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Per�lhyh

Sth diatrib� aut� anapt�ssoume thn M�jodo Sunoriako� Oloklhr�matoc me Idi�morfec

Sunart�seic �MSOIS� se Laplasian� kai diarmonik� probl�mata me idi�morfa sunoriak� sh�

me	a
 T�toia probl�mata sunant�ntai se arket�c fusik�c kai biologik�c epist�mec
 Sthn

protein�menh m�jodo h l�sh sth geitoni� tou idi�morfou shme	ou prosegg	zetai apo touc pr��

touc �rouc tou asumptwtiko� anapt�gmatoc thc topik�c l�shc twn opo	wn oi suntelest�c

onom�zontai idi�morfoi suntelest�c
 Me efarmog� thc mej�dou Galerkin diakritopoie	tai h

di�pousa merik� diaforik� ex	swsh kai me th bo�jeia tou jewr�matoc Green to qwrik� olo�

kl�rwma an�getai se sunoriak�
 Oi sunoriak�c sunj�kec Dirichlet efarm�zontai asjen�c me

pollaplasiast�c Lagrange pou prosegg	zontai topik� me deuterob�jmiec sunart�seic b�shc


Prok�ptei �tsi� �na grammik� s�sthma diakritopoihm�nwn exis�sewn me �gnwstouc touc idi��

morfouc suntelest�c kai touc pollaplasiast�c Lagrange


Sto pr�to m�roc thc diatrib�c� h MSOIS efarm�zetai se duo Laplasian� probl�mata se

qwr	a sq�matoc L
 Ta apotel�smata thc mej�dou sugkr	nontai me aut� �llwn mej�dwn kai

thc hp ekdoq�c twn peperasm�nwn stoiqe	wn
 Akolo�jwc� h MSOIS epekte	netai sthn ep	lush

diarmonik�n problhm�twn me idi�morfo sunoriak� shme	o kai efarm�zetai sto reustodunami�

k� pr�blhma ol	sjhshc�mh ol	sjhshc �stick�slip problem� kai sto jraustomhqanik� pr�blhma

Schi�
 Sta probl�mata aut� h m�jodoc odhge	 se taqe	c rujmo�c s�gklishc kai apotel�smata

meg�lhc akr	beiac pou sugkr	nontai eumen�c me aut� �llwn teqnik�n thc bibliograf	ac kai me

tic analutik�c l�seic
 Sto teleuta	o m�roc thc diatrib�c asqolo�maste me th jewrhtik� an��

lush thc mej�dou gia probl�mata Laplace kai apodeikn�oume �ti up� pro	�poj�seic� h s�gklis�

thc e	nai ekjetik�
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Abstract

In this dissertation we develop the Singular Function Boundary Integral Method �SFBIM�

for Laplacian and biharmonic boundary value problems with boundary singularities� Such

problems are encountered in many physical and biological applications� In the proposed method

the solution in the neighbourhood of the singular point is approximated by the truncated local

asymptotic expansion which is expressed as a series of singular functions
 the coe�cients of

which are called singular coe�cients� The Galerkin method is employed in order to discretize

the governing partial di�erential equation� By means of the divergence theorem
 the volume

integrals are reduced to boundary integrals
 and the Dirichlet boundary conditions are weakly

enforced by means of Lagrange multiplier functions
 which are expressed in terms of quadratic

basis functions� The resulting linearized system of discretized equations
 is solved for the

unknown singular coe�cients and the Lagrange multipliers�

In the �rst part of the thesis
 the SFBIM is applied to two Laplacian Problems over L�

shaped domains� The results are compared with those of other methods and the p�hp �nite

element method� Then
 the SFBIM is developed for the solution of two biharmonic problems

with a boundary singularity and applied to the Newtonian stick�slip problem of uid mechanics

and the so�called Schi� problem of fracture mechanics� In all the above problems the method

exhibits high accuracy and fast rate of convergence� The results compare favorably with the

analytical solution and available numerical results in the literature� In the last part of the

dissertation
 we deal with the theoretical analysis of the method for Laplacian problems and

we show that
 under certain conditions
 the convergence is exponential�
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Chapter �

Introduction

In many engineering problems �e�g�
 in fracture and uid mechanics�
 governed by Laplacian or

biharmonic partial di�erential equations
 boundary singularities arise when there is a sudden

change in the boundary conditions �along a smooth boundary� or in the geometry of the

boundary itself ����� This causes most standard numerical methods
 such as �nite�element


boundary�element
 �nite�di�erence and spectral methods
 to perform poorly� Many specialized

numerical schemes have been developed during the last three decades in order to alleviate this

problem� For example
 in the context of the �nite element method
 this can be achieved by

adaptive grid re�nement �e�g�
 ���
 ����
 the use of the hp version on geometrically graded

meshes ��� or the use of the multigrid �nite element method ����� While these methods yield

adequate accuracy
 and even exponential convergence rates in the case of the hp version
 the

computational cost required is signi�cant�

With this in mind
 in this dissertation we are concerned with the development of a special

boundary integral method for the solution of Laplacian and biharmonic problems with bound�

ary singularities� This method
 called Singular Function Boundary Integral Method �SFBIM�


belongs to the family of numerical schemes which incorporate the form of the singularity in the

approximation� �cf� ���
 ��
 ��
 ��
 ����� In fact
 the SFBIM is based on the approximation of

the solution by the leading terms of the local solution expansion near the point of singularity


�
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Sec� ���� Local solutions for ��D Laplacian problems �

which for most problems is known� The main advantage of this method is its exponential con�

vergence rate� Moreover
 because the discretized equations are reduced to boundary integrals


by means of the divergence theorem
 the computational cost of the method is signi�cantly

reduced compared to other methods� In addition
 the leading singular coe�cients of the lo�

cal solution expansion
 which are desired in most problems
 are calculated directly �i�e�
 no

post�processing is required��

Clearly
 knowledge of the local solution is a prerequisite in using the SFBIM� Hence
 the

rest of this chapter is devoted to the description of the local solutions for certain Laplacian and

biharmonic problems� In Section ��� the concept of a boundary singularity is discussed and the

local solutions in ��D Laplacian problems are presented� In Section ��� the local solutions for

planar biharmonic problems are discussed� In Section ��� the de�nition of some function spaces

and associated norms
 used in this thesis are given
 and �nally in Section ��� we elaborate on

the format of the structure of the dissertation�

��� Local solutions for ��D Laplacian problems

In many elliptic problems de�ned on the plane� there are boundary singularities which are

usually due to sudden geometric changes on the boundary �e�g� existence of a re�entrant

corner� or due to an abrupt change in the conditions on a smooth boundary �see Figure �����

The local solution in the vicinity of a singular point can be determined by a local analysis
 as

summarized below�

Let us consider the Laplace equation

r�u � � in �� �����

�In this work we deal with ��D problems only�

Milti
ad

es
 C

h. 
Ellio

tis



Sec� ���� Local solutions for ��D Laplacian problems �

�
�
�
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r

��S�S�

u�� �u
�n ��

r�u � �

O

�a�

t

t
A
A
AU r

��SA

SB

Ou��

u��

r�u � �

�b�

Figure ���� Examples of boundary singularities � �a� Sudden change in boundary conditions

on a smooth boundary� �b� Sudden geometric change �re�entrant corner�� The variables �r� ��

denote polar coordinates centered at the singular point�

where � � R� is a bounded domain and let us assume that there is a boundary singularity at

O �See Figure ����a� or ����� This singular point is shared by the straight boundary parts S�

and S� on which there are di�erent boundary conditions� In order to �nd the local asymptotic

solution we use polar coordinates and we follow the classical technique of separation of variables�

Thus
 u is expressed as u�r� �� � R��r� f����
 where � � R is the eigenvalue of the operator


and we �nd that

u�r� �� �
�X
i��

�i r
�i f�i��� � �����

where the coe�cients �i � R are calculated from the boundary conditions on the rest of the

boundary
 and f�i is a trigonometric function which for the examples in Figures ����a� and ���

has the form f�i � cos��i ���
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Sec� ���� Local solutions for ��D biharmonic problems �

r
�u � �

S�

S�

� � �

y r

�u � �

�u
�y

� �

� � �
O x

Figure ���� Example of a boundary singularity combining a sudden change both in the geom�

etry of the boundary and the boundary conditions�

��� Local solutions for ��D biharmonic problems

The biharmonic equation is

r� �r�u� � r�u � � in � � �����

where � � R� is a bounded domain� This �th order partial di�erential equation is routinely

used to model Stokes ow� An example is the case of a viscous ow between two rigid bound�

aries �xed at an angle ��
 which has a singularity at the point O of intersection of the two

boundaries
 as shown in Figure ���� In this problem u is called stream�function�

As in the case of the singular Laplacian problems
 the solution of a singular biharmonic

equation can be expressed in a series of the form

u�r� �� �
�X
j��

aj r
�j �� f�j��� � �����

where f�j ��� has the following general form obtained after employing separation of variables�

f�j ��� � A�j cos��j � �� � �B�j sin��j � �� � �C�j cos��j � �� � �D�j sin��j � �� � � �����

where the coe�cients A�j 
 B�j 
 C�j and D�j are real or complex numbers�
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Sec� ���� Local solutions for ��D biharmonic problems �

bbbbbbbbbb

��
��

��
��

��
�
�
�
��

r

�
�

O

�solid surface�

u�� � �u
�� ��

r�u � �

����

���

���

�solid surface�

t

Figure ���� Example of a singular biharmonic problem which corresponds to a viscous �ow

near a corner�

Because we are going to concentrate on the viscous ow problem depicted in Figure ���


the terminology which will be used in the rest of this section
 will pertain to this problem�

