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Abstract

Our main objective in this thesis is the investigation of the application of the Method of

Fundamental Solutions (MFS) to certain problems in rotationally symmetric domains.

In the Introduction we give a brief review of boundary methods for the solution of certain

elliptic boundary value problems. One such method is the MFS and we subsequently describe

its formulation for several important two and three–dimensional boundary value problems. We

also present some recent developments in the use of the MFS.

In the second chapter, we investigate the application of the MFS to the Dirichlet problem for

Laplace’s equation in annular domains. We examine in detail the properties of the resulting

coefficient matrix and its eigenvalues, and using these we prove the convergence of the method

for analytic boundary data. An efficient matrix decomposition algorithm using Fast Fourier

Tranforms (FFTs) is developed for the computation of the MFS approximation. The algorithm

is tested on several problems confirming the theoretical predictions.

In the third chapter, we develop an efficient matrix decomposition MFS algorithm for the

solution of certain biharmonic problems in annular domains. The circulant structure of the

matrices resulting from the MFS discretization is again exploited by using FFTs. The algorithm

is tested on several examples.

In the fourth chapter, we apply the MFS to three–dimensional problems. In particular, we

consider certain axisymmetric harmonic and biharmonic problems. The coefficient matrices

resulting from the MFS discretization now have block circulant structures. By exploiting these

structures, we develop efficient matrix decomposition algorithms for the solution of this class

of problems. The algorithms are tested on several examples.

In the fifth chapter, we present the conclusions of the thesis and give suggestions for future

work.The
od
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s T
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Chapter 1

Introduction

The method of fundamental solutions (MFS) is a meshless technique for the numerical solu-

tion of certain elliptic boundary value problems which falls in the class of methods generally

called boundary methods. Like the boundary element method (BEM), it is applicable when

a fundamental solution of the differential equation in question is known. It shares the same

advantages of the BEM over domain discretization methods, and also has certain advantages

over the BEM. The MFS has the following key features:

(i) It requires neither domain nor surface discretization.

(ii) It requires no numerical integration and thus the difficulty of singular integration can be

avoided.

(iii) It is easy for practical implementation.

We are primarily interested in the application of the MFS to elliptic boundary value problems

governed by equations of the form

Lu(P ) = 0, P ∈ Ω

where L is a linear elliptic partial differential operator and Ω is a bounded domain in R2 or

R3. By a fundamental solution of the differential operator L, we mean a function k(P, Q) such

that

L k(·, Q) = δQ, (1.1)

3
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 Chapter 1. Introduction

where δQ denotes the Dirac measure on R2 giving unit mass to the point Q. The equation (1.1)

is satisfied in the sense of distributions. The function k is defined everywhere except when

P = Q, where it is singular. Thus Q is called the singularity of the fundamental solution.

Early uses of the MFS were for the solution of various linear potential problems in two and

three space variables. The method has since been applied to a variety of situations such as

plane potential problems involving nonlinear radiation-type boundary conditions, free boundary

problems, biharmonic problems, problems in elastostatics and in the analysis of wave scattering

fluids and solids. A survey of the MFS and related methods for the numerical solution of elliptic

boundary value problems is presented in Ref. [18, 19].

1.1 Boundary Methods for the Dirichlet Problem

The basic idea in the MFS is to approximate the solution of a boundary value problem by a

linear combination of fundamental solutions of the governing equation. To be more specific,

let us consider the following boundary-value problem

∆u(P ) = 0, P ∈ Ω, (1.2)

u(P ) = f(P ), P ∈ ∂Ω, (1.3)

where Ω is a bounded domain in the plane with smooth boundary ∂Ω, ∆ denotes the Laplacian

and f is a prescribed function.

1.1.1 Indirect BIEMs

In the traditional boundary integral approach u is represented in the form of a simple-layer

potential [32]

u(P ) =
∫

∂Ω
σ(Q) log r(P,Q) dSQ, P ∈ Ω, (1.4)

where r(P,Q) denotes the distance between the points P and Q, σ is the unknown source

density function which is determined so that (1.3) is satisfied. Thus
∫

∂Ω
σ(Q) log r(P, Q)dSQ = f(P ), P ∈ ∂Ω,

which is a Fredholm integral equation of the first kind.
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1.1. Boundary Methods for the Dirichlet Problem 

An alternative representation of u is given by the double-layer potential [32]

u(P ) =
∫

∂Ω
µ(Q)

∂

∂nQ
log r(P,Q) dSQ, P ∈ Ω,

where
∂

∂nQ
denotes the outward normal derivative at Q ∈ ∂Ω. In this case, µ is the unknown

density function defined by the Fredholm second-kind integral equation

−πµ(P ) +
∫

∂Ω
µ(Q)

∂

∂nQ
log r(P, Q) dSQ = f(P ), P ∈ ∂Ω.

These methods are usually referred to as indirect BIEMs.

1.1.2 Direct BIEMs

In many current applications, direct BIEMs are used. Applying Green’s Third Identity in (1.2)

gives [5, 32]

c(P )u(P ) =
∫

∂Ω
{u(Q)

∂

∂nQ
log r(P, Q)− ∂u

∂nQ
(Q) log r(P, Q)} dsQ +

∫

Ω
∆u(Q) log r(P, Q) dAQ,(1.5)

where P ∈ Ω, and

c(P ) =





2π, if P ∈ Ω,

π, if P ∈ ∂Ω,

0, if P 6= Ω.

Since (1.2) holds in Ω, equation (1.5) gives

c(P )u(P ) =
∫

∂Ω
{u(Q)

∂

∂nQ
log r(P,Q)− ∂u

∂nQ
(Q) log r(P, Q)} dsQ. (1.6)

Equation (1.6) can be viewed as the combination of a simple-layer potential of density
∂u

∂n
, and

a double layer potential of density u.

We determine
∂u

∂n
such that

∫

Ω

∂u

∂nQ
(Q) log r(P, Q) dsQ = −πf(P ) +

∫

∂Ω
f(Q)

∂

∂nQ
log r(P, Q) dsQ, P ∈ ∂Ω. (1.7)

This formulation is the basis for direct BIEMs.
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 Chapter 1. Introduction

1.1.3 Collocation

For the numerical solution of (1.7), a set of points Qj , j = 1, . . . , N , is placed on the boundary

∂Ω with ∂Ωj = Qj−1Qj . Also a set of observation points Pi, j = 1, . . . , N with Pi ∈ ∂Ωi is

chosen. We assume that u,
∂u

∂n
are piecewise constant functions such that

u(P ) = uj ,
∂u

∂n
(P ) = unj , P ∈ ∂Ωj , j = 1, . . . , N.

We then collocate at the midpoints Pi of ∂Ωi, i = 1, . . . , N. This produces the system of

equations

πui =
N∑

j=1

{
uj

∫

∂Ωj

∂

∂nQ
log r(Pi, Q) dsQ − unj

∫

∂Ωj

log r(Pi, Q) dsQ

}
, j = 1, . . . , N. (1.8)

We thus obtain an N ×N linear system for the unknowns uni , i = 1, . . . , N.

The possible complications associated with this method are the following:

(i) There may be difficulties in chosing the {Qj}, the quadrature rules and the method for

approximating ∂Ω.

(ii) When j = i, the integrals are singular.

1.2 Auxiliary boundary methods

1.2.1 Kupradze’s method

Since the integrands in (1.8) are singular when j = i, special care must be taken when we apply

a quadrature rule to approximate the corresponding integrals. In Kupradze’s method [17] this

difficulty is avoided by choosing the observation points Pi to lie on an auxiliary boundary ∂Ωa

enclosing the original region Ω. Since each Pi lies outside Ω then c(P ) = 0 in (1.6) and we have

the functional equation

∫

∂Ω

{
u(Q)

∂

∂nQ
log r(P,Q)− ∂u

∂nQ
(Q) log r(P, Q)

}
dsQ = 0.

In this method the choice of ∂Ωa is crucial and not easy to make.
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1.2. Auxiliary boundary methods 

1.2.2 Oliveira’s method

In this approach [17, 62], the solution of the problem is expressed in terms of a simple layer

potential with respect to the auxiliary boundary ∂Ωa. For example, for the solution of the

problem (1.2)-(1.3) we have

u(P ) =
∫

∂Ωa

σa(Q) log r(P,Q) dSQ, P ∈ Ωa. (1.9)

If we approximate the integral in (1.9) by a quadrature rule with nodes {Qj}N
j=1, then u(P ) is

approximated by

ũN (P ) =
N∑

j=1

[ωjσa(Qj)] log r(P, Qj), (1.10)

where the {σa(Qj)}N
j=1 are determined by satisfying the boundary conditions on the bound-

ary ∂Ω of Ω. Since the fundamental solution of Laplace’s equation is a constant multiple of

log r(P, Q), the MFS can be viewed as a discrete simple layer potential representation method.

This approach is particularly useful in the development of the MFS formulations for biharmonic

problems.

1.2.3 The Method of Fundamental Solutions

In the MFS [18, 19], we discretize equation (1.9) by a quadrature rule. In particular, the

solution u is approximated by a function of the form

uN (c,Q; P ) =
N∑

j=1

cjk(P, Qj), P ∈ Ω,

where c = (c1, c2, . . . , cN )T and Q is a 2N -vector containing the coordinates of the singularities

Qj , j = 1, . . . , N , which lie outside the domain of the problem Ω ≡ Ω ∪ ∂Ω. The goal is to

determine the coefficients c.

A set of observations points {Pi}M
i=1 is selected on ∂Ω. One then applies the boundary condi-

tion at each of this points. The locations of the singularities {Qj}N
j=1 are either preassigned

or determined along with the coefficients of the fundamental solutions {cj}N
j=1 so that the

approximate solution satisfies the boundary conditions as well as possible.

When the locations of the singularities are fixed and preassigned, this process yields the equa-

tions

BuN (c,Q; Pi) = 0, i = 1, 2, . . . , M, (1.11)
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 Chapter 1. Introduction

where the boundary condition is of the form Bu = 0. When M = N , equation (1.11) yields

a linear system of N equations in N unknowns, whereas, when M > N , we have an over-

determined system which leads to a linear least-squares problem.

When the locations of the singularities are to be determined along with the coefficients c there

are 3N unknowns, comprising c and the cartesian coordinates of the N singularities Q; they

are determined by minimizing the functional

F (c,Q) =
N∑

j=1

∣∣BuN (c,Q; Pi)
∣∣2,

which is nonlinear in the coordinates of the Qj . The minimization of this functional is usually

done using readily available software such as the MINPACK routines LMDIF and LMDER

[23], the Harwell subroutine VA07AD [30], and the NAG routine E04UPF [61]. The constrained

optimization features of E04UPF are particularly useful for ensuring that, for instance, the sin-

gularities remain outside the domain of the problem. The initial placement of the singularities

can influence the convergence of a least-squares routine significantly. Usually the singulari-

ties are distributed uniformly around the domain of the problem, at a fixed distance from its

boundary. In this way, they may be viewed as lying on the boundary ∂Ωa, in (1.9), containing

Ω.

When the MFS with an equal number of fixed singularities and boundary points, both of which

are uniformly distributed, is applied to certain problems in circular domains, it leads to linear

systems with coefficient matrices which are circulant or block matrices with circulant blocks

([15]). Ways of exploiting the properties of such systems for the efficient implementation of the

MFS applied to harmonic and biharmonic problems are investigated in Refs. [67, 68] and in

chapters 2 and 3.

1.3 MFS formulations

1.3.1 Harmonic Problems in two dimensions

The MFS with moving singularities was first proposed by Mathon and Johnston [59] for the

solution of potential problems of the form




∆u(P ) = 0, P ∈ Ω,

Bu(P ) = 0, P ∈ ∂Ω ,
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1.3. MFS formulations 

where ∆ denotes the Laplace operator, u is the dependent variable, and Ω is a bounded domain

in the plane with boundary ∂Ω. The operator B specifies the boundary conditions (BCs) and

is usually of the form:

Bu(P ) =





α(P ) + u(P ), P ∈ ∂Ω1 (Diriclet BCs)

α(P ) +
∂u

∂n
(P ) P ∈ ∂Ω2 (Neumann BCs) ,

α(P ) + β(P )u(P ) + γ(P )
∂u

∂n
(P ) P ∈ ∂Ω3 (Robin BCs)

(1.12)

where α, β and γ are prescribed functions, and ∂Ω = ∂Ω1 ∪ ∂Ω2 ∪ ∂Ω3. The solution u is

approximated by a function of the form

uN (c,Q;P ) =
N∑

j=1

cj k1(P, Qj), P ∈ Ω,

where c = (c1, c2, . . . , cN )T and Q is a 2N− vector containing the coordinates of the singular-

ities Qj , j = 1, . . . , N , which lie outside the domain of the problem Ω. The function k1(P, Q)

is a fundamental solution of Laplace’s equation given by

k1(P, Q) = − 1
2π

log r(P, Q), (1.13)

with r(P, Q) denoting the distance between the points P and Q. A set of observation points

{Pi}M
i=1 is selected on ∂Ω and the coefficients c and the coordinates of the singularities Q are

determined by minimizing the functional

F (c,Q) =
M∑

i=1

∣∣BuN (c,Q; Pi)
∣∣2,

which is nonlinear in the coordinates of the Qj . The minimization of this functional is done

using a nonlinear least square algorithm.

In the case when the singularities Qj are fixed on the boundary ∂Ω̃ of the domain Ω̃ containing

Ω, the coefficients c are determined so that the boundary condition is satisfied at the boundary

points {Pi}N
i=1 :

BuN (c,Q; Pi) = 0, i = 1, . . . , N. (1.14)

This yields a linear system of the form

Gc = f , (1.15)
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for the coefficients c. In the case of Dirichlet boundary conditions, the elements of the matrix

G are given by

Gi,j = − 1
2π

log |Pi −Qj |, i, j = 1, . . . , N. (1.16)

1.3.2 Biharmonic Problems in two dimensions

We consider the biharmonic equation

∆2u(P ) = 0, P ∈ Ω,

subject to the boundary conditions

B1u(P ) ≡ α(P ) + u(P ) = 0, B2u(P ) ≡ β(P ) +
∂u

∂n
(P ) = 0, P ∈ ∂Ω, (1.17)

or

B1u(P ) ≡ α(P ) + u(P ) = 0, B2u(P ) ≡ β(P ) + ∆u(P ) = 0, P ∈ ∂Ω, (1.18)

where α and β are prescribed functions.

A first biharmonic MFS formulation [38] is based on the simple layer potential representation

of biharmonic functions suggested in [18, 56]. In this formulation, the solution is approximated

by a function of the form

uN (c,Q; P ) =
N∑

j=1

[
cjk1(P, Qj) + djk2(P, Qj)

]
, P ∈ Ω,

where k1 is the fundamental solution of Laplace’s equation given by (1.13) and k2 is the

fundamental solution of the biharmonic equation given by

k2(P,Q) = − 1
8π

r2(P, Q) log r(P, Q). (1.19)

Following the MFS approach in the case of Laplace’s equation, the coefficients cj , dj and the

coordinates of the singularities Qj are determined by minimizing the functional

F (c,d, Q) =
M∑

i=1

[
|B1uN (c,d, Q; Pi)|2 + |B2uN (c,d,Q;Pi)|2

]
.

When the singularities are fixed, the vectors of coefficients c and d are determined so that the

boundary conditions are satisfied at the collocation points {Pi}N
i=1 :

B1 uN (c,d,Q;Pi) = 0, i = 1, . . . , N, (1.20)
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1.3. MFS formulations 

and

B2 uN (c,d,Q;Pi) = 0, i = 1, . . . , N. (1.21)

This yields a linear system of the form

Gc = f , (1.22)

for the coefficients c and d, where, in the case of boundary conditions (1.17), the elements of

the matrix

G =


 A11 A12

A21 A22


 (1.23)

are given by

(A11)i,j = − 1
2π

log |Pi −Qj |,

(A12)i,j = − 1
8π
|Pi −Qj |2 log |Pi −Qj |,

(A21)i,j = − 1
2π

(
xPi − xQj

|Pi −Qj |2 nx +
yPi − yQj

|Pi −Qj |2 ny

)
,

(A22)i,j = − 1
8π

[
1 + 2 log |Pi −Qj |

] (
(xPi − xQj )nx + (yPi − yQj )ny

)
,

where nx and ny denote the components of the outward normal vector n to ∂Ω in the x and y

directions, respectively.

A second biharmonic MFS formulation [2], is based on the Almansi representation of biharmonic

functions [1, 18, 32]. Almansi showed that the general solution of the biharmonic equation can

be written as

u(P ) = r2(P ) φ(1)(P ) + φ(2)(P ), P ∈ Ω,

where the functions φ(1) and φ(2) are harmonic in Ω, and r(P ) denotes the distance of the point

P from the origin, which lies in Ω. If we replace both φ(1) and φ(2) by simple layer potentials,

φ(i)(P ) =
∫

∂Ω
σ(i)(Q) log r(P, Q) dsQ, P ∈ Ω, i = 1, 2,

then

u(P ) = r2(P )
∫

∂Ω
σ(1)(Q) log r(P, Q) dsQ +

∫

∂Ω
σ(2)(Q) log r(P, Q) dsQ P ∈ Ω. (1.24)
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This expression provides the motivation for the second biharmonic MFS formulation. In (1.24),

the simple layer potential representation with respect to an auxiliary boundary ∂Ωa is used

and, following (1.9)–(1.10), u(P) is approximated by a function of the form

uN (c,Q; P ) =
N∑

j=1

[
cj r2(P ) + dj

]
k1(P, Qj), P ∈ Ω,

where k1 is given by (1.13).

Now consider the biharmonic equation subject to the boundary conditions [18]

B1u(P ) ≡ α(P ) +
∂u

∂xP
(P ) = 0, B2u(P ) ≡ β(P ) +

∂u

∂yP
(P ) = 0, P ∈ ∂Ω. (1.25)

Problems of this type arise, for example, in fluid flow problems, where u denotes the stream

function. They do not have unique solutions, but since the quantities of interest are usually

derivatives of the solution, which give the velocity components, the nonuniqueness is inconse-

quential.

For the biharmonic problem with boundary conditions (1.25), Fichera [22] proposed the simple

layer potential representation

u(P ) =
∫

∂Ω

[
σ(Q)

∂k2

∂xQ
(P,Q) + µ(Q)

∂k2

∂yQ
(P,Q)

]
dsQ, P ∈ Ω, (1.26)

where k2(P, Q) is given by (1.19). It follows that

u(P ) =
∫

∂Ω
[σ(Q)(xP − xQ) + µ(Q)(yP − yQ)]

[
k1(P,Q) +

1
4π

]
dsQ, P ∈ Ω,

where P = (xP , yP ) and Q = (xQ, yQ). This provides the motivation for the third biharmonic

MFS formulation [39], in which the approximate solution has the form

uN (c,Q; P ) =
N∑

j=1

[cj(xP − xQj ) + dj(yP − yQj )]
[
k1(P, Qj) +

1
4π

]
, P ∈ Ω,

where Qj = (xQj , yQj ).

1.3.3 The Helmholtz equation in two dimensions

We consider the exterior Neumann boundary value problem in R2





∆u + k2u = 0 in Ω,

Bu = 0 on ∂Ω ,
(1.27)
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1.3. MFS formulations 

where the boundary conditions are given by (1.12). The domain Ω is an unbounded domain in

R2. The boundary of Ω is ∂Ω. Further, we must specify the behaviour of u at infinity, namely,

it must satisfy the Sommerfeld radiation condition (two dimensional version),

lim
r→∞

√
r

(
∂u

∂r
− iku

)
= 0, (1.28)

where r is the distance of a point P ∈Ω from the origin. This problem is related to the problem

of radiation of time-harmonic sound waves in a compressible fluid, caused by the vibrations of

an immersed obstacle.

In the MFS [41], the solution u is approximated by

uN (c,Q; P ) =
N∑

ν=1

cν k3(P,Qν), P ∈Ω, (1.29)

where c = (c1, c2, . . . , cN )T ∈ CN and Q is a N−vector containing the coordinates of the

singularities Qν , ν = 1, . . . , N , which lie outside Ω. The function k3(P,Q) is a fundamental

solution of the Helmholtz equation given by

k3(P, Q) =
i
4
H

(1)
0

(
k|P −Q|), (1.30)

where i =
√−1 and H

(1)
0 is the Hankel function of the first kind of order zero, and with |P −Q|

denoting the distance between the points P and Q. The case when the singularities are not

fixed is described as in section (1.2.3). In the case when the singularities Qν are fixed on

the boundary ∂Ω̃ of the domain Ω̃ which contains Ω. Note that the fundamental solution k3

satisfies the Sommerfeld radiation condition as |P − Q| → ∞, for a fixed Q. In the case of

moving singularities a set of observation points {Pi}M
i=1 is selected on ∂Ω and the coefficients

c and the positions of the singularities Q are determined by minimizing the functional

F (c,Q) =
M∑

i=1

∣∣B uN (c,Q; Pi)
∣∣2,

which is nonlinear in the coordinates of the Qj . The minimization of this functional is done

using a nonlinear least square algorithm. In the case when the singularities Qj are fixed on

the boundary ∂Ω̃ of the domain Ω̃ containing Ω, the coefficients c are determined so that the

boundary condition is satisfied at the boundary points {Pµ}N
µ=1 , namely,

B uN (c,Q;Pµ) = 0, µ = 1, . . . , N. (1.31)

The
od

oro
s T

sa
ng

ari
s



 Chapter 1. Introduction

This yields a linear system of the form

Gc = f , (1.32)

for the coefficients c.

In the case where we have Dirichlet boundary conditions the elements of matrix G are given

by

Gµ,ν =
i
4

∂H
(1)
0

∂n
(k|Pµ −Qν |), µ, ν = 1, . . . , N

Since the Hankel function H
(1)
0 = J0 +iY0, where J0 and Y0 are the Bessel functions of the first

and second kind, respectively ([2, 75]), the elements of the matrix G can be expressed in terms

of the Bessel functions J1 and Y1. These can be calculated via the NAG routines S17AFF and

S17ADF, respectively.

1.3.4 The Cauchy–Navier equations in two dimensions

We consider the boundary value problem in R2 governed by the Cauchy–Navier equations of

elasticity [33]




(λ + µ)uk,ki + µui,kk = 0 in Ω,

Bui = 0 on ∂Ω , i = 1, 2
(1.33)

Here we are using the indicial tensor notation in terms of the displacements u1 and u2.

In (1.33), λ and µ are the Lamé elastic constants. These constants can be expressed as

λ =
νE

(1 + ν)(1− 2ν)
and µ =

E

2(1 + ν)
where E is the modulus of elasticity, and ν is Poisson’s

ratio. Summation over repeated subscripts is implied and partial derivatives are denoted by

ui,j =
∂ui

∂xj
. The boundary of Ω is ∂Ω.

Note that the Cauchy-Navier equations can also be written as




(
2− 2ν

1− 2ν

)
∂2u1

∂x2
1

+
(

1
1− 2ν

)
∂2u2

∂x1∂x2
+

∂2u1

∂x2
2

= 0,

∂2u2

∂x2
1

+
(

1
1− 2ν

)
∂2u1

∂x1∂x2
+

(
2− 2ν

1− 2ν

)
∂2u2

∂x2
2

= 0.

(1.34)

In the Method of Fundamental Solutions (MFS) the displacements u1 and u2 are approximated

by [6]

u1N (a,b,Q;P ) =
N∑

j=1

aj g11(P,Qj) +
N∑

j=1

bj g12(P, Qj), (1.35)
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1.3. MFS formulations 

and

u2N (a,b,Q; P ) =
N∑

j=1

aj g21(P, Qj) +
N∑

j=1

bj g22(P,Qj) P ∈Ω , (1.36)

respectively. Here a = (a1, a2, . . . , aN )T ∈ RN and b = (b1, b2, . . . , bN )T ∈ RN are vectors

of unknown coefficients, Q is a N−vector containing the coordinates of the singularities Qj ,

j = 1, . . . , N , which lie outside Ω. The functions Gij , i, j = 1, 2 are the fundamental solutions

of the system (1.34) and are given by

g11(P,Q) = − 1
8πµ(1− ν)

[
(3− 4ν) log rPQ −

(x1P − x1Q)2

r2
PQ

]
, (1.37)

g12(P,Q) = g21(P, Q) =
1

8πµ(1− ν)

[
(x1P − x1Q)(x2P − x2Q)

r2
PQ

]
, (1.38)

g22(P,Q) = − 1
8πµ(1− ν)

[
(3− 4ν) log rPQ −

(x2P − x2Q)2

r2
PQ

]
, (1.39)

where rPQ =
√

(x1P − x1Q)2 + (x2P − x2Q)2, and (x1Q , x2Q), (x1P , x2P ) are the coordinates of

the points Q and P , respectively.

In the case of moving singularities a set of points {Pi}M
i=1 is selected on ∂Ω and the coefficients

a and b and the locations of the singularities Q are determined by minimizing the functional

F (a, b,Q) =
M∑

i=1

[
|B u1N (a, b, Q; Pi)|2 + |B u2N (a, b, Q; Pi)|2

]
,

In the case the singularities {Qj}N
j=1 are fixed on the boundary ∂Ω̃ of the domain Ω̃ which

contains Ω, the 2N coefficients a, b are determined so that the boundary conditions are satisfied

at the boundary points {Pi}N
i=1 , namely,

B u1N (a, b,Q;Pi) = 0, (1.40)

B u2N (a, b, Q; Pi) = 0, i = 1, . . . , N. (1.41)

This yields a 2N × 2N linear system of the form

G


 a

b


 =


 f1

f2


 , (1.42)
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where, in the case of Dirichlet boundary conditions

G =


 A B

B C




with the N ×N matrices A = (Ai,j) , B = (Bi,j) , and C = (Ci,j) , where

Ai,j = g11(Pi, Qj),

Bi,j = g12(Pi, Qj) = g21(Pi, Qj)

and Ci,j = g22(Pi, Qj), i, j = 1, . . . , N .

1.3.5 The Laplace equation in three dimensions

The corresponding three–dimensional boundary value problem in three dimensions is:




∆u = 0 in Ω,

Bu = 0 on ∂Ω,
(1.43)

where the boundary conditions are given by (1.12). The boundary of Ω is denoted by ∂Ω.

In the MFS [18, 31] the solution u is approximated by

uN (c,Q;P ) =
N∑

j=1

cj K1(P, Qj), P ∈Ω, (1.44)

where c = (c1, c2, . . . , cN )T and Q is a 3N−vector containing the coordinates of the singularities

Qj , j = 1, . . . , N , which lie outside Ω. The function K1(P,Q) is a fundamental solution of

Laplace’s equation in R3 given by

K1(P,Q) =
1

4π |P −Q| , (1.45)

with |P − Q| denoting the distance between the points P and Q. In the case of moving

singularities a set of observation points {Pi}M
i=1 is selected on ∂Ω and the coefficients c and the

coordinates of the singularities Q are determined by minimizing the functional

F (c,Q) =
M∑

i=1

∣∣B uN (c,Q; Pi)
∣∣2,
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which is nonlinear in the coordinates of the Qj . The minimization of this functional is done

using a nonlinear least square algorithm. If the singularities Qj are fixed, the coefficients c are

determined so that the boundary condition is satisfied at the boundary points {Pj}N
j=1:

B uN (c,Q; Pi) = 0, i = 1, . . . , N. (1.46)

This yields an N ×N linear system of the form

Gc = f , (1.47)

for the coefficients c, where, in the case of Dirichlet boundary conditions, the elements of the

matrix G are given by

Gi,j =
1

4π |Pi −Qj | , i, j = 1, . . . , N. (1.48)

1.3.6 The biharmonic equations in three dimensions

We now consider the three–dimensional boundary value problem




∆2u = 0 in Ω,

B1 u = 0 on ∂Ω ,

B2 u = 0 on ∂Ω ,

where the boundary conditions B1 and B2 are given by (1.17) or (1.18). The boundary of Ω is

∂Ω.

