py, (v0)
X1,Y1,)0 Yl\yo(}’lb’o)
= H(p)—mH(a)— (1—m)H(B)
= H(m)—H(D) (2.5.84)

O]

The achievability of the nonanticipative RDF for the BSMS(p), based on the excess distor-
tion probability, is addressed in Section 4.3.4, Chapter 4. There, we show that R"*(D) is
achievable when the BSMS(p) is transmitted uncoded over a unit memory channel that has

the same transition probabilities as the optimal reproduction distribution (2.5.80).

Remark 2.35. The graph of R™(D) is illustrated in Figure 2.5.6. Note that for p = % the
BSMS(p) reduces to an IID Bernoulli source, m =1 —p—D+2pD = 0.5, and the nonantic-
ipative RDF is given by R"(D) =1—H(D),D < %, which is equal to the classical RDF of
the Bernoulli source, as expected. The methodology to calculate the optimal reproduction

distribution and the solution of the nonanticipative RDF, is outlined in Algorithm 1.
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FIGURE 2.5.6: R™(D) for different values of parameter p.

Algorithm 1: Calculation of the Nonanticipative RDF for a Markov source.

Data: d,(x",)"), Px»(x") : steady state distribution, end«— 1, i<- 0
while end=1 do
Apply Py, yi-1 in Py, yi-1;
Replace Py, yi-1 in Py, xi yi-1;
Solve system equations in (2.5.77) and calculate Py, xi yi-1;
Calculate Py, | yi;
if PmXi7YI>1 =F xi-1,yi-2 then
‘ end<0;
else
‘ 1<i+1;

end

end

Calculate the Lagrangian s from E[#do,n (x",y")] = D;
Replace on Py, xi yi-1, Py, yi-1, Py yi-1

Result: Apply the distributions on R"*(D);




Chapter 2. Nonanticipative Rate Distortion Function 53

0.9 T T T T
Shannon lower bound
0.8x Berger lower bound
\ Berger upper bound
- - - R™(D)
0.7r
06r
@
@
2 05
o
A
| 04r
o
0.3r
0.2r
0.1r

0.5

FIGURE 2.5.7: R(D) for BSMS(p) for 0 < D < D, and Bounds for p = 0.25.

In the next section we apply the result of the nonanticipative RDF to provide an upper bound
for the classical RDF, and to compute the OPTA by causal codes with respect to that of

noncausal codes.

2.5.1 Evaluation of Bounds

The classical RDF for the BSMS(p) is only known for the distortion region 0 < D < D, [37],

and is given by

(1-/1- (§)2>, p<05 (2.5.85)

For the remainder of the distortion region D > D, only bounds are known [5]. It is also
shown in [37] that (2.5.85) provides a lower bound for the classical RDF for D > D.3. Our
expression of the nonanticipative RDF provides an upper bound on the classical RDF for all
possible values of D, 0 < D < 0.5. Next, we compare the upper and lower bounds, derived
by Berger in [5], which hold for 0 < D < % and we show that the upper bound in [5] is not
as tight as the one obtained via R"*(D). For the BSMS(p), we also compute the Rate Loss

3In Chapter 5 we will derive Gray’s lower bound [37] by using the nonanticipative RDF with feedforward
information.
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FIGURE 2.5.8: Comparison of the functional behaviour of R"(D) and R(D) for BSMS(p)
with p =0.12.

(RL) of causal codes with respect to noncausal codes, by using the fact that this RL is at most
R"(D)—R(D),¥D < D, bits/sample.

Figure 2.5.7 shows the graph of R(D) for 0 < D < D, Berger’s lower and upper bound
[5], Shannon’s lower bound and the upper bound based on R" (D). We observe that for
p = 0.25, the upper bound based on R"*(D) does slightly better than Berger’s upper bound.
Moreover, since R™ (D) is nonincreasing and convex as a function of D, and nonincreasing
for all values of p € [0,0.5] (these are easily shown), then the upper bound based on R*(D)
is convex, when compared to Berger’s upper bound which is not necessarily convex and
nonincreasing. This observation is illustrated in Figure 2.5.8. Finally, we use the bound
R(D) < R™(D) < r**(D) to deduce that the (RL) of causal codes for the BSMS(p) cannot

exceed

H(m)~H(p) if0<D<p
H(m)—H(D) ifD.<D<0.5

RL=R"(D)—R(D) < {
This bound on the rate loss is illustrated in Figure 2.5.9 which demonstrates the fluctuation
of the RL for p € [0,0.5]. It is interesting to see that the maximum value of the RL is 0.2144
and corresponds to (p = 0.1012,D = 0.1012). This bound is exact for D < D, < p. For
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FIGURE 2.5.9: Comparison of the Rate Loss (RL) for p € [0,0.5].

high resolution (D — 0), the classical rate distortion function and the nonanticipative rate

distortion function are equivalent and equal to H(p).

2.6 Multidimensional Partially Observed Gaussian Process

Here, we consider a multidimensional partially observed Gaussian-Markov process and we
compute the closed form expression of the information nonanticipative RDF, R" (D).
Consider the following discrete-time multidimensional partially observed linear Gauss-Markov

system described by

Zoi1 =AZ+BW,, Zo—=17,t €N
{ t+1 (B 20 =2 (2.6.86)

X =CZ+NV;, t €N

where Z; € R™ is the state (unobserved) process and X; € R” is the information source,
obtained from noisy measurements of CZ;. The model in (2.6.86) is often encountered in
applications where the process {Z; : ¢t € N} is not directly observed; instead, what is directly
observed is the process {X; : ¢+ € N} which is a noisy version of it. This is a realistic model
for any sensor which collects information for the underlying process CZ;, since the sensor

is a measurement device often subject to additive Gaussian noise. Hence, in this application
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Noise
Information  Source NV,

FIGURE 2.6.10: Communication System.

the objective is to compress the sensor data, which is the only observable information. Next,

we introduce certain assumptions which are sufficient for existence of the limit, R"*(D) =

limy, —eo 2 REC (D).

,n

(G1) (C,A) is detectable and (A, v BB'") is stabilizable, (N # 0) [7];

(G2) The state and observation noise {(W;,V;) : t € N} are Gaussian IID vectors W; € RX,
V; € RY, mutually independent with parameters N(0, [,.x) and N(0,1; ), independent
of the Gaussian RV Z;, with parameters N(Zy, o).

(G3) The distortion function is single letter defined by dp ,(x",y") 2 Yo llxe — vl ]]%{,,.

For the fully observed scalar case corresponding to X; = Z; € R, the reconstruction of
{Z; : t € N"} and its realization over a scalar additive white Gaussian noise (AWGN) chan-
nel is discussed in [76], while the partially observed (2.6.86) for the scalar case X; € R, is
discussed in [9] via indirect methods. However, as pointed out in [22], the computation of
the nonanticipative RDF for the vector Gaussian process is unsolved. Here, we show that
the conjecture stated in [12] is indeed true. To this end, we provide a closed form expression
to the nonanticipative RDF for the vector Gaussian process.

According to Theorem 2.32, the optimal stationary reproduction distribution is given by

—_ 2 -
esHy; xt||p P;;|Yzfl (dy;lyt 1) s
f@t esHyt .X[HR[) P;;‘thl (dyt’yt—l)

= x). (2.6.87)

Py it o (dyey' ') =

= IZIYH,Xt (dyly " x) —a.a. (y

Hence, from (2.6.87), it follows that the optimal reproduction is Markov with respect to
the process {X; : t € N}. Moreover, since the exponential term ||y, —xt||]%p in the RHS
of (2.6.87) is quadratic in (x;,y;), and {Z : i € N} is Gaussian then {(Z;,X;) : t € N}
are jointly Gaussian, and it follows that a Gaussian distribution Py, |Y,_17Xt(-|yt’1,x,) (for
a fixed realization of (y~!,x;)), and Gaussian distribution Py, |Y,71(-|y’_1) can match the

left and right side of (2.6.87). Therefore, at any time ¢ € N, the output ¥; of the optimal
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FIGURE 2.6.11: Realization of the optimal stationary reproduction distribution.

reconstruction channel depends on X; and the previous outputs ¥'~!, and its conditional
distribution is Gaussian. Hence, the channel connecting {X; : r € N} to {Y; : + € N} has the

general form
Y, =AX,+BY" ' 4V reN (2.6.88)

where A € RP*P, B € RP*'P_ and {V: t € N} is an independent sequence of Gaussian
vectors N(0; Q).
Introduce the error estimate {K; : ¢ € N}, and its covariance {A; : ¢ € N}, defined by

N s A _
K2 X —Xyy, Xy 2 E{Xtyc{yf 1}}, ALEKK), teN (2689

where 6{Y'~!} is the c-algebra generated by the sequence {¥’~!}. The covariance is diag-

onalized by introducing a unitary transformation {E; : t € N} such that
ENE! =diag{A,... M p}, T 2 EK,, t €N (2.6.90)

Note that although {I’; : ¢ € N} has independent Gaussian components, each component is

correlated. Analogously, introduce to the process {K; : t € N} defined by
- A ~ - -
K[ - Yt _Xl‘|l‘—l? Fl - E[K[, te N (2691)

We shall compute the information nonanticipative RDF by considering the realization shown
in Fig. 2.6.11, where {V!: t =0,1,...} is Gaussian N(0;Q), and {«%, %, : t =0,1,...} are
to be determined. Note that the square error fidelity criterion dy ,(-,-) is not affected by the

preprocessing and post processing of {(X;,Y;) : ¢ € N}, since do ,(X",Y") = do (K", K") =
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Yol — K|k = X0 o ||IT: = T4||3» = do o (I, T™). Using basic properties of conditional
entropy, if necessary, we can show the following expressions are equivalent.
n

n gn /\ 1 ~ o~
R"(D) = lim Ri*X" X (D)= lim inf 1K B R
Nn——oo Sl n%oo?kn‘](n: ]E{dojn(Kn,Kn)SD} n+1 l‘;

n TN 1 n o
— lim R (D) = lim inf Z](F T \1"’*1),
07 o N oLt
n n—> ?f"”\l"”: E{d()7,1(rn7rn)§D} n—+ 1 =0

(2.6.92)

Next, we state the main results.
Theorem 2.36. (R"*(D) of multidimensional partially observed Gaussian source)
Under Assumptions (G1)-(G3), the information nonanticipative RDF rate for the multidi-

mensional partially observed Gaussian source (2.6.86) is given by

=)

1 ;
R"(D) =5 )" log ( n (2.6.93)
i=1 2,1

where diag{ w1, ..., Ao p} =1imy__ee EAE]" = EwAwEL,

A.= lim B{(C(z ~E{z|o{r'"'}}) + M) (C(z - E{zlo{r'""}}) +Nv,)"}

t—>o0

= Clhjl Y,C"+ NN = CL.C" + NN (2.6.94)

5 é{g"" I Gm < A i=2.....p (2.6.95)

& Moi if Eo>Aeni

)

and & is chosen such that Zle 0w i = D. Moreover, X, is the steady state covariance of the

error Z; — B{Z,|Y""1} ~ N(0,X..), Z‘,_l 2 E{Z|Y""1}, of the Kalman filter given by

ZH [ AZt|t—1
+ AT (B HoEoC) ™M (Y, — CZyyy 1), 20 =E{Zo|Y ™'}, 2Z0 — 2y ~ N(0,Z..)
(2.6.96)
Yoo = AZoA” — ALoo(ETHoo EooC) "M (B Hoo E.C) ZoeA' + BB (2.6.97)

Mo = ELHoECY oo (ELHoo EC)'" + EHo E-NN" (EZ HoEoo)'" + E!L Boe QAL E.
(2.6.98)
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and
Ho = lim Hy, H 2 diag{Ne1, ...\ Nup}, i =1— O i1 pieEN (2699
t—roo A
P = lim B, = VHoDQ ', B, 2 \/HAQ ', t €N (2.6.100)
A= lim Ay, A =diag{8,,.... 8}t € N. (2.6.101)
Proof. See [73]. L]

In the next remark, we confirm that Theorem 2.36 gives, as a special case, the value of
R™ (D) for scalar Gaussian stationary source found in [22, Theorem 3].

Remark 2.37. Consider the special case of first-order (scalar) Gaussian-Markov source [22,
Theorem 3]

Xi11 = aX;+o,W;, Wy ~N(0,1).

This corresponds to the dynamical system (2.6.86) withm=p=1,C=1,N=0,A = «,
B=o0,,i.e., 0,W, ~N(O, O'v%), hence X; = Z;. Clearly, Aww = X, Aww = D, where Ho = 1 — %
and E., =

Using (2.6.98), we have

Moo = ZeH2 + HooD = Heo(ZeoHoo + D) = Heo (Too (1 — 2) +D) =YuH..  (2.6.102)

Also, by (2.6.97), we get

Y= 02— @S2 H2M ' 4 62 Y 023 — 02T HEHS 'S + 62

D
= QLo — 0 LeoHoo + Opp = A7 Lo — 002 (1 —

5 )+0,=0’D+o0;  (2.6.103)

where (a) follows from (2.6.102). Finally, by substituting (2.6.103) in the expression of the
nonanticipative RDF (2.6.93) we obtain
Aw| 1. X

R"(D) = —lg‘A‘ 510g3:510g<TW>zilog(a%ﬁ) (2.6.104)

which is the expression derived in [22, Theorem 3]. Hence, Theorem 2.36 generalizes pre-

vious work to multidimensional (vector) Gaussian-Markov stationary process.



Chapter 2. Nonanticipative Rate Distortion Function 60

In the following lemma, we show that {K; : ¢ € N} is the innovation process of {Y; : 1 € N},
and hence the two processes generate the same o-algebras (they contain the same informa-
tion).

Lemma 2.38. (Equivalence of 6-algebras)

The following hold.

A ~
Ty =0{Ys: 5=0,1,...t} =F, =0{K;: s=0,1,...,t}, i € \.

that is, ﬁgt C ffft and ﬁ({i C ffg]t, Vvt e N.

Proof. Since Ky =Y, —E{X,|Y*~'},0 <5 <1, then %’({(l C 930’;, vt € N. Hence, we need to
show that (%{ , C gﬂft, Vt € N. The innovation process of {Y; : ¢t € N} is by definition (see
Fig. 2.6.11, (2.6.91).

L=, —E{x|r'}
=E!HoEw (X, —E{X,|Yf—1}> +HETBLVEAE{X Y —E{X, Y1)

— Bl HoEo (X~ B{X |V} ) + B2 VS = Ry, (2.6.105)

Since the innovation process {I; : 0 <s <} and the optimal reproduction process {¥s: 0 <
s <t} generates the same o —algebras, then ff({t - ﬁgt, fgt C fé,, ie., ﬁoyt = ﬁét, and

hence, by (2.6.105) we also obtain ﬁ’({ . C ﬂ}ft. This completes the proof. O

We now observe the following consequence of Lemma 2.38.

Remark 2.39. By Lemma 2.38, all conditional expectations with respect to the process {Y :
t =0,1,...} can be replaced by conditional expectations with respect to the independent
process {K; :t =0,1,...}. Hence, the process {K; : t = 0,1,...} can be written as K; =
X, —E{X,/|o{Y'""'}} =X, —E{X,|6{K'~'}}, and its reconstruction is given by

K = E"H.E., (X, ~R{X|R }) 4 ET BLVE = ETHoEnK, + ET BV, 1 =0,1,....

Moreover, by Lemma 2.38, K; and K; are independent of Yy,...,Y;_1, and Ky,...,K,_1,
t =0,1,.... This property is analogous to the JSCC of a scalar RV over a scalar additive

Gaussian noise channel with feedback [41, Theorem 5.6.1].
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2.7 Conclusions

In this chapter we provide a framework based on nonanticipative RDF for general sources
with memory, which is suitable for nonanticipative transmission. We describe the connection
of this new information measure with Gorbunov and Pinsker nonanticipatory € —entropy and
with the classical RDE. A noisy coding theorem is derived and the optimal reproduction

distribution as well as the solution of the nonanticipative RDF are calculated.

We then apply these theoretical results, to calculate the nonanticipative RDF and the optimal
reproduction distribution of the binary symmetric Markov source. We compare our results
with other existing bounds on the classical RDF (i.e., OPTA by noncausal codes), and we

presented the rate loss of causal codes with respect to noncausal codes.

We kept the mathematical sophistication simple, by concentrating on the importance of this
nonanticipative RDF and its application meanings. In [73] all mathematical issues are ad-
dressed for general abstract spaces, complete separable metric spaces, while the multidi-

mensional Gaussian example is also derived.



Chapter 3

Structural Properties of Extremum

Problems of Capacity

3.1 Introduction

Channel capacity coding theorems are often classified into Discrete Memoryless Channels
(DMC), and channels with memory, with or without feedback. For channels with memory
and feedback the information measure often employed is the mutual information from the
source output to the channel output [41]. It is related to the so-called directed informa-
tion, which accounts for causality and direction of information flow, introduced by Masssey
[52] and subsequently applied by Kramer [46]; this directional measure of information is
attributed to Marko [51].

Historically, Shannon [66] and Dobrushin [23] derived formulas for capacity of DMC and
established coding theorems, while Ebert [24] and Cover and Pombra [19] characterized
the capacity of Gaussian channels with memory and feedback, showing that memory can
increase capacity. Chen and Berger [18] analysed limited memory channels with feedback,
when the channel output and the channel input-output pair are first-order Markov models,
presented a formulae for channel capacity in terms of directed information, derived sufficient
conditions under which coding theorems hold, and applied dynamic programming to analyze
the capacity achieving distribution of the unit memory channel. Tatikonda [75] applied
information spectrum methods to derive coding theorems for general finite alphabet channels
with memory and feedback. Moreover, in [85] dynamic programming is used to describe the

capacity of certain types of channels. However, aside from certain memoryless and Gaussian

62
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channels, computing the capacity achieving input distribution and the capacity of channels

with memory, with and without feedback, are open questions.

Recently, Shayevitz and Feder [68—70] introduced the so-called Posterior Matching Scheme
(PMS), a recursive encoding scheme that achieves the capacity of DMC with feedback,
provided one knows the capacity achieving input distribution. This scheme goes back to
the idea put forward by Horstein [40], who designed encoders that achieve the capacity of
discrete memoryless symmetric channels with feedback. The PMS is further investigated by
Gorantla and Coleman [33] for DMC with feedback.

In this chapter we consider general channels with memory and feedback and general sources

with memory and feedback, and we derive results along the following directions.

1. Structural encoder properties which maximize the directed information from the source

to the channel output, and tight bounds on the converse to the coding theorem.
2. Structural properties of capacity achieving distribution.

3. Dynamic programming recursions to compute the encoder and the achieving distribu-

tion in 1. and 2., respectively.

4. Generalize PMS for designing encoders, which achieve the information capacity for

channels with memory and feedback.

5. Capacity and optimal input distribution of the Binary State Symmetric Channel (BSSC)

with or without feedback, with and without transmission cost constraints.

The material on structural encoder properties and capacity achieving distribution, general-
izes current and past research in the area of capacity of channels with memory and feedback.
Specifically, the material on the structural encoder properties of the capacity achieving dis-
tribution, and the tight bounds on the converse to the coding theorem, state that for general
sources and channels, maximizing directed information over all encoder strategies which are
non-Markov with respect to the source is equivalent to maximizing it over Markov encod-
ing strategies. These results generalize the previous work found in [6, 18], for memoryless

channels.

The material on PMS describes coding schemes which achieve the capacity of channels with
memory and feedback. These results generalize previous work found in [33, 68—70] from

memoryless channels to channels with memory and feedback.
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The material in applying dynamic programming to extremum problems of capacity is mo-
tivated from optimal stochastic control theory with partial information, in which separated
strategies are employed [13, 14]. Here, an information state is identified which carries all the
information available in any channel output sequence. The material on maximizing directed
information from the channel input to its output over all channel input distributions with
specific structural properties, via dynamic programming, simplifies the previous dynamic

programming described in [85].

Throughout this chapter we do not present the direct channel coding theorem, because such
theorems are derived in [18, 43, 59, 77], for finite alphabet channels, and they can easily
extended to abstract alphabets. In addition, we do not address existence of solutions to

extremum problems because such results follow directly form [10].

3.2 Problem Formulation

In this section we introduce the various blocks of the communication system of Figure 3.2.1.
We assume all processes (introduced below) are defined on a complete probability space
(Q,F,P) with filtration {FF, : t € N}. The alphabets of the source output, channel input,
channel output and decoder output are assumed to be sequences of Polish spaces (complete
separable metric spaces) {Z; :t =0,1,...,n}, {4 :t =0,1,...,n}, {% :t =0,1,...,n},
and {# :t=0,1,...,n}, respectively. Moreover, we associate these alphabets with their
corresponding measurable spaces (Z;,B(%;)), (¢4,B(%)), (%:,B(%;)) and (%;,B(%))
(e.g., B(«) is a Borel c—algebra of subsets of the set <7 generated by closed sets). Thus,

we identify sequences with the product measurable spaces as follows.

(ZomB(Zo)) = Xio( 20 B(20)
(o B(Hon)) 2 Xi_o( 4, B()
(BonB(Bon)) = o Bu, B(B))
(D00 B(Zo)) = XJo(Ph B(H))
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We denote the source output, channel input, channel output, and decoder output by the

following processes.

nl oy, :

== t =0, 1,..., y :
X"={X:t=0,1 n} X:{t} xQ— Z;
A"E A 1=0,1,...,n), A} x Qe o
nlp . :

-_— [. -_— P gy 9 .
B"={B;:t=0,1 n} B:{t} xQ— %
nl oy, :

_— l‘. _— 9 gy P .
Y'={Y,:t=0,1 n} Y :{t} xQ— %

We denote the set of probability measures on any measurable space (2, B(Z)) by #,(Z).
Often, we describe conditional distributions by stochastic Kernels and Markov chains by
conditional independence, defined below.

Definition 3.1. Consider the measurable spaces (<7, B()), (%,B(4)). A stochastic Ker-
nel is a mapping ¢ : B(#) x &/ — [0, 1] satisfying the following two properties:

1) For every a € <7, the set function ¢(-;a) is a probability measure (possibly finitely addi-
tive) on B(A).

2) for every F € B(%), the function ¢(F;-) is B(./)-measurable.

The set of all such stochastic Kernels is denoted by # (%, <7 ).

Next we introduce the definition of conditionally independence.

Definition 3.2. Consider a probability space (Q,F,P) and the measurable spaces (<, B(.7)),
(#,B(A)),(Z,B(Z)) onit. The o-algebra B(Z) is called conditionally independent of
B(<) given B(Z) if and only if

P(Z|A,B) =P(Z|B),VZ € B(%), for almost allA € o/ ,B € #

If (o,B(<)),(%B,B(A)),(Z,B(Z)) are associated with R Vs A : (Q,F) — (7, B(«)),
B: (QF)— (A,B(A)),Z: (QF)— (Z,B(2)), forq(.;.,.) € #(Z;o x B) then the
above definition is equivalent to ¢(dz;a,b) = q(dz;b), for almost all a € o7 ,b € Z. Such
conditional independence is denoted by A <+ B <+ Z forms a Markov chain in both directions.
Note that, A <+ B <+ Z if and only if ¢(da,dz;b) = q(da;b) @ q(dz;b), for almost all b € A.
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X, = [ XA B w) 4 =e(i,X',B™) B =h(i,A",B™,X',v) Y, =d(i,B ')

X, Ai- B, ¥
Encoder Channel L Decoder .
‘F;:_.IX“A‘EB'“ PA‘-|AH XiBEL %LB"‘,J;X Py;w“,Bf
B, @

FIGURE 3.2.1: General Communication System with Feedback

The general communication system is described by two random processes. The information
source process {X; : t € N} and the output of the channel {B, : r € N}. The rest of the
system components are the encoder generating the encoder process {A; : t € N}, and the
decoder generating the decoder process, {Y; : t € N}, by manipulating the functions of the
encoder and decoder, which are functions of the processes {(X;,B;) : t € N}. Specifically,
the communication system design consists of selecting the encoder and decoder variables
based on the available information at each time instant in such a way to achieve a desired

performance for the overall communication system.

Suppose the information process satisfies the recursive dynamics'

X =f(t.X""" B w), wo=an, teN (3.2.1)

and the channel process satisfies the recursive dynamics.

B, =h(t,B~ 1A' v) reN (3.2.2)
where f(.,.,.), A(.,.,.,.) are measurable functions. The primitive RV’s (source of random-
ness) are

o = {wo,vo,...,Wn,Vp} ¥Yn>0 (3.2.3)

which may or may be not be a vector of independent RV’s. The spaces of {w; :1=0,1,...}
and {v;:1=0,1,...} are {#;:t=0,1,...} and {¥ :t = 0,1,...}. The distribution of the
primitive RV’s is defined by their joint probability on a probability space (Q,F,[P), where
o € Q, with o given by (3.2.3).

'We allow dependence on previous channel outputs, B'~!, to avoid excluding control sources.
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Consider a feedback encoder, with information available at the encoder at time ¢ given by
t & —1 4
X' = (Xo,X1,...,X¢), B~ =(Bo,By1,...,Bi—1), t=0,1,... (3.24)
Then, the encoder process is described by
Ar=e(t, X", B LAY =A,X B~ LAY, 1=0,1,... (3.2.5)

where e(t,.,.) is a measurable function called the deterministic encoder function at time 7.

If the encoder does not have feedback then the encoder process is described by
Ar=e(t,X")=A(XY), t=0,1,... (3.2.6)

Consider a decoder with information available at the decoder at time ¢ given by B. Then the

decoder process is described by
Y, =d(t,Y" L B)Y=Y,(Y"B"), t=0,1,... (3.2.7)

where d(t,.) is a measurable function called the deterministic decoder function at time .

At time ¢t = 0, we may consider two scenarios for the information available to the encoder.
The first scenario assumes no available feedback information so that Ay is a deterministic
function of Xo, i.e. A9 = A¢(Xp), and hence B(B~!) = {0,Q} is the trivial o-field. The
second scenario assumes that Ay is a deterministic function of Xy and B~! is stationary
process having an invariant measure. One may also consider a third scenario, in which

Ao = Ap(x0,y0), where yy is a fixed realization of Y.

Therefore, the measurable function f(¢,.,.) and A(t,.,.) together with the alphabet spaces
2, o, By, % describe the communication system of Figure 3.2.1. Often it is desirable to

describe the encoder function by

1>

() {e(O,.,.),e(l,.,.),...,e(t,.,.)}

= {Ao(.),Al(.),...,A,(.)}zAf(.), t=0,1,... (3.2.8)
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called the encoder laws or strategies, and the decoder function by

&

() {d(O,.,.),d(l,.,.),...,d(t,.,.)}

{YO(.),YI(.),...,Y,(.)} =Y'(), 1=0,1,... (3.2.9)

based on the available information entering as inputs to the strategies. The available infor-

mation to the encoder and the decoder is often called “information structure”.

For a given encoder strategy
A
A()={A:t=0,1,...}

and decoder strategy
Y'()2{Y:r=0,1,..}

the processes
Xt7At7Bt7Yt S N

can be expressed by successive substitution of equations (3.2.1), (3.2.2), as follows.

Xo = wo

Ag = ¢(0, wo,B_l)EEo(wo,B_l)

By = h(0,B7",Ag,vo) = Ho(wo,B~", V)

Yo = d(0,Y ',Bo,B”")=Do(Y"", Ho(wo,B~",v),B”")
(1,wo, B~ Ho(wo, B4, vo),w1) = FA (wo, B~ v, w1)

A1 = e(1,wo, f(1,wo,B~" Ho(wo,B~",vo),w1),B~",Bo,Ao) = E{°(w',vo,B")

2
I
~

(3.2.10)

The probability measure induced on the space (Zo; X @ X Bos x %, B(Zos) X
B(#%,) x B(%o;) x B(%,)) by the functions of recursions (3.2.10) for i = 0,1,...,t is
indicated by PAY or P Expectation with respect to the measure PAY" will be indicated
by EAY'[.] or E¢'[.]. We shall often omit the index " and write E*¥[.], and when clear
from the context omit the dependence of the measures on the strategies. Specifically, for a

measure function ¢ : Z; X #; — R we write

EAZ(')’YI(')[E(XnBt)] :/% ” g(x[,bt)P}?,’;,(dxt:dbt) :/gzﬁ(EA(a)),Hf(a)))P(a))
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Clearly under the strategy A’, the source and channel model are used to define the conditional

probability
P{w:X;(0) € J,B,(0) € K|X""',B~1}

=P g (X, cJ,B € K|X’_1,B’_1>, VJIeB(Z), K cB(B)

The following illustrates how stochastic Kernels will be used in connection to conditional

distribution.

Pg  xim (Xiv1 €1,Bii1 €KIX',B) = Py (J x K X', BLAY (X, BY)), VT € B(Z41

’

(Z1+1)

K € B(%+1)

P xip(Xip1 €J1X',BY) = Py (X', B), VI e B(Zip1)
PI?,H\XH",B’ (Biy1 €KX BY) = Py (KX B AT (X BY)) VK € B(%41)

We often describe the source, encoder, channel, decoder by stochastic Kernels.

3.2.1 Definition of Subsystems

Given the communication block diagram of Figure 3.2.1, we define its different blocks be-

low, by emphasizing on the information structures of each processing block.

Generalized Information Source:

The generalized information source is a sequence of stochastic Kernels
{Pj(dxj‘;xjil,bjil,ajil) € %(%;%,j—l X %O,j—l X %,j—l) s Nn} (3.2.11)
In most communication applications the following Markov chain holds.

BLATY o xT e X, VjieN

The reason we consider the general definition of (3.2.11) is to include controlled sources, in
which the control process is applied using feedback, either from channel output or decoder

output.
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Channel Encoder:

The encoder is a sequence of stochastic Kernels
{Pj(daj;aj_l,xj,bj_l) S %(%;%,]’71 X %J X %()J*l) . jG Nn} (3.2.12)

Based on the information structure available at the encoder, the encoder strategies are clas-

sified as follows.