Hence
 as indicated by Dean and Montagnon ����
 a disturbance far away from the region of

the corner can cause either an axisymmetric or a symmetric ow pattern in the neighbourhood

of the corner
 and therefore the stream�function u is an even or odd function of �
 respectively�

Due to the linearity property of the solutions of the biharmonic equation
 we treat the two

types of ows separately� Furthermore
 we consider the case where ���� This is the case of

a ow near a wall and a free surface
 meeting at an angle �� In the bibliography
 this case is

also known as the stick�slip problem �Figure ����

Axisymmetric problem even solutions�

For this type of ow f�j��� is even �B�j�D�j��� and thus we have

f�j ��� � A�j cos��j � �� � � C�j cos��j � �� � 	 �����

The even solutions must satisfy the conditions on the solid and free surfaces
 i�e� the boundary

conditions to the left and to the right of the singularity as shown in Figure ���� Therefore
 we
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Sec� ���� Local solutions for ��D biharmonic problems 


�
�
�
��r

��

�solid surface� �free surface�

u�� � �u
�� �� u�� � ��u

��� � �

r�u � �

Ot

Figure ���� Boundary singularity for the case of the stick�slip biharmonic problem�

obtain the following expression for the axisymmetric ow�

f���� �j� � �j �cos��j � �� � � cos��j � �� �� � �j � j � �

�
� j � �� �� � � � 	 �����

Symmetric problem odd solutions�

For this type of ow f�j��� is odd �A�j�C�j��� and thus

f�j ��� � B�j sin��j � �� � � D�j sin��j � �� � 	 �����

As in the case of the even solutions
 the odd solutions must satisfy the conditions on the

solid and free surfaces
 i�e� the boundary conditions on the boundary parts sharing the singular

point� Thus
 eventually
 we obtain the following expression for the odd solutions�

f���� �j� � �j ���j � �� sin��j � �� � � ��j � �� sin��j � �� �� � �j � j��� j � �� �� � � � 	

�����

Combining all the above information
 the local solution is

u �
�X
j��

�j W
j
� �

�X
j��

�j W
j
� � ������

where

W
j
� � r�j �� f���� �j� � W

j
� � r�j �� f���� �j� 	 ������
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Sec� ���� Preliminaries 	

The above form of the local solution will be used in Chapter � where we discuss the

extension of the SFBIM to the planar stick�slip problem� A similar analysis is made in order

to determine the local solution for the case of biharmonic problems in fracture mechanics
 as

will be done in Chapter � for the so�called Schi� problem �����

��� Preliminaries

In this work we will be using some standard function spaces and associated norms
 the def�

initions of which are given in this section� First
 we de�ne the space L����
 of the square

integrable functions
 as

L���� �

�
v � � � R measurable �

Z
�
v� 
 �

�
� ������

equipped with the inner product hu� vi� �
R
� u v 
 and with the �Euclidean� norm

jjujj� � hu� ui
�

�

� 	 ������

We also de�ne the Sobolev space of order q ����

Hq��� �
n
v � L���� jD� v � L����� j�j � q

o
	 ������

Here
 q is the value of the maximum order among the derivatives of the continuous functions in

L����
 in the sence of distributions �cf� �����
 and the generalized derivative D� of the function

v�x�� x�� � � � � xn� is de�ned as

D�v �
�j�jv

�x��� �x��� � � ��x�nn where j�j �
nX
i��

�i 	 ������

The value of q determines the inner product which
 in this case
 is de�ned as

hu� viq�� �
X
j�j�q

Z
�
D�u D�v 	 ������
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Sec� ���� Structure of the Dissertation �

The norm of Hq��� is de�ned as

jjujjq � �hu� uiq���
�

� 	 ������

We will also encounter the space H�
���� de�ned as

H�
� ��� �

n
u � H���� � uj�� � �

o
	 ������

��� Structure of the Dissertation

We emphasize that there is some material overlap between chapters since most of them origi�

nally appeared as independent works� This means
 of course
 that one can follow any chapter

without having to refer to the previous one�

Chapter � is concerned with the solution of a Laplacian problem on an L�shaped domain

with Dirichlet boundary conditions
 by the SFBIM� Emphasis is placed on the numerical

calculations in order to show the high accuracy and rate of convergence of the method�

In Chapter � we compare the SFBIM with the p�hp version of the �nite element method

for a Laplacian problem on an L�shaped domain
 with mixed boundary conditions� Again the

high accuracy and rate of convergence of this method is demonstrated and numerical results

are compared with those obtained by the p�hp �nite element method�

In Chapter � we develop the SFBIM for the solution of a biharmonic problem with a

boundary singularity
 namely the Newtonian stick�slip problem of uid mechanics� Calculations

are presented and compared with those obtained with other methods in the literature and

with the analytical solution
 in order to demonstrate again the robustness and accuracy of the

method�

In Chapter � the method is extended for the solution of a planar biharmonic problem

in fracture mechanics known as Schi� problem� Emphasis again is placed on the numerical
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Sec� ���� Structure of the Dissertation �

calculations
 and comparisons are made with another method�

Chapter � contains the analysis of the SFBIM for the case of Laplacian problems� In this

Chapter the convergence rate of the method is established and the numerical results of the

previous chapters are justi�ed�

Finally
 Chapter � summarizes this work and suggests future directions�

All the programs developed were written in FORTRAN �� and compiled on UNIX system

on an IBM RS����
 F�� machine�
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Chapter �

The SFBIM for Laplacian problems

In this chapter�
 the singular function boundary integral method is applied for the solution

of a Laplace equation problem over an L�shaped domain� The solution is approximated by

the leading terms of the local asymptotic solution expansion while the Dirichlet boundary

conditions are weakly enforced by means of Lagrange multipliers� Estimates of great accu�

racy are obtained for the leading singular coe�cients
 as well as for the Lagrange multipliers�

Comparisons are made with recent numerical results in the literature�

��� Introduction

In many engineering problems �e�g�
 fracture mechanics applications ����
 governed by elliptic

partial di�erential equations
 boundary singularities arise when there is a sudden change in

the boundary conditions �along a smooth boundary� or on the boundary itself� Singularities

are known to a�ect adversely the accuracy and the convergence of standard numerical meth�

ods
 such as �nite�element
 boundary�element
 �nite di�erence and spectral methods� Grid

re�nement is the most usual approach in these methods
 aiming to improve the convergence

rate and accuracy� However
 most adaptive grid re�nement schemes cause signi�cant compu�

tational cost and their e�ciency is not always satisfactory� To take into account the form of

�The material of this chapter appears in J� Commun� Numer� Meth� Eng� �����

��
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Sec� ���� Introduction ��

the singularity more e�ectively and achieve better accuracy and faster convergence
 special

methods are often required which incorporate the form of the singularity in the numerical

scheme
 which is
 in general
 more e�ective than mesh re�nement �see ����
 ���� and ���� and

references therein�� We should also add here the early works of Symm ���� Papamichael and

Symm ���� and Xanthis et al� ���� who developed singular boundary integral methods� Two

notable alternatives to singular methods are the hp version of the �nite element method with

geometrically graded meshes ��
 ���
 and a recently proposed multigrid �nite element method

on quasi�uniform meshes ����� The former method has the potential of approximating singular

solutions at an exponential rate of convergence
 and the latter method is the only known way
 to

our knowledge
 through which the O�hp� convergence rate can be retained using quasi�uniform

meshes on problems with corner singularities �here h is the meshwidth and p the degree of the

approximating polynomial��

For the two�dimensional Laplace equation
 the asymptotic solution in polar coordinates �r


�� centered at the singular point
 is given by ����

u�r� �� �
�X
j��

�j r
�j fj��� � r� � � V � �����

where V is a simply connected domain
 u is the dependent variable
 �j are the unknown singular

coe�cients
 �j are the singularity powers arranged in ascending order
 and the functions fj���

represent the ��dependence of the eigensolution� Of particular interest to engineering mechan�

ics
 especially in the �eld of elasticity
 are the leading singular coe�cients �j of the asymptotic

expansion ����� In fracture mechanics
 the �rst coe�cient �� represents the so�called opening

mode stress intensity factor ����
 a measure of the stress intensity near the fracture tip� In the

case of Laplacian problems
 the singular coe�cients are also called generalized stress intensity

factors ���� or ux intensity factors ����
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Sec� ���� Introduction ��

Of special interest are numerical methods for the solution of problems with singularities

in which the singular coe�cients are calculated directly �see ����
 ���� and ������ In the work

of Babu�ska and Miller ��
 ��
 the singular coe�cients were calculated by post�processing the