In the MFS [18, 20], the solution u is approximated by

uN (c,d,Q;P ) =
N∑

j=1

cj K1(P, Qj) +
N∑

j=1

dj K2(P,Qj) P ∈Ω,

where c = (c1, c2, . . . , cN )T , d = (d1, d2, . . . , dN )T , and Q, is a 3N−vectors containing the

coordinates of the singularities Qj , j = 1, . . . , N , which lie outside Ω. The function K1(P, Q)

is the fundamental solution of Laplace’s equation in R3 given by (1.45), and K2(P, Q) is the

fundamental solution of biharmonic equation in R3 given by

K2(P,Q) =
1

8π
|P −Q|. (1.49)

In the case of moving singularities the functional that is minimized to yield c, d and Q is

F (c,d, Q) =
M∑

i=1

[
|B1 uN (c,d, Q; Pi)|2 + |B2 uN (c,d, Q; Pi)|2

]
.

The
od

oro
s T

sa
ng

ari
s



 Chapter 1. Introduction

When the singularities are fixed, vectors of coefficients c and d are determined so that the

boundary conditions are satisfied at the collocation points {Pi}N
i=1 :

B1 uN (c,d,Q;Pi) = 0,

B2 uN (c,d,Q;Pi) = 0, i = 1, . . . , N.

This yields a 2N × 2N linear system of the form

G


 c

d


 =


 f1

f2


 ,

for the coefficients c and d where, in the case of boundary conditions (1.17), the elements of

the matrix

G =


 A11 A12

A21 A22




are given by

(A11)i,j =
1
4π

1
|Pi −Qj | ,

(A12)i,j =
1
8π
|Pi −Qj |,

(A21)i,j =
1
4π

∂

∂n

[
1

|Pi −Qj |
]

= − 1
4π

[
(xPi − xQj )
|Pi −Qj |3 nx +

(yPi − yQj )
|Pi −Qj |3 ny +

(zPi − zQj )
|Pi −Qj |3 nz

]
,

(A22)i,j =
1
8π

[
∂

∂n
|Pi −Qj |

]
=

1
8π

[
(xPi − xQj )
|Pi −Qj | nx +

(yPi − yQj )
|Pi −Qj | ny +

(zPi − zQj )
|Pi −Qj | nz

]
,

where nx, ny and nz denote the components of the outward normal vector n to ∂Ω in the x, y

and z directions, respectively.

1.3.7 The Helmholtz equation in three dimensions

We now consider the three-dimensional boundary value problem




∆u + k2u = 0 in Ω,

B u = 0 on ∂Ω,
(1.50)

where, as before, B are the boundary conditions given by (1.12). Further, u must satisfy the

Sommerfeld radiation condition in three dimensions,

lim
r→∞ r

(
∂u

∂r
− iku

)
= 0, (1.51)
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where r is the distance of a point P ∈ Ω from the origin. As was the case in two dimensions, this

problem is related to the problem of radiation of time–harmonic sound waves in a compressible

fluid, caused by the vibrations of an immersed obstacle.

In the MFS [41], the solution u is approximated by

uN (c,Q;P ) =
N∑

j=1

cj K3(P, Qj), P ∈Ω, (1.52)

where c = (c1, c2, . . . , cN )T ∈ CN and Q is a 3N− vector containing the coordinates of the

singularities (sources) Qj , j = 1, . . . , N , which lie outside Ω. The function K3(P,Q) is a

fundamental solution of the Helmholtz equation in R3 given by

K3(P, Q) =
1

4π|P −Q| e
ik|P−Q|, (1.53)

with |P − Q| denoting the distance between the points P and Q. Note that the fundamental

solution K3 satisfies the the Sommerfeld radiation condition as |P − Q| → ∞, for a fixed Q.

In the case when the singularities Qν are fixed on the boundary ∂Ω̃ of the domain Ω̃ which

contains Ω. Note that the fundamental solution K3 satisfies the Sommerfeld radiation condition

as |P − Q| → ∞, for a fixed Q. In the case of moving singularities the functional which is

minimized is the

F (c,Q) =
M∑

i=1

∣∣B uN (c,Q; Pi)
∣∣2,

which is nonlinear in the coordinates of the Qj . When the singularities Qm,n are fixed on the

boundary ∂Ω̃ of a solid Ω̃ surrounding Ω the coefficients c are determined so that the boundary

condition is satisfied at the boundary points {Pi}N
i=1:

B uN (c,Q; Pl) = 0, l = 1, . . . , N. (1.54)

This yields an N ×N linear system of the form

Gc = f , (1.55)

for the coefficients c, where, in the case of Dirichlet boundary conditions, the elements of the

matrix G are given by

Gl,j =
1
4π

eik|Pl−Qj |

|Pl −Qj | , l, j = 1, . . . , N . (1.56)
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1.3.8 The Cauchy-Navier equations in three dimensions

We consider the boundary value problem in R3 governed by the Cauchy-Navier equations of

elasticity




(λ + µ)uk,ki + µui,kk = 0 in Ω,

Bui = 0 on ∂Ω , i = 1, 2, 3.
(1.57)

Here we are again using the indicial tensor notation in terms of the displacements u1, u2 and

u3.

The Cauchy-Navier equations can also be written as
(

2− 2ν

1− 2ν

)
∂2u1

∂x2
1

+
∂2u1

∂x2
2

+
∂2u1

∂x2
3

+
(

1
1− 2ν

)
∂2u2

∂x1∂x2
+

(
1

1− 2ν

)
∂2u3

∂x1∂x3
= 0, (1.58)

(
1

1− 2ν

)
∂2u1

∂x1∂x2
+

∂2u2

∂x2
1

+
(

2− 2ν

1− 2ν

)
∂2u2

∂x2
2

+
∂2u2

∂x2
3

+
(

1
1− 2ν

)
∂2u3

∂x2∂x3
= 0, (1.59)

(
1

1− 2ν

)
∂2u1

∂x1∂x3
+

(
1

1− 2ν

)
∂2u2

∂x2∂x3
+

∂2u3

∂x2
1

+
∂2u3

∂x2
2

+
(

2− 2ν

1− 2ν

)
∂2u3

∂x2
3

= 0, in Ω. (1.60)

In the MFS [64] the displacements are approximated by

u1N (a,b, c,Q; P ) =
N∑

n=1

anG11(P, Qn)

+
N∑

n=1

bnG12(P, Qn) +
N∑

n=1

cnG13(P,Qn), (1.61)

u2N (a,b, c,Q; P ) =
N∑

n=1

anG21(P, Qn)

+
N∑

n=1

bnG22(P, Qn) +
N∑

n=1

cnG23(P,Qn), (1.62)

u3N (a,b, c,Q; P ) =
N∑

n=1

anG31(P, Qn)

+
N∑

n=1

bnG32(P, Qn) +
N∑

n=1

cnG33(P,Qn) , (1.63)
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where a = (a1, a2, . . . , aN )T , b = (b1, b2, . . . , bN )T , c = (c1, c2, . . . , cN )T , and Q is a 3N -vector

containing the coordinates of the singularities Qn, n = 1, . . . , N , which lie outside Ω.

The functions Gij , i, j = 1, 2, 3 are the fundamental solutions of the system (1.60) and are given

by

G11(P, Q) =
1

16πµ(1− ν)

[
(3− 4ν)r2

PQ + (x1P − x1Q)2

r3
PQ

]
,

G12(P, Q) = G21(P,Q) =
1

16πµ(1− ν)

[
(x1P − x1Q)(x2P − x2Q)

r3
PQ

]
,

G13(P, Q) = G31(P,Q) =
1

16πµ(1− ν)

[
(x1P − x1Q)(x3P − x3Q)

r3
PQ

]
,

G22(P, Q) =
1

16πµ(1− ν)

[
(3− 4ν)r2

PQ + (x2P − x2Q)2

r3
PQ

]
,

G23(P, Q) = G32(P,Q) =
1

16πµ(1− ν)

[
(x2P − x2Q)(x3P − x3Q)

r3
PQ

]
,

G33(P, Q) =
1

16πµ(1− ν)

[
(3− 4ν)r2

PQ + (x3P − x3Q)2

r3
PQ

]
,

where

rPQ =
√

(x1P − x1Q)2 + (x2P − x2Q)2 + (x3P − x3Q)2.

In the case of moving singularities the locations of the singularities Q are determined by

minimizing the functional

F (a, b, c,Q) =
M∑

i=1

[
|B u1N (a, b, c, Q; Pi)|2 + |B u2N (a, b, c, Q; Pi)|2 + |B u3N (a, b, c,Q;Pi)|2

]
,

When the singularities Qn are fixed on the boundary ∂Ω̃ of a solid Ω̃ surrounding Ω , the

coefficients a, b and c are determined so that the boundary conditions are satisfied at the

boundary points {Pi}N
i=1:

Bu1N (a,b, c,Q; Pi) = 0,

Bu2N (a,b, c,Q; Pi) = 0,

and

Bu3N (a,b, c,Q;Pi) = 0, i = 1, . . . , N.
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 Chapter 1. Introduction

In the case of Dirichlet boundary conditions, yields a 3N × 3N linear system of the form



H11 H12 H13

H21 H22 H23

H31 H32 H33







a

b

c


 =




f1

f2

f3


, (1.64)

where the N ×N matrices are now given, with the obvious notation, by

Hk`i,j
= Gk`(Pi, Qj), i, j = 1, . . . , N, (1.65)

for k, ` = 1, 2, 3.

1.4 Recent developments

1.4.1 Inhomogeneous problems

The MFS has been extended to problems including nonhomogeneous terms using particular

solutions [24].

In the cases where the nonhomogeneous term is a known function, a particular solution can

often be obtained. For example consider the Poisson equation

∆u(x) = f(x), x ∈ Ω, (1.66)

where Ω ⊂ Rn is bounded. As suggested in [3], a particular solution of (1.66) can be obtained

by constructing the associated Newton potential

uP (x) =
∫

Ω
Φ0(x− y)f(y)dy. (1.67)

Once we have a particular solution uP of (1.66) and u is the solution of the boundary value

problem





∆u = f in Ω,

u = g on ∂Ω,

and set v = u− uP then

∆v(x) = 0, x ∈ Ω,

with the boundary condition

v(x) = g(x)− uP (x), x ∈ ∂Ω,
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which may be solved by the MFS [63]. An important task is therefore the determination of a

particular solution of the Poisson equation.

In the cases where the nonhomogeneous term is an unknown function, an approximate par-

ticular solution can be obtained using the Dual Reciprocity Method (DRM). The DRM was

originally developed for taking domain integrals to the boundary in the BEM [60], and is ap-

plied with the MFS in a very similar way. In the DRM the function f in (1.66) is approximated

by a linear combination of basis functions {ϕj}n
j=1,

f(x) ' f̂(x) =
n∑

j=1

cj ϕj(x)

where {cj}n
j=1 are undetermined coefficients which can be computed by collocation, i.e.,

n∑

j=1

cj ϕj(xk) = f(xk), 1 ≤ k ≤ n,

where {xk}n
k=1 are n collocation points in Rn. Since the particular solution does not in general

have to satisfy the boundary condition, the collocation points {xk}n
k=1 can be selected inside

and outside the domain Ω. Nevertheless, for the traditional DRM, {xk}n
k=1 are chosen inside

the domain Ω. After the computation of {cj}n
j=1, we have an approximation of the particular

solution ûP ginen by

ûP (x) =
n∑

j=1

cj Ψj(x)

where

∆Ψj = ϕj , j = 1, . . . , n, (1.68)

because

∆uP = f.

In [57] the MFS is used to solve some linear elastic problems, employing the DRM in cases

involving inhomogeneous terms.

The most popular choice of basis functions is the set of Radial Basis Functions (RBFs), in

particular thin plate and higher order radial splines, multiquadrics and Gaussians [10, 13,
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 Chapter 1. Introduction

14, 36]. These globally supported basis functions, however, lead to dense systems which can

be highly ill-conditioned and thus compactly supported RBFs (CS-RBFs) have also become

popular [14]. Another choice of basis functions is the set of polynomials and trigonometric

functions [51]. It should be noted that a technique which is simpler than the DRM and has

been used extensively is the so–called Kansa’s method [34, 35].

In [4], Alves and Chen propose a new application of the method of fundamental solutions

for nonhomogeneous elliptic problems. In particular, they present an extension of the MFS

for the direct approximation of Poisson and nonhomogeneous Helmholtz problems. They do

this by using the fundamental solutions of the associated eigenvalue equations as a basis to

approximate the nonhomogeneous term.

In particular, Alves and Chen obtained ûP by considering the Ψj to be the fundamental solu-

tions of the associated eigenvalue equations

∆Ψj = λΨj , (λ 6= 0)

instead of solving (1.68) analytically.

A class of Poisson problems of particular interest is that in which the right hand side f is

harmonic [18]. When f is an elementary harmonic function such as a constant or a polynomial,

it is easy to construct a particular solution û. The general case was addressed in [3], in which

it is assumed that a particular solution is of the form û(x, y) = xH(x, y)/2, with H harmonic.

From the satisfaction of Poisson’s equation, we obtain ∂H/∂x = f . Integration yields

H(x, y) =
∫ x

x0

f(s, y)ds + h(y), (1.69)

where the point x0 and the function h(y) are arbitrary. From the fact that H is harmonic, it

follows that

h′′(y) = −∂f

∂x
(x0, y).

Integrating this differential equation gives

h(y) = −
∫ y

y0

(y − t)
∂f

∂x
(x0, t)dt,

from which, together with (1.69), one obtains the desired particular solution. This construction

is considerably easier than the construction of a particular solution via the Newton potential
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as it only involves single integrals. Applications of this technique in combination with the MFS

can be found in [63, 64].

1.4.2 Nonlinear inhomogeneous problems

In [12], Chen considers the problem





∆u(P ) + δf(u(P )) = 0 P ∈ Ω,

u(P ) = 0 P ∈ ∂Ω,
(1.70)

where δ is the Frank–Kamenetskii parameter. The idea is to use a Picard-type iteration and

solve the sequence of Poisson problems for n = 1, 2, ...,




∆un+1(P ) = −δf(un(P )), P ∈ Ω,

un+1(P ) = 0 P ∈ ∂Ω.
(1.71)

Each of these problems may be solved using the methods described in section 4.1. In [12], at

each iteration, Chen uses a combination of the dual reciprocity method to evaluate a particular

solution of the inhomogeneous Poisson problem and an MFS-type method for the solution of

the homogeneous problem.

1.4.3 Inverse Problems

In [54] Marin and Lesnic investigate the application of the MFS to boundary value problems

associated with two-dimensional Helmholtz-type equations.

In particular they consider an open bounded domain Ω ⊂ R2 and they assume that Ω is bounded

by a smooth boundary Γ ≡ ∂Ω, such that Γ = Γ1 ∪Γ2, where Γ1, Γ2 6= ∅ and Γ1 ∩Γ2 = ∅. The

function u(x) satisfies the Helmholtz-type equation in the domain Ω, namely

(∆ + k2)u(x) = 0, x ∈ Ω (1.72)

where k = α+iβ ∈ C. Let n(x) be the outward unit normal at ∂Ω and v(x) ≡ (∇u·n)(x), x ∈
∂Ω. The knowledge of u and/or v on the whole boundary Γ gives the corresponding Dirichlet,

Neumann, or mixed boundary conditions which enable us to to determine u in the domain Ω.

If it is possible to have both u and v on a part of the boundary Γ, say Γ1, then this leads

to the mathematical formulation of an inverse problem consisting of equation (1.72) and the

boundary conditions
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u(x) = f(x), (1.73)

v(x) = g(x), (1.74)

where x ∈ Γ1 ⊂ Γ and f and g are prescribed functions.

In the MFS [41], the solution u is approximated by

uN (c,Q; P ) =
N∑

j=1

cj k3(P,Qj), P ∈Ω, (1.75)

where c = (c1, c2, . . . , cN )T ∈ CN and Q is a N−vector containing the coordinates of the

singularities Qj , j = 1, . . . , N , which lie outside Ω. The function k3(P, Q) is a fundamental

solution of the Helmholtz equation given by (2.2). On the boundary ∂Ω

vN (c,Q, n; P ) =
N∑

j=1

cj `(P, Qj ; n), P ∈∂Ω (1.76)

where

`(P, Qj ;n) = ∇xk3(P,Q) · n(x).

If a set of observation points {Pi}M
i=1 is chosen on Γ1 and the locations of the singularities

{Qj}N
j=1 are set, then the application of approximations (1.75) and (1.76) to the boundary con-

ditions (1.73) and (1.74) on Γ1 yield a system of 2M linear algebraic equations in N unknowns

which can be written as

A c = f, (1.77)

where

Ai,j = k3(Pi, Qj), AN+i,j = `(Pi, Qj), i = 1, 2, . . . , M, j = 1, 2, . . . , N,

and

fi = u(Pi), fM+i = v(Pi), i = 1, 2, . . . , M.

It should be noted that in order to uniquely determine the solution c of system (1.77), the

number M of the boundary collocation points and the number N of the singularities must
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satisfy the inequality N ≤ 2M . System (1.77) cannot be solved by direct methods, such as the

least–squares method, since such an approach would produce a highly unstable solution due to

the large value of the condition number of the matrix A which increases dramatically as the

number of boundary collocation points and source points increases. Marin and Lesnic used the

Tikhonov regularization method to solve such ill–conditioned systems.

The Tikhonov regularized solution [52, 53, 54, 55] to the system of linear algebraic equations

(1.77) is sought as

cλ : Tλ(cλ) = min
c∈RN

Tλ(c) (1.78)

where Tλ represents the sth order Tikhonov functional given by

Tλ(·) : RN → [0,∞), Tλ(c) = ‖Ac− f‖2
2 + λ2‖R(s)c‖2

2,

the matrix R(s) ∈ R(N−s)×N induces a Cs− constraint on the solution c and λ > 0 is the

regularization parameter to be chosen. Formally, the Tikhonov regularized solution cλ of the

problem (1.78) is given as the solution of the regularized equation

(AT A + λ2R(s)T
R(s))c = AT f .

Regularization is necessary when solving ill-conditioned systems of linear equations because the

simple least squares solution, i.e. λ = 0, is completely dominated by contributions from data

errors and rounding errors. By adding regularization one is able to dampen out these contri-

butions and maintain the norm ‖R(s)c‖2 to be of reasonable size. The choice of regularization

parameter λ is based on the L–curve method [52, 53, 54, 55].

In [52] Marin investigate the application of fundamental solutions to the Cauchy problem

associated with the three–dimensional Helmholtz–type equations. The analysis he presents is

analogous to the two-dimensional case we describe above. A similar approach is used in [53]

to investigate the application of the method of fundamental solutions to the Cauchy problem

for steady-state heat conduction in two dimensional functionally graded materials .

In [55] Marin and Lesnic present another application of the method of fundamental solutions

to the Cauchy problem in two–dimensional isotropic linear elasticity. The resulting system of

linear algebraic equations is again ill–conditioned and therefore its solution is regularized by

employing the first–order Tikhonov functional, while the choice of the regularization parameter

is based on the L–curve method.
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1.4.4 Time dependent problems

Traditional boundary element methods have been used for some time for the numerical solution

of transient problems; see, for example, [5, 18, 26]. The time dependence is handled using one of

three methods. Firstly, one may use Laplace transforms to remove the time variable. Secondly,

finite differences in time may be used, or lastly one could use time–dependent fundamental

solutions [76]. This third approach was introduced by Kupradze [48] in the case of the heat

equation.

Chen and Golberg [11] applied an MFS–type method for the solution of a time–dependent

diffusion problem. The time variable is removed by taking Laplace transforms and the problem

is transformed into one governed by the modified Helmholtz equation. In particular, they

considered the diffusion equation

1
k

∂u

∂t
(P, t) = ∆u(P, t), P ∈ Ω, t > 0,

subject to the boundary conditions

u(P, t) = f1(P, t), P ∈ ∂Ω1, t > 0,

∂u

∂n
(P, t) = f2(P, t), P ∈ ∂Ω2, t > 0,

where ∂Ω = ∂Ω1 ∪ ∂Ω2, and the initial condition

u(P, 0) = u0(P ), P ∈ Ω.

By taking the Laplace transform

ÃL[u(P, t)] = U(P ; s) =
∫ ∞

0
u(P, t) e−stdt,

the problem becomes

(
∆− s

k

)
U(P ; s) = −u0(P )

k
, P ∈ Ω,

U(P ; s) = F1(P ; s), P ∈ ∂Ω1,
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∂U

∂n
(P ; s) = F2(P ; s), ∈ ∂Ω2,

where F1 and F2 are the Laplace transforms of f1 and f2, respectively. This boundary value

problem is subsequently solved by determining a particular solution of the inhomogeneous

problem using the associated Newton potential and then solving the homogeneous problem

using an MFS–type method with the appropriate fundamental solution. The solution in the

real-time space can be obtained by a numerical inverse Laplace transform scheme; see [11] for

details.

1.4.5 Crack Problems

A variety of methods are currently available for computing stress intensity factors (SIFs) for

elastic crack problems. The SIF is a measure of the strength of the stress singularity at a crack

tip, and is useful from a mechanics perspective as it characterizes the displacement, stress and

strain in the near field around the tip. Additionally, the stress intensity concept is important

in terms of the crack extension as critical values of the SIF govern crack initiation.

In [73], Poullikas et al. studied the application of the method of fundamental solutions to the

computation of SIF in linear elastic fracture mechanics. The displacements are approximated by

linear combinations of the fundamental solutions of the Cauchy–Navier equations of elasticity

and the leading terms for the displacement near the crack tip. They propose a linear least-

squares MFS in which the singularities are fixed and a nonlinear least–squares MFS in which the

singularities are free. The applicability of the two formulations of the method is demonstrated

on two mode I crack problems. Both the proposed formulations are very easy to implement,

require little data preparation, and, unlike boundary integral equation-type methods, avoid

integrations on the boundary. It is shown that accurate approximations for the SIFs can be

obtained with relatively few degrees of freedom.

In [7], Berger et al. studied mixed mode problems and they solved them using the MFS in

two different formulations. The first formulation follows an idea presented in [73] of appending

the usual MFS displacement field expansions with the elastic crack tip expansions. Numerical

results using this approach indicate some difficulties with deeper cracks. They also develop

a second formulation using a domain decomposition approach similar to that used in [6] for
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bimaterial problems. Then they used the developed method to calculate SIFs for a variety of

crack lengths under mixed mode loading conditions.

The
od

oro
s T

sa
ng

ari
s



Chapter 2

Numerical Analysis of the MFS

for Harmonic Problems in Annular

Domains

2.1 Method of fundamental solutions formulation

We consider the boundary value problem




∆u = 0 in Ω,

u = f1 on ∂Ω1,

u = f2 on ∂Ω2,

(2.1)

where ∆ denotes the Laplace operator, the domain Ω is the annulus of radii %1 and %2, i.e.,

Ω = {x ∈ R2 : %1 < |x| < %2}, and f1 and f2 are given functions. The boundary of Ω is

∂Ω = ∂Ω1 ∪ ∂Ω2 where ∂Ω1 and ∂Ω2 are the circles with radii %1 and %2, respectively. Let the

function k(P, Q) be a fundamental solution of Laplace’s equation given by

k(P, Q) = − 1
2π

log |P −Q|, (2.2)

with |P−Q| denoting the distance between the points P and Q. In the Method of Fundamental

Solutions (MFS), the solution u is approximated by

uN (c,Q; P ) =
2N∑

j=1

cj k(P, Qj), P ∈Ω, (2.3)

31
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where c = (c1, c2, . . . , c2N )T and Q is a 4N -vector containing the coordinates of the singularities

Qj , j = 1, . . . , 2N , which lie outside Ω. The singularities Qj are fixed on the boundary

∂Ω̃ = ∂Ω̃1∪∂Ω̃2 of an annulus Ω̃ concentric to Ω and defined by Ω̃ = {x ∈ R2 : R1 < |x| < R2},
where R2 > %2 > %1 > R1. A set of collocation points {Pi}2N

i=1 is placed on ∂Ω. If Pi = (xPi , yPi),

then we take

xPi = %1 cos
2(i− 1)π

N
, yPi = %1 sin

2(i− 1)π
N

, i = 1, . . . , N, (2.4)

and

xPN+i
= %2 cos

2(i− 1)π
N

, yPN+i
= %2 sin

2(i− 1)π
N

, i = 1, . . . , N. (2.5)

If Qj = (xQj , yQj ), then

xQj = R1 cos
2(j − 1 + α)π

N
, yQj = R1 sin

2(j − 1 + α)π
N

, j = 1, . . . , N, (2.6)

and

xQN+j
= R2 cos

2(j − 1 + α)π
N

, yQN+j
= R2 sin

2(j − 1 + α)π
N

, j = 1, . . . , N. (2.7)

The presence of the angular parameter α∈ [0, 1) indicates that the sources are rotated by an

angle 2πα/N from the boundary points (see [67]). In the MFS with boundary collocation, the

coefficients c are determined so that the boundary condition is satisfied at the boundary points

{Pi}2N
i=1 :

uN (c,Q;Pi) = f1(Pi), uN (c,Q; PN+i) = f2(PN+i), i = 1, . . . , N.

This yields a linear system of the form

 A11 A12

A21 A22





 d1

d2


 =


 f1

f2


 , (2.8)

where

f1 = (f1(P1), f1(P2), . . . , f1(PN ))T , f2 =(f2(PN+1), f2(PN+2), . . . , f2(P2N ))T ,

d1 = (c1, c2, . . . , cN )T , d2 =(cN+1, cN+2, . . . , c2N )T .

The elements of the N ×N submatrices A11, A12, A21 and A22 are given by

(A11)i,j = − 1
2π

log |Pi −Qj |, (A12)i,j = − 1
2π

log |Pi −QN+j |,

(A21)i,j = − 1
2π

log |PN+i −Qj |, (A22)i,j = − 1
2π

log |PN+i −QN+j |,
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2.2. Matrix decomposition algorithm 

respectively, for i, j = 1, . . . , N . The matrices A11, A12, A21 and A22 are circulant. An extensive

account of the properties of circulant matrices can be found in [15]. Details on the MFS and

its applications can be found in the survey articles [18, 19, 25]. The convergence of the MFS

for harmonic problems in the disk subject to Dirichlet boundary conditions has been studied in

[42, 43, 68]. The convergence of a modified MFS for annular domains was studied by Katsurada

[42] using Green’s functions instead of the usual fundamental solutions, and considering two

different circular problems. Our approach is different as it uses the standard fundamental

solutions directly in the annulus and is based on the study of the eigenvalues of the coefficient

matrix.

The chapter is structured as follows: In Section 2.2, we formulate the matrix decomposition

algorithm for the solution of the linear system (2.8). In Section 3, we develop the properties of

the eigenvalues of the coefficient matrix and study its invertibility. We also provide an explicit

expression for the MFS approximation. The convergence of the method for analytic boundary

data is proved in Section 4. Numerical experiments which enable us to confirm the theoretical

predictions are given in Section 5. Finally, some conclusions are presented in Section 6.