Definition 3.3. (Encoder Strategies)

1. Randomized Feedback.
The set of randomized feedback encoders is denoted by &8 [0,n) C {# (j; A j—1 %
Zo,j X Boj-1) 1 j=0,1,...,n}. For each time j € N", the randomized encoder
depends on the entire history of the source symbol X/ = x/, in addition to B/~! =
bi~t ATl = gi— 1,

2. Randomized Markov.
The set of randomized Markov encoder strategies is denoted by &FM[0,n] C
{H (A X x PBoj-1): j=0,1,...,n}. For each time j € N”, the randomized en-
coder depends on the symbol X; = x; in addition to B/=! = p/=! Thus, such encoders

satisfy

Pi(daj;a’ ' X/ b1 = Pi(daj;x;, b Y) —aa (a7 0T, Ve N

3. Randomized Open loop.
The set of randomized open loop encoder strategies is denoted by &ROL[0,n] C
{ (o771, 277): j=0,1,...,n}. For each time j € N, the randomized encoder
depends on the symbols X/ = x/, A/~! = a/~! and not on B/~! = b/~!. Note that the
Randomized Open Loop Markov strategies with respect to the source is a subclass of
&ROLO, n).

Deterministic encoders are sequences of delta measures and hence they are identified

by sequences of measurable functions

{ej 2y j—1 % Zo,j X PBoj—1— A a; :ej(a-’*l,xj,bffl), JjE N"}
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4. Deterministic Feedback.
The set of deterministic feedback encoder strategies is denoted by &PF[0,n] C ¢ RF
[0,n]. For each time j € N, A;(.) is B(X/) x B(A/~!) x B(B/~!) measurable. Thus,
for each realization B/~! = p/~1 AJ=1 = g/~ the encoder strategy e(-,-,-) is a mea-
surable function of the past realizations X/ = x/. Thus, such an encoder is of the

form

{ej : %)J X %7j,1 X 9307];1 — JZ/] Laj =€j(xj,aj_l,bj_l), jE Nn}

5. Deterministic Markov.
The set of deterministic Markov encoder strategies is denoted by &PM[0,n] C ¢ &M
[0,n]. For each time j € N, A;(.) is B(X;) x B(B/~!) measurable. Thus, such an

encoder is of the form

{ej : :/sz] X 93071'_1 — 2 ia; :ej(xj,bj_l), jeN'}

6. Deterministic Open loop.
The set of deterministic open loop encoder strategies is denoted by &P9L[0,n] C
¢ ROL [0,n]. For each time j € N", A; is B(X;) measurable. Thus, such an encoder is

a sequence of measurable functions of the form
. . i J—1 :
{ej.%,jx%7j_1l—>£fj.aj:ej(x],af ), jJEN"}

Note that, deterministic Open Loop Markov with respect to the source is a subset of
&POL10, ], of the form

{ej:%H%:aj:ej(xj), jEN”}

Feedback strategies, randomized or deterministic, can be used when the channel allows feed-
back between its output and its input, while open loop strategies, randomized or determinis-

tic are used when no channel feedback is allowed.

Communication Channel with Memory:

A communication channel is a sequence of stochastic Kernels

{Pi(dbjsbi ="l x1) € 2B Boj1 x oy x 20j): JEN')  (3213)
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Note that, often the channel takes the simplified form
Pi(dbj;b ™1 al X)) = Pi(dbj;b 7 ad) —aa. (B0 X)), jeE N

especially for channels in which the information capacity is defined between the input and

the output of the channel.

A channel, with or without feedback, is called memoryless channel if and only if the follow-

ing Markov chain holds.
(B X7 A7) <5 Aj <> Bj, VjeN" (3.2.14)

Any channel with finite input and output alphabets satisfying (3.2.14) is called Discrete
Memoryless Channel (DMC).

Channel Decoder:

The decoder is a sequence of stochastic Kernels

{Pj(dyj;yf—l,bf) EH (YW 1xPBoj): JE N"} (3.2.15)

Deterministic decoders are sequences of delta measures identified by sequences of measur-

able functions
{dj: %1% Boj s B2y = i b7), jeN'}

Next, we give the definition of a channel code.

Definition 3.4. An {(n,M,,€,) :n=0,1,...} code sequence for the channel with feedback

consists of the following.

1. A set of messages .7, = {1,2, . ,Mn} and a class of encoders (deterministic or ran-
dom) measurable mappings {(p,' My x BV A i =01, n— 1} that transforms
each message X € .#, into a channel input A"~ € o7, of length n. For example,
@ € &PM[0,n — 1] is the set of encoding strategies {@; : i =0,1,...,n— 1} such that
{A; = @:(X,B"1):i=0,1,...,n— 1}. Note that the more general strategies satisfy
{gi(X,A-1B~1):i=0,1,...,n—1} ={g;(X,B"1):i=0,1,...,n—1}. Forx € .,
we call uy €  p, ty = (Qo(x,671), 91 (x,8°), @2 (x,b1), ..., @, (x," ")) the codeword
for message x € .#, and code 6, = (uj,uy,...,up,) the code. Thus, when the trans-
mitter wishes to send the message x € .#,,, it transmits the codeword u, of the current

message x.
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2. A class of decoder measurable mappings d" : % ,—1 — My, Y =d" (B"1), such that

the average probability of decoding error satisfies

P A Y. Prob(Y #xX =x) =&,
n xc

Thus, the receiver which has access to the realization "~ ! € PBon—1 can partition K ,—1
into .#, disjoint subsets, Bo , = Z1U%U... Dy,, ZiND;=0,Yi# j, before the start of the
transmission operation, and then decide that message x € .#, is transmitted if 2"~ ! € 2,.
Hence, %, x € ., is the decoding region of message x € .#,, which may be specified
via the typical set decoding, maximum-likelihood set decoding, e.t.c.. With respect to this

decoder, the average probability of error is also expressed as

1
Pl=—Y Prob(t"" € Z|u,) (3.2.16)
n xc.#,

Next, we give the definition of achievable rate.

Definition 3.5 (Operational Capacity).

(a) R is an achievable rate if there exists an {(n,M,,€,) : n =0,1,...} code sequence
satisfying lim;,_,. &, = 0 and liminf,,_,. % logM,, > R. The supremum of all achievable
rates R is defined as the capacity.

(b) R is an g-achievable rate if there exists an {(n,M,,¢&,) : n=0,1,...} code sequence
satisfying limsup,, ... €, < € and liminfnﬁw%logMn > R. The supremum of all €

achievable rates R for all 0 < € < 1 is defined as the €-channel capacity.

Direct and converse coding theorems that link the operational Definition 3.5 to its informa-
tional definition are derived in [39] for channels without feedback using mutual information.
For channels with feedback, that link the operational Definition 3.5 to its informational def-
inition are derived in [41] and [19] using mutual information between X" and B"; when
X" & (A",B"1) <3 B,, n=0,1,... holds, coding theorems are derived using directed in-
formation from A” to B" in [18, 75].

Over the years Walrand-Varaiya [81] and Teneketzis [78] treated the problem of optimizing
a given pay-off, for various classes of sources and channels, over encoder-decoder strate-
gies. However the considered pay-offs are not related to any of the information theoretic

measures, while they often assume DMC.
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3.2.2 Directed Information

Given a source, a channel, and encoder and decoder strategies, we define the joint probability

measure on 20, X @, X Bon X %, using stochastic Kernels as follows.

P()n(dx da" dbn dy) ( (d)’z, i— 1bl)®P(dbl,bl 1 i i)
®P,~(da,-;b”*1,ai*1,x”)@B(dxi;x"*l,bi*,a’”)) (3.2.17)

To obtain (3.2.17), we have assumed the following Markov chains hold.

Y=l o XTLB 1A eX, VieN (3.2.18)
Y=l & (XLB LAY o4, VieN (3.2.19)
Yyl o (X', B! A & B, Vie N (3.2.20)
(XA & (Y™ lBl)<—>Y,, VieN' (3.2.21)

The right hand side of (3.2.17) is further simplified by considering specific channels and
sources, and specific information structures for the encoder and the decoder. For example, it

is often the case that the channel satisfies
Pi(dbi;b' 1 d X)) = P(dbi; bt a)) —a.a. (b 'd ), Vie N

However, there are examples in which capacity cannot be defined from the channel input to

the channel output [19].

Feedback channels, and in general network information theory utilizes information theoretic
measures which are directional. Here, we provide an elaborate discussion on directional
information starting with definition introduced by Marko [51], and subsequently developed
by Massey [52].

Suppose we are given the two distributions Pxn(dx") and Pgn x«(db"|dx"), which uniquely
define Py» g(dx",db") and Pg:(db"). The definition of Shannon’s self-mutual information
i(X"; B") between two sequences X" and B", is defined via the information density (loga-

rithm of a Radon-Nykodym derivative) by

. . A PXn7Bn (dx",db”)
l(x”,b”) = log Pyn (dx”) ® Pgn (db”)

(3.2.22)
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Note that Pgn xn << Ppr X Pxn if and only if Pgn|xn(.|x") << Pgn(.)-a.s., thus

PX”,B" (dxn7dbn) o PBn|Xn (db"|x”)
Pxn (dx") & Ppgn (db”) N Pgn (db”)

a.s. (3.2.23)

By taking the average of i(x";b") over all realizations with respect to the joint distribution
Pxn pn(dx",db"), we obtain the expression of mutual information between X" and B", as

follows:

I(Xn,Bn) = D(PX"7B”HPX" XPBn)
= / log (W>P3n n(db"|x") @ Pxn (dX™)
Lonx Fon Pgo(db") ¥
= ]IXn;Bn (Pxn,PBn|Xn) (3224)

Hence, mutual information is a functional of two distributions {PBn|Xn,PX”}, and thus the
adopted notation Ixn.gn (Pxn, Pgn(xn). Since i(X" = x", B" = b") is interpreted as the informa-
tion provided about X" = x"* by observing B" = b", then I(X"; B") is the average information
that B" provides about X" with respect to being independent process. In view of the symme-
try 1(X";B") = I(B";X"), mutual information is also the average information B" provides
about X" over the channel X" = Pgux» = B", or X" provides about B" over the channel

Bn :>PX”‘B” an

Suppose we are given the families of conditional distributions {PB,»\ i1 xi(db; /=1 X)) j=
0,1,...} and {PXJ_|X]-_17B;_1(dxj|xj*1,bj*1) : j=0,1,...}, which uniquely define the joint
and marginal distributions Px» g (dx",db"), Py»(dx") and Pg:(db™). Clearly, the self-mutual

information admits the decomposition

Py 1pi1 xi(dbj|b! =" x7) @ Py i1 i1 (dxjij_l7bj‘1)>
PBJ“Bj_l (dbj|b]_1) ®PXj|Xj_1 (d_xj|_xj_1)
PBj|Bj717Xj(dbj|bj’1,xj)
Pp,1pi-1 (dbj|bi~T)

i(X";B") = log(®’}zo

= log (®?:o

Py, |xi-1 i1 (doxjlx/ =t b7~ ))
Py |xi-1 (dxjlx/ 1)

— (X" = B")+i(X" + B")

+ log ( ®7:0
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where
Py gi-1 xi(dbj|b/ " xT)
(X"~ B") = log @y L0 ) (3.2.25)
( ) B\Fs=0 PB‘,~|BJ'*1<dbj’bJ71)
Py xi-1 gi-1 (dxjlx/= 1 b= T)
. A X;|xi—1 gi—1\&Aj )
(X" < B") 2 1og<®".: j | (3.2.26)
/=0 ij|xf—l(dxj|x]_1>
Define
n n A < i i—1
I(X"—=B") = Y I(X'Bi|B") (3.2.27)
i=0
I(x"—B") = Y IB :xx') (3.2.28)
i=0
Taking the expectation with respect to the joint distribution yields
I(X";B") = E{i(X”—>B”)}+JE{i(X”<—B")} (3.2.29)
= IX"—=B")+I(X"+ B") (3.2.30)

Note that I(X" — B") is the directed information in the direction X" — B" over a sequence of
causal channels (X/,B'~1) = Py, pi-1 xi = Bi, i =0,1,...,n, the feedforward information.
On the other hand, /(X" < B") is the directed information in the direction X" «— B" over
a sequence of causal channels (X"*I,B"*I) = PXi‘Xi—lyBi—l = X;, i=0,1,...,n, the called

feedback information.

Next, we give three interpretations of (3.2.27) and (3.2.28) which are important in our sub-

sequent analysis.

® Representation 1

The next representation is given in [51, 52] .

PB Bi— IXl dbl,bl 1 ) . ;

e Z /]D)(PBl_lBiI’Xi(.|bi_l,xi)||PB’,|Bi1(.|bi_l))PXixil’Bil (dx,'|xi_l,bi_1)
i=0

| o R
®'io (PB i1 xi (D677 x) @ Py x -1 g1 (dxjlx! ™, b ))
Ixn_,pn (PXi|Xi*1,Bi*1 7PB,-|B"*1,X" (e Nn) (3.2.31)
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This representation shows that /(X" — B") is a function of two causal conditional distri-
butions, {Py, xi-1 i1, P, g1 xi 1 1 € N"}, and it is consistent with the interpretation given
above. Note, that unlike mutual information, Lxnyn(Pxn,Pyn|x»), which is a functional of
two distributions, {PXn,Pyn‘ xn }, and inherits several of its properties from the properties of
relative entropy, such as lower semicontinuity with respect to Px» for fixed Pyn|x» and vice
versa, convexity with respect to Pyn|x» for fixed Px», and concavity with respect to Px» for
fixed Pyn|xn, these properties are not easily extended to the directed information functional
LIxn g (Py,|xi-1 g1, Pp, i1 xi : i € N"). However, in [10, 73, 74] all these properties are

extended to the directional information using the following alternative definition.

Define the (n+ 1)-fold convolution measures by

?Bn‘xn (dbn|xn) ®?:OPBi|Bi—ljxi(dbi‘biil,Xi) (3232)

1>

<_ ), .
P xnjgi-1 (dx"|b" 1) R Py xi-1 gi-1 (doxilx™ 1, b ) (3.2.33)

It is known [10, 73, 74] that ?mx" (db"|x") uniquely defines {Pp,pi-1 xi(dbi|b'" ', x') : i€
N"} and vice-versa, and similarly for <FX”| pi—1(dx*|b"~1). Then, an equivalent expression
for I(X" — B") is the following.

Pgn (db")

.
= ]IXn_>Bn( PX”|B"71 y ?B”‘X">

? n|yn db}’l .xn
I(Xn _>Bn) _ /10g< B"|X ( | )) ?Bnp(n(dbn‘xn)®<Fxn|3n—l(dxn|bnil)

F
The functional Ix»_, g« ( P x7|Br1 ? pr|x) inherits all properties of mutual information, be-
cause the subset of conditional distributions on (Ao », B(%o »)) and (Z0,,, B(Zo,,)) defined
by (3.2.32) and (3.2.33), respectively, are convex sets. These results are found in [10, 73, 74].

The representation (3.2.31) has a very interesting interpretation in terms of a controlled
conditional distribution as follows. Suppose the channel depends on the input via the most

recent symbol, that is

P(dbi;b' 1 x) = Pi(dbi; b xi) —a.a. (b1x), Vie N (3.2.34)
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Then, I(X" — B") reduces to
n

I(X"—B") = Y I(X;Bi|B™")

i=0
< Py, pi-1 x,(dbilb'™" x;) -

— 1 i A _ P nie .dbl’bl_,~
12()/ o < PBi‘Bifl (dbi|b’_]) Bi|B 17Xl( ’ xl)

®Py, g1 (dxi|b™") @ Ppi1 (ab™) (3.2.35)

Consider the case when the sequence of channels {Pg i1 y, (dbi|b'~1,x;) : i € N} is fixed,
and {Py, g1 (dx;|b"=1) : i € N"} is the variable designed to maximize (3.2.35). Then, by

Bayes rule

Pg g1 (dbi|b'™") = /% Py g1 x,(dbilb'™" ,xi) © Py i1 (dxi| ')

_ /% Py, g1y, (dbilb™" xi) @ T (dx b )

= Priy (db;|p'™1) (3.2.36)

Clearly, (3.2.36) demonstrates that {Pg"‘ il (db;]b'~1) : Vi € N"} is the controlled process

controlled by the conditional distribution {7;(dx;|b'~1) : Vi € N"}.

The interpretation is that, in the calculation of channel capacity via maximization of di-
rected information, the probability distribution of B; given past channel outputs B~ !, namely
Py, i1 (db;|b'~") is the controlled process, and the probability distribution of X; given the
past channel outputs B'~! namely Py, i1 (dx;|b"=!) = mi(dx;|b'~") is the control process
Vi € N". The process {m;(dx;;b' 1) :i=0,...,n} is induced by the channel input distribu-
tion in a specific way, depending on whether the channel is used with or without feedback.
Therefore, by the additivity property of the pay-off (3.2.35), we can derive a dynamic pro-
gramming equation to determine the sequence of {7;(dx;|b'~") : Vi € N"} which maximizes

directed information. We shall revisit this observation in subsequent sections.

® Representation 2

(X" - B") = f/ D (Pyigi (-b') || Pyiggi-1 ([6"~")) Pi(db')

i=0" %0,

n Pxi|Bi (dxi|bi)
= E<1 —— 3.2.37
i:ZO { ngxiBil(dxl‘bll>} ( )
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This representation shows that each term in (3.2.37) can be expressed as a relative en-
tropy distance between the 4 posteriori distributions {Pyi g (dx'[b'), Pyipi-1 (dx'[b"~")}, av-
eraged over the distribution Pgi(db'), V i € N". At each instant of time, log Py (dx'|b')
—log Py, 5i-1(dx’|b'~1) may be viewed as the new information gained about the random
variable X', by receiving an additional observation B; = b;, given all previous observations

B~ = =1, Moreover by writing equation (3.2.37) as
I(X" - B") = Z/@ D (Pyi i (-|b') || Pyiygi-1 (-[b")) Pgi (db') (3.2.38)
i=07 %o

then each term in the right hand side of equation (3.2.38) can be viewed as the averaged new
information measured in a sequence of relative entropies between Pyi pi (.|p") and Pyipi-1 (.|pi~1)
about X', by receiving an additional observation B; = b; given all passed observations B'~! =
b1 forallie N,
Note that by assuming a channel of the form (3.2.34), then we obtain the simplified form
n .
I(X"—B") =Y I(X;Bi[B"")

i=0

-y /% D (Py, i (-6 | Py, i1 (-|61)) Py (db) (3.2.39)
=0 0,i

where

G

Pyi(db') = ;o Py, pi1 (dbj[b/ ) = @l . Papr1x, (dbj|b’ ' xj) @ 7i(dx;[b) ")
J
(3.2.40)

- 5
= ®jo Py g1 (dbj[bT")

Thus, when the channels {PB],|B,-717X], (db; | b'~1,x;):i=0,...,n} are fixed and { Py, i1 (dx;]
b/~1):i=0,...,n} are variable over which (3.2.39) is maximized, then the former is the

controlled process and latter is the control process.



Chapter 3. Structural Properties of Extremum Problems of Capacity 80

® Representation 3

(X" = B") = i {H(B,-|B"—1) —H(B,-|Bi—1,xi)}
i=0
< ZH:H(Bi]Bi_I) - ZH:H(Bi\Bi_l,X”) (3.2.41)
i=0 i=0
— I(X";B") (3.2.42)

The interpretation of this representation is similar to the one above, since it denotes the
reduction of uncertainty at each step given the message until up to that step. Note that

inequality in (3.2.41) holds with equality if and only if the following Markov chain holds.
(Xig1,-., X)) & X, B~ B, i=0,1,... (3.2.43)

Since (3.2.43) is often valid (unless the source is affected by the past channel outputs, (such
as control applications), its is clear that the information measure can be either /(X"; B") or
I[(X" — B"), and in this case

I(X";B") = I(X" — B") = Txn_pn (Pxn, P gojyn) (3.2.44)

Clearly, (3.2.44) is the information measure utilized to define R’ (D) in Chapter 2. If this
channel is used without feedback then (3.2.43) holds and (3.2.44) is valid.

3.3 Structural Properties of Encoders

In this section, we address the following issue.

o Identify general structural properties of encoders, for a given class of sources and
channels with memory and feedback, which maximize the directed information from

the source to the channel output.

Hence, this problem addresses the design of encoders and their properties, when the infor-
mation capacity has an operational meaning.

The problem is stated below.

Problem 3.6. (Maximizing Directed Information)
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(a) Randomized Encoders
Given an admissible randomized class of encoders &%F[0, n], find the structural properties of

{P}(da pal=lx b7y j e N'} € £RF[0,n] which maximizes directed information

2 sup I(X" — B")

J§.(P;j=0,1,...,n)
' {P;:j=0,1,....,n} €ERF[0,n]

(b) Deterministic Encoders
Given an admissible deterministic class of encoders &PF [0, n], find the structural properties

of {e%(a/~1,x/,b/71) : Vj € N"} € £PF[0,n] which maximizes directed information

4

Igale; 1 j=0,1,....n) sup (X" — B")

{e;:j=0,1,...n}€&EPF[0,n]

We make the following comments regarding Problem 3.6.

1. Problem 3.6.(a) with JR_oo = liminf,, . nlﬁjgn is an infinite horizon encoder design,
with respect to randomized strategies, under the assumption that the corresponding

channel has operational meaning

2. Problem 3.6.(b) with JDOO = liminf, .., nlﬁJODﬂ is an infinite horizon encoder design
with respect to deterministic strategies, under the assumption that the corresponding

channel has operational meaning.

The reason we introduce randomized strategies is due to the fact that often existence of
deterministic strategies is difficult to ensure [1]. Therefore, our aim is to understand the
structural properties of the encoder, such as, symbol by symbol transmission is optimal,
which implies that nothing can be gained by designing encoder which operates on block of

source symbols at each transmission.

Consider Problem 3.6.(a) of maximizing directed information over the class of randomized
strategies {PAj;Aj—lyxj’Bj—l(daj;ajil,xj,bjil) 1 j=0,1,....n} € &F[0,n]. An interesting
question is to determine for a given channel and source, the information structure of the
encoder over which J(Ifn should be optimized. To address such questions consider the pay-

off expressed utilizing Representation 2 (3.2.37) of directed information as follows.

PXi‘Bi(dxi|bi> }

n
R s _
JE(Pj=0,1,... ) = Z‘éﬂ:«:{log Py @)
=
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Since the pay-off is additive, to apply dynamic programming the first question is whether

Pyi i (dx’
E{l ’X’ Al B~ 1}
©8 Pyipi- 1(dx’|b’ !

? Pyi i (dx'[b')
= E{log —
sz Bi—1 (dx’|b’_1)

Xi7PX,-,1|B,-,1(dxi—l|b"—1),PX,<,1|B,;2(dx”—1|bi—2)} (3.3.45)

If (3.3.45) holds, and the joint process {X;, Pyi|pi (dx"\b"),PXqB,q (dx'|bi=1):i=0,1,...,n}is
jointly Markov process, controlled by {A4;:i =0, 1,...,n}, then we can proceed by deriving a
dynamic programming equation. In view of this, it is natural to derive the recursive equations
for {Pyipi(dx'|b'), Pyijpi-1 (dx'|[b™1) 1i=0,1,...,n} to determine whether they are jointly
Markov process, and hence (3.3.45) is valid. Moreover, if this is the case then the optimal

encoder has the property that for each time i, it is a functional of

{Xi, Pyijpi (6", Pijpi1 (|B'™1)}, Vi€ N (3.3.46)

The above discussion also applies to Representation 1.

Consider Problem 3.6.(b). Then an interesting question is under what conditions on the
channel and source distributions, the maximizing encoders are Markov with respect to the
source, i.e., {a; = ej(xj,y/71): j=0,1,...,n}. If this is the case there is no additional gain
using encoders that depend on the whole past of the source, such as {a; = ¢;(a/~!,x/,y""1):
Jj=0,1,...,n. Suppose that for a given channel the information definition of capacity is also
operational. Then, we know that there exists an encoder-decoder which achieves capacity,
that is, a direct channel coding theorem is shown, and the problem of finding the encoder
strategy, is equivalently formulated as an optimization problem, of maximizing the informa-
tion rate from the source to the channel output, by choosing the optimal encoder strategy,

among all permissible encoders.

Problem 3.6.(b)

We start by addressing Problem 3.6.(b), of maximizing the directed information over the
class of deterministic encoder strategies {e;(a/~!,x/,b/~1): j=0,1,..n} € &PF[0,n]. The

information structure of the encoder at any time j is {a/~!,x/,6/~1} and a specific strategy
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{eg,....,en} € EPF[0,n] is given by

aj= ej(aj_l,xj,bj_]) = eJ-(eo(a_l,xo,b_]),

el(ao,xl,bo),...,ej,l(aj_z,xj_l,bj_z),ej(aj_l,xj,bj_l)>, VjeN!

This is the most general class of deterministic encoder strategies &[0, n], since no assump-

tions are imposed either on the source or the channel.

Our goal is to identify general conditions on the source and channel distributions so that
maximizing 1(X" — B") over the class of encoders &PF[0,n] with information structure
{(a/=1,%/,b’~1) . j € N"} is equivalent to maximizing I(X" — B") over an encoder that
belongs to &PM[0,n], i.e., having an information structure {(x;,6/71): j € N"}, and hence
the encoder strategies are of the form {e;(x;,b/~!): j € N} € £PF[0,n].

Encoder structures of the form &PM[0, n] are of particular interest in real-time communica-
tion applications, because it implies Symbol-by-Symbol (SbS) transmission is optimal (i.e.,
only one symbol is encoded at each transmission instant) and hence, no additional gain can
be obtained by block coding of source sequences, in terms of performance, thus reducing

the complexity of block coding.

The following conditions are important to prove that encoder structures &”M[0, n] are indeed

optimal.

Assumption 3.7. The information source is restricted to a sequence of stochastic Kernels

Pj(dxj;xjfl,bjfl,ajfl) :Pj(dxj;xj_l,bjfl,aj_l) —aa (W La/ T pT), VjieN

(3.3.47)

Assumption 3.8. The communication channel is restricted to a sequence of stochastic Ker-

nels

Pi(dbj;b ™1 al X)) = Pi(db ;b aj,x)), —aa (¥ al BT,V jENT  (3.3.48)

We make the following observations regarding Assumptions 3.7, 3.8.

1. The condition on the source described by equation (3.3.47) allows feedback depen-

dence on the channel output history and Markovian dependence on the previous source
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and encoder outputs. The reason we treat this general source is motivated by control
applications, in which the source is a controlled process, controlled by a control pro-
cess which uses information from the channel or decoder outputs. For communication

application, (3.3.47) should be replaced by

Pi(dxj;x 1 b T = Pi(dxjixg) —aa (e BT W e N

(3.3.49)

2. The condition on the channel described by (3.3.48) allows dependence on the channel
output history and current source and encoder outputs. Such channels are generalized
versions of those often used when feedback increases capacity as in [19]. For channels
in which the information capacity is defined between the input and the output of the

channel, then (3.3.48) is replaced by
Pi(dbj;b 1 al X)) = Pi(dbj;b ™ a) —aa (a7 BT, W j € N"(3.3.50)

Most communication channels analysed in literature assume the form (3.3.50).

3. Assumptions 3.7, 3.8, can be further generalized to sources and channels which de-
pend on previous source and encoders symbols having limited memory, by introducing

additional variables into the formulation.

The first main result, which appeared in [17] on structural properties of the encoder is given

in the next theorem.

Theorem 3.9. Consider Problem.3.6 under Assumptions 3.7, 3.8.

Then we have the following.

(a) Randomized Encoders (8% [0,n])

1. For a given {Pj(daj;a’~ ' ,x/ b/~ 1) : j=0,1,...,n} € ERF[0,n] the directed information
I[(X™ — B") is given by

n ?On(dbn;xn) A= n n
(X" =B )z/log(W)(?om@ P o) (dx",db") (33.51)
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where
P07n(dxn=dbn):/d ®?:0<Pj(dbj;bj_],aj,)€j)®Pj(daj;aj_1,xj,bj_l)
0,n

®P-(dx,-;x,-,1,bf—1,a~)) (3.3.52)
Pon(dx ") =@ Pdxisx L b (3.3.53)

and the marginals are constructed from the joint distribution.

2. The sequence of optimal encoder strategies maximizing (X" — B") over &XF[0,n] has

the form
ap;x a ai;xj, —a.a x.,a._, - ,Vj&E 3.
P;(dajx! b/~ a’ ™) = P} (daj;x;,b)" J a7 bV jENT  (3.3.54)
and
JRPrj=0,1,....m) 5 sup I(X" 5 B")  (33.55)
{Pj(daj;al=1 x1 bi=1):j=0,1,...,n}€ERF[0,n]
= sup I(X" — B") (3.3.56)
{Pj(daj;xj,b-f_').,j:O,l.,...,n}G(a@RM[O,n]
where
u P,(dbi;b' ! x;) oy
I(X" — B") = / i )P J(dx,db’ 3.3.57
BERRYY P(abip ) JToide.ab) (3357
P(dbi;b " x / (dbisb " ai,xi) @ Pdagx, b)), i=0,1,....n (3.3.58)
Pi(db;,b'™ 1) / Pi(db;;b"™ 1xl,a,)<1’l-(da,';x,~,bi_l)®I’i(dxi;bi_1)>, i=0,1,...,n

(3.3.59)
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(b) Deterministic Encoders (£PF[0,n))
1. For a given e € &PF(0,n] the directed information I(X" — B") is given by
P(dB;; B!, X")
I(X" — B") ]Ee{ ( i )} 3.3.60
- Z (dB Bi— 1) ( )
P(dB;;B ! X;,ei(X', B 1))
_ Ee{log< Pi(dBi B, X, ei(X', )} (3.3.61)
ig(') P(dB;;B'1)
n
=Y I(X;,A;;B;| B! ’ 3.3.62
LI ABB| (3362)
where
P(dbi, b ") :/ Pdbis b xiy e, b)) @ P(dx:bY), i=0,1,...,n (33.63)
20,i

2. The sequence of optimal encoder strategies maximizing 1(X" — B") over &PF[0,n] has

the form
ef(a’ ! x b = gi(x;, b)), ¥ je N

and

o

J(I))n( :j=0,1,...,n) sup I(X" — B")

{ej(x/,al=1 pi=1):j=0,1,....n}€&PF[0,n]
= sup I[(X" — B")
{gj(xj,bi=1):j=0.1,....n}€EPM[0,n]

where for g € £PM[0,n]

n

i(dBi;Bi_l7Xi7gi(Xi7Bi_l))
I(X" = BY) ZZOEg{ ( P(dB;; B 1) >}

=Y 1(X;,A;;Bi| B! ‘
ZZO (i, A Bi )Ai:gi(xi,Bi’l)

(X;;B;|B™ )

(dbis b xi, gi(xi, b)) i1
/1og( ) )Pi(dbi, b~ dxi)

L
-5

(3.3.64)

(3.3.65)

(3.3.66)

(3.3.67)

(3.3.68)

(3.3.69)

(3.3.70)

}’i(dbi;bi_l):/ P(dbib " i, gi(x, b)) @ Pi(doxisb ), i=0,1,...,n (33.71)
Zi
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Proof. see Appendix B.1. 0

Remark 3.10. The following observations are consequences of the previous theorem.