�nite element solution� This was done using both an inuence function extraction technique

and the well�known energy release principle of fracture mechanics� Szab�o and Yosibash ���


���
 also used a �nite element post�solution operation method
 based on the complementary

energy principle
 in order to calculate the singular coe�cients in heat transfer and elasticity

problems involving re�entrant corners and abrupt changes in material properties� Their method

is applicable in cases where the singularities are characterized by complex eigenpairs� Brenner

����
 used a multigrid �nite element method for the computation of singular solutions and stress

intensity factors with piecewise linear functions on quasi�uniform meshes� This method was

shown to be e�cient and convergent at the optimal O�h� rate� A review of singular intensity

factor evaluation and modelling of singularities in boundary integral methods is provided by

Mukhopadhyay et al� �����

In Refs� ���� and ����
 Georgiou and co�workers developed a singular function boundary

integral method for the solution of plane Laplacian problems with boundary singularities�

This is based on the approximation of the solution by the leading terms of the local solution

expansion�

�u �
N�X
j��

��j W
j �����

where N� is the number of basis functions
 and

W j � r�j fj��� �����

are the singular functions which exactly satisfy the governing equation and the boundary

conditions along the boundary causing the singularity� Using Galerkin�s principle
 the Laplace
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Sec� ���� Introduction ��

equation is weighted by the singular functions� The volume integral is then reduced to a

boundary one using Green�s second identity� The Dirichlet boundary conditions are weakly

enforced by means of Lagrange multipliers� Since the �nal discretized equations are boundary

integrals
 the dimension of the problem is reduced by one
 and thus the computational cost

is signi�cantly reduced� The method has been tested on standard Laplacian problems
 such

as the so�called Motz problem
 yielding extremely accurate estimates of the leading singular

coe�cients� It also exhibits exponential convergence with respect to the number of singular

functions ���
 ���� The method of Georgiou and co�workers ���
 ��� is applicable only if the

expansion ����� is valid over the entire domain of solution�

The objective of this chapter is to calculate the singular coe�cients in problems involving re�

entrant corners �i�e�
 with L�shaped domains� and compare the results of the singular function

boundary integral method ���
 ��� with those of Arad et al� ���
 and the multigrid �nite

element results of Brenner ����� The method of Arad et al� ��� is similar to ours since it

is based on the approximation of the solution by the leading terms of the local expansion�

An essential di�erence is that
 instead of using Lagrange multipliers for the enforcement of

the boundary conditions away from the boundary causing the singularity
 they minimize a

discrete functional which sums the squares of the distances between the approximation and

the boundary conditions at a given number of boundary points� �Note that the same idea was

used earlier by Li et al� ������ Arad et al� ��� used their method to solve the Motz problem and a

Laplacian problem over an L�shaped domain� In the case of the Motz problem
 their results for

the leading singular coe�cients are as accurate as those obtained with the singular boundary

integral method� However
 the convergence of their method with the number of singular

functions appears to be much slower ��
 ���� Moreover
 their method is computationally more
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Sec� ���� Introduction ��

costly due to the nonlinearity introduced by the least squares method�

Symm ���� solved two other Laplacian problems over L�shaped domains using a singular

boundary integral method� The accuracy of his solution was restricted to four signi�cant

digits� he did not provide estimates for the leading singular coe�cients� In Symm�s method


the approximation of the solution is expanded around the singularity into a series of special

solutions to the Laplace equation and is regularized by subtracting the four leading terms of

the local expansion� The regularized solution is then calculated by the standard boundary

element method
 under the assumption that it vanishes together with its normal derivative at

nodal points near the singular point� As noted by Igarashi and Honma ����
 this assumption

is valid only when those nodal points are located su�ciently near the singular points� Igarashi

and Honma ���� modi�ed Symm�s method by relaxing the above assumption
 and showed that


in the case of the Motz problem
 their method gives almost the same results as those of the

Symm�s method
 when the boundary is subdivided into su�ciently �ne elements� However


their results for the leading singular coe�cients converge only up to �ve signi�cant digits and

are not as accurate as those calculated by the methods of Olson et al� ����
 Li et al� ����


Georgiou et al� ���� and Arad et al� ���� Igarashi and Honma ���� also applied their method

to a Laplacian problem over an L�shaped domain and showed that with their method the

convergence in the computation of the capacitance of the solution is improved compared with

the method of Wigley ���� which involves a time�consuming iterative procedure� The accuracy

of the calculated singular coe�cients is restricted to �ve signi�cant digits�

The outline of this chapter is as follows� in Section ���
 we consider the Laplacian problem

over an L�shaped domain solved by Arad et al� ���
 and present the formulation of the sin�

gular function boundary integral method� The numerical results are presented in Section ���
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Sec� ���� The singular function boundary integral method �SFBIM� ��

where the fast convergence of the method with respect to the number of singular functions is

demonstrated
 and comparisons are made with the results provided by Arad et al� ��� and by

Brenner ����� The conclusions are summarized in Section ����

�
�
�
�
�
�
�
�
�
�

�������

��� ��
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�
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�
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�
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��

�
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��
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Figure ���� Geometry and boundary conditions of the Laplacian problem�

��� The singular function boundary integral method

�SFBIM�

Consider the Laplace equation problem depicted in Figure ���� This is equivalent to a Poisson

equation problem
 r�v���
 over an L�shaped domain
 with homogeneous Dirichlet boundary

conditions along the whole boundary� Note that along boundary parts S� and S� essential

boundary conditions are applied� Due to symmetry about an axis lying along S�
 only half of
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Sec� ���� The singular function boundary integral method �SFBIM� �


the domain is considered� Also
 the transformation v�u�up
 where

up�r� �� � � r�

��

�
��

�
� � ln r sin�� �

�
�� � ��

�

�
cos��

�
� �����

leads to the problem shown in Figure ���� A singularity arises at x�y��� The local solution

is given by

u �
�X
j��

�j r
���j��	�� sin

�
�

�
��j � ���

�
	 �����

This problem is important in fracture mechanics and the  stress intensity factor�
 de�ned by

�����
 is of great signi�cance ����

In the singular function boundary integral method ����
 the solution is approximated as a

linear combination of the leading singular functions of the local expansion �����


�u �
NaX
j��

��j W
j �

NaX
j��

��j r
���j��	�� sin

�
�

�
��j � ���

�
� �����

where N� is the number of singular functions
 and ��j are the approximations of the singular

coe�cients to be calculated� Obviously
 the method can be used only if the solution expansion

is valid everywhere in the problem domain� Note also that the singular functions W j satisfy

the governing equation over the domain
 and the boundary conditions along the parts of the

boundary that cause the singularity�

Applying Galerkin�s principle
 the governing equation is weighted by the singular functions


Z
�
r�u W i dV � � � i � �� �� 	 	 	 � N� 	 �����

Given that the singular functions W j satisfy the Laplace equation
 application of Green�s

second identity reduces the volume integral into a boundary one�

Z
��

�
��u

�n
W i � �u

�W i

�n

�
dS � � � i � �� �� 	 	 	 � Na � �����
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Sec� ���� The singular function boundary integral method �SFBIM� �	

where n denotes the direction normal to the boundary� The above integral is identically zero

along boundary parts S� and S� since the boundary conditions are identically satis�ed there

�see Figure ����� This is an important feature of the singular function boundary integral

method since integration over the boundary parts causing the singularity is avoided�

To impose the Dirichlet conditions along the remaining parts
 S� and S�
 we employ La�

grange multipliers which replace the corresponding normal derivatives� The boundary is then

partitioned into three�node elements
 i�e�
 the Lagrange multipliers are expanded in terms of

quadratic basis functions
 M j �

�A �
��u

�x
�

N�AX
j��

�jA M
j and �B �

��u

�y
�

N�BX
j��

�jB M j � �����

where N�A and N�B are the numbers of quadratic nodes along boundaries S� and S�
 respec�

tively� The nodal values of �A and �B are additional unknowns of the problem� Finally
 the

Dirichlet boundary conditions are weighted by the quadratic basis functions� The following

system of N��N�A�N�B equations is thus obtained�

�
Z
S�

�
�AW

i � �u
�W i

�x

�
dy �

Z
S�

�
�BW

i � �u
�W i

�y

�
dx � � � i � �� �� 	 	 	 � N� � ������

�
Z
S�

�uM i dy �

Z
S�

up M
i dy � i � �� �� 	 	 	 � N�A � ������

Z
S�

�uM i dx � �
Z
S�

upM
i dx � i � �� �� 	 	 	 � N�B 	 ������

The above system of equations can be written in the following block form ��
							


K� K� K�

K�
T � �

K�
T � �

�
�������

�
							


A

!A

!B

�
�������

�

�
							


�

"�

"�

�
�������
� ������

where sub�matrices K�
 K� and K� contain the coe�cients of the unknowns ��j 
 �
j
A and �jB


respectively
 as they are found after expanding Eqs� ������ # ������ and expressing them in
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Sec� ���� Numerical results ��

linear algebraic form� Also
 A is the vector of the singular coe�cients and !A and !B are

the vectors of the Lagrange multipliers� Vectors "� and "� contain the values of the RHS of

integrals ������ and ������
 respectively� Note that the integrands in Eq� ������ are nonsingular

and that all integrals are calculated far from the boundaries causing the singularity� It is easily

shown that the coe�cient matrix is symmetric� Moreover
 it is singular if Na 
 N�
 where