2.2 Matrix decomposition algorithm

In order to develop a matrix decomposition algorithm, we need the following fact [15]. If a

matrix A is circulant, written as A = circ(a1, . . . , aN ), then it can be diagonalized as A =

U∗DU , where U is the unitary N ×N Fourier matrix with conjugate

U∗ =
1

N1/2




1 1 1 · · · 1

1 ω ω2 · · · ωN−1

1 ω2 ω4 · · · ω2(N−1)

...
...

...
...

1 ωN−1 ω2(N−1) · · · ω(N−1)(N−1)




,

where ω = e2πi/N , i =
√−1, D = diag(λ1, . . . , λN ) , and

λj =
N∑

k=1

ak ω(k−1)(j−1), j = 1, . . . , N, (2.9)

are the eigenvalues of A. The orthogonal eigenvector corresponding to λj is

ξj =
1

N1/2

(
1, ω(j−1), . . . , ω(N−1)(j−1)

)T
.
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

Let 〈z, w〉 =
∑N

k=1 zkw̄k be the inner product of z, w ∈ CN . Since {ξj}j=1,...,N forms an

orthonormal basis of CN , any vector v ∈ CN can be expressed as v =
∑N

k=1〈v, ξk〉ξk and

hence Av =
∑N

k=1 dk〈v, ξk〉ξk . When A is nonsingular

A−1v =
N∑

k=1

1
dk
〈v, ξk〉ξk. (2.10)

The system (2.8) can therefore be written as

 U 0

0 U





 A11 A12

A21 A22





 U∗ 0

0 U∗





 U 0

0 U





 d1

d2


 =


 U 0

0 U





 f1

f2




(2.11)

or 
 UA11U

∗ UA12U
∗

UA21U
∗ UA22U

∗





 Ud1

Ud2


 =


 Uf1

Uf2


 (2.12)

or 
 D11 D12

D21 D22





 d̂1

d̂2


 =


 f̂1

f̂2


 , (2.13)

where

d̂1 = Ud1, d̂2 = Ud2, f̂1 = Uf1, f̂2 = Uf2,

and

Dij = diag(λij
1 , . . . , λij

N ), i, j = 1, 2

is the diagonal matrix whose diagonal elements are the eigenvalues of the submatrix Aij , i, j =

1, 2. The solution of system (2.13) can thus be reduced to the solution of the N independent

2× 2 systems 
 λ11

k λ12
k

λ21
k λ22

k





 d̂1

k

d̂2
k


 =


 f̂1

k

f̂2
k


 , k = 1, 2, · · ·N,

from which it follows that

d̂1
k =

λ22
k f̂1

k − λ12
k f̂2

k

λ11
k λ22

k − λ12
k λ21

k

, d̂2
k =

−λ21
k f̂1

k + λ11
k f̂2

k

λ11
k λ22

k − λ12
k λ21

k

k = 1, · · · , N.

Having obtained d̂1 and d̂2, we can determine d1 and d2 (and hence c) from

d1 = U∗d̂1, d2 = U∗d̂2. (2.14)
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2.3. Properties of the eigenvalues 

We thus have the following matrix decomposition algorithm for solving (2.8):

Algorithm

Step 1. Compute f̂1 = Uf1 and f̂2 = Uf2.

Step 2. Construct the diagonal matrices Dij, i, j = 1, 2.

Step 3. Evaluate d̂1 and d̂2.

Step 4. Compute d1 = U∗d̂1, d2 = U∗d̂2.

Remarks

(i) In Step 1 and Step 4, because of the form of the matrices U and U∗, the operations can

be carried out via Fast Fourier Transforms (FFTs) at a cost of O(N log N) operations.

(ii) FFTs can also be used for the evaluation of the diagonal matrices in Step 2.

(iii) The same algorithm is also applicable when, instead of the boundary conditions of (2.1),

we have

u = f1 on ∂Ω1,
∂u

∂n
= g2 on ∂Ω2 ,

or
∂u

∂n
= g1 on ∂Ω1, u = f2 on ∂Ω2.

2.3 Properties of the eigenvalues

Since our aim is to solve (2.8), we investigate the properties of the eigenvalues of the matrix

G =


 A11 A12

A21 A22


 .

In particular, we are interested in the cases where these eigenvalues vanish. We first consider

the eigenvalues of the submatrices A11, A12, A21, A22. In the following, we denote by A each

of the matrices Aij , i, j = 1, 2, and by λk each of the eigenvalues λij
k , i, j = 1, 2. Thus we

shall denote by (a1, . . . , aN ) the vector (aij
1 , . . . , aij

N ), which generates the circulant matrix Aij ,
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

i, j = 1, 2. Since each of the Aij ’s involves the distances between points on two concentric

circles, we shall denote the radii of these circles by R and %.

We divide these eigenvalues into three groups:

(i) the ‘first’ eigenvalue λ1;

(ii) when N is even, the eigenvalue λN/2+1;

(iii) the remaining eigenvalues.

2.3.1 The first eigenvalue

An exact expression for the first eigenvalue is given in the following theorem.

Theorem 2.3.1. The eigenvalue λ1 is given by

λ1 = − 1
4π

log
(
R2N − 2RN%N cos(2πα) + %2N

)
. (2.15)

Proof. Since A is circulant, from (2.9), we have

λ1 =
N∑

k=1

ak. (2.16)

Since

ak = − 1
4π

log
(

R2 − 2R% cos
(

2π(k + α− 1)
N

)
+ %2

)
, (2.17)

it follows that

λ1 = − 1
4π

log

{
N∏

k=1

(
R2 − 2R% cos

(
2π(k + α− 1)

N

)
+ %2

)}
.

From the identity [29, p. 40]

n−1∏

k=0

{
x2 − 2xy cos

(
α +

2kπ

n

)
+ y2

}
= x2n − 2xnyn cosnα + y2n, (2.18)

(2.15) follows. ¤

We have the following corollary:

Corollary 2.3.2. For α = 0, λ1 6= 0 (i.e., the matrix A is nonsingular) if and only if RN −
%N 6= 1. ¤
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2.3. Properties of the eigenvalues 

2.3.2 The eigenvalue λN/2+1 when N is even

We next investigate the behaviour of the eigenvalue λN/2+1 in the case N is even. We have the

exact expression:

Proposition 2.3.3. If N is even, then

λN/2+1 = − 1
4π

log
RN − 2RN/2%N/2 cosαπ + %N

RN − 2RN/2%N/2 cos(α+1)π + %N
. (2.19)

Proof. From (2.9), we have

λN/2+1 = − 1
4π

N∑

k=1

(−1)k−1 log
(

R2 − 2R% cos
2π(k + α− 1)

N
+ %2

)

= − 1
4π

N/2∑

n=1

log
(

R2 − 2R% cos
(

2π
n− 1
M

+
απ

M

)
+ %2

)

+
1
4π

N/2∑

n=1

log
(

R2 − 2R% cos
(

2π
n− 1
M

+
(α + 1)π

M

)
+ %2

)
.

From (2.18) we obtain

λN/2+1 =− 1
4π

log
(
R2M − 2RM%M cosαπ + %2M

)

+
1
4π

log
(
R2M − 2RM%M cos(α + 1)π + %2M

)

=− 1
4π

log
RN − 2RN/2%N/2 cosαπ + %N

RN − 2RN/2%N/2 cos(α+1)π + %N
.

¤

A direct application of this proposition yields the following corollary:

Corollary 2.3.4. For N even, the eigenvalue λN/2+1 = 0 if and only if α = 1
2 .

Proof. Taking α = 1
2 in (2.19) yields that λN/2+1 = 0. For α ∈ [0, 1

2), it is clear that

cosαπ > 0 whereas cos(α + 1)π < 0, and (2.19) yields that in this case λN/2+1 6= 0 . ¤

2.3.3 The eigenvalues λj, j 6= 1, N/2 + 1, when N is even

In this case we have the expression:
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

Proposition 2.3.5. For α∈ [0, 1
2 ] and j 6= 1 , we have

λj =
N

4π

∑

m≥0

{
e−i 2π

N
(mN+j−1)α%mN+j−1

(mN+j−1)RmN+j−1
+

ei 2π
N

((m+1)N−j+1)α%(m+1)N−j+1

((m + 1)N−j+1)R(m+1)N−j+1

}
. (2.20)

In particular when N is even

λN/2+1 =
N

2π

∑

m≥0

cos
(
(2m + 1)απ

)
%mN+N/2

(mN+N/2)RmN+N/2
. (2.21)

Proof. We define the function

F (R, %, ϑ) = − 1
4π

log(R2 − 2R% cosϑ + %2).

From [29, p. 52], we have that

F (R, %, ϑ) = − 1
2π

log R +
1
2π

∑

n≥1

%n cosnϑ

nRn
,

where R > %. This is true in the cases where R = R2, % = %1 and R = R2, % = %2. When

R < %, i.e., when R = R1, % = %1 and R = R1, % = %2, in a similar way, we have

F (%,R, ϑ) = − 1
4π

log(R2 − 2R% cosϑ + %2) = − 1
2π

log % +
1
2π

∑

n≥1

Rn cosnϑ

n%n
.

Then, from (2.9), for j = 2, . . . , N ,

λj =
N∑

k=1

ei 2π
N

(j−1)(k−1)F

(
R, %,

2π

N
(k − 1 + α)

)

=
1
2π

N∑

k=1

cos
(

2π

N
(j − 1)(k − 1)

)




∑

n≥1

%n cos
(

2π

N
n(k − 1 + α)

)

nRn





+i
1
2π

N∑

k=1

sin
(

2π

N
(j − 1)(k − 1)

)




∑

n≥1

%n cos
(

2π

N
n(k − 1 + α)

)

nRn





=
1
2π

∑

n≥1

%n

nRn

{
N∑

k=1

cos
(

2π

N
(j − 1)(k − 1)

)
cos

(
2π

N
n(k − 1 + α)

)}

(2.22)

+i
1
2π

∑

n≥1

%n

nRn

{
N∑

k=1

sin
(

2π

N
(j − 1)(k − 1)

)
cos

(
2π

N
n(k − 1 + α)

)}
.
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2.3. Properties of the eigenvalues 

For the first sum, we have from [68],

N∑

k=1

cos
(

2π

N
k(j − 1)

)
cos

(
2π

N
n(k − 1 + α)

)
=

1
2

cos
(

2π

N
nα

) {
CN

n−j+1 + CN
n+j−1

}
, (2.23)

N∑

k=1

sin
(

2π

N
k(j − 1)

)
cos

(
2π

N
n(k − 1 + α)

)
=

1
2

sin
(

2π

N
nα

){
CN

n−j+1 − CN
n+j−1

}
, (2.24)

where

CN
κ =

N∑

j=1

cos
(

2π

N
κj

)
=





N if κ = 0 (modN),

0 if κ 6= 0 (modN.)
(2.25)

Combining (2.22), (2.23) and (2.24), we obtain

λj =
1
4π

∑

n≥1

%n cos
(

2π
N nα

)

nRn

{
CN

n−j+1+CN
n+j−1

}− i
4π

∑

n≥1

%n sin
(

2π
N nα

)

nRn

{
CN

n−j+1−CN
n+j−1

}

=
N

4π

∑

m≥0

{
%mN+j−1e−i 2π

N
(mN+j−1)α

(mN + j − 1)RmN+j−1
+

ei 2π
N

(mN+N−j+1)α%mN+N−j+1

(mN + N − j + 1)RmN+N−j+1

}

which proves (2.20). Formula (2.21) is an immediate consequence of (2.20). ¤

We also have the following two corollaries when α = 0:

Corollary 2.3.6. For α = 0 and j 6= 1 , we have

λj =
N

4π

∑

m≥0

(
1

j−1+mN
· %j−1+mN

Rj−1+mN
+

1
N−j+1+mN

· %N−j+1+mN

RN−j+1+mN

)
. (2.26)

In particular, for N even and j = N/2 + 1,

λN/2+1 =
N

2π

∑

m≥0

1
N/2 + mN

· %N/2+mN

RN/2+mN
. (2.27)

Also, for j = [N/2] + 1, . . . , N , we have λj = λN−j+2.

Since, the λj are sums of positive numbers, we have:

Corollary 2.3.7. For α = 0 and j = 2, . . . , N , we have λj > 0 . ¤

2.3.4 Invertibility of the matrix G

Since

G =


 A11 A12

A21 A22


 =


 U∗ 0

0 U∗





 D11 D12

D21 D22





 U 0

0 U


 ,
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

it is sufficient to examine the matrix D =


 D11 D12

D21 D22


. The following lemma can be easily

proved.

Lemma 2.3.8. If detD denotes the determinant of D, then

det D = det




λ11
1 0 0 · · · 0 λ12

1 0 0 · · · 0

0 λ11
2 0 · · · 0 0 λ12

2 0 · · · 0

0 0 λ11
3 · · · 0 0 0 λ12

3 · · · 0
...

...
...

...
...

...
...

...

0 0 0 · · · λ11
N 0 0 0 · · · λ12

N

λ21
1 0 0 · · · 0 λ22

1 0 0 · · · 0

0 λ21
2 0 · · · 0 0 λ22

2 0 · · · 0

0 0 λ21
3 · · · 0 0 0 λ22

3 · · · 0
...

...
...

...
...

...
...

...

0 0 0 · · · λ21
N 0 0 0 · · · λ22

N




=
N∏

k=1

(λ11
k λ22

k −λ12
k λ21

k ).

Therefore, the matrix D is nonsingular if and only if

λ11
k λ22

k −λ12
k λ21

k 6= 0, k = 1, . . . , N. ¤

When α = 0 we have the following proposition.

Proposition 2.3.9. For α = 0, the matrix G is singular if and only if

λ11
1 λ22

1 − λ12
1 λ21

1 = 0.

Proof. Let

FN,j(ω) =
N

4π

∑

m≥0

(
ωj−1+mN

j−1+mN
+

ωN−j+1+mN

N−j+1+mN

)
.

Clearly FN,j(ω), ω ∈ (0, 1), is positive and strictly increasing. For j 6= 1, we have (see Corollary

2.3.6)

λ11
j = FN,j(R1/%1), λ12

j = FN,j(%1/R2), λ21
j = FN,j(R1/%2) and λ22

j = FN,j(%2/R2).

Since R1 < %1 < %2 < R2, we have

0 <
R1

%2
<

R1

%1
, so that λ21

j < λ11
j ,
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2.3. Properties of the eigenvalues 

and

0 <
%1

R2
<

%2

R2
, so that λ12

j < λ22
j .

Thus,

λ11
k λ22

k − λ12
k λ21

k > 0, k = 2, 3, . . . , N.

Therefore, the only case in which G can be singular is when λ11
1 λ22

1 − λ12
1 λ21

1 = 0. ¤

2.3.5 The approximate solution in terms of eigenvalues and eigenvectors.

Denoting the approximation uN (c,Q; P ) in (2.3) by uN (P ), we have

uN (P ) =
N∑

k=1

d1
k log |P −Qk|+

N∑

k=1

d2
k log |P −QN+k| = 〈d1, l1〉+ 〈d2, l2〉, (2.28)

where

l1 = (log |P −Q1|, . . . , log |P −QN |)T , l2 = (log |P −QN+1|, . . . , log |P −Q2N |)T

and d1, d2 satisfy (2.8). Thus

d1 =
(

A−1
12 A11 −A−1

22 A21

)−1 (
A−1

12 f1 −A−1
22 f2

)
,

d2 =
(
A−1

11 A12 −A−1
21 A22

)−1 (
A−1

11 f1 −A−1
21 f2

)
,

so that

〈d2, l2〉 =
〈(

A−1
11 A12 −A−1

21 A22

)−1
(

A−1
11

N∑

k=1

〈f1, ξk〉ξk −A−1
21

N∑

k=1

〈f2, ξk〉ξk
)

, l2

〉

=
N∑

k=1

λ11
k

∆k
〈f2, ξk〉〈l2, ξk〉 −

N∑

k=1

λ21
k

∆k
〈f1, ξk〉〈l2, ξk〉

where ∆k = λ11
k λ22

k − λ12
k λ21

k , assuming that all matrix inverses indicated exist. Analogously,

〈d1, l1〉 =
N∑

k=1

λ22
k

∆k
〈f1, ξk〉〈l1, ξk〉 −

N∑

k=1

λ12
k

∆k
〈f2, ξk〉〈l1, ξk〉.

Therefore, we obtain the explicit expression for the MFS approximation,

uN (P ) =
N∑

k=1

λ11
k

∆k
〈f2, ξk〉〈l2, ξk〉 −

N∑

k=1

λ21
k

∆k
〈f1, ξk〉〈l2, ξk〉

(2.29)

−
N∑

k=1

λ12
k

∆k
〈f2, ξk〉〈l1, ξk〉+

N∑

k=1

λ22
k

∆k
〈f1, ξk〉〈l1, ξk〉.
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

Note that the evaluation of the approximate solution via equation (2.29) is equivalent to ap-

plying the matrix decomposition algorithm described in Section 2.2. This form is useful for the

derivation of the theoretical results which follow.

2.4 Convergence of the MFS for analytic boundary data

In this section, we show that the MFS approximation uN converges exponentially with respect

to N to the exact solution u of (2.1) in the ‖ · ‖∞−norm, provided the boundary data f1, f2

are analytic, or, equivalently, u can be extended as a harmonic function in an open region V

containing the annulus.

The analyticity of the boundary data yields that there exists a constant β > 0, such that

Ωβ =
{
x∈R2 | %1 − β ≤ |x| ≤ %2 + β

} ⊂ V. (2.30)

The analytic solution u, expressed in polar coordinates, is of the form [72]

u(r, ϑ) =
∑

k∈Z
ζk rk eikϑ +

∑

k∈Zr{0}
ηk rk e−ikϑ + η0 log r. (2.31)

Thus (2.31) implies that the boundary data can be expressed as

fj(ϑ) =
∑

k∈Z
ζk %k

j eikϑ +
∑

k∈Zr{0}
ηk %k

j e−ikϑ + η0 log %j , j = 1, 2.

The analyticity assumption also implies that there exists a positive constant Mβ such that

|ζk|, |ηk| ≤ Mβ (%2 + β)−k for k ≥ 0, (2.32)

|ζk|, |ηk| ≤ Mβ (%1 − β)k for k < 0. (2.33)

For simplicity, we prove the convergence of the MFS approximation to the exact solution in

the case when α = 0. The proof for α 6= 0 is analogous but much more tedious.

2.4.1 The discrete Fourier interpolant

We assume that N is even. (The case when N is odd can be treated analogously.) We define

the discrete Fourier interpolant ũN (which interpolates the boundary data), to be

ũN (r, ϑ) =
N/2∑

k=−N/2+1

µk rk eikϑ +
N/2∑

k=−N/2+1
k 6=0

νk r−k eikϑ + ν0 log r. (2.34)
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2.4. Convergence of the MFS for analytic boundary data 

We also define

f1,N (ϑ) = ũN (%1, ϑ), f2,N (ϑ) = ũN (%2, ϑ).

The coefficients µk, νk ∈ C, k = −N/2 + 1, . . . , N/2, are chosen so that ũN agrees with the

boundary data f1, f2 at the points %1 eiϑj , %2 eiϑj , where ϑj = 2π(j−1)/N j = 1, . . . , N . Thus

for k = −N/2 + 1, . . . , N/2 with k 6= 0, by equating the coefficients of eikϑ , the µk, νk satisfy

µk%
k
1 + νk%

−k
1 =

∑

m∈Z

(
ζk+mN%k+mN

1 + η−k−mN%−k−mN
1

)
,

µk%
k
2 + νk%

−k
2 =

∑

m∈Z

(
ζk+mN%k+mN

2 + η−k−mN%−k−mN
2

)
,

from which it follows that, with δk = %k
1%
−k
2 − %−k

1 %k
2,

µk =

%−k
2

∑

m∈Z

(
ζk+mN%k+mN

1 +η−k−mN%−k−mN
1

)

δk
−

%−k
1

∑

m∈Z

(
ζk+mN%k+mN

2 +η−k−mN%−k−mN
2

)

δk
,(2.35)

νk =

%k
1

∑

m∈Z

(
ζk+mN%k+mN

2 + η−k−mN%−k−mN
2

)

δk
−

%k
2

∑

m∈Z

(
ζk+mN%k+mN

1 + η−k−mN%−k−mN
1

)

δk
.(2.36)

For k = 0, we have

µ0 + ν0 log %1 =
∑

m∈Z
ζmN%mN

1 +
∑

m∈Zr{0}
ηmN%mN

1 + η0 log %1,

µ0 + ν0 log %2 =
∑

m∈Z
ζmN%mN

2 +
∑

m∈Zr{0}
ηmN%mN

2 + η0 log %2,

and therefore

µ0 =
1

log %2/%1



log %2


∑

m∈Z
ζmN%mN

1 +
∑

m∈Zr{0}
ηmN%mN

1




− log %1


∑

m∈Z
ζmN%mN

2 +
∑

m∈Zr{0}
ηmN%mN

2






 , (2.37)

ν0 =
1

log %2/%1





∑

m∈Z
ζmN%mN

2 +
∑

m∈Zr{0}
ηmN%mN

2

−

∑

m∈Z
ζmN%mN

1 +
∑

m∈Zr{0}
ηmN%mN

1






 + η0. (2.38)

The
od

oro
s T

sa
ng

ari
s



 Chapter 2. Numerical Analysis of the MFS in Annular Domains

Next we bound the coefficients µk, k = −N/2 + 1, . . . , N/2. We consider three cases: Case I:

k > 0, Case II: k < 0 and Case III: k = 0.

Case I. k > 0. First, from (2.32) and (2.33) we have
∣∣∣∣
∑

m∈Z
ζk+mN%k+mN

1

∣∣∣∣ ≤
∑

m≥0

|ζk+mN |%k+mN
1 +

∑

m<0

|ζk+mN |%k+mN
1

≤
∑

m≥0

Mβ (%2 + β)−(k+mN) %k+mN
1 +

∑

m<0

Mβ (%1 − β)−(k+mN) %k+mN
1 .

By taking γ1 = max
{

%1

%2+β , %1−β
%1

}
< 1, we get

∣∣∣∣
∑

m∈Z
ζk+mN%k+mN

1

∣∣∣∣ ≤ Mβ γk
1

∑

m≥0

γmN
1 + Mβ γN−k

1

∑

m≥0

γNm
1

by observing that k ≤ N − k, since k ≤ N/2, we finally have
∣∣∣∣
∑

m∈Z
ζk+mN%k+mN

1

∣∣∣∣ ≤ 2Mβ γk
1

∑

m≥0

γmN
1 = 2Mβγk

1 (1− γN
1 )−1 ≤ M1 γk

1 ,

where M1 = 2Mβ

1−γ1
. Following an identical argument, we get

∣∣∣∣
∑

m∈Z
k 6=0

ηk+mN%k+mN
1

∣∣∣∣ ≤ M1 γk
1 .

Similarly, taking γ2 = max
{ %2

%2+β , %1−β
%2

}
< 1, and using the fact that γk

2 < γN−k
2 , we obtain

∣∣∣∣
∑

m∈Z
ζk+mN%k+mN

2

∣∣∣∣,
∣∣∣∣
∑

m∈Z
k 6=0

ηk+mN%k+mN
2

∣∣∣∣ ≤ M2 γk
2 ,

where M2 = 2Mβ γk
2 (1− γ2)−1.

Cases II - III. Following the arguments used in Case I, we obtain for Case II (k < 0)
∣∣∣∣
∑

m∈Z
ζk+mN%k+mN

i

∣∣∣∣,
∣∣∣∣
∑

m∈Z
ηk+mN%k+mN

i

∣∣∣∣ ≤ Mi γ−k
i , i = 1, 2

and similarly for Case III (k = 0), we obtain
∣∣∣∣
∑

m∈Z
ζmN%mN

1

∣∣∣∣,
∣∣∣∣
∑

m∈Z
η−mN%−mN

1

∣∣∣∣ ≤Mi, i = 1, 2.

We define γ3 such that γ1, γ2 ≤ γ3 = max
{

%2

%2+β , %1−β
%1

}
< 1, and we take M3 = max {M1,M2}.

Therefore, for k ∈ Z, we have

|µk| ≤
2M3 γ

|k|
3

(
%−k
2 + %−k

1

)

|δk| .
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2.4. Convergence of the MFS for analytic boundary data 

In particular, when k > 0 we have that

|µk| ≤ 2M3γ
k
3

%k
2

(
1−

(
%1

%2

)k
)−1

≤ 2M3γ
k
3

%k
2

(
1− %1

%2

)−1

≤ M4 γk
3

%k
2

,

where M4 = 2M3

(
1− %1

%2

)−1
.

When k < 0,

|µk| ≤ M4 γ−k
3 %−k

1 , (2.39)

and, when k = 0, we have that

|µ0| < log %2 (2M3 + M3 log %1) + log %1 (2M3 + M3 log %2)
log (%2/%1)

≤2M3 (log %2 + log %1 + log %2 log %1)
log (%2/%1)

.

Similarly, for the coefficients νk, k > 0, we have that |νk| ≤ M4γ
k
3%k

1, for k < 0, |νk| ≤ M4γ
−k
3 %k

2,

and for k = 0, |ν0| ≤ M3 (4 + log %2 + log %1)
log (%2/%1)

. If we take

M = max
{

M4,
2M3 (log %2 + log %1 + log %2 log %1)

log (%2/%1)
,
M3 (4 + log %2 + log %1)

log (%2/%1)

}
,

then

|µk| ≤





Mγk
3%−k

2 , k > 0,

Mγ−k
3 %−k

1 , k < 0,

M, k = 0,

|νk| ≤





Mγk
3%k

1, k > 0,

Mγ−k
3 %k

2, k < 0,

M, k = 0.

This leads to the following theorem with a uniform bound (covering all cases)

Theorem 2.4.1. The coefficients µk,νk in (2.34) are bounded by:

|µk|, |νk| ≤ Mγ
|k|
4 , (2.40)

where γ4 = max
{

γ3%1,
γ3
%2

}
< 1 . ¤

2.4.2 The error bound

Let us denote by u(·;h) the solution of the boundary value problem




∆u = 0 in Ω,

u = h1 on ∂Ω1,

u = h2 on ∂Ω2,
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

where h = (h1, h2)T and by uN (·;h) its MFS approximation. Note that uN depends also

on R1, R2. Since both u(·; h) and uN (·;h) depend linearly on h1 and h2 we have, with

fN = (f1N , f2N )T , and f = (f1, f2)T ,

‖uN (·;f)−u(·;f)‖∞ ≤ ‖u(·; f−fN )‖∞+‖uN (·;f−fN )‖∞+‖uN (·;fN )−u(·;fN )‖∞

= ‖u(·; f−fN )‖∞+‖uN (·;fN )−u(·;fN )‖∞, (2.41)

since f and fN agree at the boundary points. In the following, we show, using the maximum

principle, that each term on the right hand side of (2.41) decays exponentially fast as N →∞.

The term ‖u (·,f − fN )‖∞

From (2.31) and (2.34), we have

u− ũN =
∑

k≤−N/2

(
ζkr

keikϑ + ηkr
ke−ikϑ

)
+

∑

k>N/2

(
ζkr

keikϑ + ηkr
ke−ikϑ

)

+
N/2∑

k=−N/2+1

(ζk − µk) rkeikϑ +
−1∑

k=−N/2+1

(ηk − νk) r−keikϑ

+
N/2∑

k=1

(ηk − νk) r−keikϑ + (η0 − ν0) log r.