1. Theorem 3.9 states that under Assumptions 3.7, 3.8, maximizing directed information
over non-Markov strategies (with respect to the source) is equivalent to maximizing
it over Markov (with respect to the source) strategies, for both deterministic and ran-
domized strategies. This is a surprising result because it implies that no source block

coding can give better performance.

2. The optimal encoder g € £PM[0,n] has the property that

n

(X" —B") = Y I(X,A;Bi|B™ ")

=0 Ai=gi(X;.B™1)
— Y (I(X: BB+ (A Bi|B ' X ’
;’)(( SBABT) + (A BB, X)) Ai=gi(X;,B )
n .
= Y I(X;B;|B") (3.3.72)
i=0

and

n

I(X"—B") = Y I(X;,A;Bi|B™")
i=0
n

A Z (A Bi|B™) +1(X;;Bi| B, A;))
i=0

Ai=gi(X;,B1)

3.7
Ai=gi(X;,B'~1) G373

3. According to (3.3.71) the control process {P:(db;b'') :i=0,1,...,n} is a linear
functional of the a posteriori distribution {P,(dx;;b"~') :i=0,1,...,n} and these are
controlled by the control process {A;:i=0,1,...,n} via the policies {g;(x;;b' ') :i=
0,1,...,n}.

4. The encoder structural properties will be used together with structural properties of
the capacity achieving channel input distribution to identify structural properties when

designing systems based on SbS (JSCC) transmission.

Next, we derive the consequences of Theorem 3.9, for the generalized unit memory channel,

which is not independent of the source.
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Corollary 3.11. Suppose Assumptions 3.7, 3.8 are replaced by

Pi(dxj;x/ 17 a1 = Pi(dxjsx;—1) —a.a. (k7167 ol VY j € N'(3.3.74)
Pi(dbj;b/~1 x/ a)) = Pj(dbj;bj1,xj,a;) —a.a. (x) b/~ al), ¥V jeN" (3.3.75)

Define the restricted policies &P [0,n] C £PM[0,n] by
gPMMg 1 2 {g e EPM0,n] : gi(xi,bY) = g (xi,biiy),i =0, 1,... n} (3.3.76)

Then, the optimal deterministic encoder maximizing 1(X" — B") over &PF[0,n] has the

property
ei(al " x by = g¥(xj,bj_1),V jEN (3.3.77)
the process {B; :i =0,1,...} is a first-order Markov, that is,
Pi(dbi;b' ") = P(db;;bi_y) —a.a. b', i=0,1,...,n (3.3.78)
and

sup I(X" — B")
{ej(x/,ai=1 bi=1):j=0,1,....,n}€EPF[0,n]

d P,(dBj;B;i_1,X;,gi(X;,B"!
_ sup Eﬂg{log( (4B Bii, _”gl.’_(l b )))} (3.3.79)
(85(j,bi1):j=0,1....n}€EPM[0,n] (=0 P(dBi;B™)
n
- sup 1(X~,A-;Bl—1)) | (3.3.80)
{gj(x.;,bf'1):j—o,1,...,n}e<fDM[0-,n]igé o Ai=gi(Xi,B1)
. P.(dB;;Bi_1,X;,gY (X;, B
_ sup Y B { log ( (dB::Bi1, Xi 87 (X; “»)} (3.3.81)
(8 (x,by 1)1 =0,1,..,T}EEPMM[0,1] {0 P(dB;;B™")
_ sup I(X-,A-;B~|B-_1)‘ (3.3.82)
{g?(xj.,bj1):j—o,l,...,n}eéaDMM[o,n}i;) T =g )
n
= sup Y 1(Xi;BilB;i_1) (3.3.83)

(& (x},bj-1):j=0,1,....n}€&PMM[0,n] i=0

(3.3.84)
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where

P(dbi;bi_1) :/%B(dbﬁbil,xi»g?/[(xiabi1))®Pi(dxi§bil)7 i=0,1,...,n

(3.3.85)
Pi(db;,db;_y,dx;) =Pi(db;;b;_1,%:, 8" (xi,bi 1)) @ Pi(dxi;bi_1) @ P(db;_1),i =0,1,...,n
(3.3.86)
Pi(dxi;bi—l):/% P,(dxi;xi—1) @ P—i(dxi—1;bi—1), i=0,1,...,n (3.3.87)
i—1

Proof. By Theorem 3.9, the maximization occurs over the set ™[0, n]. Fora g € £°M(0,n],
{a; = gi(x;,b'~1) :i=0,...,n} then

n
I(X"—B") =Y I(X;Bi[B'"")

i=0
iEg{ P/(dBi; B! X’)}
= P(dB;;B1)
iEg P(dBi; B! X' A"
= P(dB;; B 1)
i]Eg{ dBl’Bl 17X17A)}
= P(dB;; B 1)
n
Z (X;,Ai; Bi|B"™ 1)( ‘ (3.3.88)
= Ai=gi(Xi,B)
Hence,
sup I(X" > B")Y= sup Y I(X:,A;B;|B"! ’ N
gEEPF(0,n] ( ) gEé’DF[O,n}izz() (i A Bi| )A,-:gl-(XhB’*l)
S I(X;, A Bi|B~ ‘ (3.3.89)
ge@“’D"f[O,n];) (X ArsBi| )Ai:gi(Xi7Bi’l)

n
> Y I1(X;,Ai:Bi|B™)
i=0

Vo e &PM0, 1] (3.3.90
A=) &S 0:m )

Take a g¥ € &PMM[0,n] such that {B; : i =0,...,n} is a first order Markov process, i.e.,
P(db;;b"~1) = P(db;;b;_1) —a.a. b~ ',i=0,..., n, defined by

5DMM7*[O;n]é{g€£DMM[O7n] P(dxl,bl 1) P(dxl’bz 1)—aa bl : ‘:07"'7’1}
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Then for g¥ € £PMM-*[0, n] we have

P(db;b' ™) = /%P(dbﬁbi_l,xi»g?/[(xiabi1))®Pi(dxi§bi_l)

= /%P(dbi;bi17xi»g?4(xiabi1))®Pi(dxi;bi_l)
= Pi(dbi;b; 1)
= /%P(dbﬂbihxi»g?/[(xiabi1))®Pi(a’xi;b,-1) (3.3.91)

For such a g” € £PMM:+[0 n] C £PM[0,n], by (3.3.89), (3.3.90) and (3.3.91) we have

n
sup I(X"—B")= sup Y I(X;A;Bi|B™")
g€EPF0,n] ge&EPM0,n] (=0

> i]EgM {logPl(dBl’B’_l’thz: (1X17Bl—l))}
i=0 P,(dB;;Bi-1)

:zn:]EgM {log (deaBl 17Xl7gl (Xl7Bl 1))}
i—0 P,(dB;;Bi_1)

n
=Y I(Xi,A;;Bi|Bi)
i=0

, Vg e &PMM*(0 5] (3.3.92)

A =& (XnBz 1)

On the other hand for a given g € £PM[0, ], by (3.3.88), we have

n

I(X" — B") = XA,BB’I)
; iAii B )Ai:gi(XhBFI)

n . n .

Z (Bi|B"")— Y H(Bi|Bi_1,X;,gi(X;,B™"))

i=0 =0

n ln .

Z (Bi|Bi—1) — Y H(Bi|Bi_1,X;,gi(X;,B™")) (3.3.93)

i=0
n

Z lagl XuBl 1)’B |Bl 1)

where the inequality follows from the fact that conditioning does not increase entropy. The
inequality (3.3.93) holds with equality if g; € &PMM*[0,n], that is, (3.3.91) holds. By
(3.3.93) taking the supremum of the left hand side over &P [0, n], we have

n

sup  I(X"—B")= sup Y I(X;,AsBi|B"")
gEEPM|0 1] gEEPM0,n] (=0

Ai=gi(Xi,Bi1)

n
< ZI(XiyAi;Bi|Bi—l)’

&PM10,n) (3.3.94
i=0 Ai=gi(X;B1)’ ve < [0,n] (3.3.94)
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Since (3.3.94) holds Vg € £PM[0,n], evaluating at g; € &PMM-*[0, n], we have

n n
sup I(X;;B)|B~1) < Y I(X;,A;; Bi|Bi_1) , Vg € &PMM*(0 0] (3.3.95)
gEEPM[0 1] ;6 IZO A8
Combining (3.3.92) and (3.3.95), we deduce that the supremum, if it exists it is achieved in
gM € £PMM+[() p). This completes the derivation. O

Remark 3.12. The previous corollary, includes as a special case, the channel with feedback
satisfying

Pi(dbj;b’ " a) X)) = Pi(dbj;bj-1,a;) —a.a.(b "1 a)),i=0,1,....n  (3.3.96)

which does not have more information capacity. The capacity achieving distribution of this
simplified channel with unit memory, is discussed in the Shannon Lecture by Berger in [6],

where it is conjectured that the capacity achieving distribution is of the form?
Pi(daj;a’~ ' b/ = Pi(daj;bj_1) —a.a.(a b i=0,1,... 0 (3.3.97)
and that the finite-time capacity is given by

n
sup Y I(Ai;Bi|Bi—1) (3.3.98)
P:(dag;bi—1):i=0,1,...,n i=0
Unfortunately, we did not managed to find any derivation of property (3.3.97) for the unit
memory channel (3.3.96). Nevertheless, the previous general Corollary can be used to derive
property (3.3.97) as follows.
By Corollary 3.11 and assuming (3.3.96) we have the following identities.

2The derivation in [6] is insufficient because the author utilized mutual information instead of the directed
information as the information measure.
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n

sup I(X" = B") = sup 1(X-,A-;B~|B"—1)) | (3.3.99)
e€EDPF[0,1 gE@mDM[O7n]i§) pee Ai=gi(X;,B"1)
¢ Fi(dB;;Bi—1,X;,8i(X;, B!
—  sup Z]Eg{log (dB::Biy gl._(l ))} (3.3.100)
gEEPM[0.1] i=0 Fi(dB;;B™1)
_ sup ZEgM {logPl(dBl,Bl—thagi (Xl;Bl—l)>}
gM e EPMM (0 1] i Pi(dBiZBi— 1)
(3.3.101)
n
= su 1(X;,A;;B;|B;_ (3.3.102)
gMégDIVII)M[O?n]i_ZO (Xi,Ai:BilBi-1) Ai=g (Xi.Bi—1)
_ sup iEgM {logpl(dBt’Bthtagi (XHBZI)>}
gMe&EPMM [0 1] i Pi(dB;;Bi-1)
(3.3.103)
= su I(A;Bi|B™! 3.3.104
gMEgDMpM[OJl];) (Ai: Bl )Ai:g{'v[(XhBi—l) ( )
n
= sup Y I(Ai:Bi|Bi_1) (3.3.105)

Pi(dai;bi_]):i:(),l,...ﬂ’l i=0

where

(3.3.99) follows from Theorem 3.9;

(3.3.100) follows by definition;

(3.3.101) follows from Corollary 3.11;

(3.3.102) follows by definition;

(3.3.103) follows (3.3.96) (the MC);

(3.3.104) follows by definition;

(3.3.105) follows from the fact that maximizing over randomized strategies does not increase

the pay-off (since in our case the information structure is classical).

The previous structural properties of encoders imply that the maximization can be done us-

ing stochastic control and dynamic programming techniques, of partially observed systems.

In stochastic optimal control of partially observed systems, the control process is a func-
tional of the observations. Often, such problems are converted to equivalent stochastic con-
trol problems, in which the controlled process is the 4 posteriori distribution, and the control
process is replaced by a function of this distribution, called “separated controls”. Next, we

describe an analogous procedure, by first introducing the definition of separated encoder
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strategies.

Definition 3.13. (Separated Encoder Strategies)
Consider a source and a channel, specified by Assumptions 3.7, 3.8. Given a set of en-
coder strategies (6*M[0,n]), define the d posteriori conditional distribution I (dxj; b= &

Prob(X; € dx;|B/~1 =b/71),V je N
(a) Randomized Encoders:

A randomized encoder {P; : j € N"} € &[0, n] is called separated if Pj(da;;x;,b/~ 1) de-
pends on B/~! = b/~! only through the conditional distribution I14(dx;;b/~"), V j € N,

The set of separated randomized encoder strategies is denoted by &%¢P-fM [0, n].
(b) Deterministic Encoders:

A deterministic encoder {g; : j € N'} € &PF[0,n] is called separated if a; = g;(x;,b/ )
depends on B/~! = b/~ only through the conditional distribution I1%(dx;;b/ 1), V j € N".

The set of separated deterministic encoder strategies is denoted by &*¢PPM[0, .

Thus, for any {g;: j € N'} € &%PPM[0 5] then the encoder strategy at time j is of the
form a; = g;(x;,b/~1) = g;(x;,11%(dx;;b'~1)). Such separated encoder strategies are well
analyzed in stochastic control problems with partial information [13, 14]. The connection to

stochastic control is established as follows.

Although, one starts with a partially observable stochastic control problem, by identifying
some information state (a quantity that carries the same information as the observations), in
this case, conditional distribution, then the partially observable problem is converted into a
fully observable problem with pay-off expressed as a functional of the information state. The
resulting equivalent optimization problem is to control the information state, via separated
control strategies in order to incur the best possible performance. The important assumption
to utilize separate strategies is that the information state, for example, the 4 posteriori dis-
tribution, is a Markov process. Mathematically this is equivalent to the following. For any

bounded continuous test function ® : 2 — R, the following should hold.

Ef /%d)(x)H?(dx\le)‘sz}

—E{ /%jcp(x)n;f(dx\gf1)‘H7_](dx|312):ﬂj_1 @) G300
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If (3.3.106) is satisfied, then B/~2 carries the same information as H?_l (dx|b/=2). Consider

for example the case where the conditional distribution satisfies the following recursion.
I (dx[b ™) = Tj(b-1, 1154 (16)72))

where Tj(.,.) is a mapping form (bj—l,H?_l) to I19,j = 0,1,...,n. Then (3.3.106) holds.
However, if the mapping is replaced by Tj(bj_l,bj_z,H?_l(.|bj_2)), then (3.3.106) holds

provided the conditioning includes the additional information B;_».

By analogy with stochastic control problems, one can express the directed information
I[(X" — B") in terms of the information state, {Hj?(dxj|bj_1) :j=0,1,...,n} and then
employ separated encoder strategies to maximize it, subject to a dynamic recursion satisfied
by the information state. In principle, and under certain assumptions, this methodology will
lead to a principle of optimality and an associated dynamic programming satisfied by the

optimal cost-to-go.

3.3.1 Encoder Design via Dynamic Programming

The objective in this section is to derive recursive equations for the information available to
the encoder, and then introduce dynamic programming recursions to characterize the optimal

encoders which maximize directed information.

As before, all processes are initially defined on a complete probability space (Q,F(Q),P4).
Define the following complete ¢ algebras (completion is with respect to the null sets of
measure zero of (Q,F(Q),P?)):

A

g(),n = G{XO7X17"‘7XnaBO>B17"'7Bn}
A

C9507}1 = G{XO7X17"'7XnaB()7B17-~'7Bn—l}

A
Hon=0{Bo,B1,...,B,} (3.3.107)

where 6{X} denotes the c-algebra generated by R.V. X. Clearly, a deterministic encoder

ej € &PM[0,n] for each j € N", is an .% j— measurable function.
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Consider Problem 3.6.(b) of maximizing the directed information over encoder class &°F [0, n].

Define the conditional pay-off on the interval [k, n] by

dBl,Bl 1 (Xi,Bi_l),Xi)
Jkn({e] j=k,...,n}, JOk {21 < Pf(dB,;Bi*I) >’c¢0,k}

By the smoothing property of conditional expectation we have

D iro i A e frelNar  (P(dBiB el(X BT X) 7
Jk,n({e] -J —k,...,l’l}) =E {E [;{log< P.e(dBi;Bifl) > JO,k]}
_Ee{‘]kn({ej j=k,...,n}, J"Ok)}
Further,
max JP ({e;: =k,...,n
{ejij=ky....n} EEDF [k.n] en(les] b
= E¢ max Ja.{e;ij=k,....n}, Z 3.3.108
{{e, J=kyeron} EEPF [k kaltej <) ! 0”‘)}( )

Define the value function by

Vi(Fox) = J, = F 3.3.109
(Fo) ey o ion{ejj=k,....n}, Ok)} ( )

Next, we present the dynamic programming recursion satisfied by (3.3.109).

Theorem 3.14. Suppose there exists encoder strategies {€: j=0,1,....,n} €& DEI0, 1) and

a function Vi(F x) which satisfies the dynamic programming recursion:

P (dBy; B¥1 ek (X*, B¥1) xF)
Vi(Zos) = Ee{l ( A AL )
k( O,k) eke?glg([k,k] 0g Pke(dBk;Bk—l>
+Vk+1(%,k+1)\%,k}, k=0,1,....n—1 (3.3.110)

Py(dB,;B""!,e"(X",B"" 1), X") o o
Vo(Fon) = /%log( P a5 5Ty )Pu(dBy B (X" B, X,)

(3.3.111)
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Then {ej :j=0,1,...,n} € &PF(0,n] obtained from the solution of (3.3.110), (3.3.111) is

an optimal encoder strategy and

J()D,n({ej}?:O) ZE{Vo(c%,o)} (3.3.112)

Proof. Follows from dynamic programming (see Peter Caines book [7]). [

Remark 3.15. The dynamic programming recursion given in Theorem 3.14 is quite gen-
eral; no assumptions are introduced on the channel or the source. Theorem 3.14 simpli-
fies considerably if we assume Assumptions 3.7, 3.8, and then use Theorem 3.9(b), i.e.,
ej(x!,b/71) = g;(x;,b’"1), j=0,1,...,n. For the unit memory channel of Corollary 3.11,
(3.3.110) and (3.3.111) become

Po(dBi:Bi_y,8" (Xe. Be_y). X
Vi(xe,br1) =  max E«%’M{bg( k(dBx ke | gy (Xi, Bi—1) k))
g1 eEDMM [ ] p]f’ (dBy;Bi_1)
+Vier1 (Xk+1, k) | Xk = Xk, Bi—1 = bkq} (3.3.113)

log (Pn<dBn;Bn_1,gﬁ4 (X, Bu—1),X)

i )Pn(dBn;Bn—l7g?1/1(Xann—l)7Xn)
Pﬁg (dBn;Bn—l)

Vabinsbu) = |

<@l‘l
(3.3.114)

Clearly, (3.3.113) and (3.3.114) are easy to compute. Similar recursions also hold for
&EPM0,n).

3.4 Structural Properties of Capacity Achieving Distribu-

tion

In this section, we address the following issue.

e Identify structural properties of capacity achieving input distribution, for channels

with memory and feedback.

Thus, this problem addresses the calculation of the capacity achieving distribution, when the

information capacity has an operational meaning.
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The problem is stated below.

Problem 3.16. (Achieving Information Capacity)
(a) Given an admissible set of source and channel input distributions defined by

?o,n(dx”,da";b"—l) 2 @ o (Pldaia =" X b @ Pdx x50 a7 1)) (3.4.115)

and the definition of information capacity over a finite horizon defined by

II>

Con(P) sup I(X" — B") (3.4.116)

Ponldxr danspr=)e P ,(P)
where, for a given power P > 0, the cost constraint is defined by

1
n+1

Po(P) 2 {?07n(dx”,da";b”_l) : IE{ zn: ej(Xj,Aj_l,Bj_l)} < P} (3.4.117)
=0

find the structural properties of ?07n(dx”,da";b"’l) € Py.»(P) which achieves the infor-

mation capacity Co ,(P).

(b) Given an admissible set of channel input distributions {P;(da;;a'~',b'~1) € 7 (.o; 2 i—1
X %,i—1) i € N"}, and the definition of information capacity over a finite horizon defined

by

1>

Con(P) sup I(A" — B") (3.4.118)

{P(daj;a=1 b= 1):i=0,1,...,n}€ Py ,(P)
where, for a given P > 0 the cost constraint is defined by

e {{I’i(da,-;ai_l,bi_l) € H (A oy X Boj—1)1i=0,1,... .n}:

nilE{g)ej(AjaBj_])} SP} (3.4.119)

find the structural properties of input distribution which achieves the information capacity.
Similarly, the unconstraint information capacity is defined over the distributions ?07,1 (dx",

da";b" 1) and {P(da;;a',b 1) :i=0,1,...,n}, respectively, and it is denoted by Cy .

Remark 3.17. Note that (3.4.115) is only required in control applications since the source

{X; =0,1,...,n} is affected by the channel outputs (or decoder), and encoder law. For
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communication applications it is assumed that (3.4.115) is replaced by

Pon(da",db™ 6" ") £ @ (P(daga " ¥ b~ @ P(dxxi ")) (3.4.120)

If in addition, P(da;;a'~',x',b'~1) = Pi(da;;a"~',bN-aa. (a~!,x,b1),i=0,1,...,n,
then (3.4.115) is replaced by (3.4.118).

We make the following comments regarding Problem 3.16. Problem 3.16.(a) with Cp «(P) 2

liminf, e ﬁc()’n (P), together with coding theorems, implies that this quantity has an op-
erational meaning, hence Cj..(P) is the supremum of all achievable rates. Therefore, our
interest is to identify the structural properties of the capacity achieving distribution. Simi-
larly, Problem 3.16.(b) identifies structural properties of the achieving input distribution, for

the case when the following MC holds.

X' o A BYeB,i=0,1,...,n

First we clarify certain issues concerning the proper information measures for addressing
capacity of channels with memory and feedback, which also apply to networks. Recall that
the mutual information between two random sequences X" and B", denoted by I(X";B") is
a measure of average information the sequence B" conveys to the sequence X”. Since it is
symmetric then it is also a measure of average information the sequence X" conveys to the

sequence B".

) A PBn‘Xn (db”|x”) .
I(Xn,Bn) = E{logW} = ]IX";B”(PX”7PB’1|X”)

= I(X" = B")+1(X" < B") (3.4.121)

= Ixnpn (PXi|Xi717Bifl,PBi|Bi71’Xi (i=0,1,... ,n)

where the terms in (3.4.121) are given by (3.2.25), (3.2.26).
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The notation Ixnp(Pyxi-1 gi1,Pg g1 xi : i = 0,1,....,n) indicates the functional
dependence of the mutual information on the two sequences of stochastic Ker-
nels {Py,xi1 i1, Pgpi1xi : i =0,1,....,n}, and the notation Ixwp:(Pxr, Pgnjxn)
its dependence on {(Pxn, Pgixn}. The quantity /(X" — B") represents the aver-
age information in the direction X" — B" (feedforward) via the sequence of chan-
nels {PBI,‘BH’X,-(db,-]b"_l,xi) :i=0,1,...,n} while I(X" < B") represents the aver-
age information in the direction X" < B" (feedback) via the sequence of channels
{PXi‘Xi—17Bifl (dx,'|xi_l,bi_l) 1i=0,1,...,n}.

Therefore, it will be a mistake to use 7(X"; B") to define capacity of the channel connecting

X" to B", unless some assumptions are introduced. We will explain this issue shortly.

Define the (n+ 1) convolution measures
A . . . .
?O,n(db";x") = @ P(dbi:b' ™" x') = @y Py i1 xi(dbi|b ')
— A ; . . .
Pon (dxn;bn_l) = ®?:0Pi(dxi;xl_l , bl_l) = ®?:0PX,-|X"*',BFl (dx,-|x’_1,b’_1)
Then,

? a(dy";
I(X" —B") = / (log—l(%’fi};yn;n>

%
= Isp(Pon Pon) (3.4.122)

>7o,n (db™;x") ® ?o,n (dx";b" 1)

Hence, if the source {X; : i =0,1,...} is affected by {¥; : i = 0,1,...}, only the directed

information expression (3.4.122) should be used to define capacity of the channel.

The next theorem helps clarify the implications of the Markov chain B! <+ X'~ < X;,
i=0,1,...,n, on various notions of information capacity for which operational meanings
can be sought, and often derived in the literature.
Theorem 3.18. The following statements are equivalent.

1. Pon(db";x") = Pon(db":x"), ¥ n € N.

2. Bj« (X/,B/71) & x7

L VieNTL vneN

3. 1(X":B") = Lyngr (Pon(dx"), Pon(db":x")).

4. I(X"+B")=0,Yn €N.
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5. B <X/ X,V jeNTL

6. X\ <X B VjeN"l vneN

Proof. The proof is similar to the proof of Lemma 2.21 (Appendix A.1). 0

Remark 3.19. Note that for any source-channels then B ~! < X"~ & X;, i =0,1,...,n,
forms a Markov chain if and only if /(X" + B") = 0. Thus, under the Markov chain B'~! —
X' 5 X;, i=0,1,...,n, the information capacity of channels with memory and feedback
can be defined via mutual information or directed information because of the following

identity.

I(X"B") = Ixngn (Pon(dx"), Po(db™x")) (3.4.123)
= Txn_pn(P(dxy;x' 1), P(dbisb 1 X)) : i=0,1,...,n) (3.4.124)

Actually (3.4.123), (3.4.124) are special cases of mutual and directed information, because

the joint distribution is obtained via the source P(dx") and the channel ?07n(db”;x").

We state the next assumption because it is often hidden on the definitions of capacity of

channels with memory and feedback.

Assumption 3.20. (B! A=)« X"l 3 X;,i=0,1,...,n, equivalently, P;(dx;x !, o'~ o= 1)
= P(dxp;x ") —a.a. (X1 b a7, i=0,1,...,n,VneN.

Clearly, for an encoder A; = ¢;(X’,B'~!'), i = 0,1,...,n, any channel of the form B; =
gi(X, B AN + £i(X'1 B ANV, i € N*, where {V; : i € N"} is any noise such that
Pi(dx;;x 1, vim) = P(dxi;x' 1), i = 0,1,...,n, satisfies Assumption 3.20. For example,
a random process {X; : i € N*} defined via X;, | = f(X',B',W;), i € N*, Xy aR.V., in which
{{Vi:ie N"} {W;:ie N'} Xy} are mutually independent satisfies Assumption 3.20.

Therefore, given a general channel with memory and feedback, which does not satisfy As-
sumption 3.20, the quantity which should be used to give operational meaning of capacity is

the information capacity (X" — B").

Definition 3.21. The finite time information capacity is defined by

Cln2  sup I(X"—BY) (3.4.125)
?Oﬁn (dx" da™;b"—1)
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The information capacity is defined by

AL
CL = liminf sup
n—soo
?Q’n (dx da™;b"—1)

I(X" —B" 4.12
I = B) (3.4.126)

Similarly for Cj ,(P), CL(P).

If Assumption.3.20 holds, then in (3.4.125), (3.4.126) the directed information is equal to the
mutual information, i.e., /(X" — B") = I(X";B") = Ixn_,p:(P(dx;;x'~1), P(db;; b1, %) :
i=0,1,...,n).

The classical paper by Pombra and Cover [19], utilizes a special form of (3.4.125)
and (3.4.126), with directed information replaced by mutual information, to
find the capacity of Gaussian channels with memory and feedback, which sat-
isfy Assumption 3.20, because I(X";B") = I(X" — B") 2 " I(X'Bi|BY)
= lxn o (P(dxi;x' 1), Bi(dbi; b1 X)) :i=0,1,...,n).

Next, we recall a fundamental inequality of mutual information, which is often used together
with Fano’s inequality [28] to derive upper bounds on the information capacity using the
converse coding theorem. Let X, Y, Z be real-valued RV’s and Z a measurable function of Y,
defined by Z = f(Y). Then

1(X:;Y)>1(X:2), Z=f(Y) (3.4.127)

and if f(.) is a bijection and the inverse f~!(.) is also measurable, then the equality holds in
(3.4.127). Using (3.4.127) for an encoder structure A; = &;(A"~ !, X!, B"=1) = ¢;(X!, B 1), i =
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0,1,...,n, then
I(X"—B") = Y IX:B|B™") (3.4.128)

i=0

- Z{H(B,-|B"—1)—H(B,-|B"—1,X")} (3.4.129)
i=0

_ Z{H(B,-|Bi’1)—H(Bi|Bi’1,Xi,Ai)} (3.4.130)
i=0

= Y (X' A:Bi|B™") (3.4.131)
i=0

= Y 1(xBiB AN+ Y I(ALBi| BT (3.4.132)
i=0 i=0

() n . .

S ZI(AZ;B,-]BZ_I) (3.4.133)
i=0

= I(A"—B") (3.4.134)

and () holds if e;(., B"~!) is a bijection and the inverse e; ' (., B""!) is measurable Vi € N".
Note that if the encoder is constructed based on a measurable function of the error, i.e.,
A =ei(X'— o (B 1)) and ¢;(.,0(B"" 1)) is a bijection and its inverse measurable, then the

equality holds.