N��N�A�N�B �

��� Numerical results

In all results presented in this section
 boundaries S� and S� are subdivided uniformly into �N

and N elements
 respectively� Therefore
 the number of Lagrange multipliers is

N� � N�A � N�B � �N � � 	

As in Refs� ���
 ���
 the integrals in Eqs� ������ # ������ are calculated numerically by sub�

dividing each quadratic element into �� subintervals and using a ���point Gauss�Legendre

quadrature for the numerical integration over each subinterval� The symmetry of the coe��

cient matrix is taken into account during the calculation of its elements
 which means that

only the elements on and above the main diagonal are calculated�

As pointed out above
 the number of the singular functions
 N�
 should be much greater

than the number of the Lagrange multipliers
 N�
 because otherwise the sti�ness matrix is

ill�conditioned or singular� On the other hand
 large values of N� should be avoided because

the contributions of the high�order singular functions become either negligible �for r 
 �� or

very large �if r  �� beyond the limits double precision can handle�

We performed several series of runs to �nd the $optimal% values of N� and N�� We varied

N� from � up to ��
 and N� from a value slightly above N� up to �N�� For every run plots
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Figure ���� Calculated Lagrange multipliers with N��	
 and N���	 �solid line� and �

�dashed line��
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Sec� ���� Numerical results ��

Table ���� Convergence of the solution with N� when N��	
�

N� �� �� �� �
 ��� ��


� ���������� ���������� ���������� ���������� ���������� ����������

�� ���������� ���������� ���������� ���������� ���������� ����������

�� ���������� ���������� ���������� ���������� ���������� ����������

�� ���������� ���������� ���������� ���������� ���������� ����������

�� ���������� ���������� ���������� ���������� ���������� ����������

�� ���������� ���������� ���������� ���������� ���������� ����������

�� ���������� ���������� ���������� ���������� ���������� ����������

of �A vs� y and �B vs� x were obtained� In using the singular function boundary integral

method
 we observed that �A and �B were characterized by oscillations at all values of N�

when N� � ��� This is illustrated in Figure ���
 where the graphs of �A and �B are presented

for both N���� and N���� while keeping the number of singular functions equal to ��� These

plots indicate that
 indeed
 as N� approaches the value of N�
 the coe�cient matrix becomes

ill�conditioned and oscillations appear�

The smoothness of the calculated Lagrange multipliers �checked by plotting �A vs� y and

�B vs� x� provides a good measure of the quality of the solution� Our calculations with

di�erent values of N� and N� show that the $optimal% value for N� is �� �see Figure �����

For smaller values of N�
 �A and �B are still smooth but their approximations are
 of course


less satisfactory because the boundary is less re�ned� In all runs
 we observed that for N� �

�� the approximation of the solution was the best possible when the value of N� was about
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Sec� ���� Numerical results ��

Table ���� Convergence of the solution with N� when N���	�

N� �� �� �
 ��� ��


�� ����������� ����������� ����������� ����������� ����������

�� ����������� ����������� ����������� ����������� ����������

�� ����������� ����������� ����������� ����������� ����������

�� ����������� ����������� ����������� ����������� ����������

�� ����������� ����������� ����������� ����������� ����������

��� ����������� ����������� ����������� ����������� ����������

��� ����������� ����������� ����������� ����������� ����������

��� ����������� ����������� ����������� ����������� ����������

��� ����������� ����������� ����������� ����������� ����������

�N�� For N�  �N� the solution deteriorated� This means that there is an upper bound on

the number of singular coe�cients one should use� In Table ���
 we show the e�ect of N�

on the calculated values of ��
 ��
 ��
 �

 ��� and ��

 obtained with N����� The results

indicate that the values of singular coe�cients converge rapidly with N� and that very accurate

estimates are obtained
 at least for the �� leading coe�cients� Also
 one notices that when the

di�erence between N� and N� is large then the solution is not accurate
 as emphasized above�

In Table ���
 we show the e�ect of N� on the values of some singular coe�cients calculated

with N����� The method exhibits exponential convergence with respect to N�� However
 for

values of N� greater than ��
 the accuracy of the solution appears to start deteriorating due

to the fact that the system becomes ill�contioned�
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Sec� ���� Numerical results ��

Table ���� Converged values of the leading singular coe�cients with N���	 and N��	
�

i �i

� ����������

� ����������

� ����������

� ����������

� ����������

� ����������

� ����������

� ���������

� ���������

�� ���������

�� ���������

�� ���������

�� ���������

�� ���������

�� ���������

In Table ���
 we tabulate the converged values of the singular coe�cients calculated with

$optimal% choices of N���� and N����� Evidently
 the contributions of the higher order terms

are progressively vanishing� The CPU time required for the above run is ���� s on an IBM

RS���� �Processor type� Power PC ���e���� MHz��
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Sec� ���� Conclusions ��

Note that the value ���������� of the leading singular coe�cient is accurate to the eighth

signi�cant digit �this accuracy is obtained even for N���� and N�����
 while Arad et al� ���

provide the value ����������� which is accurate only to the fourth signi�cant digit� �Arad et

al� ��� have not studied the convergence of their method in the case of the present problem��

Brenner ���� reported for the �rst singular coe�cient the values ����������
 ���������� and

����������
 which are accurate to the �fth decimal digit� These values have been obtained by

the standard full multigrid algorithm and two modi�ed full multigrid algorithms
 respectively

�see ���� for more details�� Neither Arad et al� ��� nor Brenner ���� provide numerical estimates

for the higher�order singular coe�cients�

As a conclusion
 using Lagrange multipliers for the enforcement of the essential boundary

conditions is more e�ective than the minimization of a least�squares functional suggested by

Arad et al� ���� It is also computationally less costly
 since it preserves the linearity of the

problem� Finally
 when compared to the multigrid methods from Ref� ����
 the singular

function boundary integral method yields more accurate estimates not only for the �rst but

also for the other leading singular coe�cients�

��� Conclusions

A Laplace equation problem over an L�shaped domain has been solved using the singular

function boundary integral method� The calculated values of the singular coe�cients are of

great accuracy� Comparisons between the results of the present method and those of the

method of Arad et al� ��� indicate that the singular boundary integral method converges faster

with respect to the number of singular functions and yields more accurate estimates for the

leading singular coe�cients�
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Sec� ���� Conclusions ��

In the following chapters we will see that the method can be applied to other singular

problems with a di�erent shape of the domain and with di�erent singularities
 provided that

the local solution expansion is known and holds over the entire domain�
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Chapter �

Comparisons with the p�hp FEM

In this chapter�we solve a Laplacian problem over an L�shaped domain using the singular

function boundary integral method and the p�hp �nite element method� In the former method


the solution is approximated by the leading terms of the local asymptotic solution expansion


and the unknown singular coe�cients are calculated directly� In the latter method
 these

coe�cients are computed by post�processing the �nite element solution� The predictions of

the two methods are discussed and compared with recent numerical results in the literature�

��� Introduction

In the past few decades
 many di�erent methods have been proposed for the numerical solution

of plane elliptic boundary value problems with boundary singularities
 aiming at improving the

accuracy and resolving the convergence di�culties that are known to appear in the neighbor�

hood of such singular points� These methods range from special mesh�re�nement schemes to

sophisticated techniques that incorporate
 directly or indirectly
 the form of the local asymp�

totic expansion
 which is known in many occasions� In polar coordinates �r� �� centered at the

�The material in this chapter is in press in J� Appl� Math� Comput� �����

��
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Sec� ���� Introduction �


singular point
 the local solution is of the general form

u�r� �� �
�X
j��

aj r
�j fj��� � �����

where �j are the eigenvalues and fj are the eigenfunctions of the problem
 which are uniquely

determined by the geometry and the boundary conditions along the boundaries sharing the sin�

gular point� The singular coe�cients �j 
 also known as generalized stress intensity factors ����

or ux intensity factors ���
 are determined by the boundary conditions in the remaining part

of the boundary� Knowledge of the singular coe�cients is of importance in many engineering

applications�

An exhaustive survey of treatment of singularities in elliptic boundary value problems is

provided in the recent article by Li and Lu ����
 who classify the proposed methods into three

categories� methods involving local re�nement
 methods involving singular functions supple�

menting the approximation spaces of standard numerical methods
 and combined methods

which incorporate local singular and analytical solutions� A review of singular intensity fac�

tor evaluation and modelling of singularities in boundary integral methods is provided by