(2.42)

By observing that the term corresponding to m = 0 in (2.35) vanishes, i.e.

%−k
2

(
ζk%

k
1 + η−k%

−k
1

)
− %−k

1

(
ζk%

k
2 + η−k%

−k
2

)

δk
− ζk = 0,

we have that (2.35) reduces to

µk − ζk =
1
δk



%−k

2

∑

m∈Zr{0}

(
ζk+mN%k+mN

1 + η−k−mN%−k−mN
1

)

−%−k
1

∑

m∈Zr{0}

(
ζk+mN%k+mN

2 + η−k−mN%−k−mN
2

)


 .
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2.4. Convergence of the MFS for analytic boundary data 

Thus,

|µk − ζk| ≤%−k
2

|δk|

{∑

m>0

|ζk+mN |%k+mN
1 +

∑

m>0

|η−k−mN |%−k−mN
1 +

∑

m<0

|ζk+mN |%k+mN
1

+
∑

m<0

|η−k−mN |%−k−mN
1

}

+
%−k
1

|δk|

{∑

m>0

|ζk+mN |%k+mN
2 +

∑

m>0

|η−k−mN |%−k−mN
2 +

∑

m<0

|ζk+mN |%k+mN
2

+
∑

m<0

|η−k−mN |%−k−mN
2

}

≤%−k
2

|δk|

{∑

m>0

Mβ (%2 + β)−(k+mN) %k+mN
1 +

∑

m<0

Mβ (%1 − β)−(k+mN) %k+mN
1

+
∑

m>0

Mβ (%1 − β)k+mN %
−(k+mN)
1 +

∑

m<0

Mβ (%2 + β)k+mN %
−(k+mN)
1

}

+
%−k
1

|δk|

{∑

m>0

Mβ (%2 + β)−(k+mN) %k+mN
2 +

∑

m<0

Mβ (%1 − β)−(k+mN) %k+mN
2

+
∑

m>0

Mβ (%1 − β)k+mN %
−(k+mN)
2 +

∑

m<0

Mβ (%2 + β)k+mN %
−(k+mN)
2

}

≤Mβ %−k
2

|δk|



γk+N

3

∑

m≥0

γNm
3 + γN−k

3

∑

m≥0

γNm
3 + γN+k

3

∑

m≥0

γNm
3 + γN−k

3

∑

m≥0

γNm
3





+
Mβ %−k

1

|δk|



γk+N

3

∑

m≥0

γNm
3 + γN−k

3

∑

m≥0

γNm
3 + γN+k

3

∑

m≥0

γNm
3 + γN−k

3

∑

m≥0

γNm
3



 ,

If k > 0, then k + N > N − k, and

|µk − ζk| ≤
8Mβ %k

2γ
N−k
3

%2k
2 − %2k

1

∑

m≥0

γNm
3 ≤ 8MβγN−k

3

%k
2

(
1− %2

1

%2
2

)
(1− γ3)

≤ M5 γN−k
3

%k
2

where M5 = 8Mβ

(1−γ3)

(
1− %2

1

%2
2

)−1
. If k < 0 then k + N < N − k, and

|µk − ζk| ≤
4Mβ%−k

2 γk+N
3

|δk|
∑

m≥0

γNm
3 +

4Mβ%−k
1 γk+N

3

|δk|
∑

m≥0

γNm
3

≤ 8Mβ%−k
1 γk+N

3(
1− %2

1

%2
2

)
(1− γ3)

≤ M5 γN+k
3 %−k

1 .

When k = 0, from (2.37) and by observing that

log %2 ζ0 − log %1 ζ0

log %2/%1
− ζ0 = 0,
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

we have

µ0 − ζ0 =
1

log %2/%1



log %2


∑

m∈Z
ζmN%mN

1 +
∑

m∈Zr{0}
η−mN%−mN

1 + η0 log %1




− log %1


∑

m∈Z
ζmN%mN

2 +
∑

m∈Zr{0}
η−mN%−mN

2 + η0 log %2






− ζ0.

Thus,

|µ0 − ζ0| = 1
log %2/%1

∣∣∣∣ log %2

∑

m∈Zr{0}

(
ζmN%mN

1 + η−mN%−mN
1

)

− log %1

∑

m∈Zr{0}

(
ζmN%mN

2 + η−mN%−mN
2

) ∣∣∣∣

=
1

log %2/%1

∣∣∣∣∣

{
log %2

[∑

m>0

(
ζmN%mN

1 + η−mN%−mN
1

)
+

∑

m<0

(
ζmN%mN

1 +η−mN%−mN
1

)]

+ log %1

[∑

m>0

(
ζmN%mN

2 + η−mN%−mN
2

)
+

∑

m<0

(
ζmN%mN

2 + η−mN%−mN
2

)]}∣∣∣∣∣

≤ log %2

log %2/%1

{∑

m>0

Mβ (%2 + β)−mN %mN
1 +

∑

m<0

Mβ (%1 − β)−mN %mN
1

+
∑

m>0

Mβ (%1 − β)mN %−mN
1 +

∑

m<0

Mβ (%2 + β)mN %−mN
1

}

+
1

log %2/%1

{∑

m>0

Mβ (%2 + β)−mN %mN
2 +

∑

m<0

Mβ (%1 − β)−mN %mN
2

+
∑

m>0

Mβ (%1 − β)mN %−mN
2 +

∑

m<0

Mβ (%2 + β)mN %−mN
2

}

≤8Mβ log %2

log %2/%1
γN

3

∑

m≥0

γNm
3 ≤ 8Mβ log %2

log %2/%1

γN
3

1− γ3
= M6 γN

3 ,

where M6 =
8Mβ log %2

(1− γ3) log %2/%1
. Following similar arguments we have that

|νk − ηk| ≤





M5 γN−k
3 %k

1, k > 0

M5 γN+k
3 %k

2, k < 0

M6 γN
3 k = 0.

If we take M7 = max {M5, M6} we obtain the lemma
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2.4. Convergence of the MFS for analytic boundary data 

Lemma 2.4.2. The terms µk − ζk and νk − ηk in equation (2.42) are bounded by:

|µk − ζk| ≤





M7 γN−k
3 %−k

2 , k > 0,

M7 γN+k
3 %−k

1 , k < 0,

M7 γN
3 , k = 0,

|νk − ηk| ≤





M7 γN−k
3 %k

1, k > 0,

M7 γN+k
3 %k

2, k < 0,

M7 γN
3 , k = 0.

¤

We are now in a position to bound the following terms appearing in equation (2.42)

N/2∑

k=−N/2+1

(ζk − µk) rkeikϑ +
−1∑

k=−N/2+1

(ηk − νk) r−keikϑ +
N/2∑

k=1

(ηk − νk) r−keikϑ + (η0 − ν0) log r.

In the case when the error attains its maximum value on the inner circle r = %1, we have, using

Lemma 2.4.2,

∣∣∣∣
N/2∑

k=−N/2+1

(ζk−µk) %k
1e

ikϑ+
−1∑

k=−N/2+1

(ηk−νk) %−k
1 eikϑ+

N/2∑

k=1

(ηk−νk) %−k
1 eikϑ+(η0−ν0) log %1

∣∣∣∣

≤
N/2∑

k=1

|µk − ζk|%k
1 +

−1∑

k=−N/2+1

|µk − ζk|%k
1 + |µ0 − ζ0|

+
N/2∑

k=1

|νk − ηk|%−k
1 +

−1∑

k=−N/2+1

|νk − ηk|%−k
1 + |ν0 − η0| log %1

≤M8

{ N/2∑

k=1

γN−k
3

(
%1

%2

)k

+
−1∑

k=−N/2+1

γN+k
3 %−k

1 %k
1 + γN

3 +
N/2∑

k=1

γN−k
3 %k

1%
−k
1 +

−1∑

k=−N/2+1

γN+k
3

(
%1

%2

)−k

+γN
3

}

≤ M8

{ N/2∑

k=1

γN−k
3 +

N/2∑

k=1

γN−k
3 + γN

3 +
N/2∑

k=1

γN−k
3 +

N/2∑

k=1

γN−k
3 + γN

3

}

≤ 4M8

{
γ

N/2
3 + γN

3

}
≤ 8M8 γ

N/2
3 , (2.43)

where M8 = max {M7, log %1, log %2}. Similarly, when the maximum is attained on the outer

circle r = %2, we have

∣∣∣∣
−1∑

k=−N/2+1

(ζk − µk) %k
2e

ikϑ +
−1∑

k=−N/2+1

(ηk − νk) %−k
2 eikϑ+

N/2∑

k=1

(ηk − νk) %−k
2 eikϑ + (η0 − ν0) log %2

∣∣∣∣
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

≤ 4M8

{
γ

N/2
3 + γN

3

}
≤ 8M8 γ

N/2
3 . (2.44)

The remaining term in (2.42) can be bounded in the following way:
∣∣∣∣

∑

k>N/2

(
ζkr

keikϑ + ηkr
ke−ikϑ

)
+

∑

k≤N/2

(
ζkr

keikϑ + ηkr
ke−ikϑ

) ∣∣∣∣

≤
∑

k>N/2

|ζk|rk +
∑

k>N/2

|ηk|rk +
∑

k≤−N/2

|ζk|rk +
∑

k≤−N/2

|ηk|rk

≤
∞∑

k=N/2+1

Mβ

(
r

%2 + β

)k

+
∞∑

k=N/2+1

Mβ

(
r

%2 + β

)k

+
∑

k≤−N/2

Mβ

(
r

%1 − β

)k

+
∑

k≤−N/2

Mβ

(
r

%1 − β

)k

≤2Mβ





∞∑

k=N/2+1

(
r

%2 + β

)k

+
∞∑

k=N/2

(
%1 − β

r

)k




≤2Mβ





∞∑

k=N/2

(
r

%2 + β

)k

+
∞∑

k=N/2

(
%1 − β

r

)k




=2Mβ





(
r

%2 + β

)N/2 ∑

k≥0

(
r

%2 + β

)k

+
(

%1 − β

r

)N/2 ∑

k≥0

(
%1 − β

r

)k




=2Mβ

{(
r

%2 + β

)N/2 (
1− r

%2 + β

)−1

+
(

%1 − β

r

)N/2 (
1− %1 − β

r

)−1
}

.

Therefore, when the maximum is attained on the inner circle r = %1, we have
∣∣∣∣

∑

k>N/2

(
ζk%

k
1e

ikϑ + ηk%
k
1e
−ikϑ

)
+

∑

k≤N/2

(
ζk%

k
1e

ikϑ + ηk%
k
1e
−ikϑ

) ∣∣∣∣

≤ 2Mβ

{(
1− %1

%2 + β

)−1

+
(

1− %1 − β

%1

)−1
}

γ
N/2
3 = M1γ

N/2
3 ≤ M8 γ

N/2
3 . (2.45)

Similarly, when the maximum is obtained on the external circle r = %2, we have
∣∣∣∣

∑

k>N/2

(
ζk%

k
2e

ikϑ + ηk%
k
2e
−ikϑ

)
+

∑

k≤N/2

(
ζk%

k
2e

ikϑ + ηk%
k
2e
−ikϑ

) ∣∣∣∣

≤ 2M1

{(
1− %2

%2 + β

)−1

+
(

1− %1 − β

%2

)−1
}

γ
N/2
3 = M2γ

N/2
3 ≤ M8 γ

N/2
3 . (2.46)

Therefore, we have the following result:

Lemma 2.4.3.

‖u (·, f− fN )‖∞ ≤ 9M8 γ
N/2
3 . (2.47)
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2.4. Convergence of the MFS for analytic boundary data 

The term ‖uN (·;fN )−u(·; fN )‖∞

To bound this term, we need to investigate how well the MFS approximates problems corre-

sponding to exact solutions of the form zk, k = −N
2 , . . . , N/2, and log |z| which in polar

coordinates take the form rkeikϕ and log r, respectively, r ∈ [%1, %2], and ϕ ∈ [0, 2π]. For

simplicity we denote this solution by u(·; rkeikϕ) and its MFS approximation by uN (·; rkeikϕ) .

Thus we need to bound

‖uN (·; rkeikϕ)− u(·; rkeikϕ)‖∞, k = −N/2 + 1, . . . , N/2, and

‖uN (·; log r)− u(·; log r)‖∞.

Without loss of generality, we assume that %1 = 1. We shall prove the following lemma:

Lemma 2.4.4. We have the following estimates:

‖uN (·; rkeikϕ)− u(·; rkeikϕ)‖∞ ≤ CN4σN−2|k|, (2.48)

where k = −N/2 + 1, . . . , N/2, σ = max
{

R1,
1

R2
, %2

R2

}
< 1 and C is a constant independent

of k and N .

Proof. Since u and uN are harmonic in the annulus, from the maximum principle

||uN − u||∞ = max{ sup
r=%1

|uN − u|, sup
r=%2

|uN − u|} .

First, we bound the term uN (·; rkeikϕ)− u(·; rkeikϕ) on the circle r = %1 = 1 .

Case I. k = 0.

In this case, the exact solution is u ≡ 1, i.e., f1, f2 ≡ 1, and thus f1 = f2 = (1, 1, . . . , 1), and

〈f1, ξj〉 =





√
N if j = 1,

0 otherwise,
〈f2, ξj〉 =





√
N if j = 1

0 otherwise.

Thus, from expression (2.29), we have

uN (·; 1) =
√

N

λ11
1 λ22

1 − λ12
1 λ21

1

{(λ11
1 − λ21

1 )〈l2, ξ1〉+ (λ22
1 − λ12

1 )〈l1, ξ1〉},

where

λ11
1 =

N

2π

∞∑

m=1

1
mN

RmN
1 , λ12

1 =
N

2π

{ ∞∑

m=1

1
mN

(
1

R2

)mN

− log R2

}
,

λ21
1 =

N

2π

{ ∞∑

m=1

1
mN

(
R1

%2

)mN

− log %2

}
, λ22

1 =
N

2π

{ ∞∑

m=1

1
mN

(
%2

R2

)mN

− log R2

}
,
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

and

〈l1, ξ1〉 =
√

N

2π

∞∑

m=1

1
mN

RmN
1 cos(mNϑ), 〈l2, ξ1〉 =

√
N

2π

{ ∞∑

m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

}
.

Therefore,

||uN (·, ; 1)− u(·, ; 1)||∞ = max
ϑ∈[0,2π]

|uN (cosϑ, sinϑ ; 1)− 1| = |A−B

B
|

where

A =
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑

m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )
∞∑

m=1

1
mN

RmN
1 cos(mNϑ)

}
,

and B = λ11
1 λ22

1 − λ12
1 λ21

1 . We thus have

|B| = 1
4π2

∞∑

m=1

1
m

RmN
1

{
N log R2 −

∞∑

m=1

1
m

(
%2

R2

)mN
}

+

{
N log R2 −

∞∑

m=1

1
m

(
1

R2

)mN
} {

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
}
≥ N2 log R2 log %2 ,

and

|A−B| =
∣∣∣∣
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑
m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )
∞∑

m=1

1
mN

RmN
1 cos(mNϑ)

}
− (λ11

1 λ22
1 − λ12

1 λ21
1 )

∣∣∣∣
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2.4. Convergence of the MFS for analytic boundary data 

=
∣∣∣∣
N

2π

{(
1
2π

∞∑
m=1

1
m

RmN
1 +

1
2π

[
N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
])

×
( ∞∑

m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

)

+

(
1
2π

[ ∞∑
m=1

1
m

(
%2

R2

)mN

−N log R2

]
− 1

2π

[ ∞∑
m=1

1
m

(
1

R2

)mN

−N log R2

])

×
∞∑

m=1

1
mN

R1
mN cos(mNϑ)

}

+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]

+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
][

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣

=
∣∣∣∣

N

4π2

{( ∞∑
m=1

1
m

RmN
1 + N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
) ( ∞∑

m=1

1
mN

1
RmN

2

cos(mNϑ)

)

+

( ∞∑
m=1

1
m

(
%2

R2

)mN

−
∞∑

m=1

1
m

1
RmN

2

) ∞∑
m=1

1
mN

RmN
1 cos(mNϑ)

}

+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]

+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
][

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣

=
1

4π2

∣∣∣∣
{

N
∞∑

m=1

1
m

RmN
1

∞∑
m=1

1
mN

1
RmN

2

cos(mNϑ)−N log R2

∞∑
m=1

1
m

RmN
1

+ N2 log %2

∞∑
m=1

1
mN

1
RmN

2

cos(mNϑ)−N2 log %2 log R2

−
∞∑

m=1

1
m

(
R1

%2

)mN ∞∑
m=1

1
m

1
RmN

2

cos(mNϑ) + N
∞∑

m=1

1
m

(
R1

%2

)mN

log R2

+ N
∞∑

m=1

1
m

(
%2

R2

)mN ∞∑
m=1

1
mN

RmN
1 cos(mNϑ)

−N
∞∑

m=1

1
m

1
RmN

2

∞∑
m=1

1
mN

RmN
1 cos(mNϑ)

+ N log R2

∞∑
m=1

1
m

RmN
1 −

∞∑
m=1

1
m

RmN
1

∞∑
m=1

1
m

(
%2

R2

)mN

+ N2 log %2 log R2 −N log R2

∞∑
m=1

1
m

(
R1

%2

)mN

−N log %2

∞∑
m=1

1
m

1
RmN

2

+
∞∑

m=1

1
m

1
RmN

2

∞∑
m=1

1
m

(
R1

%2

)mN
} ∣∣∣∣
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

≤
∞∑

m=1

RmN
1

∞∑
m=1

1
RmN

2

+ N log R2

∞∑
m=1

RmN
1 + N2 log %2

∞∑
m=1

1
RmN

2

+
∞∑

m=1

(
R1

%2

)mN ∞∑
m=1

1
RmN

2

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+
∞∑

m=1

(
%2

R2

)mN ∞∑
m=1

RmN
1 +

∞∑
m=1

1
RmN

2

∞∑
m=1

RmN
1 +

+ N log R2

∞∑
m=1

RmN
1 +

∞∑
m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

1
RmN

2

+
∞∑

m=1

1
RmN

2

∞∑
m=1

(
R1

%2

)mN

≤2RN
1

2
RN

2

+ N log R22RN
1 + N2 log %2

2
RN

2

+ 2
(

R1

%2

)N 2
RN

2

+ N log R22
(

R1

%2

)N

+ 4
(

%2

R2

)N

RN
1 +

2
RN

2

2RN
1

+ 2N log R2R
N
1 + 4RN

1

(
%2

R2

)N

+ 2N log R2

(
R1

%2

)N

+ 2N log %2
1

RN
2

+ 4
1

RN
2

(
R1

%2

)N

.

Therefore:

|A−B| ≤ 4σ2N + 2N log R2σ
N + 2N2 log %2σ

N + 4σ2N + 2N log R2σ
2N + 4σ2N

+ 4σ2N + 2N log R2σ
N + 4σ2N + 2N log R2σ

N + 2N log R2σ
N + 4σ2N

≤4σN + 2N log R2σ
N + 2N2 log R2σ

N + 4σN + 2N log R2σ
N + 4σN + 4σN + 2N log R2σ

N + 4σN

+ 2N log R2σ
N + 2N log R2σ

N + 4σN ≤ 24σN + 12N2 log R2σ
N .

Thus if log R2 > 1 we have:

|A−B|
|B| ≤ 24σN + 12N2 log R2σ

N

N2 log R2 log %2
≤ 24N2 log R2σ

N + 12N2 log R2σ
N

N2 log R2 log %2
≤ 36N2 log R2σ

N

N2 log R2 log %2

=
36σN

log %2

If log R2 < 1 we have:

|A−B|
|B| ≤ 24σN + 12N2 log R2σ

N

N2 log R2 log %2
≤ 24N2σN + 12N2σN

N2 log R2 log %2
=

36σN

log R2 log %2
=

36σN

log %2 log R2
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2.4. Convergence of the MFS for analytic boundary data 

Case II, 0 < k ≤ N/2: From (2.29) we have:

uN =
N∑

j=1

λ11
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l2, ξj〉 −
N∑

j=1

λ21
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l2, ξj〉

−
N∑

j=1

λ12
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l1, ξj〉+
N∑

j=1

λ22
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l1, ξj〉,

where

〈f1, ξj〉 =





√
N if j = k + 1

0 otherwise .
and 〈f2, ξj〉 =





√
N%k

2 if j = k + 1

0 otherwise .

Thus,

uN =
√

N

λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1

{(%k
2λ

11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 − %k

2λ
12
k+1)〈l1, ξk+1〉}

We can therefore write

|A
B
− eikθ| = |A− eikθB|

|B|
where

A =
√

N{(%k
2λ

11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 − %k

2λ
12
k+1)〈l1, ξk+1〉}

and

B = λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1 .

Since %1 = 1, we have

λ11
k+1 =

N

4π

∞∑

m=0

{
Rk+mN

1

1
k + mN

+ RN−k+mN
1

1
N − k + mN

}

λ12
k+1 =

N

4π

∞∑

m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

λ21
k+1 =

N

4π

∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

λ22
k+1 =

N

4π

∞∑

m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}

and

〈l1, ξk+1〉 =
√

N

4π

∞∑

m=1

{
Rk+mN

1

ei(k+mN)ϑ

k + mN
+ RN−k+mN

1

e−i(N−k+mN)ϑ

N − k + mN

}

〈l2, ξk+1〉 =
√

N

4π

∞∑

m=1

{(
1

R2

)k+mN ei(k+mN)ϑ

k + mN
+

(
1

R2

)N−k+mN e−i(N−k+mN)ϑ

N − k + mN

}
.
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

Next, we obtain a lower bound for |B|.

B =
∞∑

m=0

{
Rk+mN

1

k + mN
+

RN−k+mN
1

N − k + mN

} ∞∑
m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}

−
∞∑

m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

=

{
R1

k
+

RN−k
1

N − k
+

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

}

×
{

1
k

(
%2

R2

)k

+
1

N − k

(
%2

R2

)N−k

+
∞∑

m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

−
{

1
kRk

2

+
1

(N − k)RN−k
2

+
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
1

R2

)N−k+mN 1
N − k + mN

}

×
{

1
k

(
R1

%2

)k

+
1

N − k

(
R1

%2

)N−k

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

}

=
1
k2

Rk
1%k

2

Rk
2

+
1

k(N − k)
Rk

1%N−k
2

RN−k
2

+
Rk

1

k

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
Rk

1

k

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

+
1

k(N − k)
RN−k

1 %k
2

Rk
2

+
1

(N − k)2

(
R1%2

R2

)N−k

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

+
1
k

(
%2

R2

)k ∞∑
m=1

Rk+mN
1

k + mN
+

1
N − k

(
%2

R2

)N−k ∞∑
m=1

Rk+mN
1

k + mN

+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

+
1
k

(
%2

R2

)k ∞∑
m=1

RN−k+mN
1

N − k + mN
+

1
N − k

(
%2

R2

)N−k ∞∑
m=1

RN−k+mN
1

N − k + mN

+
∞∑

m=1

RN−k+mN
1

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN
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2.4. Convergence of the MFS for analytic boundary data 

+
∞∑

m=1

RN−k+mN
1

N − k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

− 1
k2

Rk
1

%k
2Rk

2

− 1
k(N − k)

RN−k
1

%N−k
2 Rk

2

− 1
kRk

2

∞∑
m=1

(
R1

%2

)k+mN 1
k + mN

− 1
kRk

2

∞∑
m=1

(
R1

%2

)N−k+mN 1
N − k + mN

− 1
k(N − k)

Rk
1

%k
2RN−k

2

− 1
(N − k)2

(
R1

%2R2

)N−k

− 1
(N − k)RN−k

2

∞∑
m=1

(
R1

%2

)k+mN 1
k + mN

− 1
(N − k)RN−k

2

∞∑
m=1

(
R1

%2

)N−k+mN 1
N − k + mN

− 1
k

(
R1

%2

)k ∞∑
m=1

(
1

R2

)k+mN 1
k + mN

− 1
N − k

(
R1

%2

)N−k ∞∑
m=1

(
1

R2

)k+mN 1
k + mN

−
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

∞∑
m=1

(
R1

%2

)k+mN 1
k + mN

−
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

∞∑
m=1

(
R1

%2

)N−k+mN 1
N − k + mN

− 1
k

(
R1

%2

)k ∞∑
m=1

(
1

R2

)N−k+mN 1
N − k + mN

− 1
N − k

(
R1

%2

)N−k ∞∑
m=1

(
1

R2

)N−k+mN 1
N − k + mN

−
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+
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+
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∞∑
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∞∑
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.