Remark 3.22. For a source P(dx;;x'~!,a',b'"), i=0,1,...,n, achannel P(db;;b"',d’,x'),
i=0,1,...,n, by Theorem 2.24, if the MC X' <+ (A", B—1) <+ B;, i =0,1,...,n, holds, then

I(X" — B") < I(A" — B") (3.4.135)

Moreover, if A; = e;(X', B'~"), e;(.) is measurable, and ¢;(., B! is a bijection, and ¢; ' (., B~ 1)

is measurable, fori =0, 1,...,n, then
I(X" — B") =I(A" — B") (3.4.136)

Remark 3.23. Under Assumption 3.20, in the case of no feedback, A; = g;(X') in Defini-
tion 3.21 the supremum is replaced by P ,,(dx",da"). Since by Theorem 2.24, under the MC
X' & (AL, B~ & B;, I(X";B") = I1(X" — B") < I(A" — B"), a possible choice of achieving
equality in /(X";B") = I(A" — B") is X; = A;,i = 0,1,...,n, and consequently the supre-
mum over Ry ,(dx",da") € A\ (Zon % % ») reduces to the supremum over A" € 4, (<) )
of I(A";B") = I(A" = B") = I(X" — B") = I(X"; B").
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Next, we describe the case when the operational capacity is defined via I(A" — B") (i.e.,

from the channel input to the channel output).

Assumption 3.24. X' <+ (B!, A") <+ B; is a MC, equivalently P,(db;;b'"~!,a’,x') = P,(db;;
b1 a)), aa x',d b~ fori=0,1,...,n,Vn € N.

Note, that any channel of the form B; = f;(B'~!,A’,V;), i = 0,1,... and encoder of the form
{Ai=e;(A1 X B :i=0,1,...} € £PF[0,n] for which {V;:i=0,1,...} is independent
of {X':i=0,1,...}, satisfies Assumption 3.24. However, if {V;:i=0,1,...} is correlated
with {X?:i=0,1,...} then assumption 3.24 might fail, and capacity cannot be defined using
I(A" — B").

Next, we relate directed information (X" — B") to I(A" — B"). Under Assumption 3.24,
given an encoder strategy {A; = ¢;(X',A""! B=1):i=0,1,...,n} € &PF[0,n], then

(X" > B") = ZIX’B|B’1
0
= {ioe ("o )}

i
- drfn ()
Y

i

I Al i— 1
X A l|B |A,‘=€,‘(Ai71,Xi,Bi71)

? Lo ()

= I(A" - B") (3.4.137)

—
)
=

—
=

where (a) holds due to Assumption 3.24 and (b) follows by definition. The sequence of
equations leading to equation (3.4.137) demonstrates the assumptions required so that in-
formation capacity can be defined using the channel input and the channel Kernel, indepen-

dently of the source output.

Definition 3.25. Suppose Assumption 3.24 hold. The finite time information capacity is
defined by

C&n = sup I(A" — B")
{P(daga = b=V )eH (ot i1 % Bp,i-1):=0,1,....,n}
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Moreover, the information capacity is defined by

C2 = liminf sup

I(A" — B")
e {P(daj;a =V b=V e (ot j—1 x Bo,i—1):i=0,1,....n} n+1

Similarly for C§7n(P), CZ(P).

A coding theorem for C2 of Definition 3.25 is derived in [75]. The source coding theorem
states that if the source entropy per unit time is less than the channel capacity per unit time,
then the error probability can be arbitrary small using encoding and decoding. The converse
states that if the source entropy is greater than the capacity, arbitrary small probability of
error cannot be achieved. Next we prove the converse coding theorem, which is analogous

to those found in literature, without feedback.

Consider a source {X; : i € N¥} of length k + 1 connected to a decoder over a sequence of
n+ 1 channel outputs {B; : i € N"}, n > k. The next theorem relates the k + 1 source outputs
and n+ 1 channel outputs to the time interval between each source letter, 7, and the time

interval between each channel letter 7.

Theorem 3.26. Consider a source {X; : i € N¥} and its reproduction {Y; : i € N¥} having
finite alphabet of cardinality M. Define the error at the jth transmission j € N by

p &

ej —

Prob(Yj 75 Xj)
and the average probability of error

pa 1 y p¥ (3.4.138)

Assume
1. Fork<nm X;< (X™',B") <YK i=0,1,... .k
2. Fork<n Xf< (ALB~1) B, i=0,1,...,n

3. The source produces letter at a rate of one letter each Ts seconds, and the channel has

capacity C2, and it is used at a rate of one letter each T. seconds.
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If the source sequence is connected to the decoder through (n+ 1) channel uses, where

(k—l—l)TsJ

n—|—1:L
Tc

then for any length (k+ 1), the average error probability Pe(k) satisfies

RngM—n+HU®zh?wp 1H@6—3d, (3.4.139)
oo c
Proof. The following inequalities hold
PP10g(M — 1)+ H(PY) ﬁH(X"IY%
® F%#NX@—E%TM k. YKy
EQ ;%#ﬂxﬂ—%%TuxﬂBﬂ
? %%THQ%}—Ea%jjgﬂAW%B@

where (a) follows from Theorem 4.3.2, of Gallager [28], (b) is an identity, (c) follows from
1. and in view of Theorem 2.24.2, finally (d) follows from 3., in view of Theorem 2.24.2.

Taking the liminf and lim sup retains the above identity. [

The above inequality shows that no matter what coding is done, the average probability of
error per source symbol must satisfy (3.4.139). This average probability of error is bounded
away from zero if

Te
limsu H(X" > —SCEQ
msup (X) o

Remark 3.27. Note that SbS transmission Theorem 3.26 corresponds to n = k and the MC1
is replaced by Y-l o (B"*1 ,X"*l) ~ X;,i=0,1,...,n, (i.e. such as in controlled sources),
so converse to coding theorem holds. However, one should show achievability of cl, c2
as well without imposing this MC. This will be done using SbS transmission, based on the

duality to Theorem 2.29.

A simplified information definition is obtained by invoking the following assumption.
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Assumption 3.28. A <3 (A;,B~!) & B;, i =0,1,...,n, equivalently P,(db;;b'~ ! a') =
Pi(db;;b'',a;),i=0,1,...,n, Vn € N.

Assumption 3.28 is the analogue of the one used in Theorem 3.9, to derive structural encoder

properties.

Lemma 3.29. Suppose Assumption 3.28 holds.

Then
. . . P‘(dB-'Bi_l A‘)
I(A';Bi|B™") = I(A;;Bi|B™!) = E{ log -~ VieN (3.4.140
i) =14 =5 {log MEE I vien Gaao
and
n n
Y 1(A5BiB) = Y I(AsBi|B™ "), VneN (3.4.141)
i=0 i=0
Proof. This is a direct consequence of the Assumption 3.28. [

Definition 3.30. Suppose Assumptions 3.24 and 3.28 hold. The finite time information
capacity is defined by
n

Con = sup Y I(A;BiBT)  (3.4.142)
{P(daj;ai=1 b= et (oot i1 X PBo,i—1):i=0,1,...n} i=0

The information capacity is defined by

1 & :
Y 1(Ai;Bi|B'Y3.4.143)
{Pi(dai;ai_l ahi_l)e‘%/(m;%,ifl X,%O’jfl)ll.:o,l,...ﬂ’l} n + 1 i=0

C3 = liminf sup
n—yoo

Similarly for Cj ,(P), C2(P).

Next, we prove the structural form of the capacity achieving distribution for Cg -

Theorem 3.31. Suppose Assumptions 3.24 and 3.28 hold.
Then

n . n P(dBA Bi*l)
1(A" > BY =Y 1(A;B;|B~) = E{lo <’ S )} VneN' (3.4.144)
( )= L4 BB) = L Eq loe ( i
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The sequence of optimal conditional distributions {P(da;;a'~',b" 1) € A (tf; oty i1 x Boi-1):
i=0,1,...,n} that maximize (3.4.144) (assuming they exist) have the form

Pi(dazd =V b = nf (dai b ") — aa. (@761, i=0,1,...,n (3.4.145)

and

L P(dB;; B! A
an = max ZE{log< d =) l))}
’ (P(dagai=1 b~V )EH (ol iy x B j1):i=0,1,...n} 1= P(dB;;B' 1)

n . Lpi—1 4.
= max Z]E{log (Pl(dB”B ’A’))} (3.4.146)

{P(dagbi=)eH (i By 1):i=0,1,...,n} (= P(dB;;B'1)

Proof. The equality in (3.4.144) follows from Assumptions 3.24 and 3.28. Note that the
right side of (3.4.144) depends on the channel, and the conditional distribution {P,(db;;b'" ') :
i=0,1,...,n}. Define m;(da;;b'™ ") = Pi(da;;b'"), i=0,1,...,n. Then,

P(dbib™") — / P(dby;ai, b~ ) P(das b )
<

/ P(dby;ai, b~ mi(dag b 1),
o}

Piﬂi(dbi;bifl) i=0,1,...,n (3.4.147)

where the superscript in (3.4.147) inficates the dependence of P;(db;;b'~') on m;(da;; b 1),
i=0,1,...,n. Fora fixed B~! = b1, {P(db;;b' 1) = P"(dbi;b' ") :i=0,1,...,n} is
the controlled process controlled by the input distribution {P;(da;;b' ") = m;(da; b~ 1) : i =
0,1,...,n}, the control process. Thus, {P"(db;;b'~') :i=0,1,...,n} is the state of the
system controlled by {m;(da;;b'~') :i=0,1,...,n}. By (3.4.147), we have

< Pi(dBi;BiihAl‘)
E! V1 .
{Z °g< Pi(dB; B 1)
P(dB; B A))
—E!YVE(1 .
)3 (Og P(dB;B 1)

{
9] § 5 g LI
{

Bi_l,Ai,ﬂi(dAi;Bi_l), {Pj(dAj;Aj_laBj_l) :j=0,.. "i}) }

- BF1 Ai i dA,';Biil

n
=E ZE(B’_l,A,-,P,-”(dA,-;B’_I),ﬂi(dA,-;B“l)>} (3.4.148)
i=0

where the equality (&) follows from Assumption 3.28. Since P,(db;;b'~!) depends on b'~!

and the control process 7;(da;;b' ). Then, the maximization of (3.4.148) over {P(da;;a'~ !,

b~1):i=0,1,...,n}is equivalent to that over the smaller set {7;(da;;b"~') € H (t; Bo 1) :
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i=0,1,...,n}. This maximization is done by choosing {7;(da;;b""!) : i =0,1,...,n} to
control {P*(db;;b"" ') : i =0,1,...,n}, which depend on »"~! and the control distribu-
tion 7;(da;;b' 1), hence the maximizing distribution has the form {P’(da;;a’~!,b'""") =

nf(da; b~ ') :i=0,1,...,n}. This completes the derivation O

Next we make some observations concerning the statements of Theorem 3.31.

Remark 3.32. The following statements are consequences of Theorem thccach and Theo-

rem 3.31.

1. By Theorem 3.31 (under Assumptions 3.24, 3.28) we deduce that the class of capacity

achieving distributions has the following conditional independence property.

P(da;,a’ ', b ") = mi(da;;b' ) —a.a. (a7 b, i=0,....n

2. By Theorem 3.9 (under Assumptions 3.7, 3.8), we have the following identities.

& P.(dB;;B~ . X;, gi(X;, B!
sup I(X" — B") @ sup ZEg{log i ’ 5?_(11 ))}(3.4.149)
ecEPF[0.1] €EDM[0,1] =0 Fi(dBi;B™)
D wp Y I(X,A:Bi|B ) | (3.4.150)
gE€EPM[0,n] i=0 A=gi(Xi,B")
() < i—1
= su I(A;;B;|B ' (3.4.151)
N
B L :
® sup Y I(A;Bi|BT")  (3.4.152)

{7[,' (dai;b5*1 )E=%/('Q{i;%(),i—l )Zi:O,.. i’l} i=0

e P(dBi; B 1, A))

n
= sup ]E”{log —— }
{m(dai;bil)e%(;fi;ﬂo,,-1):i_o,...,n}i§c’) P (dBi;B™ 1)

—
~

(3.4.153)
n
©) sup ZI(Ai;Bi|Bi_1)
{mi(dajal=' b=Vt (i i—1 X B i-1):i=0,...,n} i=0
(3.4.154)

where

(a) follows from Theorem 3.9.

(B) follows from Theorem 3.9.

() holds if the MC, X' <+ (B!, A") ++ B; (Assumption 3.24), is satisfied, or g;(.,p'"!)

is one-to-one and onto measurable, and its inverse also measurable, i = 0,1,...,n,
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because by the chain rule

1(X;,A;;B;|B™! = I(X;;B;|B~ " A; I(A;;B;|B™!
( 1)/ l| )Ai:gi(Xi,Bi_]) ( 1 l| ; z) Ai:gi(Xi,Bi_l)+ ( i l| )7
i=0,1,...,n

the first right hand side term is zero if A; = g;(X;, Bi_l) has the stated property.
() follows from the fact that randomized strategies do not incur a higher pay-off (the
information structures are classical).

(€) and (&) are the statements of Theorem 3.31.

3. By Corollary 3.11 and statement 2 above, for the unit memory channel defined by
P(dbi;b' 1 ¥ al) = P(db;;bi_1,a;) —a.a. (b1 X a), i=0,....n  (3.4.155)

we deduce the following equalities.

n
sup  I(X"— B") @ sup Y I(X;,Ai;Bi|Bi_1)

gEEPM|0,n] gMe&PMM(( n) i=0
n

sup ZI(Ai;Bi|Bi71)

=

gMeEPMM[0 5] i=0 Ai=g! (Xi.Bi—1)
n
Y
@ sup ZI(Ai;Bi|Bi—1)
{ﬂM(dai;bi_l )E%(szi;@i_l ):i:O7..,,n} i=0
n
® sup Y 1(A;;Bi[B)

{ﬂ(dai;bi_l )G%(!in;%o7i,1 ):i=0,....n} i=0

where (@), (B) follows from Theorem 3.9, (7) follows from the fact that maximizing over

randomized strategies yields the same pay-off, and (&) is the equivalent of (o).

This property of capacity achieving distribution, that is,

Pi(dbi;b' ') = P(db;;bi_1) —a.a. b 1i=0,1,....n (3.4.156)
P(daj;a ', b = aM(da;;bi1) —a.a. (a6, i=0,1,...,n  (3.4.157)

is first addressed in Shannon Lecture [6] using mutual information as the information mea-
sure. In our opinion this is the first complete derivation of properties (3.4.156) and (3.4.157)
using directed information. Recently the authors in [58] consider a special case of the unit

memory channel, with binary input and output alphabets, which breaks into the S-channel
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and the Z-channel and derived (3.4.156)-(3.4.157) using existing capacity results of the S-

channel and the Z-channel.

Next we provide an independent derivation of the structural properties of the unit memory
channel, which is the analogue of Corollary 3.11. We shall make use of the variational

equality of directed information derived in [10].

Given the general causal conditioned distribution ?07n(db”|a”) = ®?:01D,-(db,-;b"*1,ai) and
<Fo,n(da”|b"’l) = @ o P(dai;a =1, b~ 1), the joint measure P(da",db") = (?O,n ® <F0,n)
(da",db") and the marginal measure P, (db") = [ %.n(?()’n ® <Foy,l)(da”,a,’b”), then the

following variational equality holds

Po,(dba" -
I(A" = B") 2 /ﬂ oz (% (Pon® Pon)(da",db")
0,n X #20,n N

P o (db"|a"
- inf / log (M (Pon® Pon)(da",db")
«%.nX%O,n

V()’n(db")e///] (%)On) VO,n (dbn)

where the infimum is achieved at

Vou(db") = /Q/ (?o,n@;?o,n)(da",db") = Py, (db")
Y0.n

Corollary 3.33. Suppose the following holds
Pi(dbi;b' 1 d X)) = P(db;;bi_y,a;) —a.a. (b 1,d ,x'),i=0,1,...,n (3.4.158)
Define the policies &M [0, n] by

gRMM[O,n] é {ﬁ(dai;bi_l) € %(@{i;f@OJ—l) . ﬂ(dai;bi_l) = ﬂM(dai;bi_l) —a.a.
pLli=0, 1n} C &RM[g ) 2 {P,-(dai;b"*l) € H (A Boi 1) -

i:o,l,...,n}

Then the optimal capacity achieving channel input distribution {H(dai;ai_l b € o (o
2yi—1 X PBoi-1):i=0,1,...,n} maximizing I(A" — B") has the following form

P(da;;a ' b = mi(da; b Y) = 7M(dag;bi ) —a.a. (a7 0 i=0,1,...,n(3.4.159)
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and
sup I(A" — B")
P(dajai=' bi=NYet (ot 1% PBoi—1)
< Fi(dBi;Bi—1,Ai
—  sup ZE{log( (ﬂ e ))} (3.4.160)
TEERM0,n] (=0 P (dBi;B'1)
n P.(dBi;Bi_1, A
=  sup Y E{log ’(M i Bi1,A)) (3.4.161)
M e ERMM [0 1] i) P (dB;;Bi—1)
n
= sup Y I(A;BiBi_1) (3.4.162)
aM e ERMM0,n] =0
where
PF(dbi; b 1) :/ P(dbi;biy,a))m(da;b™"), i=0,1,....n  (3.4.163)
P
P™ (dby;bi 1) :/ P(dbisbi1,a) 7w (daibi 1), i=0,1,....n  (3.4.164)
and the resulting process {B; : i =0,1,...,n} which achieves the supremum, is a first order
Markov process.

Proof. By Theorem 3.31, since £MM[0 n] C &fM | then

L L P(dby:bi_1,a;
sup Y I(A;BilBi_1)=  sup Z/log l,(rM b1, a)
M e ERMM [ ] i20 M e ERMM [0 ) =0 P (dbi;bi—1)

(dbi; b1, a)) - i1
su lo P*(db;,db' ™, da;
ﬂEé"Rﬂ’I’)[Onz O/ < Pnf db;; bi— 1) [ ( i Cll)

) P™ (db;,db;_1,da;)

IN

sup Z (ABi|B™) (3.4.165)
neERM[0,n] i=0

where {(E”(dbi;bi_l),}’i”M (dbi;bi—1)) :i=0,...,n}; they are induced by the channel and
{mi(day; b1, 7M (db;;b;—y) 1 i =0,...,n} . Next, we show that the right hand side of
(3.4.165) is bounded above as follows.

n n

sup Y I(A;BiBT) < sup Y I(AiBilBi-y) (3.4.166)

TESRM0 1] i=0) M e ERMM0 1] i =)
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Using the variational equality, for policies T € &[0, n], we have
n

sup ZI(A,-;B,-|B"*1)
TESRM0,n] i=0

Pon(db|a”
= sup inf / log <M> P*(dd",db")
%,nxf%o‘n

TEERM[ 0] Vo (db") €A (P0.0) Vo.n(db")

where P"(da",db") is the one defined by the channel satisfying (3.4.158), & € &[0, n],
and Vo ,(db") € #1(Pop ) is any arbitrary distribution. Consequently, since Vo ,(db") is

arbitrary, we take the one induced by

Vou(db") = QI_gVF" (dbibi1) = VE, (db") (3.4.167)
Vi”M(dbi;bil)=/ Pi(dbi;bi1,a)m (daizbi 1), i=0,1,....,n  (3.4.168)
o

to obtain the upper bound

n . (Oc) ? n|,n
sup Y I(A;BilBT') < sup /log (M> P*(dd",db")

re&RM(0,n] i=0 TEERM|0 1] Vl-nM (dbl'; b;_ 1)
Po(db'|a"
£ s fiog L0aAdVIE) ) et b d)
ﬂMG(fRMM[O,n] Pl-n (dbi;bl'_1>

(3.4.169)

where the equality in () follows since vl.”M (dbi;bi_1) is a Markov process conditioned on
{bi—1,mM(da;;b;—1)}. Combining (3.4.165) and (3.4.169) we deduce that the sup ¢ grv Y1
I(A;;B;|B~ ") is achieved in 7Y € &RMM which implies (3.4.159) and the identities (3.4.160)-
(3.4.162). This completes the proof.

U

Remark 3.34. We make the following observation regarding Theorem 3.31.

1. Suppose Assumption 3.28 is replaced by the following MC.

A2 (Al A, B B, i=0,1,....n,neN (3.4.170)
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Then under the Assumptions 3.24, and validity of (3.4.170) we have

n
I(A"— B") =Y I(Ai,Ai-1;Bi|B™ "), Vn €N
i=0

P,(dBi;B 1 A Ai)
_EJq , 3.4.171
{ 8 P(dBiBY) ( :

Moreover,

P(dbi;b™ ") = /Q{ p P(dbj;ai,ai—1,b" ") Pi(daj;ai—1,b" )Py (dai—1; b ")
L X |

= dixdi_]Pi(dbi;ai,ai—l;biil)ﬂi(daﬁai—l;biil)ﬂ:i—l(dai—1§bi71)

= P (dbi b Y),i=0,1,...,n (3.4.172)

Then, the derivation of Theorem 3.31 with (3.4.140) replaced by (3.4.171) is repeated,

and we have the following generalization

n P(dB;B~ A A
sup ZE{log< (4B : 1))}

. . . .. Ri—1
{P(dapai=' b=V )eH (st i1 % B i-1):i=0,1,....n} i=0 Pi(dBi;B™1)
= sup
{Pi(ddﬁd,‘,l,biil)ex(m;&{[,]X%O,i,]):l':(),],.“,n}

(Lol ("G}

Moreover one can also define @ = (a;,a;_1) so that the optimization is over {P;,(da;; b’ !) :
i=0,1,...,n}.

2. The above conclusion also holds for channels satisfying the MC
AT (A, AL, ALBTY) o B i=0,1,....n, neN

and optimizing I (A" — B") =Y (I(Al_:B;|B'~1) over Pi(da;,a’~ ;b 1) :i=0,1,...,n

—m?’

is the same as that over {E(da,-;af:rln,bi_l) :i=0,1,...,n}. Indeed, several conclu-

sions hold if the channel has limited memory of the form

P(dbi;bi—1,bi—2,....bi_,ai,ai—1,...,ai—m), k€ {1,2,...,K}, me {0,1,... M}

3. The main point to be made here is that the {P;(db;;b'"~') :i=0,1,...,n} is the con-

trolled process and {P,(da;;a’~',b'~') :i=0,1,...,n} is the control process.
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4. The structural properties of channel input distribution which maximize information
capacity also hold for information capacity with transmission cost constraints defined
by

Pon(P) 2 {E(dai;ai’l,bi’l) € H (oA cly;1 % Bos1):i=0,1,....n:
1

Py 1IE {J;)ei(aj7bjl)} < P}

provided the following condition holds.

e Condition 1.
If for every F € B(%;), the channel P,(F;.,.) is B(I;)-measurable then ¢;(.,.) is also

B(1;)-measurable fori = 0,1,...,n.

For example Condition 1 holds if the channel satisfies
Pi(dbi;b' 1 d x') = P(db;;bi_y,ai,a;-1) —a.a. (b 'd x'), i=0,1,....n
and the cost function is
ei(d b =é(aj,ai_,bi_1), i=0,1,...,n
Remark 3.35. Theorem 3.31 can be generalized to channels of the form
Pj(dbj;bj_l,xj,aj) — Pj(dbj;bj_l,aj_k,aj_k+1,...,aj) —aa. (X0 a)),  j=0,1,....n

and even to channels which also depend on {x; : i =0,...,n}.

Theorem 3.31 gives as a special case the results stated in [6, 18] for the unit memory channel
defined by

Pi(dbj;b =1 X al) = Pi(dbj;b;_1,a;) — aa. (¥ ,b/ ), j=0,1,....n



Chapter 3. Structural Properties of Extremum Problems of Capacity 115

3.5 Equivalence of Encoder Design and Capacity Achiev-
ing Distributions

In this section, we put together the structural properties of extremum problems of design-
ing encoders and finding the capacity achieving distribution to show that these optimization
problems are equivalent. Therefore, one does not need to treat these problems separately,
but rather one can indeed synthesize JSCC and source-channel matching based on nonantic-
ipative transmission.

Here, we consider the special case when the information capacity is defined via Cg , and we

show how to design encoders so that directed information including the encoder but not the

decoder, is precisely equal to C(3).n’ and it is achievable via SbS code.

The results of this section are valid under the following assumption.

Assumption 3.36. Assumption 3.7 holds and assumption 3.8 is replaced by

Pi(dbj;b/ 1 al X)) = Pi(dbj;b " a)) —aa. (B el X)) j=0,1,....n
(3.5.173)

Remark 3.37. The reason we consider the source given by Assumption 3.7 instead of
Pi(dxj;x/ L al T b T) = Pj(dxj;xj—1) —aa.(X Va7 LY j=0,1,...n

is to allow controlled sources as well, hence we do not impose Assumption 3.20. Condi-

tion (3.5.173) implies that the information capacity is that of Definition 3.30.

We state the following corollary of Theorem 3.9.

Theorem 3.38. Under Assumption 3.36 for any encoder from the class &PF [0,n] we have

n P . ..(dBi|B 1 X
sup I(X" B2 sup ZEe{log< LI S (3.5.174)
0

e€&PF[0,n] e€&PF[0,n] = Pgi‘Bi—l (dBi‘Bi_l)

n
sup Y I(AiBilB™ )| —gix,51) (3.5.175)
gEgDM [0711] i=0
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Proof. The following identities hold.

< Pi<dBi|Bi_17Xi)
(X" — B") = ;)]Ee {log ( P{dBB )

d P(dBi|B! X' A
— Z e IOg ( ( ‘ — ))
P P,(dBi|B'1) Aj=e;(XJ BI1):j=0,1.....

n P(dBl’Bl 1A
) log (_) (3.5.176)

I(A;;Bi|B™1) (3.5.177)

where (3.5.176) follows from the MC of Assumption 3.36. Therefore, by Theorem 3.9 max-
imizing 1(X" — B") over &PF[0,n] is equivalent to maximizing ¥ 1(g;(X;, B 1); B;|B'~1)
over &PM[0,n], and (3.5.175) is obtained .

]

By the MC of Assumption 3.36, and the structural properties of the channel input distri-
butions {P;(da;;a~',b""") € H (o1 x Boi—1):i=0,1,...,n} which maximize di-
rected information /(A" — B"), we derive a converse coding theorem to identify a tight
upper bound for which an operational meaning will be saught, which is compatible to the
expression (3.5.175).

Then, we show equivalence between the problem of computing capacity and the problem of

designing the capacity achieving encoder.

Theorem 3.39. Suppose Assumptions 3.36 hold.
1. Any achievable rate R satisfies

1
R <liminf —logM,

n—o n
1
< liminf sup _COn 1 (3.5.178)
" {P(dagai=1 i eH (isty i % Boi1):i=0,1,..n—1} T
ln—l )
= liminf sup - Y 1azBiIB~ Y=l (3.5.179)

" {P(dagbi-) et (B 1):i=0,1,..n—1} T iZ0
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2. The encoder design and the calculation of capacity are related by

n—1

1
sup  — Y I(AiBilB™)|4—gixmi1
Lg’E(fDA”[O.,n]’/liZ l i)

= sup —ZIA,,B B~ (3.5.180)

{P(daib =) e H (A By i-1):i=0,1,..n—1} T =

where {X;:i=0,1,...,n— 1} is a jointly uniform random process in [0,1]".

Proof. 1. This part is given in Appendix B.2. 2. Since for general complete separable
metric spaces any randomized strategy from the class {P;(da;;a' ', b1 € # (o 2,i—1 X
Ho,i-1) 1i=0,1,...,n— 1} can be realized by deterministic strategies from the class g €
&PMI0, 7], then (3.5.180) holds. O

The point to be made regarding Theorem 3.39 is that by (3.5.174), the upper bound (3.5.179)
is tight, since under very general conditions randomized strategies can be realized by deter-
ministic strategies, via the solution of the maximizing encoder problem (3.5.175). Moreover,
this upper bound could not be obtained without knowing the structural properties of encoders
maximizing directed information from the source to the channel output, and the structural
properties of the information capacity achieving distributions of C&n.

Also, for any rate R violating the bound (3.5.179), the probability of decoding error can be
arbitrarily near to 1.

Therefore, the information measure for which an achivable SbS code should be saught is the

one defined below.

Definition 3.40. Suppose Assumption 3.36 hold.
The finite time information capacity is defined by
n

Cin= sup Y 1(AiBi|B™) (3.5.181)
{f’i(da,-;bi_' YeH (P i-1):i=0,1,....n} i=0

The information capacity is

1 & .
C3 = liminf sup I(A;;Bi|B™!)  (3.5.182)
1% R daibi V) e (i1 ):i=0,. 7n}”+112 o

Similarly for COn( ), C3(P).
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Therefore, to need to determine the value of the optimization problem ngn and C3 and the
achieving distribution, {P/(da;b'~'):i=0,1,...,n}, which is also equivalent via (3.5.180)

to the optimization problem over deterministic encoder policies.

Using Theorem 3.39 we can purse two methods for designing encoder so that the directed
information including the encoder, /(X" — B") is precisely equal to the supremum in C2..
One method is via dynamic programing to find the optimal encoder, and then the operational
capacity C2, via (3.5.180). The other method is to solve (3.5.181) to find the capacity achiev-
ing distribution {P; (da;;b'~') € H (ti; Bo;-1) :i=0,1,...,n}. We describe the later.

Let {Pl-*(dai;b"’l) € KX (A; PBoi-1):i=0,1,...,n} be the sequence of stochastic Kernels

which achieves the supremum of Cg.n’ and let F}

h Bl (a;) be its corresponding conditional

distribution.

Consider a separated encoder of the form
{a;'k = g;!((xiabi_l) = g?sep(xiapi<dxi;bi_l)) = 05 17 ce ,l’l} € gseijM[Ovn]

where Py(dx;;b' ') € # (2i;PBoi-1) is a stochastic Kernel, and denote by Fypi-1(xi),i =

1,...,nits corresponding conditional distribution function. Define the d posterior matching
scheme by
{A?‘ = g;"sep(XhFXi‘BH (Xi)) = F:i’lg,-l,l o Fy,pi-1 (X;):i=0,1,... ,n} (3.5.183)

This scheme corresponds to an encoder transmitting at each i € N the symbol A7 via the

*,5€p

mapping g: " (-,B"~1). The following hold at each i € N".

1. For a fixed B! =bi~1, Fy, pi-1 (x;) is a random variable uniformly distributed on the

interval [0, 1). Hence, it is independent of b~ !.