Mukhopadhyay et al� �����

In the Finite Element Method �FEM�
 which is the most commonly used method for solving

structural mechanics problems
 the singular coe�cients are calculated by post�processing the

numerical solution� Generally speaking
 the most e�ective versions of the FEM are the high�

order p and hp versions
 in which instead of simply re�ning the mesh
 convergence is achieved

by� �i� increasing the degree of the piecewise polynomials in the case of the p version
 and �ii� by

increasing p and decreasing h in the case of the hp version� The reason for the success of these

methods is that they are able to approximate singular components of the solution to elliptic

boundary value problems �that arise
 for example
 at corners of the domain� very e�ciently� For
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instance
 the hp version
 over appropriately designed meshes
 approximates these singularities

at an exponential rate of convergence ������ Di�erent solution post�processing methods for the

calculation of the singular coe�cients from the �nite element solution have been proposed by

Babu�ska and Miller ��
 ��
 Szab�o and Yosibash ���
 ���
 and Brenner �����

In the past few years
 Georgiou and co�workers ���
 ��
 ��� developed the Singular Function

Boundary Integral Method �SFBIM�
 in which the unknown singular coe�cients are calculated

directly� The solution is approximated by the leading terms of the local asymptotic solution

expansion and the Dirichlet boundary conditions are weakly enforced by means of Lagrange

multipliers� The method has been tested on standard Laplacian problems
 yielding extremely

accurate estimates of the leading singular coe�cients
 and exhibiting exponential convergence

with respect to the number of singular functions�

The objective of the present chapter is to compare the predictions of the SFBIM against

those of the p�hp version of the FEM� We consider as a test problem the Laplacian problem

over an L�shaped domain solved by Igarashi and Honma ����� They used a modi�ed version

of the singular boundary integral method proposed by Symm ����� The approximation of the

solution around the singularity is expanded into a series of special harmonic functions and is

regularized by subtracting the four leading terms of the local expansion� It is then calculated

by the standard boundary element method� The accuracy of the calculated singular coe�cients

is restricted to �ve signi�cant digits� As shown below
 the predictions of both the SFBIM and

the p�hp�FEM are of much higher accuracy�

The outline of this chapter is as follows� in Section �
 we present the SFBIM in the case of

a general Laplacian problem over an arbitrary domain with a boundary singularity� In Section

�
 the SFBIM is applied to the test problem� In Sections � and �
 the results of the SFBIM and
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Sec� ���� The singular function boundary integral method �SFBIM� ��

the p�hp�FEM
 respectively
 are presented and discussed� Comparisons are also made with the

results provided by Igarashi and Honma ����� The conclusions are summarized in Section ��

S�
S�

S�

S�

�

n

� x

y

r

�

r�u � �

�u
�n

� �

u � �

u � f�r� ��

�u
�n � g�r� ��

Figure ���� A Laplacian problem with one singular point�

��� The singular function boundary integral method

�SFBIM�

In order to present and formulate the singular function boundary integral method
 we consider

the rather general Laplace equation problem over a two�dimensional domain �
 shown in

Figure ���� This is characterized by the presence of a boundary singularity at the corner O


formed by the straight boundary segments S� and S�� With the exception of O
 the boundary of

� is everywhere smooth� In the remaining parts of the boundary
 either Dirichlet or Neumann

boundary conditions apply� Without loss of generality
 the following problem is considered�

r�u � � in � � �����
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Sec� ���� The singular function boundary integral method �SFBIM� ��

with

�u
�n

� � on S�

u � � on S�

u � f�r� �� on S�

�u
�n � g�r� �� on S�

��������������
�������������

� �����

where ���S� 	 S� 	 S� 	 S�
 and f and g are given functions such that no other boundary

singularity is present�

The asymptotic solution in polar coordinates �r
 �� centered at the singular point
 is given

by ����

u�r� �� �
�X
j��

�j r
�j fj��� � �r� �� � � � �����

where �j are the unknown singular coe�cients
 �j are the singularity powers arranged in

ascending order
 and the functions fj��� represent the ��dependence of the eigensolution�

The SFBIM ���
 ��
 ��� is based on the approximation of the solution by the leading terms

of the local solution expansion�

�u �
N�X
j��

��j W
j �����

where N� is the number of basis functions
 and

W j � r�j fj��� �����

are the singular functions� It should be noted that this approximation is valid only if � is a

subset of the convergence domain of the expansion ������ If not
 it may still be possible to use

this approach provided there exist �possibly di�erent� expansions similar to ����� in di�erent

sectors of the domain � �see e�g� ������

Application of Galerkin�s principle gives the following set of discretized equations�

Z
�
r�u W i dV � � � i � �� �� 	 	 	 � N� 	 �����
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Sec� ���� The singular function boundary integral method �SFBIM� ��

By using Green�s second identity and taking into account that the singular functions
 W i
 are

harmonic
 the above volume integral is reduced to a boundary one�

Z
��

�
��u

�n
W i � �u

�W i

�n

�
dS � � � i � �� �� 	 	 	 � Na 	 �����

The dimension of the problem is
 thus
 reduced by one
 which leads to a considerable reduction

of the computational cost� Since
 now
 W i exactly satisfy the boundary conditions along S�

and S�
 the above integral along these boundary segments is identically zero� Therefore
 we

have�

Z
S�

�
��u

�n
W i � �u

�W i

�n

�
dS �

Z
S�

�
W i ��u

�n
� �u

�W i

�n

�
dS � � � i � �� �� 	 	 	 � Na 	 �����

To impose the Neumann condition along S�
 we simply substitute the normal derivative by

the known function g �Eq� ������� The Dirichlet condition along S� is imposed by means of a

Lagrange multiplier function
 �
 replacing the normal derivative� The function � is expanded

in terms of standard
 polynomial basis functions M j 


� �
��u

�n
�

N�X
j��

�j M
j � ������

where N� represents the total number of the unknown discrete Lagrange multipliers �or
 equiv�

alently
 the total number of Lagrange�multiplier nodes� along S�� The basis functions M j are

used to weight the Dirichlet condition along the corresponding boundary segment S�� We thus

obtain the following system of N��N� discretized equations�

Z
S�

�
�W i � �u

�W i

�n

�
dS �

Z
S�

�u
�W i

�n
dS � �

Z
S�

W i g�r� ��dS � i � �� �� 	 	 	 � Na � ������

Z
S�

�uM i dS �
Z
S�

f�r� ��M i dS� i � �� �� 	 	 	 � N� 	 ������

It is easily shown that the linear system of Eqs� ������ and ������ is symmetric� This can be
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Sec� ���� Application of the SFBIM to a test problem ��

written in the following block form��
			


K� K�

KT
� O

�
���
�
			

A

!

�
��� �

�
			

F�

F�

�
��� ������

where A is the vector of the unknown singular coe�cients
 ��i
 ! is the vector of the unknown

Lagrange multipliers �i
 submatrices K� and K� contain the coe�cients of the unknowns�

Obviously
 K� is symmetric� Vectors F� and F� contain the RHS contributions of Eqs� ������

and ������
 respectively� It should be noted that the integrands in Eq� ������ are non�singular

and all integrations are carried out far from the boundaries causing the singularity�

��� Application of the SFBIM to a test problem

We consider the same Laplacian problem over an L�shaped domain as in ����� this is shown in

Figure ���� The local solution around the singularity at x�y�� is given by

u �
�X
j��

�j r
���j��	�� sin

�
�

�
��j � �� �

�
	 ������

Taking into account the symmetry of the problem
 we consider only half of the domain and

note that even�numbered coe�cients are zero� Therefor
 u may be written as follows�

u �
�X
j��

�j W
j � ������

where

W j � r���j��	�� sin

�
�

�
��j � �� �

�
������

are the singular functions�

Setting f�� and g��
 Eqs� ������ and ������ are simpli�ed as follows�

�
Z
S�

��W i � �u
�W i

�x
� dy �

Z
S�

�u
�W i

�y
dx � � � i � �� �� � � � � N� � ������
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Sec� ���� Numerical results with the SFBIM ��

Z
S�

�uM i dy �
Z
S�

M i dy � i � �� �� � � � � N� 	 ������

�������

��� ��

x

y

O

r �

n

Symmetry

�

r�u��

S�

u��

S�

u��

S� �u
�n

��

S�

�u
�y��

r�u��

u��

u��

u��

u��

�u
�x

��

�u
�y

��

Figure ���� Geometry and boundary conditions of the test problem�

In ����
 the quantity

C �� �
Z
S��S�

�u

�n
dS ������

referred to as the capacitance
 was of interest� Note that due to the geometry and boundary

conditions
 ������ reduces to

C � ��
Z �

��

�u

�x

����
x���

dy 	 ������

��� Numerical results with the SFBIM

The Lagrange multiplier function � used to impose the Dirichlet condition along S� is expanded

in terms of quadratic basis functions� Boundaries S� and S� are subdivided
 respectively
 into
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Sec� ���� Numerical results with the SFBIM ��

�N and N quadratic elements of equal size� Thus
 the number of Lagrange multipliers is

N���N��� The integrals in Eqs� ������ and ������ involve the singular functions that are not

polynomial and become highly oscillatory as N� increases� These are calculated numerically by

subdividing each quadratic element into �� subintervals and using a ���point Gauss�Legendre

quadrature over each subinterval� In computing the coe�cient matrix
 its symmetry is taken

into account�

Several series of runs were performed in order to obtain the $optimal% values of N� and