Since each term is positive we have that

B ≥ 1
k2

Rk
1

Rk
2

(
%k
2 −

1
%k
2

)
. (2.49)

On the other hand we have:

∣∣∣∣A− eikϑB

∣∣∣∣ =
∣∣∣∣
√

N{(%k
2λ11

k+1 − λ21
k+1)〈l2, ξk+1〉+ (λ22

k+1 − %k
2λ12

k+1)〈l1, ξk+1〉}

− {eikϑ(λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1)}

∣∣∣∣ (2.50)
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∞∑
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∞∑
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∞∑
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∞∑
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∞∑
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} ∣∣∣∣ (2.51)
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∞∑
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∞∑
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∞∑
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∞∑
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∞∑
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(
%2

R2

)N−k+mN 1
N − k + mN

}

+

{(
%2

R2

)k 1
k

∞∑
m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN

+
∞∑

m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

Rk+mN
1

ei(k+mN)ϑ

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

+

{(
%2

R2

)k 1
k

∞∑
m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

N − k + mN

+
∞∑

m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

RN−k+mN
1

e−i(N−k+mN)ϑ

N − k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

−
{

RN−k
1 %k

2

Rk
2

eikϑ

k(N − k)
+

(
R1%2

R2

)N−K
eikϑ

(N − k)2
+ RN−k

1

eikϑ

N − k

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN
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2.4. Convergence of the MFS for analytic boundary data 

+ RN−k
1

eikϑ

N − k

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

−
{(

%2

R2

)k 1
k

∞∑
m=1

Rk+mN
1

eikϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

Rk+mN
1

eikϑ

k + mN

+
∞∑

m=1

Rk+mN
1

eikϑ

k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

Rk+mN
1

eikϑ

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

−
{(

%2

R2

)k 1
k

∞∑
m=1

RN−k+mN
1

eikϑ

k + mN
+

(
%2

R2

)N−k 1
N − k

∞∑
m=1

RN−k+mN
1

eikϑ

N − k + mN

+
∞∑

m=1

RN−k+mN
1

eikϑ

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

RN−k+mN
1

eikϑ

N − k + mN

∞∑
m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

≤ 2N2

16π2

{
%k
2

{
Rk

1

RN−k
2

+ Rk
1

∞∑
m=1

(
1

R2

)k+mN

+ Rk
1

∞∑
m=1

(
1

R2

)N−k+mN

+
RN−k

1

Rk
2

+
(

R1

R2

)N−k

+ RN−k
1

∞∑
m=1

(
1

R2

)k+mN

+ RN−k
1

∞∑
m=1

(
1

R2

)N−k+mN

+
1

Rk
2

∞∑
m=1

Rk+mN
1 +

1
RN−k

2

∞∑
m=1

Rk+mN
1

+
∞∑

m=1

Rk+mN
1

∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

Rk+mN
1

∞∑
m=1

(
1

R2

)N−k+mN

+
1

Rk
2

∞∑
m=1

RN−k+mN
1

+
1

RN−k
2

∞∑
m=1

RN−k+mN
1 +

∞∑
m=1

RN−k+mN
1

∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

RN−k+mN
1

∞∑
m=1

(
1

R2

)N−k+mN
}

+
Rk

1

%k
2RN−k

2

+
(

R1

%2

)k ∞∑
m=1

(
1

R2

)k+mN

+
(

R1

%2

)k ∞∑
m=1

(
1

R2

)N−k+mN

+
(

R1

%2R2

)N−k

+
(

R1

%2

)N−k ∞∑
m=1

(
1

R2

)k+mN

+
(

R1

%2

)N−k ∞∑
m=1

(
1

R2

)N−k+mN

+
1

RN−k
2

∞∑
m=1

(
R1

%2

)k+mN

+
∞∑

m=1

(
R1

%2

)k+mN ∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

(
R1

%2

)k+mN ∞∑
m=1

(
1

R2

)N−k+mN

+
1

RN−k
2

∞∑
m=1

(
R1

%2

)N−k+mN

+
∞∑

m=1

(
R1

%2

)N−k+mN ∞∑
m=1

(
1

R2

)k+mN

+
∞∑

m=1

(
R1

%2

)N−k+mN ∞∑
m=1

(
1

R2

)N−k+mN

+
RN−k

1 %k
2

Rk
2

+
(

R1%2

R2

)N−k

+ RN−k
1

∞∑
m=1

(
%2

R2

)k+mN

+ RN−k
1

∞∑
m=1

(
%2

R2

)N−k+mN

+
(

%2

R2

)k ∞∑
m=1

Rk+mN
1 +

(
%2

R2

)N−k ∞∑
m=1

Rk+mN
1 +

∞∑
m=1

Rk+mN
1

∞∑
m=1

(
%2

R2

)k+mN

+
∞∑

m=1

Rk+mN
1

∞∑
m=1

(
%2

R2

)N−k+mN

+
(

%2

R2

)k ∞∑
m=1

RN−k+mN
1 +

(
%2

R2

)N−k ∞∑
m=1

RN−k+mN
1

+
∞∑

m=1

RN−k+mN
1

∞∑
m=1

(
%2

R2

)k+mN

+
∞∑

m=1

RN−k+mN
1

∞∑
m=1

(
%2

R2

)N−k+mN
}
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≤ 2N2

16π2

{
%k
2

{
Rk

1

RN−k
2

+ 2Rk
1

(
1

R2

)k+N

+ 2Rk
1

(
1

R2

)2N−k

+
RN−k

1

Rk
2

+
(

R1

R2

)N−k

+ 2RN−k
1

(
1

R2

)k+N

+ 2RN−k
1

(
1

R2

)2N−k

+ 2
1

Rk
2

Rk+N
1 + 2

1
RN−k

2

Rk+N
1 + 4

(
R1

R2

)k+N

+ 4Rk+N
1

(
1

R2

)2N−k

+2
1

Rk
2

R2N−k
1 + 2

1
RN−k

2

R2N−k
1 + 4R2N−k

1

(
1

R2

)k+N

+ 4
(

R1

R2

)2N−k
}

+

+
Rk

1

%k
2RN−k

2

+ 2
(

R1

%2

)k (
1

R2

)k+N

+ 2
(

R1

%2

)k (
1

R2

)2N−k

+
(

R1

%2R2

)N−k

+ 2
(

R1

%2

)N−k (
1

R2

)k+N

+ 2
(

R1

%2

)N−k (
1

R2

)2N−k

+ 2
(

R1

%2

)k+N (
1

R2

)N−k

+ 4
(

R1

%2

)k+N (
1

R2

)k+N

+ 4
(

R1

%2

)k+N (
1

R2

)2N−k

+ 2
(

R1

%2

)2N−k (
1

R2

)N−k

+ 4
(

R1

%2

)2N−k (
1

R2

)k+N

+ 4
(

R1

%2

)2N−k (
1

R2

)2N−k

+
RN−k

1 %k
2

Rk
2

+
(

R1%2

R2

)N−k

+ 2RN−k
1

(
%2

R2

)k+N

+ 2RN−k
1

(
%2

R2

)2N−k

+ 2Rk+N
1

(
%2

R2

)k

+ 2Rk+N
1

(
%2

R2

)N−k

+ 4Rk+N
1

(
%2

R2

)k+N

+ 4Rk+N
1

(
%2

R2

)2N−k

+ 2R2N−k
1

(
%2

R2

)k

+ 2R2N−k
1

(
%2

R2

)N−k

+ 4R2N−k
1

(
%2

R2

)k+N

+ 4R2N−k
1

(
%2

R2

)2N−k

,

for sufficiently large N. Therefore

|A− eikϑB| ≤2N2

{
%k
2

{
5Rk

1

(
1

R2

)N−k

+ 10RN−k
1

(
1

R2

)k

+ 22RN−k
1

(
1

R2

)k
}

+28
(

R1

R2

)k (
1

R2

)N−k

+ 27Rk
1

(
%2

R2

)N−k

+ 5RN−k
1

(
%2

R2

)k
}

=2N2

{
%k
2

{
5Rk

1

(
1

R2

)N−k

+ 32RN−k
1

(
1

R2

)k
}

+28
(

R1

R2

)k (
1

R2

)N−k

+ 27Rk
1

(
%2

R2

)N−k

+ 5RN−k
1

(
%2

R2

)k
}

.

Since

|B| ≥ 1
k2

Rk
1

Rk
2

(
%k
2 −

1
%k
2

)
=

1
k2

Rk
1

Rk
2

β%k
2

where 1 > β > 1− 1
%2

, we have
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2.4. Convergence of the MFS for analytic boundary data 

|A− eikϑB|
|B| ≤2N2k2

β





5%k
2Rk

1

RN−k
2

%k
2Rk

1

Rk
2

+

32%k
2RN−k

1

RN−k
2

%k
2Rk

1

Rk
2

+

28Rk
1

Rk
2RN−k

2

%k
2Rk

1

Rk
2

+

27%N−k
2 Rk

1

RN−k
2

%k
2Rk

1

Rk
2

+

5%k
2RN−k

1

Rk
2

%k
2Rk

1

Rk
2





=
2N2k2

β

{
5

RN−2k
2

+ 32RN−2k
1 +

28
%k
2R

N−k
2

+ 27
(

%2

R2

)N−2k

+ 5RN−2k
1

}

Therefore we have

|A− eikϑB|
|B| ≤2N2k2

β

{
5σN−2k + 32σN−2k + 28σN−2k + 27σN−2k + 5σN−2k

}

=
2N2k2

β
97σN−2k =

194N2k2

β
σN−2k,

where 1 > β > 1− 1
%2

.

Case III, −N/2 ≤ k < 0: From 2.29 we have

uN =
N∑

j=1

λ11
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l2, ξj〉 −
N∑

j=1

λ21
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l2, ξj〉

−
N∑

j=1

λ12
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l1, ξj〉+
N∑

j=1

λ22
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l1, ξj〉,

〈f1, ξj〉 =





√
N if j = k + 1

0 otherwise .
and 〈f2, ξj〉 =





√
N 1

%
|k|
2

if j = k + 1

0 otherwise .

Thus

uN =
√

N

λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1

{( 1

%
|k|
2

λ11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 −

1

%
|k|
2

λ12
k+1)〈l1, ξk+1〉}

Therefore, since u(·; h̄) = u(·;h) and uN (·; h̄) = uN (·;h) , we have

∥∥∥uN (· ; e−i|k|ϕ)− u(· ; e−i|k|ϕ)
∥∥∥
∞

= max
ϑ∈[0,2π]

∣∣∣∣
A

B
− e−i|k|ϑ

∣∣∣∣ = max
ϑ∈[0,2π]

∣∣A− e−i|k|ϑB
∣∣

|B|
where

A =
√

N{( 1

%
|k|
2

λ11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 −

1

%
|k|
2

λ12
k+1)〈l1, ξk+1〉}

and

B = λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1

Following a similar proof as in case II with the following differences in |A− ei|k|θB|:
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 Chapter 2. Numerical Analysis of the MFS in Annular Domains

• The coefficient %
|k|
2 in equation (2.50) is replaced by 1

%
|k|
2

,

• The angles in (2.51) have opposite signs,

we obtain
|A− e−i|k|θB|

|B| ≤ 194N2k2

β
σN−2|k|

where 1 > β > 1− 1
%2

.

Next, we bound the term uN (·; rkeikϕ)− u(·; rkeikϕ) on the circle r = %2 .

Case I. k = 0 . In this case, f1 = f2 = 1, f1 = f2 = (1, 1, . . . , 1), u ≡ 1 and

〈f1, ξj〉 =





√
N if j = 1

0 otherwise .
and 〈f2, ξj〉 =





√
N if j = 1

0 otherwise .

Thus from expression (2.29) we have

uN (·; 1) =
√

N

λ11
1 λ22

1 − λ12
1 λ21

1

{(λ11
1 − λ21

1 )〈l2, ξ1〉+ (λ22
1 − λ12

1 )〈l1, ξ1〉}

where the eigenvalues take the form:

λ11
1 =

N

2π

∞∑

m=1

1
mN

RmN
1 , λ12

1 =
N

2π

{ ∞∑

m=1

1
mN

(
1

R2

)mN

− log R2

}

λ21
1 =

N

2π

{ ∞∑

m=1

1
mN

(
R1

%2

)mN

− log %2

}
, λ22

1 =
N

2π

{ ∞∑

m=1

1
mN

(
%2

R2

)mN

− log R2

}

and

〈l1, ξ1〉 =
√

N

2π

{ ∞∑

m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

}
,

〈l2, ξ1〉 =
√

N

2π

{ ∞∑

m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

}

Therefore

||uN (· ; 1)− u(· ; 1)||∞ = max
ϑ∈[0,2π]

|uN (cosϑ, sinϑ ; 1)− 1| = max
ϑ∈[0,2π]

|A−B|
|B| ,
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where

A =
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑

m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )

{ ∞∑

m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

}}

and B = λ11
1 λ22

1 − λ12
1 λ21

1 . We thus have

|B| =
1

4π2

∞∑

m=1

1
m

RmN
1

{
N log R2 −

∞∑

m=1

1
m

(
%2

R2

)mN
}

+

{
N log R2 −

∞∑

m=1

1
m

(
1

R2

)mN
} {

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
}

> N2 log R2 log %2

and

|A−B| =
∣∣∣∣
N

2π

{
(λ11

1 − λ21
1 )

{ ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

}

+(λ22
1 − λ12

1 )

{ ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

}}
− (λ11

1 λ22
1 − λ12

1 λ21
1 )

∣∣∣∣

=
∣∣∣∣
N

2π

{(
1
2π

∞∑
m=1

1
m

RmN
1 +

1
2π

[
N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
])

( ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

)

+

(
1
2π

[ ∞∑
m=1

1
m

(
%2

R2

)mN

−N log R2

]
− 1

2π

[ ∞∑
m=1

1
m

(
1

R2

)mN

−N log R2

])

( ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

)}

+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]

+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
][

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣

=
N

4π2

∣∣∣∣
{( ∞∑

m=1

1
m

RmN
1 + N log %2 −

∞∑
m=1

1
m

(
R1

%2

)mN
) ( ∞∑

m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

)

+

( ∞∑
m=1

1
m

(
%2

R2

)mN

−
∞∑

m=1

1
m

1
RmN

2

)

( ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

)}
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+
1

4π2

{ ∞∑
m=1

1
m

RmN
1

[
N log R2 −

∞∑
m=1

1
m

(
%2

R2

)mN
]

+

[
N log R2 −

∞∑
m=1

1
m

(
1

R2

)mN
][

N log %2 −
∞∑

m=1

1
m

(
R1

%2

)mN
]} ∣∣∣∣

=
1

4π2

∣∣∣∣
{

N
∞∑

m=1

1
m

RmN
1

∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)−N log R2

∞∑
m=1

1
m

RmN
1

+ N2 log %2

∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)−N2 log %2 log R2

−
∞∑

m=1

1
m

(
R1

%2

)mN ∞∑
m=1

1
m

(
%2

R2

)mN

cos(mNϑ)

+ N
∞∑

m=1

1
m

(
R1

%2

)mN

log R2

+ N
∞∑

m=1

1
m

(
%2

R2

)mN ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)

−N
∞∑

m=1

1
m

(
%2

R2

)mN

log %2

−N
∞∑

m=1

1
m

(
1

R2

)mN ∞∑
m=1

1
mN

RmN
1 cos(mNϑ)−N

∞∑
m=1

1
m

(
1

R2

)mN

log %2

+ N log R2

∞∑
m=1

1
m

RmN
1 −

∞∑
m=1

1
m

RmN
1

∞∑
m=1

1
m

(
%2

R2

)mN

+ N2 log %2 log R2 −N log R2

∞∑
m=1

1
m

(
R1

%2

)mN

−N log %2

∞∑
m=1

1
m

1
RmN

2

+
∞∑

m=1

1
m

1
RmN

2

∞∑
m=1

1
m

(
R1

%2

)mN
} ∣∣∣∣

≤
∞∑

m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

RmN
1 + N2 log %2

∞∑
m=1

(
%2

R2

)mN

+
∞∑

m=1

(
R1

%2

)mN ∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+
∞∑

m=1

(
%2

R2

)mN ∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

(
%2

R2

)mN

+
∞∑

m=1

1
RmN

2

∞∑
m=1

RmN
1 + N log %2

∞∑
m=1

1
RmN

2

+ N log R2

∞∑
m=1

RmN
1 +

∞∑
m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

1
RmN

2

+
∞∑

m=1

1
RmN

2

∞∑
m=1

(
R1

%2

)mN
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≤2RN
1 2

(
%2

R2

)N

+ N log R22RN
1 + N2 log %22

(
%2

R2

)N

+

2
(

R1

%2

)N 2
RN

2

2
(

%2

R2

)N

+ N log R22
(

R1

%2

)N

+ 4
(

%2

R2

)N

RN
1 + 2N log %2

(
%2

R2

)N

+
2

RN
2

2RN
1 + N log %2

2
RN

2

+ 2N log R2R
N
1 + 4RN

1

(
%2

R2

)N

+ 2N log R2

(
R1

%2

)N

+ 2N log R2
1

RN
2

+ 4
1

RN
2

(
R1

%2

)N

.

Therefore:

|A−B| ≤ 4σ2N + 2N log R2σ
N + 2N2 log R2σ

N + 4σ2N + 2N log R2σ
N + 4σ2N + 2N log %2σ

N

+ 4σ2N + 2N log %2σ
N + 2N log R2σ

N + 4σ2N + 2N log R2σ
N + 4N log R2σ

N + 4σ2N

≤4σN + 2N log R2σ
N + 2N2 log R2σ

N + 4σN + 2N log R2σ
N + 4σN + 2N log R2σ

N + 4σN

+ 2N log R2σ
N + 4σN + 2N log R2σ

N + 4σN + 4N log %2σ
N

≤24σN + 18N2 log R2σ
N .

Thus if log R2 > 1 we have,

|A−B|
|B| ≤24σN + 18N2 log R2σ

N

N2 log R2 log %2
≤ 24N log R2σ

N + 18N2 log R2σ
N

N2 log R2 log %2
≤ 42N2 log R2σ

N

N2 log R2 log %2

=
42σN

log %2
.

If log R2 < 1 we have:

|A−B|
|B| ≤24σN + 18N2 log R2σ

N

N2 log R2 log %2
≤ 24NσN + 18N2σN

N2 log R2 log %2
=

42σN

log R2 log %2

=
42σN

log %2 log R2
.

Case II, 0 < k ≤ N/2: From (2.29) we have:

uN =
N∑

j=1

λ11
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l2, ξj〉 −
N∑

j=1

λ21
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l2, ξj〉

−
N∑

j=1

λ12
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l1, ξj〉+
N∑

j=1

λ22
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l1, ξj〉

where

〈f1, ξj〉 =





√
N if j = k + 1

0 otherwise .
and 〈f2, ξj〉 =





√
N%k

2 if j = k + 1

0 otherwise .
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Thus

uN =
√

N

λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1

{(%k
2λ

11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 − %k

2λ
12
k+1)〈l1, ξk+1〉}.

We can therefore write

|uN − %k
2e

ikθ| = |A
B
− %k

2e
ikθ| = |A− %k

2e
ikθB|

|B| (2.52)

where

A =
√

N{(%k
2λ

11
k+1 − λ21

k+1)〈l2, ξk+1〉+ (λ22
k+1 − %k

2λ
12
k+1)〈l1, ξk+1〉}

and

B = λ11
k+1λ

22
k+1 − λ12

k+1λ
21
k+1.

Since %1 = 1, we have

λ11
k+1 =

N

4π

∞∑

m=0

{
Rk+mN

1

1
k + mN

+ RN−k+mN
1

1
N − k + mN

}

λ12
k+1 =

N

4π

∞∑

m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

λ21
k+1 =

N

4π

∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

λ22
k+1 =

N

4π

∞∑

m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}
.

From equation (2.49) we have that

B >
1
k2

Rk
1

Rk
2

(
%k
2 −

1
%k
2

)
.

On the other hand we have

|A− %k
2eikθB|

=
∣∣∣∣
√

N{(%k
2λ11

k+1 − λ21
k+1)〈l2, ξk+1〉+ (λ22

k+1 − %k
2λ12

k+1)〈l1, ξk+1〉} − %k
2eikϑ(λ11

k+1λ
22
k+1 − λ12

k+1λ
21
k+1)

∣∣∣∣
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=
N2

16π2

∣∣∣∣%k
2

∞∑
m=0

{
Rk+mN

1

k + mN
+

RN−k+mN
1

N − k + mN

}

×
∞∑

m=0

{(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

−
∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+
∞∑

m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
R1

%2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

− %k
2

∞∑
m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN
+

(
R1

%2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

− %k
2eikϑ

∞∑
m=0

{
Rk+mN

1

k + mN
+

RN−k+mN
1

N − k + mN

}

×
∞∑

m=0

{(
%2

R2

)k+mN 1
k + mN

+
(

%2

R2

)N−k+mN 1
N − k + mN

}

+ %k
2eikϑ

∞∑
m=0

{(
1

R2

)k+mN 1
k + mN

+
(

1
R2

)N−k+mN 1
N − k + mN

}

×
∞∑

m=0

{(
R1

%2

)k+mN 1
k + mN

+
(

R1

%2

)N−k+mN 1
N − k + mN

}∣∣∣∣

=
N2

16π2

∣∣∣∣%k
2

{
Rk

1

k
+

RN−k
1

N − k
+

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

}

×
{(

%2

R2

)k
eikϑ

k
+

(
%2

R2

)N−k
e−i(N−k)ϑ

N − k

+
∞∑

m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN
+

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

− %k
2

{
Rk

1

k
+

RN−k
1

N − k
+

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

}

×
{(

%2

R2

)k
eikϑ

k
+

(
%2

R2

)N−k
eikϑ

N − k

+
∞∑

m=1

(
%2

R2

)k+mN
eikϑ

k + mN
+

∞∑
m=1

(
%2

R2

)N−k+mN
eikϑ

N − k + mN

}
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+

{(
%2

R2

)k 1
k

+
(

%2

R2

)N−k 1
N − k

+
∞∑

m=1

(
%2

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
%2

R2

)N−k+mN 1
N − k + mN

}

×
{(

R1

%2

)k
eikϑ

k
+

(
R1

%2

)N−k
e−i(N−k)ϑ

N − k
+

∞∑
m=1

(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN
+

∞∑
m=1

(
R1

%2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

−
{(

%2

R2

)k
eikϑ

k
+

(
%2

R2

)N−k
e−i(N−k)ϑ

N − k
+

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

×
{(

R1

%2

)k 1
k

+
(

R1

%2

)N−k 1
N − k

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

}

+ %k
2eikϑ

{
1

kRk
2

+
1

(N − k)RN−k
2

+
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
1

R2

)N−k+mN 1
N − k + mN

}

×
{(

R1

%2

)k 1
k

+
(

R1

%2

)N−k 1
N − k

+
∞∑

m=1

(
R1

%2

)k+mN 1
k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN 1
N − k + mN

}

− %k
2

{
1

kRk
2

+
1

(N − k)RN−k
2

+
∞∑

m=1

(
1

R2

)k+mN 1
k + mN

+
∞∑

m=1

(
1

R2

)N−k+mN 1
N − k + mN

}

×
{(

R1

%2

)k
eikϑ

k
+

(
R1

%2

)N−k
e−i(N−k)ϑ

N − k
+

∞∑
m=1

(
R1

%2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

(
R1

%2

)N−k+mN
ei(N−k+mN)ϑ

N − k + mN

} ∣∣∣∣

=
N2

16π2

∣∣∣∣%k
2

{
Rk

1%N−k
2

RN−k
2

e−i(N−k)ϑ

k(N − k)
+

Rk
1

k

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
Rk

1

k

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+ %k
2

{
RN−k

1 %N−k
2

RN−k
2

e−i(N−k)ϑ

(N − k)2
+

RN−k
1

N − k

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+ %k
2

{(
%2

R2

)N−k
e−i(N−k)ϑ

N − k

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+ %k
2

{(
%2

R2

)N−k
e−i(N−k)ϑ

N − k

∞∑
m=1

RN−k+mN
1

N − k + mN
+

∞∑
m=1

RN−k+mN
1

N − k + mN

∞∑
m=1

(
%2

R2

)k+mN
ei(k+mN)ϑ

k + mN

+
∞∑

m=1

RN−k+mN
1

N − k + mN

∞∑
m=1

(
%2

R2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}
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− %k
2

{
Rk

1%N−k
2

RN−k
2

eikϑ

k(N − k)
+

Rk
1

k

∞∑
m=1

(
%2

R2

)k+mN
eikϑ

k + mN

+
Rk

1

k

∞∑
m=1

(
%2

R2

)N−k+mN
eikϑ

N − k + mN

}

− %k
2

{
RN−k

1 %N−k
2

RN−k
2

eikϑ

(N − k)2
+

RN−k
1

N − k

∞∑
m=1

(
%2

R2

)k+mN
eikϑ

k + mN

+
RN−k

1

N − k

∞∑
m=1

(
%2

R2

)N−k+mN
eikϑ

N − k + mN

}

− %k
2

{(
%2

R2

)N−k
eikϑ

N − k

∞∑
m=1

Rk+mN
1

k + mN
+

∞∑
m=1

Rk+mN
1

k + mN

∞∑
m=1

(
%2

R2

)k+mN
eikϑ

k + mN

+
∞∑

m=1

Rk+mN
1

k + mN

∞∑
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(
%2
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N − k + mN
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∞∑
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1
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∞∑
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(
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eikϑ
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+
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RN−k+mN
1
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N − k + mN

}

+
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2Rk

1
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eikϑ
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+
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2RN−k

1
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2%N−k

2

e−i(N−k)ϑ

k(N − k)
+
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%2

R2

)k 1
k

∞∑
m=1
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R1

%2
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ei(k+mN)ϑ

k + mN

+
(

%2

R2

)k 1
k

∞∑
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R1

%2

)N−k+mN
e−i(N−k+mN)ϑ

N − k + mN

}

+
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2 Rk

1

RN−k
2 %k

2

eikϑ

k(N − k)
+
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2 RN−k

1
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2 %N−k
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e−i(N−k)ϑ
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+
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+

{
Rk

1
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eikϑ

k

∞∑
m=1

(
%2

R2
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1
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2
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Case III, −N/2 ≤ k < 0:

The proof is analogous to the proof of case II in the case when the maximum is obtained on

the external circle %2. As in (2.52) we now have:
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∣∣∣∣
|B| ≤

∣∣∣∣A− 1

%
|k|
2

e−i|k|ϑB

∣∣∣∣
1
|k|2

R
|k|
1

R
|k|
2

(
%
|k|
2 − 1

%k
2

) =

∣∣∣∣A− 1

%
|k|
2

e−i|k|ϑB

∣∣∣∣
1
|k|2

R
|k|
1

R
|k|
2

β%
|k|
2

where 1 > β > 1− 1
%2

. Therefore

∣∣∣∣A− 1

%
|k|
2

e−i|k|ϑB

∣∣∣∣
|B|

≤2N2|k|2
β





30R
|k|
1 %

N−|k|
2

R
N−|k|
2 %k

2

%
|k|
2 R

|k|
1

R
|k|
2

+

29%k
2R

N−|k|
1

R
|k|
2 %

N−|k|
2

%
|k|
2 R

|k|
1

R
|k|
2

+

5%
N−|k|
2 R

|k|
1

%
|k|
2 R

N−|k|
2

%
|k|
2 R

|k|
1

R
|k|
2

+

30R
|k|
1

%
|k|
2 %

|k|
2 R

N−|k|
2

%
|k|
2 R

|k|
1

R
|k|
2

+

5R
N−|k|
1

%
|k|
2 %

N−|k|
2 R

|
2k|

%
|k|
2 R

|k|
1

R
|k|
2





=
2N2k2

β

{
30

%
N−|k|
2 R

|k|
2

%
2|k|
2 R

N−|k|
2

+ 29
R

N−|k|
1

R
|k|
1 %

N−|k|
2

+ 5
R
|k|
2 %

N−|k|
2

R
N−|k|
2 %

2|k|
2

+ 30
R
|k|
2

%
2|k|
2 %

|k|
2 R

N−|k|
2

+ 5
R

N−|k|
1

%
2|k|
2 R

|k|
1 %

N−|k|
2

}

=
2N2k2

β

{
30

%
|k|
2

(
%2

R2

)N−2|k|
+

29

%
|k|
2

(
R1

%2

)N−2|k|
+

5

%
|k|
2

(
%2

R2

)N−2|k|
+

30

%
3|k|
2

1

R
N−2|k|
2

+
5

%
3|k|
2

(
R1

R2

)N−2|k|}

≤2N2k2

β

{
30

(
%2

R2

)N−2|k|
+ 29

(
R1

%2

)N−2|k|
+ 5

(
%2

R2

)N−2|k|
+ 30

(
1

R2

)N−2|k|
+ 5

(
R1

R2

)N−2|k|}

=
2N2k2

β

{
35

(
%2

R2

)N−2|k|
+ 29

(
R1

%2

)N−2|k|
+ 30

(
1

R2

)N−2|k|
+ 5

(
R1

R2

)N−2|k|}
.

By taking σ = max
{

%2

R2
, 1

R2
, R1

%2
, R1

R2

}
= max

{
%2

R2
, R1

%2

}
< 1, we have that

∣∣∣∣A− 1

%
|k|
2

e−i|k|ϑB

∣∣∣∣
∣∣∣∣B

∣∣∣∣
≤ 198N2k2

β
σN−2|k|

where 1 > β > 1− 1
%2

.

We now find a bound for the term uN ( ; log r)− u( ; log r) :

Lemma 2.4.5. We have the following estimates:

|uN (·, log r)− u(·, log r)|∞ ≤ c

N
σN (2.53)

where c is a constant independent of N.

Proof. Case I: When the maximum is obtained on the inner circle r = %1 = 1, from expression

(2.29) we have:
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2.4. Convergence of the MFS for analytic boundary data 

uN =
N∑

j=1

λ11
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l2, ξj〉 −
N∑

j=1

λ21
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l2, ξj〉

−
N∑

j=1

λ12
j

λ11
j λ22

j − λ12
j λ21

j

〈f2, ξj〉〈l1, ξj〉+
N∑

j=1

λ22
j

λ11
j λ22

j − λ12
j λ21

j

〈f1, ξj〉〈l1, ξj〉

where

〈f1, ξj〉 = 0 and 〈f2, ξj〉 =





√
N log %2 if j = 1

0 otherwise .