2. Forafixed B~ ' =p""1 F :"@}, 1(+) is the inverse of a distribution function, applied to a

uniformly distributed random variable. Hence, it transforms the uniform random vari-
able U; = Fy,pi-1(x;) into a random variable A} having the finite capacity achieving

distribution F; . (a;). Thatis, F :i";,-l,l o Fy,pi-1(x;) for a fixed B! = b~ trans-
forms A7 into a RV distributed according to F’ ,:-\ Bi-1-
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Substituting the above PMS into I(X" — B") = Y* ,I(X'; B;|B""!), by (3.5.175) we have

n
I(X"—B") =Y I(A;;Bi|B™ ")) Ar—g™ P (X, B )
i=0
n—1 )
= sup Y 1(A;BiBT) (3.5.184)
{Pi(dai;bi_l)E%(,%;%o7i,1):iZO,l,.‘.,n—1} i=0

Remark 3.41. The left hand side of (3.5.180) when solved, determines g € &P [0,n] which

transforms via the uniform random process {X; : i = 0,1,...,n— 1}, {A; = g:(B" 1, X)) 1 i =

0,1,...,n— 1} into the capacity achieving distribution.

Remark 3.42. Although, we have shown, PMS holds under the general Assumption 3.36,
we need to ensure this scheme has an operational meaning, in terms of decoding error prob-
ability.

This can be done via the Dual of the SbS code achievability of Theorem 2.29 as follows.

1. In Definition 2.26 of SbS code, (n,d, &, P), the channel P;(db;;b*~1,d',x'),i=0,...,n
is fixed and the capacity achieving PMS encoder is found and fixed (and Assump-
tion 3.36 hold).

2. In Definition 2.27 of minimum excess distortion specify the decoding error function,

for example, precisely as the excess distortion probability.

3. In Definition 4.9 of realization of R"“(D), fix the channel and the capacity achieving
PMS encoder, and find the decoder which realizes the optimal reproduction distribu-
tion of the nonanticipative RDF, R"(D), and realizes R"(D).

4. For fixed source-encoder-channel-decoder, and for a given P find a D € [D,in, Dinax)s

so that R™ (D) is finite, and the excess decoding error probability is satisfied.

Then the SbS code is achievable (JSCC) with respect to decoding error probability and

lim,, ,eo 17 Co.n(P) > lim, e -1 RE, (D), Vn € N.

Since in general Cp ,(P) > R{}%,(D),Vn € N this does not correspond to the minimum rate
of reproducing the source at the decoder, that is, it does not correspond to a source-channel

matching code.

The achievable SbS code corresponds to the source-channel matching for a given P, if there

exists a D € [Dyin, Diax], S0 that R™ (D) is finite and lim;, #Co,n (P) =1lim, e #Rgf‘n (D).
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Remark 3.43.

1. The previous PMS can be generalized to information capacity formulae without im-

posing Assumptions 3.36, for certain general channels of the form

Pi(dbj:b’ ™" a_y ) ), j=0,1,....n, K ,Mfinite (3.5.185)

For DMCs with feedback the capacity achieving channel input distribution satisfies
P (da;;b'~') = P*(da) = F:,-|Bi*1(ai) = F;(a),Vi € N, the joint process {(A;,B;) :i €
N"} is independent and in the limit ergodic, that is, F;(.) is the distribution which

achieves the supremum of the single letter expression /(A; B), and the PMS is

{A;k = gj’sep(Xi,FxABi—l (Xl>) = F;’_l oFXi|Bi—1 (Xl) . l: 0, 1, e ,n} (3.5186)

2. The achievability for the PMS will be revisited Chapter 4 to address source-channel

maching so that lim,,_. ﬁllco,n (P) =1lim;,_e0 # R (D).

3.6 The Binary State Symmetric Channel

In this section we apply the previous results regarding the structural properties of encoders
to a specific channel with memory, with or without feedback. Chen and Berger [18] derived
coding theorems for channels with unit memory and feedback, in which the channel output
{Bi:i=0,1,...} and the channel input-output pair {(A;,B;) : i = 0,1,...} is assumed to
be first order Markov process, while Berger in his Shannon lecture [6], conjectured the
form of the capacity achieving input distribution. The Binary State Symmetric channel
BSSC(0y, 1), or POST channel [3], is a special case of the limited memory channel [6],

defined by the transition probabilities given below.
0,0 0,1 1,0 1,1

0| oy B 1-B1 1-oy
Pgia,.8,, (bilai,bi—1)=
1| 1-0q 1-B1 B o

Recently Asnani, Permuter and Weissman [3, 58], derived a closed form expression for the

unconstraint feedback capacity of the Previous Output State (POST) channel, while they
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proved the surprising result that feedback does not increase the capacity of this channel. In

their approach they consider the previous channel output as the state of the channel.

Our work which is motivated by SbS joint source channel coding of a binary source with
memory via the BSSC(ot, B1) (Chapter 4), compliments the recent work of Asnani, Permuter
and Weissman [3, 58]. In our analysis, we define the state of the channel as the modulo2 ad-
dition of the current channel input and the previous channel output, which breaks the channel
into two binary symmetric channels. We additionally impose a “natural” cost constraint on
the channel which is necessary for JSCC elaborated in Chapter 4. In general the cost func-
tion is an important element to achieve optimality of source-channel communication system
[6, 29].

Our main contributions are the analytical expressions for the constraint capacity with feed-
back, and the optimal input and output distributions. Moreover, we provide the optimal input
distribution for the no feedback capacity, constraint or unconstraint, where we show that a
first order Markovian input distribution induces the optimal output distribution of the feed-
back case, and we give an analytical expression for the no feedback capacity. Finally, from
the constraint capacity with feedback, we obtain as a special case the unconstraint feedback
capacity formulae, derived in [3, 58]. However, our capacity formulae highlights the optimal
time sharing among the two binary symmetric channels (states of the general unit memory

channel), and provide the capacity achieving channel input distribution.

The unit memory channel is defined by
? n n A n
Bn|An<db la") = ®i:1PBi\A,~,Bi,1(dbi|ai;bi—l) (3.6.187)

Definition 3.44. (Cost constraint for the unit memory channel)
The cost of transmitting a specific symbol over the unit memory channel, defined by a mea-
surable function 7, : /" x A" — [0,00),

nl
Clb chalull

Definition 3.45. (Capacity achieving distribution with feedback)
The form of the capacity achieving distribution for the unit memory channel with feedback

is given by (follows from Theorem 3.31)

n_1y O
PAn|Bn1(da ") = @ Pyyjp,., (dailbioy) (3.6.188)
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Definition 3.46. (Capacity achieving distribution without feedback)
The form of the capacity achieving distribution for the unit memory channel without feed-
back is given by {Py 5i-1 (dajla’=1) : i € N"}

Pan(A") = ®?:1PAi|Ai71(dai‘ai71)

The Binary State Symmetric Channel (BSSC) is a special case of the unit memory channel,

and is defined via the transition probabilities

0,0 0,1 1,0 1,1

0 (04] Bl l—ﬁl 1—061
Pgia,.8,, (bilai,bi—1)= (3.6.189)

L 1-og 1-B1 B o

We define the state of the channel, at any time instant i € N”, as the modulo2 addition of the
input symbol @; and the previous output symbol b;_1, s; = a; ® b;—1. Due to the invertability
of the state, given the channel state and any of the channel input or previous output symbol,
the remaining symbol is uniquely defined. Thus, we may transform the channel Pp 4, 5, |
to its equivalent form Pg |4, 5, The channel then breaks down into two symmetric binary

channels with crossover probabilities (1 — o) and (1 — f3;), given by

(04] 1—o

PBilAi,Si(bi|ai7si = O) = [
1—0q (04}

] = PBi[s;.B;1 (bilsi = 0,bi-1)

B 1-PB

Pg\a,.5; (bilai,si=1) = L 5 5
— P1 1

] = Pg,s,8, , (bilsi=1,b;_1)

We define the Binary Symmetric Channel with crossover probability (1 — ¢y ), BSC(1 —a;),
as the “state zero” channel, and the Binary Symmetric Channel with crossover probability
(1 —P1), BSC(1 — B1), as the “state one” channel. Next, we define a cost constraint on the
channel that has the following physical interpretation. Assume &; > f3; > 0.5. Then the
capacity of the state zero channel (1 — H(a)), is greater than the capacity of the state one
channel (1 — H(B;)). With “abuse” of terminology, we interpret the (BSC(1 — ;)) as the
“good channel” and the (BSC(1 — 1)) as the bad channel. It is further reasonable to assume
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that we pay a larger fee to use the “good channel” and a smaller fee to use the “bad channel”.

We quantify this policy by assigning a binary pay-off to each of the channels. Hence, we

assign a cost equal to 1 for the good channel, and a cost equal to O for the bad channel,
Vi € N, given by

1 ifa;=b;_1,ors; =0

lanbi) = { 0 ifai#b 1 ors=1

The letter-by-letter average cost constraint is given by

E{C(AEBFI)} = PAi~,Bi—1 (070) +PAi7Bi—1 (17 1) = PSi<0)

The binary form of the constraint does not downgrade the problem, since it can be easily
upgraded to more complex forms, without affecting the proposed methodology (i.e. (1 —8),
0, where 0 = constant). Additionally, if B; > o; > 0.5 we reverse the cost, while if a;

and/or B; are less than 0.5 we flip the respective channel input.

3.6.1 Capacity of the BSSC with Feedback

In this section we provide closed form expressions for the feedback capacity and the optimal
input distributions, both for the constrained case and the unconstrained case. The feedback

capacity of the BSSC(o, B1) without cost constraint is given by,

1
C’* 2 lim  max —I(A" — B")
nHm?fxnan—] h

n—oo 5 4
Anan—l 1=

1 & . .
= lim  max - Y {H(B;|B"")—H(Bi|Bi—1,A")}
n
1

(o) . 1 &
="1 - H(B;|B;_1)—H(B;j|A;,B;_ 3.6.190
"l—r>r‘>1°{P(A,r|%?_)?) ?_lnizl{ ( l| i 1) ( l| iyDj 1)} ( )

where (o) holds from the property of the input distributions that generates a Markov pro-

cess at the output (Theorem. 3.31). By the form of the input distribution we have
1. {B;:i=1,2,...,n} is a first order Markov chain.

2. {(A;,B;):i=1,2,...,n} is a first order Markov chain.
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If we further assume that {Py, g, , :i=1,2,...} is stationary, then the output process {B; :
i=1,2,...} is a stationary Markov chain (by reconditioning). Moreover, it is shown in [18]

the input distribution convergence to a stationary distribution as n — c. Using [18], then

C/*=  max {H(B;|Bi_1)— H(B;|A;,B;_ 3.6.191
gz , (H(BilBioy) —H(B ok ( !

Expression (3.6.191) is also shown in [58].
3.6.1.1 Constrained Capacity with Feedback

The constraint capacity of the BSSC(a, 1) with feedback, is defined by (3.6.190), where

the input distribution additionally satisfies the average cost constraint, as follows

1
C/"2 1im . max —I(A" — B")
e PAn|Bn—l :%Z?:] E{C(AhBi—l )}:K n
1 n
=lim max —Y {H(Bi|Bi—1)—H(Bi|A;,Bi_1)}(3.6.192)

&
PP g1 4 i B{c(Ai B 1)} =k TS

Due to the form of the cost constraint, it can be shown that the derivation in [18] remains
valid, and and that the limiting channel input distribution is stationary, i.e., {PAi| B, L=

1,2,...,n} convergence to a stationary distribution as n — oo, as in the unconstraint case.

While for the unconstraint case the input distribution Py, p, | (ai|bi—1) € [0,1],V(a;,b;i-1) €
{0, 1}, the imposed average cost constrain E{c(a;,b;—1)} = &, k € [0, 1], restricts the set of
input distributions Py, p,  (ai|b;i—1) to those that satisfy

Py,5,,(0[0)Ps, , (0) + Py s, , (1]1)Ps, (1) = K (3.6.193)

The constraint rate of the BSSC with feedback 1s illustrated in Figure 3.6.2. The projection
on the distribution plane, denoted by the black dotted line, shows all possible pairs of input
distributions that satisfy the cost constraint defined in (3.6.193).

Next, we state the main theorem regarding the constraint capacity of the BSSC(a, B1) with
feedback.
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PAi|Bi_1(0|1) 0 0 P, (s (0[0)
I i1

FIGURE 3.6.2: Rate of the BSSC with feedback subject to the cost constraint for a; = 0.92,
B1 =0.79 and x = 0.71.

Theorem 3.47. (constraint capacity of the BSSC(oy, B1) with feedback)

The feedback capacity of the BSSC(a., B1) subject to the average cost constraint E{c(A;,B;_1)}
=k is given by

C’ (k) =H(A)—kH (o) —(1—x)H(B;) (3.6.194)

where A = ok + (1 — x)(1 — By). The optimal input and output distributions are given by

Py, (ailbi-1) =

0 K 1-— K'_
[ (3.6.195)

1{1—-x K

o (bilbin)) = of 2 1-4] (3.6.196)
Bi|B;i_ \"il¥i—1) = 1l1=2 2 -0.
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Proof. The second term of the RHS of (3.6.192) is fixed by the cost constraint, and it is
given by

H(Bi|Bi-1,A;) = kH(ou) + (1 —k)H(B1) (3.6.197)

We proceed by calculating H(B;|B;_1 ), with respect to the input distributions that satisfy the

cost constraint. The conditional distribution of the output is given by

P, = ZPBi‘AivBFlPAi‘BFI (3.6.198)
A;

For computational reasons it is preferable to find the maxima with respect to the distribution
of the output process that satisfy the average distortion constrain. By combining (3.6.193)

and (3.6.198) we rewrite the cost constraint as a function of Pp,p, |, as shown below,

PBi|Bi_1 (0|0)PBz (O) +PB,"B,‘_1 (1 | 1)(1 B PBi (O)) = A" (36199)
Py, (0)=Pg, 5, , (0]0)Ps,(0)+(1-Pg 5, , (1]1))(1-P5,(0)) (3.6.200)

where A = a1k + (1 — B1)(1 — k). Manipulating (3.6.199) and (3.6.200), we obtain the
following expressions for Pg, g, ,(0|0) and Pg,(0), as functions of Pg,p, , (1/1) and constants

(Xl,ﬁl,K'.

Py (0) = 1+ A —2Pg 5, (1]1)

b 2(1—Pgp, ,(1]1))

2 — (1+A) Py, (1]1)
1+A—2Pgp (1]1)

(3.6.201)

Ps,5,,(0]0) = (3.6.202)

. . . A ... .
To simplify the notation, we set g, = Pg,p, ,(1|1). The conditional entropy H (B;|B;-1) is

then equal to

H(Bi[Bi-1) = — Z (log(PBi‘Bifl))PB[|Bi—1PBi—l
BB
_27L—(1+l)qb10 (2/\—(1—!—1)%)
2(1 —qp) 14+ 2 —2g,
1—m

4qb
—— [ log(1 — 1
> ( og(l —gp) +1 — 0g61b>

L=—m ((1=m)(1—q)
o log( — ) (3.6.203)

Maximizing (3.6.203) with resect to gy, yields
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FIGURE 3.6.3: Input distributions and the respective capacity for k = 0,0.025,0.05...,1
dH(B;|B;_1) 1-2 (2&—(1+A)qb) (A —1)? 1-2
= 5 log —
dqp 2(gb—1) 1+2A —2g 20gp—D)(1+A—2q95) 2(qp—1)
1-2 1-2 A—1)2
B logay + (L=2)qp (A-1) _
2(gp—1) 2gp—1)ap  2(qp—1)(1+ 24 —2qgp)
1—A 24— (14+A)gp
= —0s|1 —1 =0
2(qb—1)? <Og( 1+A—2q, 84
2A—(1+ A
:>10g< (1+ )qb>:0
(1424 —24g5)q
= qp=A and g, =1 (trivial solution) (3.6.204)

By substituting the non-trivial solution of (3.6.204) into the single letter expression of the
constraint capacity we obtain (3.6.207), (3.6.208).

]

The capacity of the BSSC for various values of k is illustrated in Figure 3.6.3. Each curve

illustrates the input distributions that satisfy the average constraint for a fixed k, while the

red mark illustrates the pair of optimal input distribution that achieve the capacity. These

conditional distributions are projected on the line Py, 5, ,(0[0) + Py,jp, ,(0]1) = 1. which in

context with (3.6.197) yield the already proven distribution of the output symbol.
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FIGURE 3.6.4: Rate of the BSSC with feedback, for oy = 0.92 and f8; = 0.79.

3.6.1.2 Unconstraint Capacity with Feedback

While the constraint capacity restricts the set of input distributions Py, 5, , (0/0), Py, 5, , (0[1)

to those that satisfy the average cost constraint, the unconstraint capacity allows any values

of the input distributions on the set [0, 1] x [0, 1]. The rate for the unconstraint BSSC with

feedback, for fixed ap, B; and k, is illustrated in Figure 3.6.4.

Next, we show how to obtain the unconstraint capacity with feedback, and thus verify exist-

ing results in [58].

Theorem 3.48. (Unconstraint capacity of the BSSC(ay, B1) with feedback)
The unconstraint feedback capacity of the BSSC (o, By) is given by

C’P =H(A*)—x*H(ay)—(1—x*)H(B)) (3.6.205)
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where
B (1 2H(ﬁ1>73ﬂ(01¢1)) 1
* * * * 1 + o +h1 - -
A=k +(1—x")(1-p), K = IR (3.6.2006)
(o +pr—1)(1+2 @bt )
The optimal input and output distributions are given by
. K* 1 —«x*
PA,-|B,-,1(ai|bi*1) = N . (3.6.207)
-k K
5o (bilbioy) = AT 14 (3.6.208)
Bi|B;i_ \"il7Vi—1 1 — % 2% 0.

Proof. The unconstraint capacity is defined as the maximization of directed information
over all possible channel input distributions. Alternatively, it may be defined via the double
maximization of the input distributions that satisfy the average cost constraint maximized

over all possible values of the constraint, via

C= m’?XCf b(x) (3.6.209)

The second approach can be easily computed by maximizing the already known expression

of the constraint capacity, with respect to &, as follows.

dC(x)
dx

= (o1 + 1 —1)log(b—x* (o1 + 1 — 1))
—(o + 1 —1)log(1 —b+K"(o + 1 — 1)) +H(B1) —H(0o)
=0

H(By)—H (o) H(By)—H (o)

Sk + - D142 afi T ) =142 ahi1 )1

Therefore the optimal average cost constraint the maximizes the capacity is given by

H(By)—H(ap)
s P(1+2 atht ) —1
K= H(B)_H(oy)
(+Br—1)(1+2 uth-1 )
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FIGURE 3.6.5: Comparison of the results for the POST(a) channel and the BSCC(1,a).

The result of the unconstraint feedback capacity may be physically interpreted as the optimal

time sharing (x*) among the two symmetric states of the channel.

In Figure 3.6.5 we show the graphs of the unconstraint capacity of the BSSC(1, ) with
feedback, and that derived in [58], to illustrate that they are identical as expected. For all

values chosen the graph is identical.

3.6.2 Capacity of the BSSC without Feedback

In general, feedback increases the capacity of a channel with memory. This statement does
no hold for the BSSC [3, 58]. Feedback and no feedback capacity are the same if there
exists an input distribution P4» which induces the optimal output distribution, Pz, and joint

distribution Pj{n g Of the channel with feedback.

Next we introduce an intermediate step to additionally guarantee that the average cost con-

straint is satisfied. This approach applies to the cost constraint case as well.

Lemma 3.49. Assume there exists an input distribution of the form Py, = ®ioba;jai-1 that
induces the optimal input distribution P ynpn = ®?=0PX.\ Ai-1 pi-1 and optimal output distri-
bution Py, of the feedback case.
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Then, the feedback capacity is achieved via a no feedback input distribution and the average

constraint is satisfied.

Proof. The feedback capacity is a functional of {? An|Br=1s ? B A7 }» which define uniquely
the joint distribution {Ps» p»} and the marginal distribution Pg». In the no feedback case,
the capacity is a functional of {Pyn, ? B 4n} and the maximization is over P4». However, if
there exists an input distribution for the no feedback case, Py,, which induces the optimal
input and marginal distribution of the feedback case, ?Zn‘ g, Ppgn, then the expression of the

no feedback capacity is the same as the feedback capacity. O

Theorem 3.50. For the BSSC(a,B1), the first-order Markovian input distribution P}, =
®?:0PX,»| Ay which induces the optimal input and output distribution of the feedback case

given by de B, , and Py, respectively, is given by

l-x—vy K—7v

. 1-2y 1-2y

1 -2y 1-2y

where y = ayx + B (1 — k).

For the unconstraint case Kk = K* and y = y*.

Proof. To prove the claims, we need to show that a Markovian input distribution achieves

the capacity achieving channel input distribution with feedback. Consider the following

identities.
* _
PA,-|B,-,1 = ZPAi\AH B Pai 1B,
A1
N Z P PBifl‘AFlPAifl
= AilAi—1,Bi P
A1 Bi_1
Py a;_ Pa;
i1Ai—1 i—1
- Z P, Z Ly: VO Y i N
A1 Bi-i Bi»
Py1a
. ilAi-1
- Z P ZPBi—l A 1B o FA; B 2 PBi o
Aoy "Bi-1 B,
(3.6.211)
Thus, we search for an input distribution without feedback P14, . g . = P44, , that satisfies
1| i—1,0i—1 l‘ i—1

(3.6.211). Solving iteratively this system of equations yields the values of the optimal input
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nd
O

distribution without feedback given by (3.6.210). Since Py
given by (3.6.210) induce P

=Y. P P a
i|Bi—1 ZA, Bi|Bi_1,A;" Ai|B;i_

k . . k
PAi‘ A 1By then it also induce PA,»| B,

If we assume that we begin from the steady state distribution of the output, Pg,(0) = 0.5,
then (3.6.210) holds for i > 1. Moreover, if we assume that we begin from an arbitrary initial
state, then the optimal input distributions at any time instant is process which converges
to a stationary symmetric Markov form given by (3.6.210), in finite number of steps. In
Figure 3.6.6, we illustrate that the input distribution converges for the worst case scenario,
in terms of convergence, where o = 1 and f; = 0.5. The terms Py(.|.) and P;(.|.) indicate
the conditional input distribution without feedback given By = 0 and By = 1, respectively,
while the terms Py(.) and P (.) indicate the distribution of the output symbol given By = 0

and By = 1, respectively.

If any Py, 4,  (@ila;—1) induces Py

AilBi
(bi|bi—1) and Pji|A,71(a,~|a,~_1) = Py,|a,_, (ailai—1). The capacity for the uncon-

(ai|bi—1), then it also induces the optimal output pro-

*
cess PB,-| B,
straint case is then equal to

1
C = lim max—I(A" — B")

n—oo PAVl n

= max I(A;;Bj|B;i_1) =C’° (3.6.212)

Pajia;iy

and similarly for the constraint C(x) = C/%(x).

3.6.3 Special Cases of the BSSC with and without Feedback

Next, we provide two special cases of the BSSC where we apply our results and evaluate
the unconstraint capacity, the optimal input distributions, with or without feedback, and the

optimal output distributions.
I. Memoryless BBSC (a; =1 =1—¢):

Consider the case where a; = 8 = 1 — €. This reduces the BSSC to the memoryless Binary
Symmetric Channel (BSC) since both of the channels are binary symmetric channels with

cross over probability €. Then, k* = 0.5 and A* = 0.5, thus the optimal input and output
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FIGURE 3.6.6: Convergence of the input distribution without feedback for the worst case
scenario (o = 1, B; = 0.5). The index i denotes the time index.

distributions are IID processes. The capacity is then equal to

C = H((1-¢€)(1-0.5)+€0.5)—0.5H(¢)—0.5H(¢)
= 1—H(e)

These results are consistent to the known results of the memoryless BSC.
I1. Best and Worst BBSC (o = 1,B; =0.5):

Consider the case where o; = 1 and 8; = 0.5. In this case the "’state zero” channel behaves as
a perfect channel, where the output equal to the input, while the ’state one” channel behaves
as a bad channel where the output is equal to the input with probability 0.5. By applying
equations (3.6.206)-(3.6.208) and (3.6.210), we obtain x* = 0.6, A* = 0.8. Therefore the

capacity is equal to
C=H(0.2)—0.6H(1)—0.4H(0.5) =0.3219

The optimal input distributions, with or without feedback, are given by
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0.6 0.4]

PAjki|Bi—1(ai‘bi—l): [04 0.6

and

2/3 1/3]

PX;|Ai71(ai|ai*1) = [1/3 2/3

while the optimal output distribution for both is given by

. 0.8 0.2
i1, (Pilbi—1) = [ ]

0.2 0.8

3.7 Conclusions

In this chapter we studied two fundamental optimization problems for general channels with

memory and feedback.

The first problem investigates the structural properties of encoders, for a given source and
channel which maximize the directed information from the source to the channel output. For
this problem we focus on the design of encoders, and their structural properties, when the
information capacity has an operational meaning. We gave the first complete derivation of

the capacity achieving distribution for the unit memory channel.

The second problem investigates the structural properties of capacity achieving distribution.
For this problem we focus on the calculation of the capacity achieving distribution, and its

structural properties, when the information capacity has an operational meaning.

In addition we presented dynamic programming which can be used to determine the en-
coders and the capacity achieving distribution. We have used the encoder structural proper-
ties and capacity achieving distribution to show how to design encoders which achieve the

capacity.

We also generalize the Posterior Matching of designing encoders and decoders which achieve

capacity for general channels with memory and feedback.
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Finally, we applied the theoretical framework to the unit memory channel, and we showed
that the optimal encoder with feedback depends only on the channel output and not the whole
sequence. Subsequently, we calculated closed form expressions for the capacities and the
optimal input distributions, in the presence or absence of feedback and cost constraint. Our
methodology highlights the symmetric form of the channel, and is interpreted as the optimal

time sharing among the two states.



Chapter 4

Nonanticipative Joint Source Channel

Coding for Real-Time Transmission

Shannon in his seminal paper [65] showed that source coding and channel coding may be
treated separately without affecting the optimality of the overall design. Over the years,
reliable communication analysis is divided into two parts; optimal source compression and
optimal channel coding. Although this separation procedure introduces significant advan-
tages with respect to the theoretical analysis and practical design of the codes, it applies
mostly to point to point ergodic communications systems, and it does not apply to multiuser
channels or non-ergodic systems. Even for the case of ergodic point-to-point communica-
tion link, the drawback of this approach is that it introduces delays by assuming arbitrarily
large codeword lengths. Thus, it is not suitable for delay sensitive communication schemes.
Additionally, it increases the complexity due to the complex structure of encoders and de-
coders, and leads to excess demands of resources (memory, computational power, power

consumption).

Similarly, classical Joint Source Channel Coding (JSCC) [67], although capable of solving
more complex communication problems, such as, sources and channels with memory, or
even network communication problems, fails to deal with delays, since its performance is
also evaluated in the limit of large blocklengths. JSCC over finite blocklengths, on the
other hand, may reduce delays while its error exponent outperforms that of separate source
channel coding [21]. Additionally, achievable bounds exists for certain kind of sources with

fidelity constraints and channels with cost constraint pairs.

136
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Coding over infinitely large blocklengths, although optimal under certain conditions, it is not
the only optimal choice [29, 31]. Two well known source-channel pairs, the IID Bernoulli
source with single letter Hamming distortion criterion transmitted via a binary symmetric
channel, and the Gaussian source with mean square error distortion transmitted via a Gaus-
sian channel, reinforce the belief that the encoder and the decoder can be jointly designed
optimally, processing symbols in real time. This optimal transmission scheme is very simple
compared to the complexity of separated source and channel coding. For the IID Bernoulli
source, this is achieved by uncoded transmission (the encoder and the decoder are identity
maps) over a binary symmetric channel, and this design eliminates the delay and the com-
plexity of the overall scheme. For the IID Gaussian source, it is achieved via semi-coded
transmission, to meet the power constraint, over an additive Gaussian noisy channel, with
or without feedback. The overall transmission scheme is delayless, while the complexity
reduces to minimum, due to the simple form of the encoder-decoder. Therefore, nonantici-
pative JSCC, uncoded or semi-coded, is an optimal coding approach for these two examples
[29, 31].

The objective of this chapter is to put forward a framework for optimal performance and
reliable communication based on nonanticipative JSCC for sources and channels with mem-
ory, with or without feedback. The necessary theoretical framework builds on the material
of the previous two chapters; the nonanticipative rate distortion for sources with memory,
and the capacity of channels subject to cost constraint with memory, with and without feed-
back, which are elaborated extensively in Chapter 2 and Chapter 3. After we introduce the
mathematical framework for nonanticipative transmission, we apply it to the Binary Sym-
metric Markov source with crossover probability p, (BSMS(p)) transmitted over the Binary
State Symmetric Channel (BSSC(,f1)), and we show optimality for the overall design.
To evaluate the performance of the nonanticipative transmission of the overall system, we
apply the average distortion which evaluates the performance in the limit, and the minimum

excess distortion which evaluates the performance for finite number of transmissions.
This chapter consists of the following parts.

e Definitions of nonanticipative and Symbol-by-Symbol (SbS) code !, and definition of

the minimum excess distortion.

e Realization of the optimal non-anticipative reproduction distribution and achievability

of the nonanticipative code via a noisy channel.

IRecall that SbS code encodes causally the current source symbol.
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e Nonanticipative and SbS JSCC scheme for the Binary Symmetric Markov Source
(BSMS(p)), via a Binary State Symmetric Channel, (BSSC (¢, 1)). We discuss both
feedback and no feedback realizations as well as the unmatched case, where the ca-
pacity of the channel is greater that the nonanticipative RDF of the source. The per-

formance is evaluated by the excess distortion probability.