Thus we have

uN =
√

N

λ11
1 λ22

1 − λ12
1 λ21

1

{log %2λ
11
1 〈l2, ξ1〉 − log %2λ

12
1 〈l1, ξ1〉},

and therefore

|uN − log %1| =
∣∣∣∣
A

B
− 0

∣∣∣∣ =
∣∣∣∣
A

B

∣∣∣∣
where

|A| = N2

4π2

∣∣∣∣ log %2

{ ∞∑

m=1

1
mN

RmN
1

( ∞∑

m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

)

−
( ∞∑

m=1

1
mN

(
1

R2

)mN

− log R2

) ∞∑

m=1

1
mN

RmN
1 cos(mNϑ)

}∣∣∣∣

=
N

4π2

∣∣∣∣ log %2

{ ∞∑

m=1

1
m

RmN
1

∞∑

m=1

1
mN

(
1

R2

)mN

cos(mNϑ)− log R2

∞∑

m=1

1
m

RmN
1

−
∞∑

m=1

1
m

RmN
1 cos(mNϑ)

∞∑

m=1

1
mN

(
1

R2

)mN

+ log R2

∞∑

m=1

1
m

RmN
1 cos(mNϑ)

} ∣∣∣∣

≤ N

4π2
log %2

{
1
N

∞∑

m=1

RmN
1

∞∑

m=1

(
1

R2

)mN

+ log R2

∞∑

m=1

RmN
1

+
1
N

∞∑

m=1

RmN
1

∞∑

m=1

(
1

R2

)mN

+ log R2

∞∑

m=1

RmN
1

}

≤ log %2

{
4RN

1

1
RN

2

+ 2N log R2R
N
1 + 4RN

1

1
RN

2

+ 2N log R2R
N
1

}

= log %2

{
8

(
R1

R2

)N

+ 4N log R2R
N
1

}

≤ log %2

{
8NRN

1 + 4N log R2R
N
1

}
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for sufficiently large N. In the case log R2 > 1, we have

|A|
|B| ≤

log %2 log R2

(
8NRN

1 + 4NRN
1

)

N2 log %2 log R2
=

12RN
1

N
,

whereas in the case log R2 < 1, we have

|A|
|B| ≤

log %2

(
8NRN

1 + 4NRN
1

)

N2 log %2 log R2
=

12RN
1

N log R2

Case II: When the maximum is obtained on the external circle r = %2 we have

|uN − log %2| =
∣∣∣∣
A

B
− log %2

∣∣∣∣ =
|A− log %2B|

|B| ,

where

|A− log %2B| = N2

4π2

∣∣∣∣ log %2λ
11
1 〈l2, ξ1〉 − log %2λ

12
1 〈l1, ξ1〉 − log %2

(
λ11

1 λ22
1 − λ12

1 λ21
1

) ∣∣∣∣

= log %2
N2

4π2

∣∣∣∣λ11
1 〈l2, ξ1〉 − λ12

1 〈l1, ξ1〉 − λ11
1 λ22

1 + λ12
1 λ21

1

∣∣∣∣

= log %2
N2

4π2

∣∣∣∣
∞∑

m=1

1
mN

RmN
1

( ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

)

−
( ∞∑

m=1

1
mN

(
1

R2

)mN

− log R2

) ( ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2

)

−
∞∑

m=1

1
mN

RmN
1

( ∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

)

+

( ∞∑
m=1

1
mN

(
1

R2

)mN

− log R2

) ( ∞∑
m=1

1
mN

(
R1

%2

)mN

− log %2

) ∣∣∣∣

= log %2
N2

4π2

∣∣∣∣
∞∑

m=1

1
mN

RmN
1

∞∑
m=1

1
mN

(
%2

R2

)mN

cos(mNϑ)− log R2

∞∑
m=1

1
mN

RmN
1

−
∞∑

m=1

1
mN

(
1

R2

)mN ∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ) + log %2

∞∑
m=1

1
mN

(
1

R2

)mN

+ log R2

∞∑
m=1

1
mN

(
R1

%2

)mN

cos(mNϑ)− log %2 log R2 −
∞∑

m=1

1
mN

RmN
1

∞∑
m=1

1
mN

(
%2

R2

)mN

+ log R2

∞∑
m=1

1
mN

RmN
1 +

∞∑
m=1

1
mN

(
1

R2

)mN ∞∑
m=1

1
mN

(
R1

%2

)mN

− log %2

∞∑
m=1

1
mN

(
1

R2

)mN

− log R2

∞∑
m=1

1
mN

(
R1

%2

)mN

+ log %2 log R2

∣∣∣∣
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≤ log %2

{ ∞∑
m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

RmN
1 +

∞∑
m=1

(
1

R2

)mN ∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

(
1

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

+
∞∑

m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

RmN
1 +

∞∑
m=1

(
1

R2

)mN ∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

(
1

R2

)mN

+N log R2

∞∑
m=1

(
R1

%2

)mN
}

=2 log %2

{ ∞∑
m=1

RmN
1

∞∑
m=1

(
%2

R2

)mN

+ N log R2

∞∑
m=1

RmN
1 +

∞∑
m=1

(
1

R2

)mN ∞∑
m=1

(
R1

%2

)mN

+ N log %2

∞∑
m=1

(
1

R2

)mN

+ N log R2

∞∑
m=1

(
R1

%2

)mN

≤2 log %2

{
4RN

1

(
%2

R2

)N

+ 2N log R2R
N
1 + 4

1
RN

2

(
R1

%2

)N

+ 2N log %2
1

RN
2

+ 2N log R2

(
R1

%2

)N
}

≤2 log %2

{
4σ2N + 2N log R2σ

N + 4σ2N + 2N log R2σ
N + 2N log R2σ

N
}

≤ log %2

{
16σN + 12N log R2σ

N
}

≤ log %2 σNN {16 + 12 log R2}

for sufficient large N.

In the case log R2 > 1, we have

|A− log %2B|
|B| ≤ 28 log %2 log R2NσN

N2 log %2 log R2
=

28σN

N
.

whereas when log R2 < 1, we have

|A− log %2B|
|B| ≤ 28 log %2NσN

N2 log %2 log R2
=

28σN

N log R2
.

We are now in a position to obtain a bound for uN (., fN )−u (., fN ) by summing the bounds

we have obtained so far.

‖uN (., fN )− u (., fN )‖∞ ≤
N
2∑

k=−N
2

+1

|µk|
∥∥∥uN

(
, rkeikϑ

)
− u

(
, rkeikϑ

)∥∥∥
∞

+

N
2∑

k=−N
2

+1,k 6=0

|νk|
∥∥∥uN

(
, r−keikϑ

)
− u

(
, r−keikϑ

)∥∥∥
∞

+ |ν0| ‖uN (·, log r)− u (·, log r)‖∞ .
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Using estimates (2.40), (2.48) and (2.53) we obtain

‖uN (., fN )− u (., fN )‖∞ ≤
N
2∑

k=−N
2

+1

Mγ
|k|
4 cN4σN−2|k| +

N
2∑

k=−N
2

+1,k 6=0

Mγ
|k|
4 cN4σN−2|k| + M

c

N
σN

≤2cMN4σN

N
2∑

k=0

(γ4

σ2

)k
≤ 4cMN4σN N

4

{
1 +

(γ4

σ2

)N
2

}

=cMN5

(
σN + γ

N
2

4

)

(2.54)

The desired bound is thus obtained as follows. We take γ = max {γ3, γ4} < 1. From the bounds

on ‖u(·;f−fN )‖∞ and ‖uN (·;fN )−u(·;fN )‖∞ given by (2.47), (2.48), (2.53) and (2.54), we

get the desired bound.

Theorem 2.4.6.

‖uN (· ; f)− u (· ; f)‖∞ ≤ CMN5
(
σN + γN/2

)
. (2.55)

2.5 Numerical results

We considered the following numerical examples corresponding to the Dirichlet problem (2.1)

in the annulus defined by %1 = 1, %2 = 2.

The maximum relative error in these examples was calculated on a uniform grid of m points

on the boundary (since all the functions involved are harmonic and the maximum principle

applies) defined by

(%1 cosϑj , %1 sinϑj), ϑj =
2π(j − 1)

m
, j = 1, ...,m

(%2 cosϑj , %2 sinϑj), ϑj =
2π(j − 1)

m
, j = 1, ...,m

The parameter m is taken to be equal to 500.

Example 1. Problem corresponding to the exact solution u = ex cos y. We varied the angle

of α and examined how this affected the accuracy of the solution for various values of N for
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2.5. Numerical results 

different ε = %1 − R1 = R2 − %2 (Figures 2.1, 2.2). We also varied the radii R1 and R2 of

the inner and external circle and examined how this affected the accuracy of the solution for

various values of N (Figure 2.7). In addition, we varied the radius R2 of the external circle and

examined how this affected the accuracy of the solution for various values of N (Figure 2.10).

Example 2. Problem corresponding to the exact solution u =
x

x2 + y2
. We varied the angle α

and examined how this affected the accuracy of the solution for various values of N for different

ε = %1 −R1 = R2 − %2 (Figures 2.3, 2.4). We also varied the radii R1 and R2 of the inner and

external circle and examined how this affected the accuracy of the solution for various values

of N (Figure 2.8).

Example 3. Problem corresponding to the exact solution u = x2 − y2. We varied the angle

of α and examined how this affected the accuracy of the solution for various values of N for

different ε = %1 − R1 = R2 − %2 (Figures 2.5, 2.6). We also varied the radii R1 and R2 of

the inner and external circle and examined how this affected the accuracy of the solution for

various values of N (Figure 2.9).

The numerical results indicate that for small ε the accuracy of the solution is dependent on

the angular parameter α. As ε grows this dependence disappears. Further, the accuracy for a

certain range of values of ε reaches an optimal value for α = 0.25 . This phenomenon was also

been observed in [67, 68] and is valid for all the examples considered in this chapter (Figures

2.1-2.6). Also, we observed that as ε increases for α = 0 , the accuracy of the method improves

(Figures 2.7-2.9) according to the theoretical predictions developed in this study. However, for

larger values of ε the accuracy deteriorates due to ill-conditioning. This is more evident in

Figure 2.10, when we kept the inner pseudoboundary fixed and equal to 0.5 and increased only

the outer pseudoboundary.

From Figures 2.7, 2.8 and 2.9 it is evident that as R1 decreases, R2 increases and N increases

the MFS solution converges exponentially fast to the exact solution for all the test problems.

The same phenomenon can be observed for Figure 2.10, where R1 is fixed and R2 increases.

However in all cases, there is a deterioration of accuracy for large values of R2 and N due to

ill-conditioning.
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Note

We have also considered the case when the two pseudoboundaries are rotated independently.

In particular, we take the coordinates of the points Qj = (xQj , yQj ) on the internal pseudo–

boundary to be

xQj = R1 cos
2(j − 1 + α1)π

N
, yQj = R1 sin

2(j − 1 + α1)π
N

, j = 1, . . . , N

and the coordinates of the points QN+j = (xQN+j
, yQN+j

) on the external pseudo–boundary to

be

xQN+j
= R2 cos

2(j − 1 + α2)π
N

, yQN+j
= R2 sin

2(j − 1 + α2)π
N

, j = 1, . . . , N .

The independent rotation produced little difference in the numerical results.

2.6 Conclusions

In this study we examine the application of the MFS to harmonic problems in annular domains

subject to Dirichlet boundary conditions. The properties of the coefficient matrix are investi-

gated, and an efficient algorithm for the numerical solution of the problem is proposed. It is

shown that, for analytic boundary data, the MFS approximation converges exponentially to

the exact solution. The results of the current investigation can be also applied to other second

order elliptic operators such as the Helmholtz operator for problems in annular domains. Fur-

ther, the application of the algorithm proposed in this chapter to the biharmonic equation in

angular domains is being examined. The extension of the ideas developed in this study to the

solution of harmonic and biharmonic problems in shell type axisymmetric domains (see [70]),

is currently under investigation.The
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s T
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Figure 2.1: Log–plot of error versus angular parameter α for ε = 10−4, 10−3, 10−2 in Example

1 for different values of N
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Figure 2.2: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2 in Example 1 for

different values of N
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Figure 2.3: Log–plot of error versus angular parameter α for ε = 10−4, 10−3, 10−2 in Example

2 for different values of N
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Figure 2.4: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2 in Example 2 for
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Chapter 3

A Matrix Decomposition MFS

Algorithm for Biharmonic Problems

in Annular Domains

3.1 Introduction

The Method of Fundamental Solutions (MFS) is a meshless technique for the numerical solution

of certain elliptic boundary value problems. It is applicable when the fundamental solution of

the elliptic operator in question is known. In the MFS, singularities of the fundamental solution,

are avoided by the introduction of a fictitious boundary exterior to the problem geometry (the

pseudo–boundary). Thus the approximate solution satisfies the underlying partial differential

equation. Since the method was first introduced by Kupradze and Aleksidze [49] in 1964, and

was first proposed as a numerical technique by Mathon and Johnston [59] in 1977, it has been

applied to a wide variety of physical problems. In recent years, this technique has become very

popular because of its simplicity and ease of implementation. Details concerning the various

aspects and applications of the MFS can be found in the recent survey papers [18, 19, 26].

There are two different formulations of the MFS. In one, the singularities are fixed, whereas in

the other they are determined as part of the solution of the discrete problem. The latter, which

results in a nonlinear least–squares problem, was used for the solution of biharmonic problems

in [38, 39, 40]. The MFS with fixed singularities, which results in a linear system, was used for
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 Chapter 3. Matrix Decomposition MFS Algorithm

the solution of biharmonic problems in circular domains in [71]. This version of the MFS was

also used for the solution of three–dimensional biharmonic problems in axisymmetric domains

in [20]. In this study, we shall be using the MFS with fixed singularities for the solution of

biharmonic problems in annular domains. We shall be extending the ideas used in [71] as

well as those of chapter 2, where the MFS was used for the solution of harmonic problems in

annular domains. A variant of the MFS involving Green’s functions was applied to the solution

of harmonic problems in annular domains in [42].

3.2 MFS formulation

We consider the boundary value problem




∆2u = 0 in Ω,

u = f1 and
∂u

∂n
= g1 on ∂Ω1 ,

u = f2 and
∂u

∂n
= g2 on ∂Ω2 ,

(3.1)

where the domain Ω is the annulus

Ω =
{
x ∈ R2 : %1 < |x| < %2

}
, (3.2)

∆ denotes the Laplace operator and f1, f2, g1 and g2 are given functions. The boundary of Ω

is ∂Ω = ∂Ω1 ∪ ∂Ω2 where ∂Ω1 and ∂Ω2 are the circles with radii %1 and %2, respectively.

In the MFS, the solution u is approximated by (see [18, 68])

uN (µ,ν,Q ;P ) =
2N∑

j=1

{
µj k1(P,Qj) + νj k2(P, Qj)

}
, P ∈Ω, (3.3)

where µ = (µ1, . . . , µ2N )T, ν = (ν1, ν2, . . . , ν2N )T and Q is a 4N−vector containing the

coordinates of the singularities Qj , j = 1, . . . , 2N , which lie outside Ω. The function k1(P, Q)

is a fundamental solution of Laplace’s equation given by

k1(P, Q) = − 1
2π

log |P −Q|, (3.4)
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3.2. MFS formulation 

and the function k2(P,Q) is a fundamental solution of the biharmonic equation given by

k2(P, Q) = − 1
8π
|P −Q|2 log |P −Q|. (3.5)

The singularities Qj are fixed on the pseudo–boundary ∂Ω̃ = ∂Ω̃1 ∪ ∂Ω̃2 of an annulus Ω̃

concentric to Ω and defined by

Ω̃ = {x ∈ R2 : R1 < |x| < R2},

where R2 > %2 > %1 > R1 . The boundary of Ω̃ comprises ∂Ω̃1 and ∂Ω̃2, the circles with radii

R1 and R2, respectively. A set of collocation points {Pi}2N
i=1 is placed on ∂Ω. If Pi = (xPi , yPi),

then we take

xPi = %1 cos
2(i− 1)π

N
, yPi = %1 sin

2(i− 1)π
N

, (3.6)

and

xPN+i
= %2 cos

2(i− 1)π
N

, yPN+i
= %2 sin

2(i− 1)π
N

, (3.7)

where i = 1, . . . , N.

If Qj = (xQj , yQj ), then

xQj = R1 cos
2(j−1+α)π

N
, yQj = R1 sin

2(j−1+α)π
N

, j = 1, . . . , N, (3.8)

and

xQN+j
= R2 cos

2(j−1+α)π
N

, yQN+j
= R2 sin

2(j−1+α)π
N

, (3.9)

where j = 1, . . . , N . The presence of the angular parameter α ∈ [−1
2 , 1

2 ] indicates that the

sources are rotated by an angle 2πα
N with respect to the boundary points. This rotation is

known to improve the accuracy of the approximation significantly when the pseudo–boundary

is very close to the boundary. (See [67, 69]).

The vectors of coefficients µ and ν are determined so that the boundary conditions are satisfied

at the collocation points {Pi}2N
i=1 :

uN (µ,ν,Q;Pi) = f1(Pi),
∂uN

∂n
(µ,ν,Q;Pi) = g1(Pi), i = 1, . . . , N, (3.10)

and

uN (µ,ν, Q;PN+i) = f2(PN+i),
∂uN

∂n
(µ,ν, Q; PN+i) = g2(PN+i), i = 1, . . . , N. (3.11)
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 Chapter 3. Matrix Decomposition MFS Algorithm

This yields a linear system of the form




A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44







s1

s2

t1

t2




=




f1

f2

g1

g2




, (3.12)

where

s1 = (µ1, µ2, . . . , µN )T , s2 = (µN+1, µN+2, . . . , µ2N )T ,

t1 = (ν1, ν2, . . . , νN )T , t2 = (νN+1, νN+2, . . . , ν2N )T .

The elements of the matrices Amn, m, n = 1, · · · , 4 are given by

(A11)i,j = − 1
2π

log |Pi −Qj |,

(A12)i,j = − 1
2π

log |Pi −QN+j |,

(A13)i,j = − 1
8π
|Pi −Qj |2 log |Pi −Qj |,

(A14)i,j = − 1
8π
|Pi −QN+j |2 log |Pi −QN+j |,

(A21)i,j = − 1
2π

log |PN+i −Qj |,

(A22)i,j = − 1
2π

log |PN+i −QN+j |,

(A23)i,j = − 1
8π
|PN+i −Qj |2 log |PN+i −Qj |,

(A24)i,j = − 1
8π
|PN+i −QN+j |2 log |PN+i −QN+j |,

(A31)i,j = − 1
2π

(
xPi − xQj

|Pi −Qj |2 nx +
yPi − yQj

|Pi −Qj |2 ny

)
,

(A32)i,j = − 1
2π

(
xPi − xQN+j

|Pi −QN+j |2 nx +
yPi − yQN+j

|Pi −QN+j |2 ny

)
,

(A33)i,j = − 1
8π

[1 + 2 log |Pi −Qj |]
(
(xPi − xQj )nx + (yPi − yQj )ny

)
,

(A34)i,j = − 1
8π

[1 + 2 log |Pi −QN+j |]
(
(xPi − xQN+j

)nx + (yPi − yQN+j
)ny

)
,

(A41)i,j = − 1
2π

(
xPN+i

− xQj

|PN+i −Qj |2 nx +
yPN+i

− yQj

|PN+i −Qj |2 ny

)
,
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3.3. Matrix decomposition algorithm 

(A42)i,j = − 1
2π

(
xPN+i

− xQN+j

|PN+i −QN+j |2 nx +
yPN+i

− yQN+j

|PN+i −QN+j |2 ny

)
,

(A43)i,j = − 1
8π

[1 + 2 log |PN+i −Qj |]
(
(xPN+i

− xQj )nx + (yPN+i
− yQj )ny

)
,

(A44)i,j = − 1
8π

[1 + 2 log |PN+i −QN+j |]
(
(xPN+i

− xQN+j
)nx + (yPN+i

− yQN+j
)ny

)
,

for i, j = 1, . . . , N , where nx and ny denote the components of the outward normal vector n

to ∂Ω in the x and y directions, respectively.

The matrices Amn, m, n = 1, · · · , 4 are circulant1.

3.3 Matrix decomposition algorithm

The system (3.12) can be written as

(I4 ⊗ U)




A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44




(I4 ⊗ U∗) (I4 ⊗ U)




s1

s2

t1

t2




= (I4 ⊗ U)




f1

f2

g1

g2




, (3.14)

where

I4 =




1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1




1 A square matrix A is circulant (see [15]) if it has the form

A =

0
BBBBBB@

a1 a2 · · · aN

aN a1 · · · aN−1

...
...

...

a2 a3 · · · a1

1
CCCCCCA

. (3.13)

This means that the elements of each row are same as the elements of the previous row but moved one position

to the right. The first element of each row is the same as the the last element of the previous row. The circulant

matrix A in (3.13) is usually denoted by A = circ(a1, a2, . . . , aN ).
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 Chapter 3. Matrix Decomposition MFS Algorithm

and ⊗ denotes the matrix tensor product. The above system can be written as




UA11U
∗ UA12U

∗ UA13U
∗ UA14U

∗

UA21U
∗ UA22U

∗ UA23U
∗ UA24U

∗

UA31U
∗ UA32U

∗ UA33U
∗ UA34U

∗

UA41U
∗ UA42U

∗ UA43U
∗ UA44U

∗







Us1

Us2

Ut1

Ut2




=




Uf1

Uf2

Ug1

Ug2




(3.15)

or




D11 D12 D13 D14

D21 D22 D23 D24

D31 D32 D33 D34

D41 D42 D43 D44







ŝ1

ŝ2

t̂1

t̂2




=




f̂1

f̂2

ĝ1

ĝ2




, (3.16)

where

ŝ1 = Us1, ŝ2 = Us2, t̂1 = Ut1, t̂2 = Ut2,

f̂1 = Uf1, f̂2 = Uf2, ĝ1 = Ug1, ĝ2 = Ug2,

and

Dmn = diag
(
λmn

1 , . . . , λmn
N

)
, m, n = 1, · · · , 4,

are diagonal matrices whose diagonal elements are the eigenvalues of the matrices Amn, m,n =

1, · · · , 4, respectively.

The solution of system (3.16) can be decomposed into the solution of the N independent 4× 4

systems 


λ11
i λ12

i λ13
i λ14

i

λ21
i λ22

i λ23
i λ24

i

λ31
i λ32

i λ33
i λ34

i

λ41
i λ42

i λ43
i λ44

i







ŝ1
i

ŝ2
i

t̂1i

t̂2i




=




f̂1
i

f̂2
i

ĝ1
i

ĝ2
i




, i = 1, 2, · · ·N. (3.17)

Having obtained ŝ1, ŝ2 and t̂1, t̂2, we can find s1, s2 and t1, t2, (and hence µ,ν) from

s1 = U∗ŝ1, s2 = U∗ŝ2, t1 = U∗t̂1, t2 = U∗t̂2.

We thus have the following matrix decomposition algorithm for solving (3.12):
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3.4. Numerical results 

Description of the algorithm

Step 1: Compute f̂1 = Uf1, f̂2 = Uf2 and ĝ1 = Ug1, ĝ2 = Ug2.

Step 2: Construct the diagonal matrices Dmn, m, n = 1, . . . , 4.

Step 3: Evaluate ŝ1, ŝ2 and t̂1, t̂2 by solving N 4× 4 complex systems.

Step 4: Compute s1 = U∗ŝ1, s2 = U∗ŝ2 and t1 = U∗t̂1, t2 = U∗t̂2.

Analysis of the cost

(i) In Step 1 and Step 4, because of the form of the matrices U and U∗, the operations can

be carried out via Fast Fourier Transforms (FFTs) at a cost of O(N log N) operations.

(ii) FFTs can also be used for the evaluation of the diagonal matrices in Step 2.

(iii) The FFT operations are performed using the NAG ([61]) routines C06FPF, C06FQF and

C06FRF.

(iv) In Step 3, we need to solve N complex linear systems of order 4. This is done at a cost

of O(N) operations using the NAG ([61]) routine F04ADF.

Note. A similar algorithm can also be applied in the case of different combinations of boundary

conditions associated with the biharmonic equation.

3.4 Numerical results

We considered the following numerical examples corresponding to the Dirichlet problem (3.1)

in the annulus defined by %1 = 1 and %2 = 2:

Example 1. Problem corresponding to the exact solution

u = x4 − y4.
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 Chapter 3. Matrix Decomposition MFS Algorithm

Example 2. In this case we consider a test example from [50], where in polar coordinates

f(θ) = −1
4 and g(θ) = −1

2(1 + cos θ), which corresponds to the exact solution

u(r, θ) =
1
4
(1− r2)(1 + r cos θ)− 1

4
.

Example 3. Problem corresponding to the exact solution

u = (x2 + y2) ex cos y +
x

x2 + y2
.

Example 4. Problem corresponding to the exact solution

u = (x2 + y2)
{
(x + iy)3 + (x− iy)3

}
+

{
(x + iy)5 + (x− iy)5

}
.

The maximum relative error in these examples was calculated on a grid of m2 points on the

annulus defined by

(ri cosϑj , ri sinϑj), ri = %1 +
i− 1
m− 1

(%2 − %1), and ϑj =
2π(j − 1)

m
,

where i, j = 1, . . . , m. The parameter m was taken to be equal to 21.

In Figures 3.1–3.4, we varied the angular parameter α and examined how this affected the

accuracy of the solution for various values of N for different ε = %1 − R1 = R2 − %2. The

numerical results indicate that for small ε, the accuracy of the solution is dependent on the

angular parameter α. As ε grows this dependence disappears. Further, for a certain range of

values of ε, the approximate solution is most accurate for α ≈ 1
4 . This phenomenon was also

observed in [67, 68] and is valid for all the examples considered in this chapter. (See Figures

3.1–3.4).

We also varied the radii R1 and R2 which define the circles of the pseudo–boundary for α = 0

and examined how this affected the accuracy of the solution for various values of N . In this

case, we observed that as ε increases, the accuracy of the method improves. See Figures 3.5-3.8.

Similar results were observed for α 6= 0.

Finally, we varied the radius R2 of the external circle of the pseudo–boundary keeping R1

fixed and equal to 1/2. We examined how this affected the accuracy of the approximation

of the solution for various values of N . The results of Figures 3.9–3.12 indicate that as R2
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increases the accuracy improves. However, for larger values of ε the accuracy deteriorates.

This phenomenon is due to ill-conditioning and has been repeatedly reported in the literature

[44, 45, 65, 67, 68]. In particular, as the radius R2 of the external circle of the pseudo–boundary

increases, the values of the eigenvalues of the submatrices Amn, m,n = 1, . . . , 4, range from

O(1) to O
(
( %2

R2
)N/2

)
. (See [69].) Such small values cannot be captured numerically and this

leads to ill–conditioning of the submatrices and hence of the global matrix in the linear system

(3.12). The consequences of this ill–conditioning can be observed from Figures 3.9–3.12, where

the error increases for large values of R and in some cases it is even impossible to solve the

linear systems.

3.5 Conclusions

In this work, we develop an efficient algorithm for the solution of biharmonic problems in

annular domains. This algorithm is based on a matrix decomposition formulation and exploits

the circulant nature of the matrices involved by employing FFTs. The numerical results indicate

that the accuracy of the solution is affected by the angle by which the singularities are rotated

with respect to the boundary points and by the distance of the pseudo–boundary from the

boundary of the annulus.