4.1 Problem Formulation

In this section we define the elements of a nonanticipative and SbS code in an abstract
setting. Let N 2 {0,1,...}, N" 2 {0,1,...,n}. Let 2,7, %,% denote the source out-
put, channel input, channel output, and decoder output alphabets, respectively, which are
assumed to be complete separable metric spaces (Polish spaces) to avoid excluding con-
tinuous alphabets. We define their product spaces by %2, 3 X2 X, o 2 X o,
PBo.n = X 0B, Pon = X o . Letx" = {x0,x1,...,x,} € Zo » denote the source sequence
of length n, and similarly for channel input, channel output, decoder (reproduction) output
sequences, a" € 2, b" € Bon, Y € %, respectively. We associate the above prod-
uct spaces by their measurable spaces (20, B(Z0.)). (2.0, B(0)), (Bon,B(PBon)),
(%00, B(%0,n)). Next, we introduce the various distributions of the blocks appearing in Fig-
ure 4.1.1.

Definition 4.1. (Source) The source is a sequence of conditional distributions defined by
m A on i—1
PX" (dx ) = ®i:0PXi‘Xi71 (d.xl'|.x ), neN
e The source is called Markov if
Py, xi-1 (dxi]x™1) = Pyx, ,(dxilxi-1) —a.a Xl VieN
Definition 4.2. (Encoder) The encoder is a sequence of conditional distributions defined by

_ A i i i
?A"|B”71,X" (da"|b" l,xn) = ®?:OPAI,|A571735717X,‘(da,'|a' l,bl l,x’), neN

Thus, the encoder assumes feedback from the output of the channel, and it is nonanticipative

in the sense that at each time i € N*, Py yi-1 gi-1 yi(daila’™ !, 6" 1, x') is a measurable function
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FIGURE 4.1.1: Real-Time Communication scheme with feedback.

on past and previous source symbols x' € Z0.i» past channel input symbols a ¢ 2 i, and

past channel output symbols y’ € 2.1
e The encoder is called Markov with respect to the source if
il i
Py a1 g1 xi(daila™ ", 0" x") = Py g1 gio1 x,(daila™ b, xi) —a.a.

(ai_l,bi_l,xi), VieN

Markov encoders are SbS encoders because at each time the encoded symbol depends on
the last source symbol and not the whole past of the source.

Definition 4.3. (Channel) The channel is a sequence of conditional distributions defined by

?B"|A",X" (db"|a",xn) = ®;‘1=OPBi|Bi_],Ai,Xi(dbi|bl 1,a’,x’), nec I\

Thus the channel has memory, feedback and it also depends nonanticipatively on the source

sequence.

e The channel is called Markov with respect to the source if

Py g1 i xi (dbi|b' 1, al,x') = Py g4, (dbi|b' 1, ai,x;)) —a.a. (', b, x), Vie N

e The channel is defined from the input to the channel, A", to the output of the channel,
B, if

PBi‘Bi—17Ai7xi(dbj|bi_1,ai,xi) = PBi|Bi—17Ai(dbj|bi_1,ai) —a.a. (a,b ' X)), VieN'
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e The channel is called first order Markov if

Py, \gi-1 ai xi (dbi|p !, d'x') = P8, A:x;(dbilbi-1,ai,x:) —a.a. (a',b ! x), VieN

e The channel is called memoryless if
Py g1 i xi(dbi|b™™" '\ x') = Py, (dbila;) — a.a. (d', ' x'), Vie N
Definition 4.4. (Decoder) The decoder is a sequence of conditional distributions defined by
Pynn(dy'B") 2 @ oPypyit gi(dvily™b), n €N
e The decoder is called Markov with respect to the channel output if

P)/i|yi*1,3i(d)’i’yi_labi) = Pmyifl,B,-(dyi\yifl,bi) > s ()’iil,bi), VieN'

The above Definitions 4.1-4.4, of source-encoder-channel-decoder are general, they have
memory and feedback without anticipation, hence we call the encoder-decoder code, a

nonanticipative code.

Given a source, an encoder, a channel, and a decoder, one can define uniquely the joint
measure on (2o, X . X Bon X 0.0, B(Z0,n) X B( ) X B(HBon) x (B(%,0)) by

Pyn n o yn(dx", da",db",dy") = @ oPyyi1 g aixi(dyily™ "', x)
®PBi|Bi71’yi—17Ai7Xi(dbi’bi717yi71aai7xi)
OPy it gty (dagla=" by x)
®PXi|Xi717Ai717Bi71’yifl(dxi|xi_1,ai_l,bi_l;yi_l)
= ®?:0PY,-|Yi*1,Bi(in|yi71abi)
®PBi|Bi—1’Ai’Xi(dbj|bi_l,ai,xi)
Py ai-1 gio1 xi(dagla’™ " b1 )

®Py, xi-1 (dxi|xi*1)
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The previous equality holds if and only if the following Markov chains (MCs) hold.

AT B Ly ) o x o X, VieN 4.1.1)
Yl (AT B XY A, VieN (4.1.2)
Yl (AL B X)) B, VieN (4.1.3)
(AL XY« (B Y Yy, VieN. (4.1.4)

Next, we introduce the distortion function between the source and its reproduction, and the
cost function of the channel. The quality of reproducing at each time instant i € N", of x; by

yi is evaluated by the measurable distortion function

A & ; -
don: Zon X on = [0,00), don(¥,y") = Y p(T'X",T'y")
i=0
where (T'x", T'y") are causal mapping (i.e., for each i € N*, T'x" and T'y" depend on their
past and their current symbols respectively). For a single letter distortion function we take
p(Tx",T'y") = p(x;,y;). The cost of transmitting a specific symbol over the channel is a
measurable function
n

Con: o X Bop1 = [0,00), conld b2 Y y(Tia", Tib")
i=0

where at each time instant € N”, T/p"~! depends on by, ..., b;_1. Next, we state the defini-

tion of a nonanticipative code with respect to the excess distortion probability.

Definition 4.5. (Nonanticipative code) Letd >0, € € (0,1) and P > 0. An (n,d, €, P) nonan-
ticipative code for (£, .0, Bo.ns Zon - Pxr, ? Br|an xns do.n,€0.n) 18 @ source-channel code
{Pojai-1 g1 xi(++) 1 i € N}, { Py yi1 gi(+]-) 1 i € N"} with excess distortion probability

P{doﬂ(x",y”) > (n+ 1)d} <e (4.1.5)

and average transmission cost

n n—1 < 1.
nHE{cO,n(a,b )}_P (4.1.6)

Such a code is by definition nonanticipative. A SbS code is a nonanticipative code which

satisfies Py, pi-1 xi = Py, pi-1 x,- Moreover, such a code is called SbS if the encoder is Markov
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with respect to the source if, that is,
Py, i1 xi (a;|p !, x1) = PAi|Bi_17Xi(a,~|bi_l,x,-) —a.a. (b1 X, Vi eN

and similarly for the decoder.

The objective of the chapter is to design nonanticipative and SbS codes and show achiev-

ability. Next, we define the minimum achievable excess distortion.

Definition 4.6. (Minimum Excess Distortion) The minimum excess distortion achievable by

a nonanticipative code (n,d, €, P) is defined by

D’(n,€,P) = inf{d : d(n,d, €, P) Nonanticipative code}

This performance measure is suitable for nonanticipative and SbS transmission of finite
length, since it is able to bound the probability of error for a fixed n. Another performance
measure which is suitable for nonanticipative transmission in the limit as n — oo, is the

average distortion.

Clearly, our definition of nonanticipative code is randomized, hence it embeds deterministic
codes as a special case. Note that in the absence of a cost constraint on the channel, a

nonanticipative code is denoted by (n,d, €), and we set D°(n, €,P) = D{(n,€).
Next, we give an alternative definition of achievability by defining a nonanticipative code

via the outage rate probability and the outage capacity.

Definition 4.7. (Nonanticipative code via outage probability) An alternative definition of

achievability is obtained by considering an (n, R, €, D) nonanticipative code with outage rate

probability
1 PB”‘A” (bn|an)
P< (A",B"): 1 <R;<eg 4.1.7
{( BY) ntl 8 Pgn(b") - ( )
and average fidelity constraint
! E{do (X" Y")} <D (4.1.8)
n+1 M - o
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Definition 4.8. (Outage capacity) The outage capacity achievable by a nonanticipative code
(n,R, €,P) is defined by

C’(n,e,P) = sup {R : 3(n,d, e, P) Nonanticipative code}

4.2 Coding Theorems

In this section we show achievability of nonanticipative code.

The realization of the optimal reproduction distribution by an encoder-channel-decoder such
that the reproduction of the sequence X" by the Y matches the nonanticipative minimizing
reproduction distribution, is necessary for probabilistic matching of the source and the chan-
nel. Moreover, if the realization satisfies the fidelity constraint and lim,,—c #I Pen (P,

?Y”I xn) = R"™(D), then R"*(D) has an operational meaning. Next, we give the precise defi-
nition of the realization. Such a realization is not optimal because the channel in general has

higher capacity.

Definition 4.9. (Realization) Given a source {Pxi\ yiot (dxi]x=1) :i=0,1,...,n}, a general
channel {Pg i1 4i xi (dbi|b'~',a’,x') :i=0,1,...,n} is a realization of the optimal repro-
duction distribution {P;’k, |Y,»_17X,»(dyl~|y"*1,xi) :i=0,1,...,n} obtained from the solution of
nonanticipative RDF, if there exists a pre-channel encoder {Py, 4i-1 gi-1 xi (daila’™", 6" 1, x')
:i=0,1,...,n} and a post-channel decoder {Py,yi-1 p (dy;]y"~',b") :i=0,1,...,n} such
that

?mxn (dy"|x") = &g Pyyic1 xi(dyily™ %) (4.2.9)

where the right hand side of (4.2.9) is obtained from the joint distribution of the source,

encoder, channel, decoder, given by

Pyn an gr yn(dx",da”,db",dy") = @ oPyyi1 pi(dyily ™", b)
Py, i1 a1 xi(dbilb' ! dl x')
®PAi|Ai71’Bi717xi(dai|ai717bi717xi)

®Pyxi-1 (dxi]x ") (4.2.10)



Chapter 4. Nonanticipative Joint Source Channel Coding for Real-Time Ttransmission 144

Moreover we say that R"*(D) is realizable if in addition the realization operates with average
distortion D and lim;, . #Ipxn (PXn,?an(n) = R"(D) < oo,

Clearly, (4.2.10) holds if and only if the MCs (4.1.1)-(4.1.4) hold. Moreover, if the optimal
reproduction distribution is realizable according to Definition 4.9, then the following data

processing inequality holds (see Chapter 2, Theorem 2.24).
Ignoyn (Pxo, Byapn) <I(X" —B"),  VneN 4.2.11)

Note that (4.2.9) and (4.2.10) are very general and include as a special case the joint distri-

bution

Pxn an pn yn(dx",dad" ,db",dy") = ®?:0PYI,|Y,>17BI' (dy; |y"’1 ) bi)
Q@Pp,|pi-1 Ai (dbi\bi_l , ai)
QPy,ai-1 pi-1 xi (a’a,~|ai_ Lyt ,xi)

®Py,xi-1 (dxilx ") (4.2.12)
Equation (4.2.12) holds if and only if (4.1.3) is replaced by
Y~1xX") & (AL,B7) & B;, VieN (4.2.13)

Moreover if (4.2.13) holds, then we have the data processing inequality (see Chapter 2,
Theorem 2.24)

Ixnyn (Peo, Bynpn) <I(A" = B"), VneN (4.2.14)

If R" (D) is realizable according to Definition 4.9, then the source is not necessarily matched

to the channel, but R"“(D) can be given an operational meaning, based on Definition 4.5.

Now, we are ready to prove achievability of a nonanticipative code. To this end, we need to
introduce the operational definition of channel capacity.

Consider the average cost constraint defined by
A 1 _
yo,n(P) = {?X”,A”B”*l . mE{COn(An,Bn 1)} S P}

Since we consider the general scenario that (4.1.1)-(4.1.4) hold (e.g., MC (4.2.13) is not

assumed), we define the finite-time information channel capacity from the source to the
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channel output [19], by

>

Con(P) sup I(X" — B")

?Xn’An‘anl EQZOJL(P)

The information channel capacity (provided sup is finite and the limit exists) is defined by

C(P) = lim

n—oon + 1 CO,n (P>

We have the following achievability theorem.

Theorem 4.10. (Achievability of nonanticipative code).

A. Instantaneous. Suppose the following conditions hold for any finite n.
1. Ry’ (D) has a solution;
2. Con(P) has a solution;

3. The optimal reproduction distribution ?1*/"|X” (dy"|x") is realizable, and (R,,Dy,) is

realizable;

4. Fora given Dy, € [Dyin, Dyay| there exists a P such that the realization gives Ry, (Dp) =
Con(P) =1(X"— B").

B. Limiting. Suppose the following conditions hold.
1. R"(D) has a solution;
2. C(P) has a solution;

3. The optimal reproduction distribution ?;m‘ v (dy”[x™) for R™ (D) is stationary and

realizable, and (R, D) is realizable;

4. For a given D € [Dyy, Dinax] there exists a P such that the realization gives R (D) =
C(P) =lim oo ;o1 (X" — B).
If‘]:[);(n’yn{ " op(TX",T'Y") > (n+ l)d} < &,d > D, where P* is taken with respect to

Py xn(dy",dx") = &1 (P;IY"" wi(dyily™ 1 x7) ®PXI.|X,~71,Y,~71(dxl-]x"*l,yifl)> then there exists an

(n,d, €, P) nonanticipative code.

Proof. Part B: If conditions B.1. — B.3. hold then the optimal stationary reproduction dis-

tribution is realizable, and this realization achieves R"*(D), and C(P). By 4. the source is
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matched to the channel so that the excess distortion probability of a nonanticipative code

with memory without anticipation satisfies the excess distortion. [

Note that, if we replace the excess distortion by average distortion, an example for a Gaus-

sian RV transmitted over a memoryless additive Gaussian channel is given in [5].

Remark 4.11. An equivalent definition achievability for a nonanticipative code can be
shown by applying the concepts of outage rate probability and outage capacity, as giben

in Definition 4.7 and Definition 4.8.

Next, recall that when the source is Markov, and the channel is Markov with respect to the
source, nothing can be gained by considering encoders which at each time instant i depend
on the entire past block of the source symbols X’. This will imply that the optimal code is

not only nonanticipative but it is also a SbS code, Markov with respect to the source.
We introduce the following assumption, to simplify the search for source-channel matching,

in terms of the encoder, optimal reproduction distribution and decoder.

Assumption 4.12. (Markov Source and Channel Markov w.r.t. the Source)
The distortion, transmission cost, and source and channel conditional distributions satisfy

the following conditions
L. p(T'x", T") =p(x;, T'Y"), y(T'a",T'h" ') =7(a;,b"" ") ViecN"
2. PXi‘Xi—l(dxl'|Xi_l) = Pxx,_, (dxi|xi-1) —a.a.(x7"), VieN
3. Pypi-1 i xi(dbilb'™! ' x) = Py g1 4, x, (dbilb™ ' aj, x) —a.a. (b1 d' X),  Vie N,

By Assumption 4.12 and Theorem 4.10, the optimal reproduction distribution is of the form

PYi|Xi_‘Y,'71(dyi]x’.,y"*1) = Pyx,yi! (dyilxi,y ) —a.a. (X', Y1), VieN

In view of Assumption 4.12 we have

A & . . n PB-\Bi*I X.(dbi|bi71,xi)

I(X" = BY =Y I1(X';B|B™ 1) = Y E{ log =~ -

i;) ! l;) PBi‘Bifl(db[“?l ])

Theorem 4.13. Under Assumption 4.12, maximizing directed information over non-Markovian

encoders with respect to the source is equivalent to maximizing it over Markovian encoders
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with respect to the source, that is,

sup I(X"— B") = sup I(X" — B") (4.2.15)
PA,-|A"71,B"71,X": i:0,1,...,n PAZ-\B"*I.X[: i:0,1,...,n
atrE{coa(a" B} <P atrE{coq(a" B} <P

Moreover, the maximization in (4.2.15) with respect to deterministic encoders {a; =
ei(xl, a1y i =1,...,n} is equivalent to the maximization with respect to encoders
{aj=ei(x;,y" 1) :i=1,...,n}.

Next we introduce the following Assumptions, which allow us to define the information ca-

pacity between the input of the channel A", and the output of the channel B".

Assumption 4.14. The following MC holds

X' (ALBY) & B, VieN

Under Assumptions 4.12 and 4.14, the following identity holds
n
I(X"—B")=1(A"— B") =Y I(A;;Bi|B™") (4.2.16)
i=0

Therefore, we have the following variation of Theorem 4.13 (see Theorem 3.31, Chapter 3).

Theorem 4.15. Suppose assumptions 4.12, 4.14 hold.

The finite-time information capacity satisfies

1>

Con(P) sup I(A" — B") = sup I(A" — B")

PAi\Aifl.Bifl 1 i=0,1,....n PA[\Bi*I :i=0,1,....,n
i E{coq(A" B 1)} <P wrrE{con(a",B" 1)} <P

4.3 Joint Source Channel Matching of a BSMS(p) via a
Unit Memory Channel

In this section, we apply Theorem 4.10 to show that SbS joint source channel coding for the

Binary Symmetric Markov Source (BSMS(p)) transmitted over the Binary State Symmetric
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Channel (BSSC(o, 1)) with cost constraint, is indeed feasible. For the sake of complete-
ness, we begin by recalling the results of the nonanticipative RDF of a BSMS(p) and the
capacity of the state symmetric channel with feedback, elaborated explicitly in Chapters 2
(Section 2.5) and Chapter 3 (Section 3.6), respectively. We provide the necessary conditions

for JSCC coding schemes, with and without feedback, which operate optimally.

Moreover, we show the surprising result that even in the unmatched case of C(P) > R™ (D)
reliable communication is still feasible, with respect to the excess distortion probability. Fi-
nally, we prove that finite length SbS transmission (transmission of a finite number of sym-

bols) is possible by providing bounds for the excess distortion probability for this schemes.

4.3.1 Nonanticipative RDF of Binary Symmetric Markov Source and

Capacity of the Binary State Symmetric Channel

We begin by stating the main results of the nonanticipative RDF of the binary symmetric
Markov source (Section 2.5, Chapter 2), for further use. The nonanticipative RDF of the

BSMS(p) and single letter Hamming distortion criterion is given by

H(m)—H(D) = H(p) —mH(a) — (1 -m)H(B) ifD<}

0 otherwise

R"™(D) = {

where

m=1—p—D+2pD

The optimal reproduction distribution depends only on the current source symbol and the
previous reproduction symbol, the conditional distribution of the source symbol given all
previous reproduction symbols depends only on the last reproduction symbol, while the
distribution of the reproduction symbols also depends only on the previous reproduction

symbol. These distributions are given below.

0,0 0,1 1,0 1,1

0| o B 1- 11—«
Py (il yion) = (4.3.17)
Yl‘Xuth( l‘ ! yl ) 1 1_ o I_B B o
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0 1 0 1
. 0| m 1—m . of p l—p
Pyyy,, (xilyi-1) = 1[1_m - ] Py, Oilyiza) = 1[1_1, p ]
where ] 1 1
o= 1=P)1=D) 5 _p1-D)
m 1—m

Next, we define the capacity of the BSSC, subject to a cost constraint. The channel over

which source symbols are transmitted is chosen to have the form of the optimal reproduc-

tion distribution, given by

00 01 1,0 1,1

0[ o B1 1—By 1—061]

Pgia, B, ,(bilai,bi—1) =
B,\A,,B,71(1|’ ! ) I|1l—a 1-p Bi o

(4.3.18)

By applying the one to one and onto, hence invertible, transformation s; = a; ® b;_1, we

rewrite the transition probability matrix as follows.

0
PB,‘|A[,S,’<bi|ai?0> = 1 [

(4.3.19)

This transformation highlights the symmetric form of channel defined by the transition prob-

ability matrix (4.3.18), and provides an interpretation for the final expression of the capacity.

We call this channel “‘state symmetric channel”, since subject to the transformation s;, it re-

duces to two symmetric channels with crossover probabilities (1 — ;) and (1 — fB;).

In Chapter 3, we also introduced an average cost constraint for the BSSC of the following

form.

E{C(Ai,Bi_l)} = 1'{PA,~7B,~_1 (0,0) +PAi7Bi—l (1, 1)} +O‘{PAi,Bi—1 (0, 1) +PAi,Bi—1 (1,0)}

= 1.P5,(0)+0.P5,(1) =E{S;)} = P5.(0) =

where k € [0, 1] is a given constant.

(4.3.20)
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Feedback does not increase the capacity of this channel. The capacity subject to the prede-

fined binary cost constraint of the state symmetric channel is given by
C(S)=H(Bi1(1—x)+ (1 —a1)k) —kH (1) — (1 —Kk)H(p1) (4.3.21)
The optimal input distributions, with and without feedback, are given by

0 1
0 l-x—vy K—Y
N 1-2y 1-2y
; PA,~|A,-,1(ai’ai—1) = ! K—Y l-x—vy
1-2y 1-2y

K 1—-x

11—k« K

. 0

where ¥y = ok + B (1 — ).

Recall also that the unconstraint capacity is given by
C=HBi(1-x")4+(1—a)k")—x"H(oy)— (1—x")H(B1) (4.3.22)

where the value of x that maximizes the capacity is defined by x* and is equal to

H(By)—H(o)
. Pi(1+2 @thet )1
LG H(B)—A(oy)
(g +B1—1)(1+2 @th-1 )

Of course, this will result in a value which is at least greater than the capacity of the con-
straint case. The unconstraint capacity will be applied to the unmatched realization, while
its exact calculation will be used to evaluate the rate loss, (C — R" (D)), of uncoded trans-

mission over a channel with capacity larger than the nonanticipative RDF.

Another equivalent representation of the state symmetric channel is also possible by condi-
tioning over the state and the previous channel output, since Pg |4, 5, | (bi|a;,b;—1) uniquely

defines Pg,s, 5, , (bilsi, bi-1), given by

0,0 0,1 1,0 1,1
0 o l—o; 1-— ﬁl ﬁl
Pg,(s.B,_, (bilsi,bi-1) = (4.3.23)
111— (04] (041 ﬁl 1— ﬁl
and vice versa. This alternative equivalent representation of the channel defined by (4.3.17),

is given by (4.3.18). We will apply this equivalent channel to construct the encoder-decoder
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scheme for the state symmetric channel in the presence of noiseless feedback.

Next, we prove that the capacity of the channel defined by (4.3.18), subject to average cost
constraint defined by (4.3.20), is equal to the capacity of the channel defined by (4.3.23)

over the same cost constraint.

Lemma 4.16. The capacity of the state symmetric channel with feedback subject to a cost
constraint E{c(A;,B;_1)} = E{S;} = K, where s; = a; ® b;_1, is expressed by the following

equivalent representations.

C(S) = max_ I(A,';Bi|Bi,1) = max_ I(Si;Bi|Bl‘,1), Vie N
Payig;_ ElAi®B-1]=x Py5,_, ElSi]=x

Proof. The conditional distribution of the channel defined by (4.3.18) uniquely defines
(4.3.23) and vice-versa, while the conditional distribution FPg,p, | is uniquely defined by
Py, p,_, and vice-versa. Additionally, the average cost constraint defined by {PAi\BH :
E[A; ® Bi—1] = x} uniquely defines {Ps, 5, , : E[S;] = x}. Thus,

max (Al';Bi’B,-,I) = max_ I(S,';B,"Bl;l), VieN!
PA,“Bi,]:E[Ai@Bi_l}:K PS,“B[,I:E[Si]:K
O
The optimal input distribution P;i By is given by
0 1
. 0| x K
PS,‘B;] (si|bi—1) = (4.3.24)
e I|1-x 1—x

4.3.2 Joint Source Channel Matching: Information Matching and Re-

alizations

The joint source channel matching itself consists of two parts; the information matching of
the RDF and the capacity, and the realization scheme. The information matching is achieved
if the nonanticipative RDF of the source (based on the fidelity constraint) is equal to the

capacity of the channel subject to a cost constraint (i.e., Theorem 4.10 holds).
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The second part, and in most cases the most challenging one, is to construct an actual

encoder-decoder scheme that fulfils the following conditions:
e Achieves the information matching.
e Satisfies the average distortion of the source.
e Satisfies the average cost constraint of the channel.

In this section, we show how to achieve information matching between the nonanticipative
RDF of a BSMS(p) with single letter Hamming distortion measure, and the capacity of
the state symmetric channel with cross over probability of each state (1 — a) and (1 — f3),
and with average cost constraint that satisfies 1 Y7 | E{c(A;,B;_1)} = k. Subsequently,
we present the realization schemes, with or without feedback, that achieve the information

matching and satisfy both the average distortion and the average cost constraint.

4.3.2.1 Information Matching

Comparing the nonanticipative RDF of the BSMS(p) with single letter Hamming distortion
measure, and the capacity of the state symmetric channel with a binary cost constraint, we
observe that these two information measures become equal by setting the cost constraint

K = m, and the channel parameters o = o and 3; = . Therefore,

C(S) = HPB1(1-x)+(1—ai)k)—KkH(on) - (1-Kx)H(B)
= H(B(1—m)+(1—o)m)—mH(c)— (1 -m)H(B)
= H(p)—mH(a) - (1-m)H(B) = R"(D)

Remark 4.17. For p = 0.5, the source reduces to an IID Bernoulli source and the nonantici-
pative RDF is equal 1 — H(D) (RDF of the IID Bernoulli source with single letter distortion
criterion). Moreover, consider the case where the channel parameters (¢, B;) are both equal
to 1 — D, and that there is no cost constraint on the channel. Then, the channel distribution
is the same for the two possible states s = 0 and s = 1, and it reduces to a memoryless bi-
nary symmetric channel with crossover probability D (BSC(D)). The unconstraint capacity
is achieved at k¥ = 0.5, and it is equal to 1 — H(D), which is equal to the capacity of the
memoryless BSC(D). Thus, our general nonanticipative RDF of the Markov source and a

channel capacity with memory reduces to the well known case of the joint source channel
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BSMS(p) Shamng BSSC(a,p)

B

-1

FIGURE 4.3.2: Feedback communication scheme for JSCC

matching of the IID Bernoulli source with single letter distortion criterion over the binary

symmetric channel, which is achieved via uncoded transmission [29].

4.3.2.2 Feedback Realization

The communication scheme is illustrated in Figure 4.3.2. The source and the channel are
fixed while the encoder and the decoder must be designed in such a manner that JSCM is
achieved. The encoder consists of two blocks, the identity transformation / : X — A (or the
pre-encoder) and the S-Encoder (or th modulo2 encoder). The proposed encoder-decoder

scheme is the following:

e Pre-encoder: This pre-encoder performs a unitary transformation on the source data,
(a; = x;). While practically it might be omitted, it is useful since it generates the
variable g; that defines the cost constraint of the channel. Its utilization keeps the
notation clean since it generates a cost constraint for the channel that does not depend

on the source.

e S-Encoder: Generates the input of the channel by performing a modulo2 addition

between the output of the pre-encoder and the previous channel output (s; = a; ©b;_1).

e Decoder: This decoder performs an identity transformation on the channel output
data, thus (y; = b;).

Summarizing, the encoder-decoder scheme, the only active block is the S-Encoder, while the
two other blocks (pre-encoder and decoder) perform identity transformation on their inputs.
Thus, practically the transmission of the data is characterized as semi-uncoded. To verify
its optimality in terms of channel capacity, we first need to show that the channel input
distribution is equal to the source output distribution, and that the average cost constraint is

satisfied. We begin our analysis from the average distortion.
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Suppose that the symmetric binary Markov source is transmitted via the proposed semi-
uncoded transmission scheme. The average distortion, A, is computed by evaluating the

following expression.

A = E[p(Xy,Y)]
= E[p(4;,B))]
= E[p(Si®Bi_1,B;)]

= Y p(Si®Bi_1,Bi)Pgys, 5, ,(bilsi,bi—1)Ps,p, , (silbi-1)Ps,_, (bi1)
Si7Bi7Ai

= 11— B)(1 —m)0.5+1(1 — a)m0.5+ 1(1 — a)m0.5+ 1(1— B)(1 —m)0.5
= (1-B)(1—-m+(1—a)m=D

Hence, the proposed semi-uncoded scheme achieves the average distortion. The channel
input distribution achieves the optimal channel input distribution, since for Kk = m, A; = X;

and Y; = B;, we have

0 1
P EEPLy o= ?Li?m 1;m] (4.3.25)
and
0 1
XABH = Ps—a,0B, 1B = (1)[ | Tm . Tm] (4.3.26)

which are the optimal input distributionS subject to the transformation as defined by equation

(4.3.24). For this input distribution the power constraint is also satisfied, as verified below.
EPA[\B,*_l {C(AiaBi—l)} =1 [07 S'PA,“Bl;l (O|O) + 07 S'PAZ‘|B,;1 (1 | 1)] =m (4327)

Remark 4.18. The form of the input distribution defined by (4.3.26), has independent prop-
erty that the channel input S; given the previous output symbol B;_1, is independent of B;_1,
ie., P, p, , = Ps;. Thus, the S-Encoder by performing the modulo2 addition of the current
source symbol and the previous output symbol, it generates an input to the channel which is

independent of the previous output. This surprising result is similar to well known concept
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of the innovation encoder, which is widely applied in the Gaussian JSCC, where by sending
the innovation, the probability distribution of the input symbol given the output symbol is

independent from the previous output symbols [5].

4.3.2.3 No Feedback Realization

It is already shown in [3, 58], as well as in Chapter 3, that feedback does not increase the
capacity of the BSSC (or POST) channel. The optimal input distribution for this channel is
given by

l-x—vy K—7v
1-2y 1 -2y
K—Y l—-x—vy
1-2y 1-2y

0

Pji|Ai_l(ai|ai—1) = , Y=ok+pi(1-k)

1

This input distribution satisfies the average cost constraint, even in the absence of feedback.

1-x—y
1-2y

input distribution of the BSSC without feedback that achieves the average cost constraint is

Setting kK =m, and a; = «, ) = B3, yields y=1—D and = 1 — p. Thus, the optimal

given by

0 1
l—p p]

(4.3.28)
p 1-p

. 0
Pyia, (ailai-1) = | [

The above result is extremely convenient to design the encoder-decoder scheme, due to the
fact that the optimal input distribution without feedback is equal to the distribution of the
source, hence it eliminates the need of an encoder. Next, we check whether the average
distortion, and the average cost constraint are satisfied in the absence of a decoder. If this

holds, then uncoded transmission is indeed optimal.

Recall, that even in the absence of feedback the optimal input distribution without feed-
*
baCk,fkw%_l i|Bi-1

(Proposition 3.50, Chapter 3). Thus, the average power constraint, Ep, {c(Ai,Bi—1)}, is

induces the capacity achieving input distribution of the feedback case P}
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equal to

EPA”BH {c(A;,Bi_1)} = 1'[075'PA1'\B,;1 (0]0) +0»5-PA,~|B,»,1(1|1)] =m (4.3.29)

The average distortion between the source symbols and the reproduction symbols, A, is equal

to

A = Elp(X;,Y)]

= E[p(A;,Bi)]
= ), P(AiB)Pya.5, ,(bilai,bi1)Pys, , (ailbi-1)Ps,_, (bi—1)
A;,Bi,Bi

= (1-B)(1-m)+(1-c)m=D

Therefore, the rate of the proposed uncoded scheme achieves its upper bound which is the
capacity of the feedback channel while both average distortion and cost constraint are sat-
isfied. Thus, uncoded transmission of a binary symmetric Markov source via a binary state

symmetric channel subject to an average cost constraint, is indeed optimal.

Next, we evaluate the convergence of the distortion, via simulations. We construct a binary
symmetric Markov source of length n and crossover probability p, encode it by applying
modulo2 addition of the source symbol and the previous channel output, and send it via
the channel Pg,s, p, . The average distortion is then calculated by calculating }/"_ | X;®Y;.
The results of a typical simulation are illustrated on Figure 4.3.3, and verify the expected

convergence of the average distortion to D.

4.3.3 Communication over an Unmatched Realization

Due to data processing inequality, the capacity of the channel is always greater or equal
to the rate distortion. For the uncoded transmission, equality holds if the optimal input
distribution of the channel is equal to the distribution of the source. For the binary state
symmetric channel this is achieved via a cost constraint which was explicitly addressed in

the previous sections.

In this section, we drop the cost constraint (k = k™) on the channel, and examine the uncoded
transmission of a BSMS(p) over the binary state symmetric channel with parameters o) = o

and fB; = 3. We define the unmatched rate loss, as the excess amount of capacity that is lost,
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FIGURE 4.3.3: Simulation of a BSMS(p) via the feedback realization for p = 0.3 and
D=0.1

and it is equal to the unconstrained capacity minus the nonanticipative RDF. The average

distortion between the source symbols and the reproduction symbols, A, is equal to

A = Eld

A. .
= (1-B)(1-m)+(1-am=D

The rate loss for a binary symmetric Markov source with crossover probability p, which is
transmitted over a binary state symmetric channel with parameters o, 8 is defined by

4

RL™ £ (H(A*) ~H(p)) — (k" —m)H(@) — (m— K*)H(B)

The above transmission schemes satisfies the average distortion constraint, since the channel
is equal to the optimal nonanticipative reproduction distribution of the Markov source. The

cost of the rate loss is often balanced by the simplicity of the proposed scheme which is both
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SbS (real-time transmission) and uncoded (absence of both encoder and decoder).

Remark 4.19. The unmatched rate loss decreases as p and/or D — 0.5 , and converges to
0 for p = 0.5, since this is the case of the uncoded transmission of an IID Bernoulli source

transmitted over a binary symmetric channel with crossover probability 1 — D.

4.3.4 Excess Distortion Probability

In previous section we discuss the average distortion, which is a performance measure suit-
able for infinite number of transmissions. Next, we discuss the excess distortion probability,

a performance measure suitable for a finite number of transmissions.

The exact calculation of the excess distortion probability defined by P{d07n(x”, y') > (n+

1)d } <¢g,e€(0,1),d>0,is not as straightforward as it is for the case of the IID Bernoulli
source [44]. Thus, instead of evaluating exactly the probability of the distortion exceeding
(n+ 1)d, we bound it by applying an extension of Hoeffding’s inequality for Markov chains
[32], which bounds the probability of a function of a Markov source. Therefore, we must
show that the joint process defined by (¥;,X;) : i = 1,2,... is Markov. Define

1>

A
Zi=(Y,Xi), Su pXi®Y;)

1

Theorem 4.20. For the optimal reproduction distribution characterized by P;|Yf—l ¥i

(vi[y'~1,x') of a Binary Symmetric Markov Source, the following MC holds

Zi>Zi < Z72 i=0,1,...

Proof.

P;.?Xl.|yi71_‘xifl()’iyxi|yi_lvxi_1) = PZ|yi717Xi<)7i|yi_laxi)PXi|Yi*1,Xi*1(xi|yi_]axi_l)

= PZM_I,X,.()’ib’i—l,xi)Pxi|Xi,1(Xi|xi—1)

Moreover,

P;;iin|Yi—17Xi—1(yi’xi|yi_l’xi_]) = P;,-m_l,xi_l()’ib’i—laxf—1)Pxi|1/,,1,xi,1(Xib’i—l,xi—l)

= Py, xOilyi-1,%:) Pyx,_, (xilxi-1)
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P[d, n(xn,yn)>(n+1)d]S£

FIGURE 4.3.4: Hoeffding bound for excess distortion probability (p =0.3,d =0.1,€ =0.1)

Thus,

*
)’,‘,X;|Yi71,Xi71 (d)’i, dxi’y

i—1 i—1

, X

This shows that the joint process is Markov.

) =Py xiviy x., (@i, dxilyi-1,xi-1)

The transition probabilities of the Markov process {Z; : i = 1,2,...} are given by

Pziz. (zilzi-1) =

a(l—p)
op

B(1—p)

Bp

(1-B)p
(1-B)(1-p)
(1-a)p

(1-a)(1-p)

(I-a)(1-p)
(I—a)p
(1-B)(1—p)
(1-B)p

Bp
B(1-p)
ap

a(l—p)

(4.3.30)

By applying the Hoeffding’s inequality [32], the probability of the error is bounded by

P[Sn —EI[S,] >

_8} Sexp(—
n

12(n6—2||f||m/1)2>

2| f[*m?
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where || f]| 2 sup{y;:i=1,2,...} =1,m=1and A = min{p,1 — p}min{a,B,1 —c, 1 —
B}, and for n > 2||f|jm/(A€).

The probability of error for fixed values of p,d and € is illustrated in Figure 4.3.4. For p =
0.3,d =0.1, € = 0.1, Figure 4.3.4 illustrates how the upper bound on the excess distortion
probability changes as a function of the number of transmissions. It will be of interest to

€699

find tighter upper bounds to evaluate the excess distortion probability for finite “n”.

4.4 Conclusions

In this chapter we put together the material of previous chapters to introduce the framework
for nonanticipative transmission of general sources with memory via general channels with
memory and feedback, derive noisy coding theorems based on nonanticipative and SbS code,
and construct examples of JSCC based on SbS transmission with respect to average and

excess distortion probability.

The theory is applied to analyze the SbS transmission of a binary symmetric Markov source
with memory and Hamming distortion measure, transmitted over a binary state symmetric
channel, subject to a state dependent cost constraint. For this example, we showed informa-
tion matching among the nonanticipative RDF and the capacity, as well as optimal realiza-
tions with or without feedback. We additionally illustrated that unmatched transmission is

also possible, and may be preferable in cases where the unmatched rate loss is negligible.



Chapter 5

Nonanticipative RDF with Feedforward

Information

5.1 Introduction

Lossy compression with side information at the encoder and/or decoder is investigated by
Wyner-Ziv in the seminal paper[84]. Lossy compression with feedforward side information
available at the decoder in terms of previous source symbols is investigated by Weissman and
Merhav [82], and subsequently for Gaussian sources by Pradhan [61]. Recently, the OPTA
by noncausal codes with feedforward side information, the so-called feedforward RDF, is
characterized by Venkataramanan [79], in terms of the minimization of the directed infor-

mation from the reproduction symbol to the source symbols subject to a fidelity constraint.

A lossy compression scheme with (causal) feedforward side information is illustrated in Fig-
ure 5.1.1. The signal is transmitted over two independent channels, where the first channel
is noisy and has zero delay, while the second channel is noiseless but suffers from a delay. If
the delay of the noiseless channel corresponds to a unit delay, then at each time instant 7, the
receiver knows the previously transmitted symbols. This model becomes more interesting
if the source symbols are not packed into packets, but instead are sent form the transmitter
to the receiver using nonanticipative processing. In such a formulation, the feedforward in-
formation is always causally known to the decoder, thus for the rest of this chapter we will
refer to this scenario as feedforward information instead of (causal) feedforward informa-
tion. The information measure introduced in [79], is not generally suitable to handle such

nonanticipative coding.

161
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FIGURE 5.1.1: The feedforward rate distortion problem

This chapter consists of the following parts.

e Provides an information measure which is suitable for nonanticipative transmission

with feedforward information at the decoder.

e Provides the relation between feedforward RDF, nonanticipative RDF with feedfor-
ward information, and relates them to Wyner-Ziv general formulation [84] for com-
pression with side information, both at the encoder and the decoder. The later formu-
lation utilizes mutual information between the source and its reproduction symbols,

causally conditioned on the previous source symbols.

e Shows that for Markov sources and certain distortion criteria, all the above informa-
tion measures are equivalent, and shows that for this case, the nonanticipative RDF
with feedforward side information has an operational meaning. This is the Optimal
Performance Theoretically Attainable (OPTA) by noncausal codes, with nonanticipa-

tive decoder side information.

e Computes the nonanticipative RDF with feedforward information at the decoder, the
corresponding optimal reproduction distribution, and their respective bounds for the

no feedforward case.

e Discusses the application on nonanticipative RDF with feedforward side information

at the decoder in JSCC based on nonanticipative transmission.

e Compute examples.

5.2 Feedforward RDF

In this section we review certain definitions and results presented in [79], which we use

. . A
in subsequent sections. Let N = {0,1,2,...,}. Throughout we assume that the source
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{Xi:i=0,1,...}, and its reproduction {¥; : i =0, 1,... } take values in finite alphabets spaces
Z,%; . i=0,... respectively, and they are jointly stationary ergodic. Given the source and
the reproduction distribution denoted by {Py» : n € N} and {Pynx» : n € N}, respectively,
the joint distribution is defined by Py» yr» = Pyn|xn @ Pxn, V' n € N.

Consider a measurable, bounded, nonnegative distortion function denoted by
A : ; . ; . .
don(x",y") = Y1 op(T'X",T'y"), where for each i, T'x" is a causal mapping of x".
The noncausal source code with feedforward information at the decoder is defined as

follows.

Definition 5.1. An (n,2"R) feedforward source of code rate R and block length n, consists

of the following encoder and decoder mappings:

e: 2" {1,2,...,2"%}
g {1,2,.... 2"y x 20,1 %, i=0,1,....n

The decoder receives the index {1,2,...,2"®8} of the codeword and among with the available
side information constructs the reproduction symbols at each time instanti =0, 1,...,n. The
objective of this feedforward lossy compression scheme is to minimize the rate R, subject to

the predefined distortion function dy ,,(x",y"). An achievable rate is defined as follows.

Definition 5.2. R is an achievable rate at expected distortion D > 0 if V € > 0, and n suffi-
ciently large, there exists an (n,2"®) feedforward code such that
1

mEPXn,Yn {do,n(Xn,Yn)} <D-+e¢

The information measure which is used to derive direct and converse coding theorems is the
directed information from the reproduction sequences to the source sequence, defined by
[79]
n . .
IY"—=Xx") =Y 1(Y:X|x)
i=0

The following theorem is derived in [79].
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Theorem 5.3. Define the average fidelity set by
A 1
Q0.0(D) = { Pynjxn : m]E{do,n(X”,Y”)} <D} (5.2.1)

The finite-time information feedforward RDF is defined by

RIC(D)E inf I(Y" — X™) (5.2.2)

QO,n (D)

The OPTA by noncausal codes with feedforward information is

- A 1
R/(D) = lim —— 1jo;(1)) (5.2.3)

provided the infimum exists and the limit is finite.

For Markov sources with finite memory m, it is shown in [79] that any family of distortion

criteria, dp ,(x",y"), satisfies

n * .
SicoFyyx Pt

n * ]
o Lx; PIG\Xf,mPXAXi:L

1
do n(x", ") = —c log +dp(x") (5.2.4)

%
where ¢ > 0 and PYi X

tion criteria, restricts the admissible set of joint probability distributions to

is the optimal reproduction distribution. The family of these distor-

A
* = on * ) — * -
PXn7yn - ®l:0PYi7Xi|X;:,L ®l:0PY[|X;,mPXi‘X;,;, (525)

while the family of reproduction distributions satisfies

Prapxn = @oPyyio xn = SfoPyxi (5.2.6)

—m

The point to be made regarding (5.2.6), is that unlike the general RDF with feedforward
information (which is not necessarily nonanticipative), this expression is a convolution of
nonanticipative conditional distributions. However, computing R// (D) appears to be diffi-

cult, and one has to introduce additional assumptions (see [79]).
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5.2.1 Information Measure Identities

In this section we show that the feedforward RDF can be derived from the general framework
of Wyner-Ziv [84], and that it is equivalent to the maximization, over a fidelity set, of the
mutual information causally conditioned on the previous source symbols. Moreover, we
show that when side information is available both at the encoder and the decoder, then an
equivalent information measure of (5.2.3) is the causally-conditioned mutual information.

Hence, we identify another equivalent definition of the feedforward rate distortion function.

The causally conditioned mutual information is defined by

PY,“X”,Y"*I

n n
i=0 i=0

Pyl.|yifljxifl

where [E denotes the expectation over the joint probability distribution Py» y». Note that

PX”7Yn = ®?:0<PY,-|Y"71,X” ®PXI,‘X[71) (528)
= ®i—o(Pyyi-1 xi ® Py,xi-1 yi-1) (5.2.9)
= ®?:O<PY,-|Y"—1,X"—1 ®Px,-|xi—l7yi) (5.2.10)

Define the following information measures.

n

1" —X") £ Y (v x| x') (5.2.11)

i=0

A . .

IX" Yy =Y 1y hxxh (5.2.12)

i=0

n

I(x" = y"x" 2 Y 1(x et X (5.2.13)

i=0

Next, we presents theorems that relate the information measures (5.2.7), (5.2.11) and (5.2.11).

Theorem 5.4. The mutual information causally conditioned defined by (5.2.7) is equivalent
to the feedforward directed information defined by (5.2.11). Therefore,

X"y |X Y =1(y" — X"
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Proof. By combining (5.2.8) and (5.2.10), we obtain

I(Xn Yn |Xn ] i]E{ Yi|Yi_1>Xn }
i=0 PYi‘Xi*l:Yifl

Py yi-1 xn @ Py xi-1 }

E{lo Q]
g = Opy|Xz lYl 1®Px|xz 1

P nyn
—E{log XY } (5.2.14)
®l OPY|Xl IYt 1®Px|xz 1
(a) Pyyt 1xz 1®Pxxz lyi
- E{log& =0 P| P| }
YlYl lxz l® X|X’ 1

n Pyyi-1 xi-1 @ Py xi-1 yi

= Py yi-1 xi-1 @ Py xi-1

n Py xic1 yi

= PX,“X"71
= I(Y" — X" (5.2.15)

where (@) follows from (5.2.10). Hence by (5.2.15), it follows that mutual information
causally conditioned on the previous source symbols gives the information measure of the
feedforward directed information. Thus, we establish the following equivalent representa-
tion of feedforward RDF. [

Corollary 5.5. The feedforward RDF is alternatively defined as follows.

1
R (D)= lim inf XY |XT) (5.2.16)

n—reo QO,n (D) n

In general, the optimal reproduction distribution of (5.2.16) is not causal, Additionally, by
combining (5.2.8) and (5.2.9) we have the following theorem.

Theorem 5.6. The following information identity holds

I(Y" = X") = I(X%Y"|X" ) = 1(X" = Y| X" D+ (X"« Y")



Chapter 5. Nonanticipative RDF with Feedforward Information 167

Proof.
n P i—1 yn
17y x1) = Y B{ log X
= Fyjyict xim
n Py yi-1 xi @ Py xi-1 yi-1
(g)ZE{log Yi|yi-1 x X;|xi-1y }
= Py, yi-1 xi-1 @ Py, xi-1
1 Pyyi-1 xi 1 Py xi-1 yi-1
— E{log—y"Y X }~|—ZE{log—X’|X 1 }
= Pyl,|yi717xz>1 =0 PXi|Xi71
=I(X" = Y"|[X" )+ (X" Y™ (5.2.17)

where () is obtained from (5.2.14). Combining (5.2.15) and (5.2.17), results the provided

information identity. 0

The term I(X" — Y"||X"~!) appearing in (5.2.17), will be used in a subsequent section to

characterize the nonanticipative RDF with feedforward side information.

Remark 5.7. Suppose the MC holds: X/ |
(5.2.17) we have I(X";Y"|| X"~ 1) = I(X" — Y"||X"~!), in which the joint distribution is

Pxnyn = Q1 (PY,- yi-1 xi ®PX,-\ yi-1). This leads to the definition of the nonanticipative RDF

<X Y i=0,1,...,n—1. Then, from

with feedforward information.

5.3 Nonanticipative RDF with FeedForward Side Informa-

tion

In this section we modify the nonanticipative RDF of Chapter 3, to include feedforward side
information. We also show that for m-order Markov sources and certain coupled letter distor-
tion criteria, feedforward RDF and nonanticipative RDF with feedforward information are
equivalent. This implies that the coding theorem derived in [79] is directly applicable to the
nonanticipative RDF with feedforward information, and hence it is the OPTA by noncausal
codes with causal side information. Moreover, we give the form of the optimal reconstruc-
tion distribution, and several of its properties which are important in solving examples. We
utilize the optimal reproduction distribution to specific examples which are analysed in [79],

to illustrate the simplicity by applying the general solution.
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Recall the nonanticipative RDF defined by

na () — inf (X" ")
0 Pyn;xn€Q0,(D)
X/ 1<—>X’<—>Y’ i=0,1,....n—1

Notice that the only difference between the classical RDF is that the following MC must
hold.

X'y =X oY i=0,1,....,n—1,n>0 (5.3.18)

Remark 5.8. The main point to be made regarding Rgfn (D) is that the optimal reproduction
is restricted by (5.3.18) to be nonanticipative. Hence, it is suitable for realization based
on nonanticipative transmission, via an encoder-channel-decoder scheme, using real-time
operations (causal). This property is necessary for joint source channel coding based on SbS

or uncoded transmission schemes.

We recall the following Lemma derived in Section 2.3.1, Chapter 2.

Lemma 5.9. The following statements are equivalent.
1) Y+ (XY= <X, i=0,1....,n—1 forms a MC
2) Xip1 X oY i=0,1...,n—1 forms a MC
3) X' X' <Y, i=0,1...,n—1 forms a MC
By applying Lemma 5.9, we obtain the following result.
Theorem 5.10. Suppose MC 3) of Lemma 5.9 holds.
Then,

1(Y" — X" @ I(X™%ymx™h

/ PY|Y’ IXt
Z log

Py‘yz lxz 1

®j:0PYj‘Yj—l7Xj(dyj|y 1xj)®PXj|Xj—1(de|Xj_]) (5.3.19)
= IX"—>y"|x"

]Ixn_>YﬂHXﬂ71 (PXi|Xi71,PYilyi717xi = 07 1 yeue ,n) (5320)
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Moreover,

Py yi-1 xi-1 = /%Pn|yi—17xi(d)’i|yi_l,xi)®PX[|Xi—1yyi—1(dxi|xi_1,yi_1)

B) i1 i -
= /%Pmy,-_17xi(dy,~|y’ l,xl)®PXi|Xi—1(dxi|xl ])

Proof. Equality (@) holds due to (5.2.15). Directed information causally conditioned (with-

out assuming any of the statements of Lemma 5.9) is defined by

I<Xn_>Yn||Xn71) lo PY‘YZ X ®i P . (d ‘ Jj—1 j)
8 Py, yi-1 xi-1 =PRI XREI Y.

®P oty (dag ey (5.3.21)

By MC 2), Py xj1ys1(dxjle/~" 3/ 71) = Py i1 (dxjlx/~"), and by (5.3.21) we obtain
(5.3.19), that is, Pynyn = @ Py, xi yi-1 ® Py xi-1. Equality in () holds due to MC 2).

This completes the derivation. ]

The functional Lyn_,ynxn-1 (.,.) indicates the dependence on the conditional distributions
{PXi‘Xi—l,PYi|Xi7yi—1 :1=0,1,...,n}, when {PXi‘Xi—l :i=0,1,...,n} and {PYL,‘Xi’Yi—l =

0,1,...,n} is the reproduction conditional distribution.

We now proceed to define the nonanticipative RDF with feedforward information. Since
) A .

{Py,xiyi-1 :i=0,1,...,n} uniquely defines ?Yn xn (dy"|x") = @ Py, xi yi-1 and vice-versa,

we have the following. Given a source distribution Py~ and a causal (n+ 1)-fold convolution

conditional distribution ?Y”l xn, the joint distribution, Px» y», is well defined.

Definition 5.11. (Nonanticipative RDF with Feedforward Information)

The nonanticipative RDF with feedforward information is defined by

na.ff (py 2 na,ff
RII(D) 2 tim R (D)
where
RS (py £ inf 1(X" Y xn! (5.3.22)
On (D) Pynixn€Qo (D) ( I )

X' XY =01, n—1
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1
Q0a(D) = { By ——E(do(X"¥") < D} (5323)

By Theorem 5.10, an equivalent definition is

Rna7ffD lnf ]I n n n—1 P i*l,P. i—1 i:i:O,],...,I’l
on (D)= By =0 e () X7 et (P xi 1 Pyyyic1 x )
= inf gy (Pes, Pyagn) (5.3.24)
ynxn €045, (D)
where

na A . n n
AE {PW,;I,Xi i=0,1,...,n (don(X",Y™)) < D}

1
= {?Y"‘X" . m/E(d()ﬂ(Xn,Yn))?YnXn(dyn|xn) ®B{n(dxn) < D} (5325)

Next, we assume existence of the extremum solution of (5.3.24), and we give the optimal re-

production distribution ? which uniquely defines {P}; Yol :i=0,1,...,n}, and vice

yn|xn yi-1
versa [73]. The existence of the optimal solution can be addressed following [73].

Theorem 5.12. The optimal stationary reproduction conditional distribution for R/ (D)

is given by
5P (T Tiy)
?* Y|Yl IXt 1
yr|xn N ®n:0 i4h Tiyh (5326)
‘ i f% eSP(Tix", Tty )P;|Y' it
YlYl IXl l(dyl|y ,X / |Yl IXl d}’zb’ 9 i)PXi|Xi—| (dXi|xi_1> (5327)
and

i

n
Rgfl,;ff(D) :SD(”+1)—Z()/ i 10g</@ P(TX T ) ;‘Yl ]Xl 1>PXI,‘X[71®P;Z',|7Y1',1
1

(5.3.28)
where s, denotes the Lagrange multiplier associated with the fidelity constraint (5.3.25), and
*
P;, Lyl = ?Yi—l|Xi—lpxi—1.

Proof. The derivation is similar to Theorem 2.32, [73]. ]
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By (5.3.26) we deduce that the stationary reproduction conditional distribution is given by

sp (T, THy") ps i—1 i—1
e y>Py[.‘yi—l7xi—l(dyi|yl X

Py it i(d)"|yi_laxi) = i Tign j i (5.3.29)
hirl.X l f%esp(Tx 'y )PZ|Y1'717X1'71(d)’i‘yl_]7xl_1)
Hence, (5.3.29) is a nonlinear equation of the form
5*(yi_l7xi) = T(S7p(Tixn= Tiyn)vxi_lvé*(yi_l7xi)) (5330)

1D
*(i—1 i) 2 px
where & (y ,)C) - Py[.|yifl7xi
the distortion function p(7"x", T'y") and the source distribution Py, i1 (dx;|xi~1) determine
1) s

nonlinear, the existence and uniqueness of solutions to (5.3.27) can be addressed by fixed

(dy;[y'~!,x"). Thus, if (5.3.30) has a unique solution, then
the dependence of £*(.,.) on (y~!,x?). Since the operator T(s,p(T'x", T'y"), x

point theorems.

The following Theorem gives some of the property of the nonanticipative RDF with feed-

forward information.

Theorem 5.13. Suppose the optimal stationary reproduction conditional distribution (5.3.29)
is unique. Then the following hold.

*

Py, xi-1 (dx;|x'~1), history x=!, and the distortion function p(T'x", T'y").

(dy:|y'~',x") depends on the history (y'~1,x') through the source distribution

2. Ifthe source is m-order Markov process denoted by Py xi-1 (.].) 2 Py, XXt Clo)s
m € {1,2,...,M}, and the distortion function is k € {1,2,... K} letter coupled, and
1 €{1,2,...,L} letter coupled with respect to T'x" and T'y", respectively, defined by

A
P(T'x"\T'Y") = P(Xi ket 1y Ximkt25 - - - 3 Xis Vi I+15 Vie 1425 - - - 5 Vi)

then

i1 i i1 .
leyifl’xi(dyib;l axl): ;i|Yi71 Xii (d)’i|y;_1+17x;'—j> (5331)

i—l+17%—

where j 2 max{k — 1,m} and y', = {0} if | < m.
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Proof. 1. This follows from (5.3.27). 2. Under the stated conditions, the operator 7(.,.,.,.)
in (5.3.27) depends on {x; ji1,Xi k12s---sXisYii+15Yi—1+2,---,yi} through p(.,.), and on

{Xi—m>Xi—m+1,---,Xi—1} through the source Py, xi-1 (.]x"~1). Hence the claim. ]

The next remark discusses several cases of m-order Markov sources and coupled distortion
functions, and identifies fundamental differences between the optimal reproduction distribu-
tion of Rg’a,;f /(D) and R3%,(D)

Remark 5.14. The following special cases follow directly from the previous Theorem.

1. If p(T'x", T'y") = p(x;,y;) and the source is Markov Py, xi1 (dxilx'=") =Py x, | (dxi|xi—1),
then

P;;|yifl7xi (d}’ib’i_l axi) = P;Z'|X5,XH (d)’i|xi7xi—1)

2. It p(T'X", T'y") = p(x;—1,%:,y:) and the source is m-order Markov Py, yi-1 (dx;|x'~!) =

Pyxi-! (dx;|x¥'~) ), then

4 . .
PZ‘yi—l7xi(dyi|yl ,x) Py|Xl (dyilxi—m)

3. pr(T’x” T'y") = p(xi—1,%i,yi-1,yi) and the source is m-order Markov Py, IXi- L(dx|x =1

Pyxi- (dx;|xi~}), then

1 .
P;i‘yi717xi(dyi|yl ,X) P)t|yl 17)(1 (dyl.|yi*17x;—m)

Note that the optimal reproduction distribution corresponding to R"a’f ! (D) has the same
form as the optimal reproduction distribution of R, (D (D), with P, i1 replaced by Py, yi-1 xi-1.
However, unlike the nonanticipative feedforward RDF, Rna’f f (D), for the nonanticipative
RDE, R{, (D), even for p(Tx", T'y") = p(x;,y;) we cannot determine 4 priori the depen-
dence of the optimal reproduction conditional distribution on y"~!, because its right hand

side term depends on P, |Y, - Specifically, from Theorem 2.32, Chapter 2, we have

eSp(xi’yi)P;|Yi—l (dyi|yi71)
f@esp(xl,yl) Y- (dyiy=1)

Pyt i (@yily' ™ x) = By iy (dyily' ™) =
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Upon conditioning, the right hand side conditional distribution gives
Y|Yl L(dyly™! / YiYi-1 X (dyily™ !, x:) ® Py,|yi-1 (dxi|y™") (5.3.32)

Comparing (5.3.32) and (5.3.29) it is clear that feedforward side information reduces the

computational complexity of the optimal reproduction conditional distribution of R"*// (D).

In the next Theorem we provide lower and upper bounds for Markov sources using the

nonanticipative RDF and the nonanticipative RDF with feedforward information.

Theorem 5.15. Consider an m-oder Markov source and distortion criteria that satisfy (5.2.4).
Then

R (D) = R/ (D) < R(D) < R™(D)

Proof. The first equality holds since the optimal reproduction distribution of the feedforward
RDF is nonanticipative. The second inequality holds since side information both at the
encoder and the decoder does not increase the classical RDF. Finally, the last inequality

because the infimum is over a larger set since Q% (D) C Qo (D). O

In general, noisy coding theorems for the nonanticipative RDF can be shown by nonan-
ticipative JSCC, in the sense of Chapter 4. The optimal reproduction distribution of the
nonanticipative RDF will define the form of the channel. For this channel and its respective
average cost constraint P, one must design and encoder-decoder scheme that achieves the
information matching, i.e. R"*//(D) = C(P), and satisfies the average cost constraint and

the average distortion.

5.4 Examples

In this section we apply Theorem 5.12 and Remark 5.14, for sources with feedforward infor-
mation, to derive the expressions of the nonanticipative RDF with feedforward information,

for specific Markov sources and distortion criteria.
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5.4.1 Binary Symmetric Markov source

Consider a binary symmetric Markov source with transition probabilities Py,y, ,(0[0) =
Pyx, ,(1[1) =1—p and Pyx, ,(0[1) = Pyx, ,(1/0) =p, p<0.5,i=0,1,...,n, and a
single letter Hamming distortion which is equal to 0, when the source symbol is identical
to reproduction symbol, and 1 otherwise. A closed form expression for the classical RDF
without side information, is only available for a small region of distortion, D < D, and is

given by [37]
R(D)=H(p)—H(D), it 0<D< % (1 1= (3)2> =D, (5.4.33)

where ¢ = 1 — p. For any D € [D,, D4y, (5.4.33) provides a lower bound on the classical
RDF. Other lower and upper bounds are also known [5]. In the current example we assume
that the decoder has feedforward information, which is the previous transmitted bit. The
available side information will reduce the rate required to reconstruct the source subject to
the fidelity criterion. By Theorem 5.15, the obtained result, R"// (D), is a lower bound on
the classical RDF without side information, R(D).

By using Theorem 5.12 and Remark 5.14.1, the optimal reproduction distribution of the

nonanticipative RDF with feedforward is given by.