The ideas developed in this study could also be applied to different elliptic equations, such as

the Helmholtz equation. Also, this algorithm can be applied to three–dimensional problems.

In particular, one could extend the ideas of this work to axisymmetric multiply connected

shell–type biharmonic problems, in the spirit of the work of [20, 70].
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Figure 3.1: Log–plot of error versus angular parameter α for ε in Example 1 for different values

of N .
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Figure 3.2: Log–plot of error versus angular parameter α for ε in Example 2 for different values

of N .
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Figure 3.3: Log–plot of error versus angular parameter α for ε in Example 3 for different values

of N .
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Chapter 4

A matrix decomposition MFS

algorithm for problems in hollow

axisymmetric domains

4.1 Introduction

In this chapter, we investigate the application of the Method of Fundamental Solutions (MFS)

to certain axisymmetric harmonic and biharmonic problems. In particular, we consider the

MFS with fixed singularities for harmonic and biharmonic problems in axisymmetric hollow

domains. In this work, we extend the ideas developed in [70], where the MFS is applied to

harmonic problems in axisymmetric simply-connected domains, and [20], where the MFS is

applied to the corresponding biharmonic problems. In the problems examined in this study,

the MFS discretization leads to linear systems the coefficient matrices of which have block

circulant structures. Matrix decomposition algorithms are developed for the efficient solution

of these systems. These algorithms also make use of fast Fourier transforms (FFT).

Comprehensive reviews of the recent developments and applications of the MFS and related

methods may be found in the survey papers [13, 18, 19, 26]. Also, the books [16, 25, 46] provide

useful information concerning various implementational and theoretical aspects of the MFS.

The chapter is organized as follows. In Section 4.2, we present the MFS formulation and

the matrix decomposition algorithm for the harmonic case. The corresponding formulation
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and algorithm for the biharmonic case are presented in Section 4.3. In Section 4.4 we describe

various axisymmetric solids we consider. Numerical results are presented in Section 4.5. Finally,

in Section 4.6, we give some concluding remarks.

4.2 The harmonic case

4.2.1 MFS formulation

We consider the three-dimensional boundary value problem




∆u = 0 in Ω,

u = f on ∂Ω1,

u = g on ∂Ω2,

where ∆ denotes the Laplace operator and f is a given function. The region Ω ∈ R3 is

axisymmetric, which means that it is formed by rotating a region Ω′ ∈ R2 about the z−axis.

The boundary of Ω is ∂Ω = ∂Ω1∪∂Ω2 and the boundary of Ω′ is defined by the two boundary

segments ∂Ω′1 and ∂Ω′2, which generate ∂Ω1 and ∂Ω2, respectively.

In the MFS [18, 71], the solution u is approximated by

uMN (c,d, R, S; P ) =
M∑

m=1

N∑

n=1

cm,n k1(P,Rm,n) +
M∑

m=1

N∑

n=1

dm,n k1(P, Sm,n), P ∈Ω,

where c = (c11, c12, . . . , c1N , . . . , cM1, . . . , cMN )T , d = (d11, d12, . . . , d1N , . . . , dM1, . . . , dMN )T

and R, S are 3MN−vectors containing the coordinates of the singularities (sources) Rm,n,

Sm,n, m = 1, . . . , M , n = 1, . . . , N , which lie outside Ω. The function k1(P, R) is the funda-

mental solution of Laplace’s equation in R3 given by

k1(P, R) =
1

4π |P−R| ,

with |P −R| denoting the distance between the points P and R. The singularities Rm,n, Sm,n

are fixed on the boundary ∂Ω̃ = ∂Ω̃1∪∂Ω̃2 of a solid Ω̃ surrounding Ω. The solid Ω̃ is generated

by the rotation of the planar domain Ω̃′ which is similar to Ω′ . Clearly ∂Ω̃1 and ∂Ω̃2 are similar

to ∂Ω1 and ∂Ω2, respectively. Also, the boundary of Ω̃′ is defined by the segments ∂Ω̃′1 and

∂Ω̃′2, which generate ∂Ω̃1 and ∂Ω̃2, respectively. A set of MN collocation points {Pi,j}M,N
i=1,j=1 is

chosen on ∂Ω1 and a set of MN collocation points {Qi,j}M,N
i=1,j=1 is chosen on ∂Ω2 in the following
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4.2. The harmonic case 

way: We first choose N points {Pj}N
j=1 on the boundary segment ∂Ω′1 and N points {Qj}N

j=1 on

∂Ω′2. These can be described by their polar coordinates (rPj , zPj ), (rQj , zQj ), j = 1, . . . , N ,

where rPj , rQj denotes the vertical distance of the points Pj , Qj from the z−axis and zPj , zQj

denotes the z−coordinate of the points Pj , Qj respectively. The points on ∂Ω1 are taken to be

xPi,j = rPj cosϕi, yPi,j = rPj sinϕi, zPi,j = zPj ,

and the points on ∂Ω2 are

xQi,j = rQj cosϕi, yQi,j = rQj sinϕi, zQi,j = zQj ,

where ϕi = 2(i − 1)π/M, i = 1, . . . , M . Similarly, we choose a set of MN singularities

{Rm,n}M,N
m=1,n=1 on ∂Ω̃1 and a set of MN singularities {Sm,n}M,N

m=1,n=1 on ∂Ω̃2 by taking Rm,n =

(xRm,n , yRm,n , zRm,n), Sm,n = (xSm,n , ySm,n , zSm,n), and

xRm,n = rRn cosψm, yQm,n = rRn sinψm, zRm,n = zRn ,

xSm,n = rSn cosψm, ySm,n = rSn sinψm, zSm,n = zSn ,

where ψi = 2(α + i − 1)π/M, i = 1, . . . ,M . The parameter α ∈ [−1/2, 1/2] describes the

rotation of the singularities in the azimuthal direction. The N points Rj are chosen on ∂Ω̃′1

whereas the N points Sj are chosen on ∂Ω̃′2.

In the MFS, the coefficients c are determined so that the boundary condition is satisfied at the

boundary points {Pi,j}M,N
i=1,j=1, {Qi,j}M,N

i=1,j=1:

uMN (c, d, R, S;Pi,j) = f1(Pi,j), uMN (c,d, R, S; Qi,j) = f2(Pi,j),

i = 1, . . . , M, j = 1, . . . , N. This yields an 2MN × 2MN linear system of the form


 A B

C D





 c

d


 =


 f

g


 , (4.1)

where the matrices A, B, C and D are block circulant [15] MN ×MN matrices, that is

A = circ(A1, A2, . . . , AN ), B = circ(B1, B2, . . . , BN ),

C = circ(C1, C2, . . . , CN ), D = circ(D1, D2, . . . , DN ).
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The matrices A`, B`, C`, D`, ` = 1, . . . , M , are N ×N matrices defined by

(A`)j,n =
1

4π |P1,j −R`,n| , (B`)j,n =
1

4π |P1,j − S`,n| ,

(C`)j,n =
1

4π |Q1,j −R`,n| , (D`)j,n =
1

4π |Q1,j − S`,n| ,

` = 1, . . . , M j, n = 1, . . . , N. The system (4.1) can therefore be written as

( M∑

`=1

P`−1 ⊗A`

)
c +

( M∑

`=1

P`−1 ⊗B`

)
d = f ,

( M∑

`=1

P`−1 ⊗ C`

)
c +

( M∑

`=1

P`−1 ⊗D`

)
d = g,

where the matrix P is the M ×M permutation matrix P = circ (0, 1, 0, . . . , 0) and ⊗ denotes

the matrix tensor product1.

4.2.2 Matrix decomposition algorithm

In the case we are examining, a Matrix Decomposition Algorithm [8] involves the reduction

of the 2MN×2MN system (4.1) to M decoupled 2N × 2N systems. This is achieved by

exploiting the block circulant structure of the matrices A, B, C and D. Let U be the unitary

1The tensor (or Kronecker) product of the m× n matrix V and the `× k matrix W is the m `× n k matrix

V ⊗W =

0
BBBBBB@

v11 W v12 W · · · v1n W

v21 W v22 W · · · v2n W

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

vm1 W vm2 W · · · vmn W

1
CCCCCCA

.

Basic properties:

(i) V ⊗ (W ⊗ Z) = (V ⊗W )⊗ Z,

(ii) (V1 ⊗W1) (V2 ⊗W2) = (V1V2)⊗ (W1W2),

(iii) V ⊗ (W + Z) = V ⊗W + V ⊗ Z, (V + W )⊗ Z = V ⊗ Z + V ⊗ Z.

A comprehensive list of properties of the tensor product can be found in [15, pp. 22–23] or [58, pp. 597–598].

The
od

oro
s T

sa
ng

ari
s



4.2. The harmonic case 

M×M Fourier matrix (i.e., UU∗ = IM ) which is the conjugate of the matrix
(
see [15, 67]

)

U∗ =
1

M1/2




1 1 1 · · · 1

1 ω ω2 · · · ωM−1

1 ω2 ω4 · · · ω2(M−1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1 ωM−1 ω2(M−1) · · · ω(M−1)(M−1)




, (4.2)

where ω = e2πi/M . Clearly, pre–multiplication of a vector x by U (respectively, U∗) yields the

Discrete Fourier Transform (DFT ) of x (respespectively, Inverse Discrete Fourier Transform

(IDFT ) of x).

It is well–known [15] that circulant matrices are diagonalized in the following way. If

C = circ
(
c1, . . . , cM

)
,

then C = U∗DU, where D = diag(ĉ1, . . . , ĉM ) , and

ĉj =
M∑

k=1

ck ω(k−1)(j−1).

In particular, the permutation matrix P = circ(0, 1, 0, . . . , 0) is diagonalized as P = U∗TU,

where

T = diag
(
1, ω, ω2, . . . , ωM−1

)
. (4.3)

Next we simplify system (4.1). Let


 Ã B̃

C̃ D̃


 =


 U ⊗ IN 0

0 U ⊗ IN





 A B

C D





 U∗ ⊗ IN 0

0 U∗ ⊗ IN


 ,

and

 c̃

d̃


 =


 U ⊗ IN 0

0 U ⊗ IN





 c

d


 ,


 f̃

g̃


 =


 U ⊗ IN 0

0 U ⊗ IN





 f

g


 .

Then, after pre–multiplication by I2 ⊗ U ⊗ IN , (4.1) becomes


 Ã B̃

C̃ D̃





 c̃

d̃


 =


 f̃

g̃


 . (4.4)
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Since

A =
M∑

k=1

Pk−1 ⊗Ak,

then

Ã = (U ⊗ IN )
( M∑

k=1

Pk−1 ⊗Ak

)
(U∗ ⊗ IN ) =

M∑

k=1

(
U Pk−1 U∗)⊗Ak =

M∑

k=1

T k−1 ⊗Ak,

and similarly

B̃ =
M∑

k=1

T k−1 ⊗Bk, C̃ =
M∑

k=1

T k−1 ⊗ Ck and D̃ =
M∑

k=1

T k−1 ⊗Dk.

Thus system (4.4) becomes




M∑

k=1

T k−1 ⊗Ak

M∑

k=1

T k−1 ⊗Bk

M∑

k=1

T k−1 ⊗ Ck

M∑

k=1

T k−1 ⊗Dk





 c̃

d̃


 =


 f̃

g̃


 . (4.5)

The solution of system (4.5) can therefore be decomposed into the solution of the M independent

2N × 2N systems

Gm


 c̃m

d̃m


 =


 f̃m

g̃m


 , m = 1, . . . , M, (4.6)

where f̃m =
(
f̃m,1, . . . , f̃m,N

)T , g̃m =
(
g̃m,1, . . . , g̃m,N

)T ,

Gm =


 Âm B̂m

Ĉm D̂m


, (4.7)

and

Âm =
M∑

j=1

ω(m−1)(j−1) Aj , B̂m =
M∑

j=1

ω(m−1)(j−1) Bj ,

Ĉm =
M∑

j=1

ω(m−1)(j−1) Cj , D̂m =
M∑

j=1

ω(m−1)(j−1) Dj ,

(4.8)

m = 1, . . . , M . We thus have the following efficient algorithm for the solution of system (4.5).
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Algorithm

Step 1. Compute f̃ = (U ⊗ IN ) f, g̃ = (U ⊗ IN ) g.

Step 2. Construct the matrices Gm, m = 1, . . . ,M .

Step 3. Solve the M systems (4.6).

Step 4. Compute c = (U∗ ⊗ IN ) c̃, d = (U∗ ⊗ IN ) d̃.

Remarks

(i) In Step 1, because of the form of the matrix U , the operation is equivalent to performing

N FFTs of dimension M . This can done at a cost of O(NM log M) operations via

an appropriate FFT algorithm. Similarly, in Step 4, because of the form of the matrix

U∗, the operation can be carried out via inverse FFTs at a cost of order O(NM log M)

operations.

(ii) In Step 2 we need to perform an M−dimensional inverse FFT, in order to compute the

entries of the matrices Âj , B̂j , Ĉj , D̂j , j = 1, . . . , M , from (4.8). This can be done at a

cost of O(N2M log M) operations.

(iii) In Step 3, we need to solve M complex linear systems of order N . This is done using an

LU−factorization with partial pivoting at a cost of O(MN3) operations.

(iv) The FFT and inverse FFT operations are performed using the NAG2 routines C06EAF,

C06FPF, C06FQF and C06FRF.

2Numerical Algorithms Group Library Mark 20, NAG Ltd, Wilkinson House, Jordan Hill Road, Oxford, UK,

2001.
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4.3 The biharmonic case

4.3.1 MFS formulation

We now consider the three–dimensional boundary value problem





∆2u = 0 in Ω,

u = f1 and
∂u

∂n
= g1 on ∂Ω1 ,

u = f2 and
∂u

∂n
= g2 on ∂Ω2.

(4.9)

The region Ω ∈ R3 is axisymmetric and, as in the harmonic case, formed by rotating a region

Ω′ ∈ R2 about the z−axis. We keep the same notation as in the harmonic case for the

boundaries of Ω and Ω′.

In the MFS [18, 20], the solution u is approximated by

uMN (c1, c2, d1, d2, R, S; P ) =
M∑

m=1

N∑

n=1

c1
m,n k1(P,Rm,n) +

M∑

m=1

N∑

n=1

c2
m,n k2(P, Rm,n)

+
M∑

m=1

N∑

n=1

d1
m,n k1(P, Sm,n) +

M∑

m=1

N∑

n=1

d2
m,n k2(P, Sm,n), P ∈Ω,

(4.10)

where c1 = (c1
11, c

1
12, . . . , c

1
1N , . . . , c1

M1, . . . , c
1
MN )T , c2 = (c2

11, c
2
12, . . . , c

2
1N , . . . , c2

M1, . . . , c
2
MN )T ,

d1 = (d1
11, d

1
12, . . . , d

1
1N , . . . , d1

M1, . . . , d
1
MN )T , d2 = (d2

11, d
2
12, . . . , d

2
1N , . . . , d2

M1, . . . , d
2
MN )T , and

R, S are 3MN−vectors containing the coordinates of the singularities Rm,n, Sm,n, m =

1, . . . , M, n = 1, . . . , N , which lie outside Ω. The function k2(P, S) is the fundamental so-

lution of the the biharmonic equation in R3 given by

k2(P, R) =
1

8π
|P −R|.

The 2MN collocation points {Pi,j}M,N
i=1,j=1, {Qi,j}M,N

i=1,j=1 and the 2MN singularities {Pm,n}M,N
m=1,n=1,

{Qm,n}M,N
m=1,n=1 are chosen in exactly the same way as in the harmonic case.

The coefficients c1, c2, d1 and d2 are determined so that the boundary conditions are satisfied
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4.3. The biharmonic case 

at the boundary points {Pi,j}M,N
i=1,j=1, {Qi,j}M,N

i=1,j=1:

uMN (c1, c2, d1,d2, R,S;Pi,j) = f1(Pi,j), uMN (c1, c2,d1, d2,R, S; Qi,j) = f2(Pi,j),

∂

∂n
uMN (c1, c2, d1, d2, R,S;Pi,j) = g1(Pi,j),

∂

∂n
uMN (c1, c2, d1, d2, R, S; Qi,j) = g2(Pi,j),

(4.11)

i = 1, . . . , M, j = 1, . . . , N . This yields an 4MN × 4MN linear system of the form




A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44







c1

c2

d1

d2




=




f1

f2

g1

g2




, (4.12)

where the matrices Ars, r, s = 1, 2, 3, 4 are block circulant MN ×MN matrices, that is

Ars = circ
(
Ars

1 , Ars
2 , . . . , Ars

M

)
, r, s = 1, 2, 3, 4.

The matrices Ars, r, s = 1, 2, 3, 4, can be written as

Ars =
(IM⊗Ars

1 +P⊗Ars
2 +P2⊗Ars

3 +· · ·+PM−1⊗Ars
M

)
.

For ` = 1, . . . , M the N ×N submatrices Ars
` =

(
(Ars

` )j,n

)
, are defined by

(
A11

`

)
j,n

=
1
4π

1
|P1,j −R`,n| ,

(
A12

`

)
j,n

=
1
4π

1
|P1,j − S`,n| ,

(
A13

`

)
j,n

=
1
8π
|P1,j −R`,n|,

(
A14

`

)
j,n

=
1
8π
|P1,j − S`,n|,

(
A21

`

)
j,n

=
1
4π

1
|Q1,j −R`,n| ,

(
A22

`

)
j,n

=
1
4π

1
|Q1,j − S`,n| ,

(
A23

`

)
j,n

=
1
8π
|Q1,j −R`,n|,

(
A24

`

)
j,n

=
1
8π
|Q1,j − S`,n|,
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(
A31

`

)
j,n

=
1
4π

∂

∂n

[
1

|P1,j −R`,n|
]

= − 1
4π

[
(xP1,j− xR`,n

)
|P1,j −R`,n|3 nx +

(yP1,j− yR`,n
)

|P1,j −R`,n|3 ny +
(zP1,j− zR`,n

)
|P1,j −R`,n|3 nz

]
,

(
A32

`

)
j,n

=
1
4π

∂

∂n

[
1

|P1,j − S`,n|
]

= − 1
4π

[
(xP1,j− xS`,n

)
|P1,j − S`,n|3 nx +

(yP1,j− yS`,n
)

|P1,j − S`,n|3 ny +
(zP1,j− zS`,n

)
|P1,j − S`,n|3 nz

]
,

(
A33

`

)
j,n

=
1
8π

∂

∂n
|P1,j −R`,n|

=
1
8π

[
(xP1,j− xR`,n

)
|P1,j −R`,n| nx+

(yP1,j− yR`,n
)

|P1,j −R`,n| ny+
(zP1,j− zR`,n

)
|P1,j −R`,n| nz

]
,

(
A34

`

)
j,n

=
1
8π

∂

∂n
|P1,j − S`,n|

=
1
8π

[
(xP1,j− xS`,n

)
|P1,j − S`,n| nx+

(yP1,j− yS`,n
)

|P1,j − S`,n| ny+
(zP1,j− zS`,n

)
|P1,j − S`,n| nz

]
,

(
A41

`

)
j,n

=
1
4π

∂

∂n

1
|Q1,j −R`,n|

= − 1
4π

[
(xQ1,j− xR`,n

)
|Q1,j −R`,n|3

nx +
(yQ1,j− yR`,n

)
|Q1,j −R`,n|3

ny +
(zQ1,j− zR`,n

)
|Q1,j −R`,n|3

nz

]
,

(
A42

`

)
j,n

=
1
4π

∂

∂n

1
|Q1,j − S`,n|

= − 1
4π

[
(xQ1,j− xS`,n

)
|Q1,j − S`,n|3

nx +
(yQ1,j− yS`,n

)
|Q1,j − S`,n|3

ny +
(zQ1,j− zS`,n

)
|Q1,j − S`,n|3

nz

]
,

(
A43

`

)
j,n

=
1
8π

∂

∂n
|Q1,j −R`,n|

=
1
8π

[
(xQ1,j− xR`,n

)
|Q1,j −R`,n| nx+

(yQ1,j− yR`,n
)

|Q1,j −R`,n| ny+
(zQ1,j− zR`,n

)
|Q1,j −R`,n| nz

]
,

(
A44

`

)
j,n

=
1
8π

∂

∂n
|Q1,j − S`,n|

=
1
8π

[
(xQ1,j− xS`,n

)
|Q1,j − S`,n| nx+

(yQ1,j− yS`,n
)

|Q1,j − S`,n| ny+
(zQ1,j− zS`,n

)
|Q1,j − S`,n| nz

]
,
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4.3. The biharmonic case 

where nx, ny and nz denote the components of the outward normal vector to ∂Ω in the x, y

and z directions, respectively, at the points P1,j , Q1,j .

4.3.2 Matrix decomposition algorithm

In this case, a Matrix Decomposition Algorithm involves the reduction of the 4MN × 4MN

system (4.12) to M decoupled 4N × 4N systems.

Let us denote by H the 4MN × 4MN matrix

H =




A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44




=
M∑

k=1




Pk−1 ⊗A11
k Pk−1 ⊗A12

k Pk−1 ⊗A13
k Pk−1 ⊗A14

k

Pk−1 ⊗A21
k Pk−1 ⊗A22

k Pk−1 ⊗A23
k Pk−1 ⊗A24

k

Pk−1 ⊗A31
k Pk−1 ⊗A32

k Pk−1 ⊗A33
k Pk−1 ⊗A34

k

Pk−1 ⊗A41
k Pk−1 ⊗A42

k Pk−1 ⊗A43
k Pk−1 ⊗A44

k




.

Clearly,

(U ⊗ IN ) (Pk−1 ⊗Ars
k ) (U∗ ⊗ IN ) = (UPk−1U∗)⊗Ars

k = T k−1 ⊗Ars
k ,

for k = 1, . . . ,M and r, s = 1, 2, 3, 4. Pre–multiplication of system (4.12) by I4⊗U ⊗IN yields

(I4 ⊗ U ⊗ IN ) H (I4 ⊗ U∗ ⊗ IN ) (I4 ⊗ U ⊗ IN ) s = (I4 ⊗ U ⊗ IN ) t, (4.13)

where s = [c1|c2|d1|d2]T , t = [f1|f2|g1|g2]T , since (U∗ ⊗ IN )(U ⊗ IN ) = IMN .

The system (4.13) can be written alternatively

Ĥ ŝ = t̂, (4.14)
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 Chapter 4. MFS for problems in hollow axisymmetric domains

where

ŝ = (I4 ⊗ U ⊗ IN ) s =




(U ⊗ IN ) c1

(U ⊗ IN ) c2

(U ⊗ IN ) d1

(U ⊗ IN ) d2




=




c̃1

c̃2

d̃1

d̃2




,

t̂ = (I4 ⊗ U ⊗ IN ) t =




(U ⊗ IN ) f1

(U ⊗ IN ) f2

(U ⊗ IN ) g1

(U ⊗ IN ) g2




=




f̃1

f̃2

g̃1

g̃2




and

Ĥ = (I4 ⊗ U ⊗ IN ) H (I4 ⊗ U∗ ⊗ IN )

=
M∑

k=1

(I4 ⊗ U ⊗ IN )




Pk−1 ⊗A11
k Pk−1 ⊗A12

k Pk−1 ⊗A13
k Pk−1 ⊗A14

k

Pk−1 ⊗A21
k Pk−1 ⊗A22

k Pk−1 ⊗A23
k Pk−1 ⊗A24

k

Pk−1 ⊗A31
k Pk−1 ⊗A32

k Pk−1 ⊗A33
k Pk−1 ⊗A34

k

Pk−1 ⊗A41
k Pk−1 ⊗A42

k Pk−1 ⊗A43
k Pk−1 ⊗A44

k




(I4 ⊗ U∗ ⊗ IN )

=
M∑

k=1




T k−1 ⊗A11
k T k−1 ⊗A12

k T k−1 ⊗A13
k T k−1 ⊗A14

k

T k−1 ⊗A21
k T k−1 ⊗A22

k T k−1 ⊗A23
k T k−1 ⊗A24

k

T k−1 ⊗A31
k T k−1 ⊗A32

k T k−1 ⊗A33
k T k−1 ⊗A34

k

T k−1 ⊗A41
k T k−1 ⊗A42

k T k−1 ⊗A43
k T k−1 ⊗A44

k




,

where T is given by (4.3). Therefore, (4.14) becomes

M∑

k=1




T k−1 ⊗A11
k T k−1 ⊗A12

k T k−1 ⊗A13
k T k−1 ⊗A14

k

T k−1 ⊗A21
k T k−1 ⊗A22

k T k−1 ⊗A23
k T k−1 ⊗A24

k

T k−1 ⊗A31
k T k−1 ⊗A32

k T k−1 ⊗A33
k T k−1 ⊗A34

k

T k−1 ⊗A41
k T k−1 ⊗A42

k T k−1 ⊗A43
k T k−1 ⊗A44

k







c̃1

c̃2

d̃1

d̃2




=




f̃1

f̃2

g̃1

g̃2




. (4.15)

The solution of system (4.15) can therefore be decomposed into the solution of the M inde-
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4.3. The biharmonic case 

pendent 4N × 4N systems

Hm




c̃m
1

c̃m
2

d̃
m
1

d̃
m
2




=




f̃
m
1

f̃
m
2

g̃m
1

g̃m
2




, m = 1, . . . , M, (4.16)

where

Hm =




Â11
j Â12

m Â13
m Â14

m

Â21
m Â22

m Â23
m Â24

m

Â31
m Â32

m Â33
m Â34

m

Â41
m Â42

m Â43
m Â44

m




,

and

Âk`
m =

M∑

j=1

ω(m−1)(j−1) Ak`
j , (4.17)

k, ` = 1, 2, 3, 4, m = 1, . . . , M . We thus have the following efficient algorithm

Algorithm

Step 1. Compute f̃1 = (U ⊗ IN ) f1, f̃2 = (U ⊗ IN ) f2, g̃1 = (U ⊗ IN ) g1, g̃2 = (U ⊗
IN ) g2.

Step 2. Construct the matrices Hm m = 1, . . . , M .

Step 3. Solve (4.16).

Step 4. Compute c1 = (U∗ ⊗ IN ) c̃1, c2 = (U∗ ⊗ IN ) c̃2, d1 = (U∗ ⊗ IN ) d̃1, d2 =

(U∗ ⊗ IN ) d̃2.

Remarks

(i) In Step 1, because of the form of the matrix U , the operation is equivalent to performing

N FFTs of dimension M . This can done at a cost of O(NM log M) operations via
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 Chapter 4. MFS for problems in hollow axisymmetric domains

an appropriate FFT algorithm. Similarly, in Step 4, because of the form of the matrix

U∗, the operation can be carried out via inverse FFTs at a cost of order O(NM log M)

operations.

(ii) In Step 2, we need to perform an M−dimensional inverse FFT, in order to compute the

entries of the matrices Ârs
k , r, s = 1, 2, 3, 4, k = 1, . . . ,M, from (4.17). This can be done

at a cost of O(N2M log M) operations.

(iii) In Step 3, we need to solve M complex linear systems of order N . This is done using an

LU−factorization with partial pivoting at a cost of O(M N3) operations.

(iv) The FFT and inverse FFT operations are performed using the NAG routines C06EAF,

C06FPF, C06FQF and C06FRF.