0,0 01 1,0 1,1

. 0O a b 1-b 1—a
PYI"XhXi—] = (5.4.34)

1/|1—a 1-—b b a
0 1
pr. =0 @ b (5.4.35)
WA 1—a 10 "

_ (1=D)(1—p—D) _ (1=D)(p—D) . SRE .
where a = =p)(1=2D) and b = “(-2D) while the Lagrange multiplier s, calculated via
the average distortion constraint, is s = %. Substituting (5.4.34) and (5.4.35) to (5.3.28),
we obtain

H —H(D) if 0<D<ZD
gt (py— | AP)—HD) i =1 = Hmax (5.4.36)
0 otherwise

where D, = min{p,1—p} = p.
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1 :
R"4(D), p=0.35

R"f(D), p=0.35
R"(D), p=0.45 ||
R"f(D), p=0.45
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FIGURE 5.4.2: Upper and lower bounds for the classical RDF of a BSMSp.

It is surprising to observe that R"// (D), given by (5.4.36), is identical to the lower bound of

the classical rate distortion problem without side information derived by Gray [37], which

2
is tight for D < % (1 —¢/ 1= <§> ) , and identical to the RDF of a Bernoulli source. This

interesting result is easily physically interpreted, since the knowledge of the previous trans-
mitted symbol at the decoder converts the problem to its respective memoryless, Bernoulli

p,1 — p problem.

By using the solution of the nonanticipative RDF with feedforward information given by
(5.4.36), and the result of the nonanticipative RDF without side information obtained in
Section 2.5, Chapter 2, the classical RDF is bounded below by the nonanticipative RDF
with feedforward and above by the nonanticipative RDF. Define {x}* = max(0,x). Then,

{H(p)—H(D)}" <R(D) <{H(m)—-H(D)}" (5.4.37)

The bounds defined by 5.4.37) for various values of p is illustrated in Figure. 5.4.2.
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5.4.2 Stock Market Problem

In this section we reproduce the solution of an example given in [79] using the expression
of the optimal reproduction distribution. Assume the value of a stock X in the stock market
over an n time period, is modelled by a Markov chain that takes k different values, as shown
in Figure 5.4.3. Thus, by assuming that at a given time instant the value of the stock is j,
the next day the value may be either increase to j+ 1 with probability p;, either decrease
to j— 1 with probability g, or remain the same with probability 1 — p; — g;. Additionally,
assume that the previous values of the stock are known, as side information. Our purpose is
to send information when the value of the stock drops. Thus, ¥; = 1 when the value drops
from day n — 1 to day n, and ¥; = O otherwise. The distortion is modelled using a Hamming

distortion measure as shown in Table 5.4.1.

XiyXi—1
j+1 ’j .] ’j J'l ’j
0 0 0
Vi 1 1 0

TABLE 5.4.1: Distortion table: p(y;,x;,Xi—1)

Summarizing, the objective of this problem is to estimate the minimum amount of infor-
mation that needs to be sent in order to reconstruct the value of the source subject to a
predefined average distortion D, taking into consideration the available feedforward infor-
mation. By using Theorem 5.12 and Remark 5.14.2, the optimal reproduction distribution
of the nonanticipative RDF with feedforward is given by.

Pyix,x

R/ (D) = inf Z log

R vl P Y. X, X1
Yilxi X €Q" D)y, XX, Yi[Xi

where {Q"(D) = Pyjx.x, , : Lyxx 1 P (Y5 Xi, Xio1) Pryx x, Pjx;  Px, < Dj. The opti-
mal reproduction distribution is given by

SP (Vi XiXi—
ep(yz 15X l>PYi|X[—1

Z% 5P iXisXi—1 )PYi|Xi71

Prix.x,, = (5.4.38)

The results for the optimal reproduction distribution, are obtain iteratively by using (5.4.38).

The distribution Py,x, | is given by (5.4.39) where € = %n,j, and {m;:j=0,1,...} is the
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pO 1'qk

1-po G

FIGURE 5.4.3: Stock value model

steady state probability of each state j: j = 1,2,...,k of the source.

0 J
l—gj—¢
011 1%28
Pyx, , (vilxi-1) = (5.4.39)
qj—¢€
1[0 -
1—-2¢

From the solution of the causal rate distortion function we obtain

Rna,ff(D) = sD— Z [logZeSd(yi7xi7xi71)PI/,-\X,-,1}PX,v|Xi,1PXi71

Xixi—1 Vi

1—gq; qj
= g(l—m;) log —ZEJ[ —q,)log +(qj)10g1_18]

1—
k
= Y. |Hlq) ~H(e)]
j=1

To calculate the maximum value of the distortion, D,,,, we set the above equation equal
to zero, thus we get D; = g;(1 —mp) and D; = (1 —g;)(1 — mp). Consequently Do =
min|g;(1 — ), (1 —¢;)(1 — m)]. This is an interesting result since the maximum value of
the distortion depends on the previous value of the stock. For example, for some values of
the stock, D,,,, might be overreached, thus sending any information for that value is useless.

The solution of the nonanticipative RDF with feed-forward information is given by

Y5 % |H(gy)—H(e)| ifD <Dy
0 it D > Dyyux

RS f (D) =
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5.4.3 Gaussian Markov Source

Consider a stationary ergodic Gaussian Markov source {X; : i =0,1,...} with mean 0 and

variance o2 described by
X; = pXi_1 +N; where N; ~.4(0,(1-p?*c?),i=1,2,... (5.4.40)

Suppose that we want to reconstruct a linear combination aX; + bX;_1, i = 1,2,..., subject
to the mean squared error distortion criterion Y (¥; — (aX; +bX;_1))?, where a and b are
constants. Since the source is stationary we will assume time instant n = 2 for the rest of the

problem. The optimal rate distortion function is given by

1
R'“//(D) = Jim —J(X" — Y"[|x" 1

fY|X yi-1
= nlg{}onz Z 1 fxi7yi

—()3{'1 i fY|X’ lY’ 1
Jrix x;
- r}g?onz Z log f| \l llin|Xi7Xi71PXi’Xi*1
i=0 27 i Xi1
Jr, %, x
_ Z log 2|1 X2,X4

nzm o

Inx.x, fx
- Z log ﬁfyﬂngﬁ fX27X1

nzm  Texifnx

T x fx0.

=Y log Sxonx
wZm e
= h(X2|X1) —h(X2|Y2,X1) (5.4.41)

szle,Xl fX27X1
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BX1
aY; X2

Y
FIGURE 5.4.4: Test channel

Next, we will find a lower bound for the rate distortion function as defined in 5.4.41 and

then prove that this is achievable.

h(X3|X1) — h(X2|Y2,X1)
1
= 510g27re(1—pz)oz—h(Xz\Yz,Xl)
1 b o b 1
= Slog2me(1 - p*)o” (X2 + X1 — 1) |2, X)) (5.4.42)
a a
1 1
= Elog27re(1 — p?)0% — h(=(aXo +bX, — Y2)|Y2, X))
a
1 1
L Slog2re(1 — p*)0” — h(aX, + bX| — )5, X)) ~ log
a
1 1
= 510g27re(1—pz)cz—h(aXz—l—le—Y2]Y2,Xl)—|—§loga2
1 1
> Eloane(l —pH)6? — h(aXy +bX; — Ya) + Eloga2
(391 2\ 2 2 1 2
> 510g27te(1—p Yo~ —h(AN(0,E((aXs+bX;) — Y>) ))+§loga

1 1 1
QN log2me(1 —p?)o? — 5 log(2me)E ((aX, + bX;) — Y»)* + 5 loga®

2 Log2n (1-p?)o? L 2 )D (5.4.43)
—lo - —=lo — 4.
_ llog 2me(1 —p?)oa®
2 D

where (1*) follows from a property of relative entropy, (2*) holds since conditioning can not
increase uncertainty, (3*) follows from the fact that Gaussian distributions for a given vari-
ance maximizes the entropy and (4*) follows from the average distortion constraint. After
the calculation of the lower bound, what remains is to find a conditional density f(Y>|X>, X))
that achieves that lower bound. To do this, we first calculate the test channel, f(X;|Y2,X)

and then use Baye’s rule to calculate the desired conditional density. Thus we assume that
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the test channel as described in Figure has the following form
Xo=ah+BXi+y = Xo—ah—-BXi=7y (5.4.44)

where the parameters o, 8 and ¥ must equalize equations (5.4.42) and (5.4.43). This yields,
Y~ A (0, a%), o= é and B = —g. Since equation (5.4.44) is well defined both conditional
density f(Y2|X2,X)) and the test channel are defined.

5.5 Conclusion

The equivalence between RDF with feedforward information [79] and Wyner’s general for-
mulation of lossy compression with side information is established, using causally condi-

tioned mutual information [84] .

The nonanticipative RDF with feedforward information is formulated and its stationary so-
lution is obtained. General properties of the optimal reproduction conditional distribution
are identified, which are very important in solving such problems with coupled distortion

functions and m-order Markov sources.

The nonanticipative RDF with feedforward information, is also shown to have an operational
meaning for the case of m-order Markov sources and coupled distortion function, which fol-
lows from that of RDF with feedforward information [79]. The nonanticipative RDF with
feedforward information is shown to be a lower bound on classical RDF (the OPTA by non-
causal codes). The exact solution of the nonanticipative RDF with feedforward information
is derived for several examples, using properties of the optimal reproduction conditional

distribution.

The nonastationary solution of the nonanticipative RDF with feedforward information ap-

pears feasible and much simpler than the case of no feedforward information derived in [73].



Chapter 6

Summary and Future Directions

Delayless or nonanticipative information transmission has several applications such as sen-
sor networks, communication for control, and biomedical modelling and analysis. In this
thesis, we introduced a theoretical framework of nonanticipative information theory for lossy
compression of sources with memory, and we derived structural properties of encoders, for
communication channels with memory and feedback. Subsequently, we integrated these re-
sults to provide the framework for symbol-by-symbol joint source channel coding. Finally,
we discussed an extension of the nonanticipative rate distortion function, in situations where

the decoder has access to previous transmitted symbols.

6.1 Summary and Concluding Remarks

Nonanticipative RDF for sources with memory

Summary:

We formulated the Nonanticipative RDF for general sources, by imposing a Markov chain
constraint on the optimization problem, which does not allow current reproduction symbols
to depend on future source symbols. We derived the stationary optimal reproduction distribu-
tion, corresponding to the nonanticipative RDF, a noisy coding theorem, and we elaborated

on its relations to other compression schemes. Finally, we calculated the nonanticipative
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RDF of a binary symmetric Markov source.

Concluding Remarks:
e Nonanticipative lossy compression is operational over noisy coding theorems.

.. . A .
e The Rate Loss of nonanticipation defined by RL = R"*(D) — R(D), characterizes the
excess amount of the information, with respect to non causal codes, due to nonantici-

pation.

o A closed form expression for the classical RDF for sources with memory, is not al-
ways available. Hence, we may apply the nonanticipative RDF to provide a realizable

upper bound for the classical RDF.
Structural Properties of Extremum Problems of Capacity

Summary :

We derived structural encoder properties which maximize the directed information from the
source to the channel output, and structural properties of capacity achieving distribution.
We derived dynamic programming recursions to compute the encoder and the achieving
distribution. Moreover, we generalized PMS from memoryless channels to channels with
memory and feedback, to aid the design of encoders which achieve the information capac-
ity. Finally, we calculated the capacity and optimal input distribution of the Binary State
Symmetric Channel (BSSC) with or without feedback information at the encoder, and with

and without imposing transmission cost constraint.

Concluding Remarks:

e For the class of channels with memory which are Markov with respect to the source,
nothing can be gained by encoding blocks of source symbols, instead of encoding

symbol-by-symbol.

e Posterior Matching Scheme, is feasible even for channels with memory and feedback.
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e Feedback does not increase the capacity of the BSSC, while the capacity achieving

input distribution is Markov.

Nonanticipative Joint Source Channel Coding for Real-Time Transmis-
sion

Summary:

We introduced definitions of symbol-by-symbol code without anticipation, and minimum
excess distortion, discussed the realization of the optimal non-anticipative reproduction dis-
tribution, and proved achievability of symbol-by-symbol code with memory and without
anticipation via a noisy channel. We applied the framework to demonstrate optimality of the
symbol-by-symbol JSCC for the Binary Symmetric Markov Source BSMS(p), communi-
cated over a Binary State Symmetric Channel, BSSC(a;, B ), while we discussed feedback,
no feedback, and unmatched realizations. Finally, we provided a bound for the excess dis-

tortion for finite length case.

Concluding Remarks:
e Symbol-by-symbol JSCC shows achievability for the nonanticipative RDF.

e Uncoded transmission of a BSMS(p) over a BSSC(a;,f;) is optimal in terms of

symbol-by-symbol transmission.

e The feedback realization of a BSMS(p) over a BSSC(ay, 1), yields a conditional
input distribution which is independent of the previous output, showing optimality of

an innovation encoder.

e Unmatched realization is achievable. The unmatched rate loss is a useful tool to
compare the performance of uncoded transmission compared to classical coding ap-

proaches.

Nonanticipative RDF with Feedforward Information

Summary:
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We provided an information measure suitable for nonanticipative transmission with feed-
forward information at the decoder, compared it with feedforward RDF, and discussed its
operation meaning for Markov sources. Finally, we computed the nonanticipative RDF with
feedforward information, for a Binary Markov source, and provided the corresponding opti-

mal reproduction distribution.

Concluding Remarks:

e The nonanticipative RDF with feedforward information, provides an upper bound on
the feedfoward RDF.

e For Markov sources with certain disortion criteria, nonanticipative RDF with feedfor-

ward information and feedfoward RDF are equivalent.

e The nonanticipative RDF with feedforward of Markov sources, provides a lower bound

on classical RDF without feedforward information.

6.2 Future Directions and Open Problems

6.2.1 Future Directions

Control over Communication Constraints

The general framework of Chapter 3, where the source may depend on previous channel
outputs, is suitable to develop the subject of communication for control [15, 16]. One can
apply the framework to address analysis and synthesis questions, related to stochastic opti-
mal control over finite rate noisy channels, under general conditions on the channel and the
controller. The main problem is to optimize a control pay-off subject to rate constraints on
the feedback link, between the controlled system outputs or/and the input to the controller.
The feedback link is often subject to limited rate, and the interest is to design encoders,
decoders and controllers for general channels with memory and feedback, for reliable com-
munication. It would be interesting and design optimal encoders, decoders and controllers,

which minimize a control pay-off, subject to a rate constraint, and understand the trade-off
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between control and communication performance.

The Gilbert-Elliot Channel

The Gilber-Elliot channel is a time varying binary symmetric channel with crossover prob-
abilities determined by a binary-state Markov process, and its capacity is obtained via a
limiting expression [54]. Its capacity is often obtained via algorithms [64]. In Chapter 3, we
discussed the binary state symmetric channel, where we showed that subject to the proposed
transformation, it decomposes into two binary symmetric channels. Moreover, we applied
an average cost constraint, by fixing the state of the channel, and calculated its capacity. If,
instead of fixing the steady state distribution of the state, we fix the transition probabilities of
the states, then the channel transforms to the Gilbert-Elliot channel. It would be interesting
to investigate whether it is possible to provide a closed form expression for some special

cases of the Gilbert-Elliot channel, based on the proposed approach.

Symbol-by-symbol Joint Source Channel Coding in the Presence of Feed-
forward Information at the Decoder

In Chapter 5, we discussed the nonanticipative RDF with feedforward side information of a
binary Markov source with single letter distortion criterion. The optimal reproduction distri-
bution depends on the current and previous channel input. It would be interesting to provide
a symbol-by-symbol JSCC for a channel that has the form of the optimal reproduction dis-
tribution. This preassumes a closed form expression for the capacity of this channel. To
calculate the capacity of this channel we may consider different schemes such as: adopting
the approach of Section 3.6, Chapter 3, considering it as a special case of the Multiple Ac-
cess Channel (MAC), in which the second input is a delay version of the first input, or even
approaching it as a relay network in which the relay imposes a unit delay to its respective
output. A similar approach to third alternative (relay network), is adopted in [30], and re-

gards a multiple Gaussian network where each relay node 7 introduces i-delay.
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Nonanticipative Transmission for Networks

As illustrated explicitly in the binary symmetric Markov source example in the presence of
feedforward information, the reproduction distribution represents a specific network chan-
nel. It is on our interest to calculate the nonanticipative RDF of other sources with memory,
not necessarily symmetric or Markov, and provide symbol-by-symbol JSCC schemes that
perform optimally in terms of symbol-by-symbol transmission. Initially, we will restrict our
interest in cases where the respective capacities are known, in order to provide matching
conditions and the possible unmatched rate loss. We aim also to find cases where uncoded

transmission schemes perform optimally, in terms of symbol-by-symbol transmission.

6.2.2 Open Problems

Additional general open problems are the following.

e The solution of the nonstationary nonanticipative RDF is of interest in limited length

reliable communications.

e Characterizing the realizability conditions, for JSSC is of interest in designing com-

putational algorithms for symbol-by-symbol transmission.

e Generalizing nonanticipative RDF with general side information available to the de-

coder, which is complementary to the Wyner-Ziv formulation for non causal codes.
e Applying the framework to network information theory is an open challenge

e Trade-off between rate and minimum number of transmissions, for finite length symbol-

by-symbol transmission.
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Proofs of Chapter 2

A.1 Proof of Lemma. 2.21

First, recall that given the RV’s X, Y, Z, we say X and Y are conditionally independent
given Z if Py y|z(dx,dy|z) = Px|z(dx|z)Py|z(dy|z) — a.s. This statement is equivalent to
Py z(dxly,z) = Px|z(dx|z) —a.s. and Py|x 7(dy|x,z) = Py|z(dy|z) —a.s. or X <> Y <> Z forms
a MC in both directions. Now we proceed with the derivation, by often assuming existence
of densities to avoid lengthy measure theoretic arguments.

MC1 = MC2: Since MC1 states that Py xn(dy"|x") = ?:Oph‘yi—l,xn(dyib)iil,xn) =
R oPyyi-1 xi(dyily' ™', x'), which is valid if and only if Py it ya(dyily'™",x")
Pmyif17xi(dy,~|y"_],x"), i=0,1,...,n, or equivalently, X, <+ (X',Y'"!) <+ ¥; forms a MC
foreachi=0,1,...,n— 1, then MC2 is obtained.

MC1 <= MC2: By Bayes’ rule Pyuyn(dy"[x") = ®_oPyyi-1 xn (dy;[y—!,x") =
?Y”l xn(dy"|x"), where equality in (a) holds due to MC2, hence MC1.

MC1 — MC3: We need to show that Py iy (dxiq|x,y') = Py, ixi (dx;q|x), i =
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0,...,n—1. Note that

iy e nooydoLi
Pxi+1|xi,yi (dxip|x',y') = /% PX,»H,X;H\X’,Y’ (dx,+1,dxi+2|x ')
i+2,n

_ (A i
= /% Py xi yi(dig [xX5)
i+2,n

(b) i1
:/5{ Pxﬂl\xi,wfl(dxﬁﬂxl’yl )
i+2,n

=Py xiyit(dxi |y ™), i=0,...n—1 (A.1.1)
where (b) follows because MC1 and MC2 are equivalent. We show the rest of the derivation

by assuming existence of density functions which are denoted by lower case letters j(-|-).
From (A.1.1), we have

_ - ey LYY RO T pd )
Plxistld,y) = plxipa ',y ™) = == =
l ' plx y’ 1) PO p(x)
Xy AT RO (o) XEZop(rily A7) plat
X op(jlyi = xf) pxf) ®’, Pyt xd) pldx)

= p(xi|x), i=0,...,n—1

where (c) follows because MC1 and MC2 are equivalent. This shows MC1 =— MC3.

MC2 <= MC3: We need to show that p(yi|y"',x',x" ) = p(yily' ', x),i=0,...,n— L.
But

ﬁ(yi X! x:l+1)
p_<yl lxz H—l)
p(xn|x 7yl)l3(xn71|x 7y) p(x,+1|x’,y) ( )
-p

ﬁ()’i’yi_lvxivx?ﬂ) N

ﬁ(xnlfcnfl,y"l)ﬁ(xn;1IX”f2,y’_ D)o g X,y =) pxd, yi=1)
@ pLY)  puly )p Ly .
= -1 i i1 _p(yl|y ) s —
( ) plxi,y=1)

where (d) follows from MC3. This shows MC3 = MC2. Thus, we have the equivalence
MC1 <= MC2 < MC3.

MC4 — MC3: Since fori =0,...,n— 1, by MC4 we have

Py i yi(dxfogx',y') = Pen i (do )
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then by integrating over Zj2 , both sides of the previous identity we obtain MC3.

MC4 < MC3: Since MC3 < MC2, we show that if X} | <> (X1, Y1) < ¥; forms a
MC fori=0,1,...,n—1, thenXl’j_l<—>Xi<—>Yifor1nsaMCfori:0,1, ,n— 1. We show

this by induction. First, we show that (X;11,X;12) < X i +5 Y! forms a MC, or equivalently,
Pt Xir2lx',y) = p(xit1,Xit2lx'). Since

ifl,xi+2)

p(xl+l7xl+2|x ,)7) ﬁ(x’,yl) ﬁ(xl,y’

PO xir,xi2,y")  plily™ 2 p(y
)
i+1 i+1 L

POy 1) plripa Xy p(x Ly
——— —

()

p(xi,y)
) P2 X Pl [,y 1) pad )
—_——
(f)
p(yi|yl_l?xl)p(xlvyl_l)
= ﬁ(xi+2|xi+l)ﬁ(xi+l ')
———

(8)

plily™!

= p(xip2, Xip1 [X).

where (e) is implied from MC2, while (f), (g) follows from MC3 <= MC2. Hence, MC4
holds for n =i+2.

Suppose X%, | < X' > Y! forms a MC, for some i +2 < k < n— 1. We show that it holds for
k— k+1.

k+1 _ 1
k41 p( 1__:17 7)7) p(xk+l|xl+17 7y )p< i+t10% 7yl)
( H»l |x 7y) -
p(x',y) p(x',y)

p_(xk+1’xk)ﬁ(x§+l|xi7yi)ﬁ( 7y)
(h)

p(x',y)
= (ka]x) (z+1\x)
(i)
= ﬁ(xﬁll ')

where (h), (i) follow from MC3 <= MC2. This completes the derivation. O]
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Proofs of Chapter 3

B.1 Proof of Theorem. 3.9
We first address part (b).

(b) We give a derivation based on stochastic optimal control techniques. Let

{er(x',a=1,b""1): i=0,1,...,n} denote the optimal encoder strategy. Consider the pay-off

db;|B~1, X%
B‘B’ lxz( 1
I(X" = B") = ZEe /1 ) P -1 i (dbilB X7) JB.1.1)
BB’
n i1 yi(dBi|B 1 X")
{Zl B'Belx R } (B.12)
PB|B! l(dBl|B )

where superscripts emphasize the dependence on the policies. Since a; = ¢;(x/,a'~!,b/~1)
then Py ;1 (dbi;b' =1 x') = P(db;;b"~ ", x,d'),i=0,1,...,n. Moreover by Assumption 3.8
then P(db;;b' ', x',d') = q;(db;; b~ xi,a;)-a.a.(b' ' x,a'),i=0,1,...,n. Hence under As-

sumption 3.8 the pay-off becomes

qi( dB,,B’ L X, A 1 i1
I(X" = B") = {§ log — }:2 I(X;;B;|B'™) (B.1.3)
¢(dB;;B—1) =

where v¢(db;;b' 1) € H (%Bi; Boi—1) is the conditional distribution obtained via integration

v(dbizb") :/ qi(dbi b xi,a;) Pf (dxis b )
Z
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By the property of conditional expectation, we have

L i dBl’Bl Xi,Ai i pi— j
Z (X,,B‘Bl 1 ZEe C] )|Xl,Bl I,Al
= ve(dB:B )

By Assumption.3.8, the inner expectation is with respect to the conditional measure

P;l_‘Bi,,7Xi(db,-|bi—1,xi) = qi(db;;b' ! x;,a;),i=0,1,...,n. Thus
n .
I(X"—B") = Y I(X;Bi|B"™")
i=0
_ {ZEe< qi(dBi;B"~ IX”A)X[_,BH,AI_)}
v¢(dB;; B 1)
n
- Ee{ZE(X,-,B’_I,A,-)} (B.1.4)
i=0
where

- A (dbi; B~ X;, A, .
U(X;, B 1,A,~):/@ log <ql(v6(ldb~-3ill) ’)>q,-(db,-;3’ L X, A;)
A i 2]

Define Z; 2 (X;,B'"~1),i=0,1,...,n. Clearly the maximization of /(X" — B") over {a; =
ei(x!,a=1 b=1):i=0,1,..,n} is performed by choosing the encoder output sequence {a; =
ei(x!,a=1 b=1):i=0,1,..,n} to control the joint process {Z; 2 (X;,B~'):i=0,1,..,n}.
Thus

I(X" = B") = {ZZ ZiA; }

From stochastic optimal control theory, it is known that if {Z; 2 (X;,B~1):i=0,1,...,n}
is a Markov process controlled by the encoder process {A; : i = 0,1,..n}, then the opti-
mal encoder strategies {e(a/~",x/,b/~1) : i =0,1,..n} will reduce to the simplified form
{3i(z;) = gi(x;,b" 1) :i = 0,1,..,n}. Under Assumption.3.7 is sufficient to show that {Z; :
i=0,1,...,n} is a Markov process controlled by {A; : i =0,1,...,n}, that is

P(dzi;a " 771 = B(dzisai1,zi-1) —aa. (@', 771),Vie NL

Next, we show that {Z; : i =0, 1,...,n} is a Markov process controlled by the channel input
process {A;:i=0,1,...,n}. The rigorous way to prove this is by using the a.s. definition

of conditional independence. However,without loss of generality we assume existence of
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probability density functions

Pii(dzip132,a") = pisi(zis1|2',a')dzi

Pop1(dziz1:2i,ai) = piy1(2ig1 ]2, ai)dzig

and we show that P, 1(dz;y1:2',d") = piy1(dzii1;2i,ai)dzis1, for almost all (a',7') : i =

0,1,...,n— 1. First we note that

Pi+1 (Zi+1 |Zi7ai) = PDi+1 ('xi+17bi|xi7bi_17ai)

= pir1 (i1 |X, b a) iy (bilx, b )

By Assumptions 3.7 and 3.8, then

pir1(zi1|d,d) = pip1(xict|xi b ,a)pici (bilxi, b a;)
= pi+1(xi+17bi|xi7biilaai)
= pir1(zit1]zi,ai) (B.1.5)

Now, from (B.1.4) we have
n .
(X" =y = EA{ ZK(X,-,B”I,A,-)}
i=0
A = -
A EA{ ZE(Zi,A,-)} (B.1.6)
i=0

and by (B.1.5), the process {Z; : i =0, 1,...,n} is a Markov process controlled by {A; : i =
0,1,...,n}. Since the payoff in (B.1.6) is additive, the minimization of I(X" — B") over
{A;:i=0,1,...,n} is done by choosing {A; : i =0, 1,...,n} to control the Markov process
{Z;:i=0,1,...,n}. Hence, from optimal control theory the encoder structure should be of

the form a; = g;(x;,b'~!), for some measurable function g(.,.).

(a) The derivation for randomized strategies is similar, hence it is omitted. It follows from
the fact that for general complete separable spaces and strategies based on classical nested
information over time, that randomized strategies and deterministic strategies are equivalent

in terms of optimal performance.
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B.2 Proof of Theorem. 3.39.1

The derivation utilizes from the above discussion and Fano’s inequality as follows. Suppose
) ) ) A
rate R is achievable and hence there exists an (n, My, €,) code, €, = {u,uz,...,um,}, uj €

. j—1 satisfying

1
lim g, =0 and liminf—logM, > R

n—oo n—e n

Let A" ! e /) n—1 be a random variable which is uniformly distributed over the code ;.
Denote by B! € o n—1 the channel output corresponding to the channel input A"l e
Ay p-1,Ai = @i(X,B),i=0,1,...,n—1, x € #,. Define another random variable Ar-le
%, such that A"~ 1 =y if x = d,(B"!). The probability of error is expressed as

& = Prob{A"—l ” A”—l}
Then

logM,, = H(A,)
H(X|B")+1(X;B" 1)

—
)
=

< H(&,)+nRe, +1(X;B" 1)
n—1

= H(e)+nRe,+H(B" ") — Y H(Bi|B',X)
i=0

®) nov 1y i

= H(g)+nRe,+H(B" ')~ Y H(Bj|B ' X A"
i=0

= H(g,)+nRe, +nf {H(B”_l) —H(Bi|Bi_1aAi)}
i=0

n—1
i=0
n—1 )
H(g,) +nRe,+ Y 1(Ai;Bi|B™) (B.2.7)
i=0

where (a) follows from Fano’s inequality, (b) knowing the codebook implies knowing the en-
coder law, and knowing the encoder law among with the message and previous channel out-
puts specifies the current value of the encoder, since A; = ¢;(X,B~),i=0,1,...,n—1, (c)
follows from the Markov chain X <+ (A, B"~') <+ B;, ,i=0,1,...,n— 1 and (d) follows from
Markov chain A”~! <+ (A;,B~') <+ B;, ,i=0,1,...,n— 1. Further, maximizing the right side
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of (B.2.7) over all deterministic feedback encoders is less than or equal to maximizing the
same quantity over all randomized strategies {P;(da;;a' 1, b"~1) € (s 2,i—1 % PBoi—1)
i=0,1,...n— 1}, and by Theorem 3.31, this maximization (if it exists) it is achieved over
randomized strategies { P (da;;b"~') € H# (o#; PBoi—1) :i=0,1,...n—1}. Taking the supre-
mum over all such randomized strategies and using lim, . &, — 0 implies lim, .. H(&,)

=0, then

1 1=l .
R < liminf —logM,, < liminf sup - Z I(Ai;B,-]B’_IIBQ.S)
nTree N T {P(dapbi=NeH (s By i1):i=0,1,..n—1} T iZ0

This completes the derivation.
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