4.4 Examples of axisymmetric solids

Case I: Thick spherical shell

We first consider the case where the domain Ω ⊂ R3 is the 3-dimensional domain defined by

Ω = {x ∈ R3 : %1 < |x| < %2}. (4.18)

In this case, the 2MN singularities Rm,n and Sm,n are fixed on the boundary ∂Ω̃ = ∂Ω̃1 ∪ ∂Ω̃2

of the 3−dimensional domain defined by Ω̃ = {x ∈ R3 : R1 < |x| < R2} where R1 < %1 < %2 <

R2. A set of M N collocation points {Pi,j}M,N
i=1,j=1 is chosen on the boundary ∂Ω1 of Ω (i.e. the

surface of a sphere of radius %1) and a set of M N collocation points {Qi,j}M,N
i=1,j=1 is chosen on

the boundary ∂Ω2 (i.e. the surface of a sphere of radius %2) so that if Pi,j = (xPi,j , yPi,j , zPi,j )

and Qi,j = (xQi,j , yQi,j , zQi,j ), then

xPi,j = %1 sinϑj cosϕi, yPi,j = %1 sinϑj sinϕi, zPi,j = %1 cosϑj ,

xQi,j = %2 sinϑj cosϕi, yQi,j = %2 sinϑj sinϕi, zQi,j = %2 cosϑj ,

where ϕi = 2(i − 1)π/M, i = 1, . . . ,M and ϑj = j π/(N + 1), j = 1, . . . , N . Note that we

avoid the points corresponding to ϑj = 0 and ϑj = π as these remain invariant under rotation

in the ϕ−direction and hence lead to singular matrices.
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4.4. Examples of axisymmetric solids 

Similarly, we choose a set of M N singularities {Ri,j}M,N
i=1,j=1 on ∂Ω̃1 (i.e., the surface of a

sphere of radius R1) and a set of M N singularities {Si,j}M,N
i=1,j=1 on ∂Ω̃2 (i.e., the surface of a

sphere of radius R2), by taking Ri,j = (xRi,j , yRi,j , zRi,j ), Si,j = (xSi,j , ySi,j , zSi,j ), with

xRi,j = R1 sinϑj cosψi, yRi,j = R1 sinϑj sinψi, zRi,j = R1 cosϑj ,

xSi,j = R2 sinϑj cosψi, ySi,j = R2 sinϑj sinψi, zSi,j = R2 cosϑj ,

where ψi =
2(α + i− 1)π

M
, i = 1, . . . , M , 0 ≤ α < 1.

Case II: Sphere with interior cylinder removed

We next consider the domain Ω ⊂ R3 defined by

Ω =
{
x ∈ R3 : |x| < %2

}
r

{
(x, y, z) ∈ R3 : x2 + y2 < %2

1, −h < z < h
}
, %1, h < %2.

In this case a set of MN collocation points {Pi,j}M,N
i=1,j=1 is chosen on the boundary ∂Ω1 of Ω

(i.e., the surface of a cylinder of radius %1 and height h) and a set of M N collocation points

{Qi,j}M,N
i=1,j=1 is chosen on the boundary ∂Ω2 (i.e., the surface of a sphere of radius %2) so that

if Pi,j = (xPi,j , yPi,j , zPi,j ) and Qi,j = (xQi,j , yQi,j , zQi,j ), then

xPi,j = rPj cosϕi, yPi,j = rPj sinϕi, zPi,j = zPj ,

xQi,j = %2 sinϑj cosϕi, yQi,j = %2 sinϑj sinϕi, zQi,j = %2 cosϑj ,

where ϕi = 2(i − 1)π/M, i = 1, . . . , M and ϑj = jπ/(N + 1), j = 1, . . . , N . The polar

coordinates
(
rPj , zPj

)
, j = 1, . . . , N, represent N points on the boundary of the rectangle

(0, %1)× (−h, h).

Similarly, we choose a set of M N singularities {Ri,j}M,N
i=1,j=1 on ∂Ω̃1 (i.e., the surface of a

cylinder of radius R1 and height 2H) and a set of M N singularities {Si,j}M,N
i=1,j=1 on ∂Ω̃2 (i.e. the

surface of a sphere of radius R2), by taking Ri,j = (xRi,j , yRi,j , zRi,j ), Si,j = (xSi,j , ySi,j , zSi,j ),

with

xRi,j = r̃Rj cosψi, yRi,j = r̃Rj sinψi, zRi,j = z̃Rj ,

xSi,j = R2 sinϑj cosψi, ySi,j = R2 sinϑj sinψi, zSi,j = R2 cosϑj ,

where ψi = 2(α + i − 1)π/M, i = 1, . . . , M . The polar coordinates (r̃Qj , z̃Qj ), j = 1, . . . , N

describe N points on the boundary of the rectangle (0, R1)× (−H, H) with R1 < %1 < %2 < R2

and H < h.
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 Chapter 4. MFS for problems in hollow axisymmetric domains

Case III: Cylinder with interior sphere removed

We next consider the following domain

Ω =
{
(x, y, z) ∈ R3 : x2 + y2 < %2

2, −h < z < h
}
r

{
x ∈ R3 : |x| < %1

}
, %1 < h, %2. (4.19)

In this case a set of M N collocation points {Pi,j}M,N
i=1,j=1 is chosen on the boundary ∂Ω1 of Ω

(i.e. the surface of a sphere of radius %1) and a set of M N collocation points {Qi,j}M,N
i=1,j=1 is

chosen on the boundary ∂Ω2 (i.e. the surface of a cylinder of radius %2 and height h) so that

if Pi,j = (xPi,j , yPi,j , zPi,j ) and Qi,j = (xQi,j , yQi,j , zQi,j ), then

xPi,j = %1 sinϑj cosϕi, yPi,j = %1 sinϑj sinϕi, zPi,j = %1 cosϑj ,

xQi,j = rQj cosϕi, yPi,j = rQj sinϕi, zQi,j = zQj ,

where ϕi = 2(i − 1)π/M, i = 1, . . . , M and ϑj = j π/(N + 1), j = 1, . . . , N . The polar

coordinates (rQj , zQj ), j = 1, . . . , N, represent N points on the boundary of the rectangle

(0, %2)× (−h, h).

Similarly, we choose a set of M N singularities {Ri,j}M,N
i=1,j=1 on ∂Ω̃1 (i.e. the surface of a sphere

of radius R1) and a set of M N singularities {Si,j}M,N
i=1,j=1 on ∂Ω̃2 (i.e. the surface of a cylinder

of radius R2 and height 2H), by taking Ri,j = (xRi,j , yRi,j , zRi,j ), Si,j = (xSi,j , ySi,j , zSi,j ), with

xRi,j = R1 sinϑj cosψi, yRi,j = R1 sinϑj sinψi, zRi,j = R1 cosϑj ,

xSi,j = r̃Sj cosψi, ySi,j = r̃Sj sinψi, zSi,j = z̃Sj ,

where ψi = 2(α + i − 1)π/M, i = 1, . . . , M . The polar coordinates (r̃Sj , z̃Sj ), j = 1, . . . , N,

describe N points on the boundary of the rectangle (0, R2)×(−H, H) with R1 < %1 < %2 < R2

and H > h.

Case IV: Torus with interior torus removed

We finally consider the case where the domain Ω ⊂ R3 is defined by

Ω =
{

(x1, x2, x3) ∈ R3 : %2
1 <

(√
x2 + y2 − %3

)2 + z2 < %2
2

}
, (4.20)

%1 < %2 < %3, where its boundary ∂Ω = ∂Ω1
⋃

∂Ω2 can be described by the parametric

equations

x1 = %3 cosϕ + %1 cosϕ cosϑ, y1 = %3 sinϕ + %1 sinϕ cosϑ, z1 = %1 sinϑ,

x2 = %3 cosϕ + %2 cosϕ cosϑ, y2 = %3 sinϕ + %2 sinϕ cosϑ, z2 = %2 sinϑ,
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4.5. Numerical results 

where 0 ≤ ϕ ≤ 2π, 0 ≤ ϑ ≤ 2π with (x1, y1, z1) ∈ ∂Ω1 and (x2, y2, z2) ∈ ∂Ω2.

We choose a set of M N collocation points {Pi,j}M,N
i=1,j=1 on the boundary ∂Ω1 of Ω (i.e. the

surface of a torus with radii %1, %3) and a set of M N collocation points {Qi,j}M,N
i=1,j=1 on the

boundary ∂Ω2 (i.e. the surface of a torus with radii %2, %3) so that if Pi,j = (xPi,j , yPi,j , zPi,j )

and Qi,j = (xQi,j , yQi,j , zQi,j ), then

xPm,n = %3 cosϕn + %1 cosϕn cosϑm, yPm,n = %3 sinϕn + %1 sinϕn cosϑm, zPm,n = %1 sinϑm,

xQm,n = %3 cosϕn + %2 cosϕn cosϑm, yQm,n = %3 sinϕn + %2 sinϕn cosϑm, zQm,n = %2 sinϑm,

where ϑm = 2(m − 1)π/N, m = 1, . . . , M and ϕn = 2(n − 1)π/N, n = 1, . . . , N. Similarly,

we choose a set of M N singularities {Ri,j}M,N
i=1,j=1 on ∂Ω̃1 (i.e. the surface of a torus with radii

R1, %3) and a set of M N singularities {Si,j}M,N
i=1,j=1 on ∂Ω̃2 (i.e. the surface of a torus with

radii R2, %3), by taking Ri,j = (xRi,j , yRi,j , zRi,j ), Si,j = (xSi,j , ySi,j , zSi,j ), where

xRm,n = R3 cosψn + R1 cosψn cosϑm, yRm,n =R3 sinψn + R1 sinψn cosϑm, zRm,n = R1 sinϑm,

xSm,n = R3 cosψn + R2 cosψn cosϑm, ySm,n = R3 sinψn + R2 sinψn cosϑm, zSm,n = R2 sinϑm,

where ψn = 2(α + n− 1)π/N, n = 1, . . . , N with 0 ≤ α < 1.

4.5 Numerical results

The algorithms described in Sections 4.2.2 and 4.3.2 were tested in regions defined by the solids

described in Section 4.4, for harmonic and biharmonic problems, respectively.

4.5.1 Harmonic case

In particular, for harmonic problems we considered two examples with boundary conditions

corresponding to the exact solutions:

Example (a) u = cosh(0.3x) cosh(0.4y) cos(0.5z)

Example (b) u = x2 − 2y2 + z2

In the description of the numerical results we shall be referring to, say, Example (b) in the

solid described in Case III, as Example 3b.

The
od

oro
s T

sa
ng

ari
s



 Chapter 4. MFS for problems in hollow axisymmetric domains

In these examples, the maximum relative error was calculated on a uniform grid on the bound-

ary (since all the functions involved are harmonic and the maximum principle applies). In the

cases of the spherical shell (Case I) and the toroidal domain (Case IV) the maximum relative

error was calculated at 2× 23× 23 points on the boundary, whereas in the Cases II and III the

maximum relative error was calculated at 2× 20× 20 points on the corresponding boundaries.

Case I

We considered Examples (a) and (b) in a thick spherical shell with %1 = 1, %2 = 2. We varied the

angular parameter α and examined how this affected the accuracy of the MFS approximation

for various values of N and for different ε = %1 −R1 = R2 − %2 (Figures 4.1, 4.2 for Examples

(a) and (b), respectively). Because of the symmetry of the problem about α = 1/2, we

only considered 0 ≤ α ≤ 1/2. We present six cases for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95 for

N(= M) = 8, 12, 16, 24, 32, 48 and 64. From these results we see that for the smaller values

of ε the error appears to have a minimum value for α ≈ 1/4. This is consistent with the

observations reported in [20, 71]. We also varied the radius R2 of the external sphere when

α = 0, while keeping R1 fixed and equal to 0.5, and examined how this affected the accuracy

of the approximation for different values of N (Figures 4.9, 4.10, for Examples (a) and (b),

respectively). As can be seen from the figures, the error decreases exponentially as we increase

R2 up to a certain point, beyond which it starts increasing again. This is due to the ill-

conditioning of the corresponding matrices for large R2 (and large N) and was also reported

in [20, 71]. In addition, we varied both radii R1 and R2 (of the inner and external spheres,

respectively) simultaneously and examined how this affected the accuracy of the approximation

for various N (Figures 4.17, 4.18, for Examples (a) and (b), respectively). The conclusions we

draw from these figures are very similar to the ones drawn from Figures 4.9, 4.10, namely that

the error decreases up to a certain value of ε, beyond which it starts increasing.

Case II

We considered Examples (a) and (b) in a sphere with an interior cylinder removed with h =

2, %1 = 1 and %2 = 2. We varied α and examined how this affected the accuracy of the MFS

approximation for different N and for different ε = h−H = %1−R1 = R2−%2 (Figures 4.3, 4.4

for Examples (a) and (b), respectively). We present the cases ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95 for

The
od

oro
s T

sa
ng

ari
s



4.5. Numerical results 

N(= M) = 8, 12, 16, 24, 32, 48 and 64. In this geometry no minima appear, even for small values

of ε. In Figures 4.11 and 4.12, we varied the radius R2 of the external sphere, while keeping

both H and R1 fixed and equal to 0.5, for various values of N . The results are consistent with

the results observed in Case I. The same conclusions can be drawn from Figures 4.19, 4.20

where we varied both R2 and H(R1).

Case III

We considered Examples (a) and (b) in a cylinder with an interior sphere removed with

%1 = 1 and h = 4, %2 = 2. When we varied α for ε = H − h = R2 − %2 = %1 − R1 =

0.05, 0.1, 0.2, 0.5, 0.8, 0.95, in Figures 4.5 and 4.6, as in Case I, we observed that, for the

smaller values of ε, the error has a minimum for α ≈ 1/4. In Figures 4.13, 4.14 we varied

R2 while while keeping both H and R1 fixed and equal to 0.5, and in Figures 4.21, 4.22 we

varied both H and R2. The results are consistent with the previous cases, namely that the

error decreases exponentially up to a certain point after which starts increasing.

Case IV

We considered Examples (a) and (b) in a torus with an interior torus removed with %1 = 1,

%2 = 2 and %3 = 5. In Figures 4.7 and 4.8, we varied α and examined how this affected the

accuracy of the approximation for various values of N and for different ε = %1−R1 = R2− %2.

We present the cases ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95 for N(= M) = 8, 12, 16, 24, 32, 48 and 64.

As in previous cases, we see that for the smaller values of ε the error appears to have a minimum

value for α ≈ 1/4. In Figures 4.15 and 4.16 we varied R2, while keeping R1 fixed and equal

to 0.5 and in Figures 4.23 and 4.24 we varied both R1 and R2. In all these cases we observed

that as ε increased the accuracy improved until a certain point beyond which it deteriorated.

4.5.2 Biharmonic case

For biharmonic problems we considered two examples with boundary conditions corresponding

to the exact solutions:

Example (c) u = (x2 + y2 + z2) cosh(0.3x) cosh(0.4y) cos(0.5z)

Example (d) u = x4 − 2y4 + z4
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In the description of the numerical results we shall be referring to, say, Example (c) in the solid

described in Case III, as Example 3c.

In these examples, the maximum relative error was calculated on a uniform grid in the interior

of the domain. In the cases of the spherical shell (Case I) and the toroidal domain (Case IV)

the maximum relative error was calculated at 20×23×23 interior points, whereas in the Cases

II and III the maximum relative error was calculated at 20× 20× 20 interior points.

Case I

We considered Examples (c) and (d) in a thick spherical shell with %1 = 1, %2 = 2. We

varied α and examined how this affected the accuracy of the MFS approximation for various

values of N and for different ε = %1 − R1 = R2 − %2 (Figures 4.25, 4.26 for Examples (a)

and (b), respectively). We present six cases ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95 for N(= M) =

8, 12, 16, 24, 32, 48 and 64, and, as in the harmonic case, for certain values of ε there appears

to be a minimum at α ≈ 1/4. We also varied the radius R2 of the external sphere when

α = 0, while keeping R1 fixed and equal to 0.5 (Figures 4.33, 4.34 for Examples (c) and (d),

respectively). As in the harmonic case, the error decreases exponentially as we increase R2 up

to a certain point, beyond which it starts increasing again, due to the ill-conditioning of the

corresponding matrices. We also varied both R1 and R2 simultaneously (Figures 4.41, 4.42 for

Examples (c) and (d), respectively) and as observed in Figures 4.33, 4.34 the error decreases

up to a certain value of ε beyond which it starts increasing.

Case II

We considered Examples (c) and (d) in a sphere with an interior cylinder removed with h =

2, %1 = 1 and %2 = 2. We varied α for various values of N and for different ε = h − H =

%1 − R1 = R2 − %2 (Figures 4.27, 4.28 for Examples (c) and (d), respectively). We present

the cases ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95 for N(= M) = 8, 12, 16, 24, 32, 48 and 64. As was

observed in the harmonic case, there is no indication of a minimum for this geometry, even for

small values of ε. In Figures 4.35 and 4.36, we varied the radius R2 of the external sphere,

while keeping both H and R1 fixed and equal to 0.5, for various values of N . The results were

consistent with the results observed in Case I. The same conclusions can be drawn from Figures

4.43, 4.44 where we varied both R2 and H(R1).
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Case III

We considered Examples (c) and (d) in a cylinder with an interior sphere removed with %1 = 1

and h = 4, %2 = 2. In Figures 4.29 and 4.30 we present the variation of α for ε = H − h =

R2 − %2 = %1 − R1 = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95. Unlike the corresponding geometry in the

harmonic case, no minima were observed for the values of ε we considered. In Figures 4.37,

4.38 we varied R2 while while keeping both H and R1 fixed and equal to 0.5, and in Figures

4.45, 4.46 we varied both H and R2. The results are consistent with the previous cases, namely

that the error decreases exponentially up to a certain point after which starts increasing.

Case IV

We considered Examples (c) and (d) in a torus with an interior torus removed with %1 = 1,

%2 = 2 and %3 = 5. In Figures 4.31 and 4.32, we varied α and examined how this affected

the accuracy of the MFS approximation for N(= M) = 8, 12, 16, 24, 32, 48, 64 and for different

ε = %1 − R1 = R2 − %2 = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95. For certain values of ε and N there is a

minimum at α ≈ 1/4. In Figures 4.39 and 4.40 we varied R2, while keeping R1 fixed and equal

to 0.5 and in Figures 4.47 and 4.48 we varied both R1 and R2. In all these cases we observed

that as ε increased the accuracy improved until a certain point beyond which it deteriorated.

4.6 Conclusions

In this chapter we propose efficient MFS algorithms for the solution of harmonic and bihar-

monic problems in hollow axisymmetric domains. These algorithms, which rely on matrix

decomposition techniques with the use of FFTs, can also be applied to hollow axisymmet-

ric problems governed by other differential equations such as the Helmholtz equation and the

Cauchy–Navier equations of elasticity. Further, other boundary method discretizations also

lead to the block circulant structures of the matrices arising in the problems examined in this

study. The algorithms proposed in this work could thus be employed in conjunction with other

boundary methods, such as the Boundary Element Method.
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Figure 4.1: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 1a for different values of N .
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Figure 4.2: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 1b for different values of N .
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Figure 4.3: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 2a for different values of N .
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Figure 4.4: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 2b for different values of N .
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Figure 4.5: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 3a for different values of N .
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Figure 4.6: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 3b for different values of N .
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Figure 4.7: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 4a for different values of N .
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Figure 4.8: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 4b for different values of N .
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Figure 4.9: Log–log plot of maximum relative error versus ε in Example 1a.
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Figure 4.10: Log–log plot of maximum relative error versus ε in Example 1b.
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Figure 4.11: Log–log plot of maximum relative error versus ε in Example 2a.
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Figure 4.12: Log–log plot of maximum relative error versus ε in Example 2b.
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Figure 4.13: Log–log plot of maximum relative error versus ε in Example 3a.
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Figure 4.14: Log–log plot of maximum relative error versus ε in Example 3b.
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Figure 4.15: Log–log plot of maximum relative error versus ε in Example 4a.
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Figure 4.16: Log–log plot of maximum relative error versus ε in Example 4b.
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Figure 4.17: Log–log plot of maximum relative error versus ε in Example 1a.
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Figure 4.18: Log–log plot of maximum relative error versus ε in Example 1b.
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Figure 4.19: Log–log plot of maximum relative error versus ε in Example 2a.
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Figure 4.20: Log–log plot of maximum relative error versus ε in Example 2b.
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Figure 4.21: Log–log plot of maximum relative error versus ε in Example 3a.
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Figure 4.22: Log–log plot of maximum relative error versus ε in Example 3b.
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Figure 4.23: Log–log plot of maximum relative error versus ε in Example 4a.
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Figure 4.24: Log–log plot of maximum relative error versus ε in Example 4b.
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Figure 4.25: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 1c for different values of N .
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Figure 4.26: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 1d for different values of N .

The
od

oro
s T

sa
ng

ari
s



4.6. Conclusions 

0 0.1 0.2 0.3 0.4 0.5
10

−4

10
0

10
7

ε = 0.05

E
rr

or

Angle α

N=8
N=12
N=16
N=24
N=32
N=48
N=64

0 0.1 0.2 0.3 0.4 0.5
10

−3

10
0

10
7

ε = 0.1

Angle α
0 0.1 0.2 0.3 0.4 0.5

10
−4

10
0

10
7

ε = 0.2

Angle α

0 0.1 0.2 0.3 0.4 0.5
10

−10

10
−5

10
0

10
7

ε = 0.5

E
rr

or

Angle α
0 0.1 0.2 0.3 0.4 0.5

10
−15

10
−10

10
−5

10
2

ε = 0.8

Angle α
0 0.1 0.2 0.3 0.4 0.5

10
−15

10
−10

10
−5

10
2

ε = 0.95

Angle α

Figure 4.27: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 2c for different values of N .
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Figure 4.28: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 2d for different values of N .
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Figure 4.29: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 3c for different values of N .
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Figure 4.30: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 3d for different values of N .
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Figure 4.31: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 4c for different values of N .
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Figure 4.32: Log–plot of error versus angular parameter α for ε = 0.05, 0.1, 0.2, 0.5, 0.8, 0.95

in Example 4d for different values of N .
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Figure 4.33: Log–log plot of maximum relative error versus ε in Example 1c.
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Figure 4.34: Log–log plot of maximum relative error versus ε in Example 1d.
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Figure 4.35: Log–log plot of maximum relative error versus ε in Example 2c.
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Figure 4.36: Log–log plot of maximum relative error versus ε in Example 2d.
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Figure 4.37: Log–log plot of maximum relative error versus ε in Example 3c.
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Figure 4.38: Log–log plot of maximum relative error versus ε in Example 3d.
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Figure 4.39: Log–log plot of maximum relative error versus ε in Example 4c.
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Figure 4.40: Log–log plot of maximum relative error versus ε in Example 4d.
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Figure 4.41: Log–log plot of maximum relative error versus ε in Example 1c.
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Figure 4.42: Log–log plot of maximum relative error versus ε in Example 1d.
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Figure 4.43: Log–log plot of maximum relative error versus ε in Example 2c.
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Figure 4.44: Log–log plot of maximum relative error versus ε in Example 2d.
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Figure 4.45: Log–log plot of maximum relative error versus ε in Example 3c.
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Figure 4.46: Log–log plot of maximum relative error versus ε in Example 3d.
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Figure 4.47: Log–log plot of maximum relative error versus ε in Example 4c.
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Figure 4.48: Log–log plot of maximum relative error versus ε in Example 4d.
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Chapter 5

Conclusions

Our main goal in this thesis is to investigate the application of the MFS to certain problems

in rotationally symmetric domains. In particular, we study the application of the MFS to

certain harmonic and biharmonic problems in annular domains (Chapters 2 and 3) and to

hollow axisymmetric domains (Chapter 4).

In the first chapter we apply the MFS to harmonic problems in annular domains subject

to Dirichlet boundary conditions. This application is studied from both a theoretical and an

implementational standpoint. The properties of the coefficient matrix are investigated in detail,

and an efficient algorithm for the numerical solution of the problem is proposed. Subsequently,

it is shown that, for analytic boundary data, the MFS approximation converges exponentially

to the exact solution.

The second chapter is devoted to the development of an efficient algorithm for the solution

of biharmonic problems in annular domains. This algorithm is an extension of the algorithm

developed in the first chapter for harmonic problems and is based on a matrix decomposition

formulation which exploits the circulant nature of the matrices involved by employing FFTs.

The numerical results indicate that, as was the case with harmonic problems, the accuracy of

the solution is affected by (i) the angle by which the singularities are rotated with respect to

the boundary points and (ii) the distance of the pseudo–boundary from the boundary of the

annulus.

In the third chapter we propose efficient MFS algorithms for the solution of harmonic and

biharmonic problems in hollow axisymmetric domains. In particular, we consider the MFS for
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 Chapter 5. Conclusions-Future work

the solution of harmonic and biharmonic problems in axisymmetric hollow domains. We extend

the ideas developed in [70], where the MFS is applied to harmonic problems in axisymmetric

simply-connected domains, and [20], where the MFS is applied to the corresponding biharmonic

problems. The MFS discretization leads to linear systems the coefficient matrices of which have

block circulant structures. Matrix decomposition algorithms are developed for the efficient

solution of these systems. These algorithms also make use of FFTs.

In all the examples we considered in this thesis, in both two and three dimansions, we observed

the following phenomenon: When the distance of the pseudo–boundary from the boundary of

the domain under consideration is small, the accuracy of the solution is affected by the angle by

which the singularities are rotated with respect to the boundary points. Further, there appears

to be optimal value for this angle. This has not been explained theoretically yet and could be

an interesting question to investigate.

In the axisymmetric problems we considered, the way in which we distributed the boundary

points and the singularities may not be optimal from a conditioning standpoint. For instance,

in the case of the sphere we have a condensation of points in the north and south poles, while

the distribution is much sparser elsewhere. A systematic way of developing a more uniform

distribution of boundary points and the effect of this on the conditioning of the MFS matrices

could be studied further.

The algorithms developed in this thesis could be extended to the solution of two and three-

dimensional axisymmetric problems governed by the Helmholtz equation and the Cauchy-

Navier equations of elasticity.

The block circulant structure of the coefficient matrices arising in the approximation of func-

tions in two–dimensions using radial basis functions can be exploited in a way analogous to

the methods described in this thesis. This has been the subject of [37] where similar matrix

decomposition algorithms were developed. The (non-trivial) extension of such algorithms to

the approximation of functions in three–dimensions using Radial Basis Functions is yet to be

investigated.

Recently, there has been activity in the application of the MFS to problems in the area of

geometric modelling [74]. This could prove to be an exciting new area of research with many

applications in computer-aided design and computer-aided manufacturing applications.
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In the past, the MFS has been successfully applied to two-dimensional steady-state free surface

problems. The application of the MFS to three-dimensional steady-state free surface problems,

as well as to two- and three-dimensional time-dependent free surface problems, could be the

subject of future research.

One of the most important open questions regarding the application of the MFS is the optimal

placement of the singularities. This question is to a great extent addressed by the use of

the version of the MFS which uses moving singularities. This approach, however, is often

prohibitively computationally costly. The improvement of the efficiency of the MFS with

moving singularities could be an area of future research. One idea would be to exploit the fact

that the coefficients in the MFS expansions appear linearly. This, to the best of our knowledge

has not yet been exploited. We also need to investigate whether more efficient non-linear least

squares solvers are available. Another open question is to what extent the use of parallelization

would improve the efficiency of the method.

Finally, the ill–conditioning of the MFS matrices should be studied further. This occurs the

pseudoboundary is placed far from the boundary of the domain under consideration. An inter-

esting approach for overcoming this problem could be the use of appropriate pre–conditioning

techniques.
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