N�� Our search was guided by the fact that N� should be large enough in order to assure

accurate integrations along the boundary �which is divided into smaller elements� but much

smaller than N� in order to avoid ill�conditioning of the sti�ness matrix� On the other hand


N� cannot be very high
 given that the computer accuracy cannot handle the contributions of

the higher�order singular functions which become very small for r 
 � or very large for r  ��

Hence
 N� was varied from � up to �� and N� from a value slightly above N� up to ����

The convergence of the solution with the number of Lagrange multipliers is shown in

Table ���
 where we tabulate the values of the �ve leading singular coe�cients and the ca�

pacitance C calculated with N����� We observe that the values of the singular coe�cients

converge rapidly with N�
 up to N����
 and that very accurate estimates are obtained� For

higher values of N�
 however
 signs of divergence are observed
 due to the ill�conditioning of

the sti�ness matrix� In addition to the divergence of the singular coe�cients
 another mani�

festation of ill�conditioning is the appearance of wiggles on the calculated Lagrange multiplier

function ����� The quality of the solution for N���� and N���� was checked by plotting � as

a function of y �Figure ���� and verifying that � is smooth and free of oscillations�

The values of the leading singular coe�cients and the capacitance C calculated for N����
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Sec� ���� Numerical results with the SFBIM ��

Table ���� Convergence of the solution with N�� SFBIM with N��
�

N� �� �� �� �� C

	 ����
�
������� ���������������� ����������

��		 ����������
�	�� ��		�	��


� ����
����������� ��������
������� ��������������	� ��������	�����	� ��		�	���

�
 ����
�������	��� �������������
 ����������
����� �������	�	
��� ��		�	���

�	 ����
�������� �������������		� ���������
��
� �������	�	����� ��		�	���

�� ����
������	
�� �����������	���� ���������
���� �������	�	
��
	� ��		�	���

� ����
������	��� �����������	���	 ���������
����� �������	�	
����� ��		�	���

� ����
����������� ��������������� ��������������� �������	���
���	 ��			���	

Table ���� Convergence of the solution with N�� SFBIM with N�����

N� �� �� �� �� C

	 ����
��������	� ����������	���� ���������������� ���������
����� ��	�

�

	� ����
���������� ��������������� ���������
	����� �������	���	�� ��		�	���

		 ����
������	��� �����������	���	 ���������
����� �������	�	
����� ��		�	���

�� ����
������	��� �����������	���	 ���������
����� �������	�	
����� ��		�	���

�	 ����
������	��� �����������	���� ���������
����	� �������	�	
����
 ��		�	���


� ����
������	��� �����������	��
� ���������
����� �������	�	
���� ��		�	���


	 ����
������	��� �����������	��� ���������
���	

 �������	�	
���� ��		�	���

�� ����
������	�	� �����������	��� ���������
�����
 �������	�	
����� ��		�	���
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Sec� ���� Numerical results with the SFBIM ��

Table ���� Converged values of the singular coe�cients� SFBIM with N���� and N��
�

i �i Ref� ����

� ���������������� ������

� ���������������� ������

� ����������������� �������

� ��������������� ������

� ��������������� ������

� ����������������

� ���������������

� ���������������

� ����������������

�� ���������������

�� ���������������

�� ����������������

�� ���������������

�� ���������������

�� ����������������

�� ��������������

�� �������������

�� ��������������

�� �������������

�� �������������

C ��������� ������
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Sec� ���� Numerical results with the SFBIM �


and various values of N� are shown in Table ���� Exponential convergence with respect to N�

is observed�see Figure ��� ahead� and extremely accurate estimates of the singular coe�cients

are obtained� Our calculations with di�erent values of N� and N� show that the $optimal%

values are N���� and N����� In Table ���
 the converged values of the singular coe�cients

calculated with these $optimal% choices of N� and N� are presented� The CPU time required

for the above run is ��� s on an IBM RS���� �Processor type� Power PC ���e���� MHz��

-1

-0.8

-0.6

-0.4

-0.2

0

0 0.5 1 1.5 2

�

y

Figure ���� Calculated Lagrange multipliers with N���� and N�����

In Table ���
 we see that the contributions of the higher�order terms are progressively

vanishing� Note that the converged value of �� ������������������ is accurate to �fteen

signi�cant digits
 while the value provided by Igarashi and Honma ���� �������� is accurate

only to �ve signi�cant digits� The improved accuracy is also reected on the calculated value

of the capacitance
 which is converged to eight signi�cant digits
 C�����������

Finally
 in Figure ���
 we plot the errors in the calculated values of the leading singular
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1E-14

1E-13

1E-12

1E-11

1E-10

1E-09

1E-08

1E-07

1E-06

1E-05

0 10 20 30 40 50

Error

N�

�� ��
�� ��
�� ��

� ��
�� �


Figure ���� Convergence of the SFBIM with N�� N��
�

coe�cients for N���� versus the number of Lagrange multipliers� The errors are based on the

converged values tabulated in Table ���� It is clear that the SFBIM converges exponentially

with N�
 and the error is reduced rapidly down to machine accuracy�

��� Numerical results with the p	hp FEM

In this section we present the results of solving the same test problem
 using the p�hp version

of the FEM over a geometrically graded mesh seen in Figure ���� This is
 to our knowledge
 the

most e�ective technique for approximating the solution to elliptic boundary value problems
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Sec� ��	� Numerical results with the p
hp FEM ��

with corner singularities in the context of the FEM� We refer to ���� for more details on corner

singularities and geometrically graded meshes in conjunction with the p and hp versions of

the FEM� Once the solution uFEM is obtained
 the singular coe�cients �j 
 are computed as a

post�solution operation� In particular
 the algorithm for computing the �j �s is based on an L�

projection of uFEM into the space of functions characterized by the asymptotic expansion in

terms of the eigenpairs �which are computed using a modi�ed Steklov method�� See ���
 ���

for details�

(0, 0)

0.15

0.0225

a� b�

Figure ���� �a� Geometrically graded mesh over the domain �� �b� Mesh detail near the

re�entrant corner�

The computations were performed using the commercial FEM package STRESSCHECK

�E�S�R�D� St� Louis
 MO� on an IBM Pentium III machine� Since this is a p version package


the geometrically graded mesh was constructed a priori and the polynomial shape functions

were taken to have degree p � �� 			� �
 uniformly over all elements in the ��xed� mesh� The

CPU time was approximately � seconds for the calculation of uFEM and about � seconds for
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hp FEM ��

Table ���� Values of the potential energy and the percentage relative error in the p�hp FEM�

p DOF Energy Error �&�

� �� ��������� �����

� �� ��������� ����

� �� ��������� ����

� ��� ��������� ����

� ��� ��������� ����

� ��� ��������� ����

� ��� ��������� ����

� ��� ��������� ����

the calculation of the �j �s� Table ��� shows the potential energy as well as the �estimated�

percentage relative error in the energy norm


Error � ���
 jjuEX � uFEM jjE��	
jjuEX jjE��	

�

indicating that uFEM is computed accurately� Table ��� shows the computed singular coef�

�cients
 which were obtained using uFEM corresponding to p � �� These results show that

the p version of the FEM �on geometrically graded meshes� seems to perform quite well when

compared with the results obtained using other methods found in the literature�

The capacitance
 C
 was calculated from the solution corresponding to p � �� Since uFEM

is a polynomial of degree � in x and y
 we see from ������ that a ��point Gaussian quadrature

formula is su�cient to exactly evaluate the integral involved� We obtained CFEM � �	������


an approximation which is not as good as that obtained using the SFBIM� We believe this is
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hp FEM ��

Table ���� Values of the leading singular coe�cients obtained with the p�hp FEM�

i �i
 DOF���� �i
 DOF����

� ���������� ����������

� ���������� ����������

� ���������� ����������

� ���������� ����������

� ��������� ���������

C �������� ��������

(0, 0)

Figure ��
� Re�ned mesh�

due to the pollution e�ects that are inuencing the extraction of the data of interest �see e�g�

������ Pollution is a phenomenon that occurs when singularities are present in the solution

of an elliptic boundary value problem� These singularities cause the numerical method to

yield inaccurate results away from the point of singularity �as is the case here�
 when certain
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quantities of engineering interest are computed� The p version of the FEM is much more

susceptible to pollution e�ects than the h and hp versions� We repeated the calculation using

a more re�ned mesh near the re�entrant corner
 as seen in Figure ���� The newly computed

singular coe�cients are shown in Table ��� and the capacitance is recomputed as CFEM �

�	������
 which is a much better approximation� The re�ned mesh required ��� degrees of

freedom �for p � ��
 as opposed to ��� used before
 and the CPU time increased by � second�

��
 Conclusions

We have solved a Laplacian problem over an L�shaped domain using both the SFBIM and

the p�hp �nite element method
 and studied the convergence of the solution with the numbers

of singular functions and of Lagrange multipliers
 and the number of degrees of freedom


respectively� With the SFBIM the leading singular coe�cients of ����� are calculated explicitly


whereas with the p�hp�FEM they are calculated by postprocessing the numerical solution�

Fast convergence is achieved and highly accurate results are obtained with both methods


which perform considerably better than other techniques found in the literature �e�g� that of

Igarashi and Honma ������ Given that there are no known exact values for the singular coef�

�cients
 the very good agreement between the SFBIM and the p�hp FEM serves as validation

for the computational results presented here� We should point out that
 in terms of e�ciency


the SFBIM is a better choice
 since the singular coe�cients are computed directly and no post�

processing is necessary� On the other hand
 the FEM can be applied to a much wider class

of problems than those that can e�ciently and e�ectively be handled by the SFBIM� Finally


we should mention that in Chapter � we present the mathematical theory that establishes the

observed exponential convergence rate of the SFBIM�
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Chapter �

Solution of the stick�slip problem

In this chapter
 the singular function boundary integral method �SFBIM� is developed for

solving biharmonic problems with boundary singularities�� The method is applied to the

Newtonian stick�slip ow problem� The streamfunction is approximated by the leading terms of

the local asymptotic solution expansion which are also used to weight the governing biharmonic

equation in the Galerkin sense� By means of the divergence theorem the discretized equations

are reduced to boundary integrals� The Dirichlet boundary conditions are weakly enforced by

means of Lagrange multipliers
 the values of which are calculated together with the singular

coe�cients� The method converges very fast with the number of singular functions and the

number of Lagrange multipliers
 and accurate estimates of the leading singular coe�cients are

obtained� Comparisons with the analytical solution and results obtained with other numerical

methods are also made�

��� Introduction

In the past few decades
 many di�erent numerical methods have been proposed for the treat�

ment of boundary singularities in plane elliptic boundary value problems
 in order to improve

the solution accuracy and resolve the convergence di�culties occurring in the neighborhood

�The material of this chapter appears in ����

��
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Sec� ���� Introduction ��

of such singular points� These methods range from special mesh�re�nement schemes to so�

phisticated techniques that incorporate
 directly or indirectly
 the form of the local asymptotic

expansion
 which is known in many occasions� An exhaustive survey of treatment of singulari�

ties in elliptic boundary value problems is provided in the recent articles by Li and Lu ����
 by

Dosiyev ���� and by Shi et al� ����� Knowledge of the coe�cients appearing in the local solution

expansion is often desired in many engineering applications� These coe�cients
 referred to as

singular coe�cients or generalized stress intensity factors ����
 are calculated either directly

�see ���� and references therein� or by post�processing the numerical solution ��
 ����

In the past few years
 we have developed the Singular Function Boundary Integral Method

�SFBIM� for Laplacian problems with boundary singularities ���
 ��
 ���
 in which the unknown

singular coe�cients are calculated directly� The solution is approximated by the leading terms

of the local asymptotic solution expansion which are also used to weight the governing equation

in the Galerkin sense� With a double application of Green�s theorem
 the discretized equations

are reduced to boundary integrals over those parts of the boundary that do not involve the

singular point� The Dirichlet boundary conditions are weakly enforced by means of Lagrange

multipliers
 which are calculated simultaneously with the singular coe�cients� The method

has been tested on standard Laplacian problems
 yielding extremely accurate estimates of

the leading singular coe�cients
 and exhibiting exponential convergence with respect to the

number of singular functions ���
 ��
 ����

The objective of the present chapter is to extend the SFBIM to biharmonic problems

with boundary singularities� For that purpose we have chosen to solve the Newtonian planar

stick�slip problem
 which is a benchmark Stokes ow problem used to test various numerical

methods proposed in the literature for the solution of viscous and non�Newtonian ows
 such as
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Sec� ���� Introduction ��

the extrudate�swell ow� This concerns the extrusion of a uid from a slit or an axisymmetric

die into the atmosphere� Due to the relaxation of stresses
 the uid swells as it exits the die�

Swelling is particularly pronounced in the case of elastic uids
 but it is also observed in the

Newtonian case
 provided that the Reynolds number is su�ciently low� The stick�slip problem

is a special case of the extrudate�swell problem� in the limit of in�nite surface tension
 no

swelling occurs
 and the free surface becomes at �in the case of slit die�� A boundary inverse�

square�root stress singularity appears at the exit of the die due to the sudden change of the

boundary conditions from the wall to the at free surface
 which is the cause of numerical

di�culties that become more severe in the case of non�Newtonian or viscoelastic ows ���
 ���

The creeping planar stick�slip problem was solved analytically by Richardson who used a

Wiener�Hopf technique ���� and by Sturges who used the method of matched eigenfunction

expansions ����� Both methods have been used by Trogdon and Joseph ���� to obtain analytical

solutions for the round stick�slip problem�

Direct estimates of the leading singular coe�cients in the case of the planar stick�slip prob�

lem have been reported by various researchers who employed a variety of numerical methods

and techniques to incorporate the leading terms of the local asymptotic solution �which is

equivalent to subtracting the leading terms of the singularity�� Kelmanson employed a direct

modi�ed boundary integral equation method �BIEM� incorporating a subtraction of the sin�

gular terms technique that accelerated the rate of convergence
 and reported estimates for the

leading four coe�cients ����� Estimates for these coe�cients have also been reported by Geor�

giou et al� ���� who solved the problem using the integrated singular basis function method

�ISBFM�� In this method
 the singular functions are directly subtracted from the original prob�

lem formulation which leads to a modi�ed problem with the regular part of the solution and
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the singular coe�cients as unknowns� The smooth problem is then solved using �nite ele�

ments� The integrals involving singular contributions are reduced to boundary ones by means

of a double integration by parts and the original essential boundary conditions are enforced by

means of Lagrange multipliers� These two features are encountered also with the SFBIM that

we propose in the present work� However
 the two methods are quite di�erent for the following

reasons�

�a� With the ISBFM the problem is formulated in terms of the two velocity components and

the pressure
 while with the SFBIM it is formulated in terms of the streamfunction�

�b� In the ISBFM the unknown �elds are the smooth parts of the primary variables which

are approximated by means of standard polynomial basis functions� In the SFBIM
 however


there is no subtraction of the singularity and the unknown �eld
 i�e� the streamfunction
 is

approximated as a linear combination of the leading terms of the local asymptotic expansion�

It is clear that such an approximation is valid only if the domain of the problem falls within

the domain of convergence of the local solution�

�c� In the ISBFM
 the discretized equations are double integrals
 whereas in the SFBIM


these are boundary ones� Hence
 the dimension of the problem is reduced by one
 and the

computational cost of the SFBIM is considerably lower than that of the ISBFM�

Karageorghis ���� obtained direct estimates of the �rst four singular coe�cients using a

modi�ed method of fundamental solutions �MFS� that was based on the direct subtraction of

the leading terms of the singular local solution� A similar method was also used by Poullikas

et al� ���� who subtracted only the leading term of the singular local solution
 assuming that

its form is unknown and part of the problem�

Georgiou et al� ���� developed a singular �nite element method �SFEM�
 in which special
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elements incorporating the radial form of the local singularity expansion are employed in a small

region around the singular point
 in order to resolve the convergence di�culties and improve

the accuracy of the global solution� They obtained more accurate results than those achieved

with ordinary elements and calculated the leading singular coe�cients by post�processing the

�nite element solution� A similar post�processing technique has been employed by Salamon

et al� ���� who obtained accurate results near the singularity using high resolution �nite

elements with quasi�orthogonal mesh generation and local
 adaptive mesh re�nement with

irregular imbedded elements� Ngamaramvaranggul and Webster ���� developed a semi�implicit

Taylor�Galerkin�pressure�correction �nite element method �STGFEM� for free surface ows

and applied it to various Newtonian ows including the plane and axisymmetric stick�slip and

extrudate�swell problems� More recently
 Normandin et al� ���� solved the Newtonian stick�slip

problem using a �nite element Galerkin technique associated with stream�tube analysis and

presented comparisons of the computed streamlines with previous results�

The stick�slip ow of non�Newtonian and viscoelastic uids has also received considerable

attention due to the convergence di�culties associated with the presence of the singularity

and the relevance to the extrudate�swell problem� We discuss briey the literature with em�

phasis on works reporting results for the Newtonian case� Tanner and Huang ���� applied

the J�integral method for solving the planar stick�slip ow of power�law uids
 corrected the

numerical estimate of singularity strength in Richardson�s Newtonian analysis ����
 and cal�

culated the �rst singular coe�cient for various power�law exponents� Owens and Phillips ����

presented solutions of the planar stick�slip problem obtained with a spectral domain decom�

position method �DDM� for an Oldroyd�B uid� In a subsequent article
 they applied an

algebraic mapping to treat the ow domain without truncation and computed the singular co�
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e�cients using a post�processing technique ����� Baaijens investigated the numerical stability

of a discontinuous Galerkin method using a Phan�Thien�Tanner model incorporating mono�

tonicity enforcement ��� and applied low�order discontinuous Galerkin methods to solve the

planar stick�slip problem using the Phan�Thien�Tanner and the Maxwell model ���� More re�

cently
 Ngamaramvaranggul and Webster used a Taylor�Galerkin�pressure�correction method

with consistent streamline upwinding and velocity gradient recovery to solve the axisymmetric

stick�slip ow for an Oldroyd�B ow �����

The rest of this chapter is organized as follows� in Section ���
 the Newtonian planar

stick�slip problem is introduced and the governing equations and the local asymptotic solu�

tion expansion are presented� The SFBIM is developed in Section ���
 where four di�erent

formulations of the method corresponding to di�erent techniques of imposing the Dirichlet

boundary conditions are presented� The numerical results are given in Section ���
 where the

fast convergence of the method with respect to the number of singular functions is demon�

strated and comparisons are made with the analytical solution ���� and the results obtained

with the boundary integral equation method of Ingham and Kelmanson ����
 the spectral

domain decomposition method of Owens and Phillips ����
 the high�resolution �nite element

method of Salamon et al� ����
 the STGFEM of Ngamaramvaranggul and Webster ����
 and

other methods� The conclusions are summarized in Section ����

��� Governing equations and asymptotic solution

The planar stick�slip problem is the idealization of the extrusion of a Newtonian uid between

parallel plates at in�nite surface tension� The geometry of the ow is depicted in Figure ����

Due to symmetry
 only the upper half of the ow domain is considered
 i�e� boundary part SD
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denotes the plane of symmetry� Boundary parts SA and SB represent the wall and the at free

surface
 respectively� The latter is at in the limit of in�nite surface tension� Finally
 SC and

SE are
 respectively
 the arti�cial inlet and outlet boundaries�

� � ��
��
�y

� �

SA

� � �� r�� � �O

� � �� r�� � �

SB

SD

� � �
�y��� y��

��
�x

� �

SE

�r��
�x

� �

��
�x

� �

SC

�

r r�� � �

y

x

�

x � �L x � L

Figure ���� The planar stick�slip problem in terms of the stream�function ��

In the creeping case
 the ow is governed by the biharmonic equation�

r�� � � in � � �����

where � is the stream�function de�ned by

ux � ��

�y
and uy � ���

�x
� �����

ux and uy being the velocity components in the x� and y� directions
 respectively�

The boundary conditions of the ow are also depicted in Figure ���� Along the wall SA

there is no slip and no penetration �i�e� the two velocity components are zero�� Along the free

surface
 both uy and the xy�stress component are zero which leads to r����� The inow and

outow planes are taken at a distance L before and after the die exit� This distance is assumed

to be su�ciently large so that the ow corresponds to the fully developed Poiseuille ow at the

inow plane and to a plug �i�e� uniform� ow at the outow plane� Finally
 along the symmetry
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Sec� ���� Governing equations and asymptotic solution ��

plane
 the vertical velocity component and the shear stress are zero
 i�e� the centerline is a slip

surface� The stick�slip ow is characterized by the presence of a stress singularity at the exit

O caused by the sudden change in the boundary conditions
 from no slip �stick� along the wall

SA to full slip along the at free surface SB�

u � �� �u
�y

� �

SA

u � �� r�u � �O

u � ��� r�u � �

SB

SD

u � �
�y��� y��� �

�u
�x � �

SE

�r�u
�x � �

�u
�x � �

SC

�

r r�u � �

y

x

�

x � �L x � L

Figure ���� The modi�ed planar stick�slip problem in terms of u�����

After using the transformation ��u��
 the problem of Figure ��� is transformed as follows�

r�u � � in � � �����

with

u � �� �u
�y � � on SA

u � �� r�u � � on SB

�r�u
�x � �� �u

�x � � on SC

u � ��� r�u � � on SD

u � �
� y �� � y�� � �� �u

�x
� � on SE

������������������
�����������������

	 �����

The transformed problem is also shown in Figure ���� Note that the weak condition

�
�r�u

�
�x

� � �����
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along SC can be replaced by the stronger Dirichlet condition

u � y � � � �����

which leads to a di�erent formulation
 since with the SFBIM
 imposing Dirichlet conditions

requires the introduction of �unknown� Lagrange multipliers�

The asymptotic solution in the neighbourhood of the singularity can be expressed in terms

of an eigenfunction expansion of the form ���
 ��
 ����

u�r� �� �
�X
j��

aj r
�j � � f��� �j� � �r� �� � � � �����

where �r
 �� are the polar coordinates centered at the singular point
 �j 
 with j��
 �
 � � �


are the singularity powers arranged in ascending order
 the functions f��� �j� represent the

��dependence of the eigensolution
 and �j are the unknown singular coe�cients determined by

the global ow�

The functions W j � r�j � �f��� �j� are referred to as singular functions� The local solution

����� consists of even and odd solutions
 the corresponding singular functions of which will be

denoted by W j
� and W j

� 
 respectively� In the case of even solutions ����


W j
� � r�j � � f���� �j� � �����

with

f���� �j� � cos ��j � �� � � cos ��j � �� � � �j � j � �

�
� j � �� �� � � � � �����

whereas in the case of odd solutions


W j
� � r�j � � f���� �j� � ������
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with

f���� �j� � ��j � �� sin ��j � �� � � ��j � �� sin ��j � �� � � �j � j � � � j � �� �� � � � 	

������

Thus the �rst singular function is

W �
� � r���

�
cos

��

�
� cos

�

�

�
�

which indicates that the velocity gradients and the stresses vary as the inverse square root of

the radial distance from the singular point�

In what follows we will be using the symbols �j and �j for the singular coe�cients cor�

responding to the even and odd singular functions
 respectively� Thus
 the local solution is

written as follows�

u �
�X
j��

�j W
j
� �

�X
j��

�j W
j
� 	 ������

��� The singular function boundary integral method

�SFBIM�

In the SFBIM ���� the solution of the problem �����#����� is approximated by the leading terms

of the local solution expansion ������� By employing the �rst N� terms in both sums of ������

the approximate solution �u is

�u �
N�X
j��

��j W
j
� �

N�X
j��

��j W
j
� ������

where ��j and ��j are the approximations of the singular coe�cients� Obviously
 the total

number of singular functions involved in the approximation ������ is �N��
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By applying Galerkin�s principle
 the governing equation is weighted by the singular func�

tions used in the approximation of the solution� Hence
 the following set of discretized equations

is obtained�

Z
�
r��uW i

k dV � � � i � �� �� � � � � N� � k � �� � 	 ������

By applying Green�s theorem twice and taking into account that the singular functions W i
k


are biharmonic
 the above volume integrals are reduced to boundary ones�

Z
��

�
��u

�n
r�W i

k � �u
�
�r�W i

k

�
�n

�
dS �

Z
��

�
�
�r��u

�
�n

W i
k � r��u

�W i
k

�n

�
dS � � �

i � �� �� 	 	 	 � Na � k � �� � 	 ������

where ���SA 	 SB 	 SC 	 SD 	 SE � The dimension of the problem is
 thus
 reduced by one


which leads to a considerable reduction of the computational cost� Since W i
k satisfy exactly

the boundary conditions along SA and SB
 the above integral along these boundary segments


is identically zero� Therefore


Z
SC�SD�SE

�
��u

�n
r�W i

k � �u
�
�r�W i

k

�
�n

�
dS�

Z
SC�SD�SE

�
�
�r��u

�
�n

W i
k � r��u

�W i
k

�n

�
dS � ��

i � �� �� 	 	 	 � Na � k � �� � 	 ������

In the SFBIM the Dirichlet boundary conditions are imposed by means of Lagrange mul�

tipliers which replace the normal derivative of the solution u� In the problem under study

Dirichlet boundary conditions appear only along boundary parts SD and SE � Since along SE

the normal derivative �u��x vanishes
 Lagrange multipliers are chosen to replace ��r�u���x

in the boundary integrals of Eq� ������� Boundary parts SD and SE are partitioned into

three�node elements and the corresponding Lagrange multipliers
 denoted respectively by �D
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and �E 
 are expanded in terms of quadratic basis functions M j �

�D �
��u

�y
�

N�DX
j��

�jD M j on SD � ������

and

�E �
�
�r��u

�
�x

�

N�EX
j��

�jE M j on SE � ������

where N�D and N�E are the numbers of the discrete Lagrange multipliers �jD and �jE along

the corresponding boundaries� The nodal values of �D and �E are additional unknowns of the

problem� The required N�D�N�E additional equations are obtained by weighting the Dirichlet

boundary conditions along SD and SE by the quadratic basis functions M j in the Galerkin

sense� The following linear system of �N��N�D�N�E discretized equations is thus obtained�

Z
SC

�
� �u

�
�r�W i

k

�
�x

� r��u
�W i

k

�x

�
dy �

Z
SD

�
��D r�W i

k � �u
�
�r�W i

k

�
�y

� �
�r��u

�
�y

W i
k

�
dx �

Z
SE

�
��E W i

k � �u
�
�r�W i

k

�
�x

� r��u
�W i

k

�x

�
dy � � � i � �� 	 	 	 � Na � k � �� � � ������

Z
SD

�uM i dx � �
Z
SD

M i dx� i � �� �� 	 	 	 � N�D � ������

Z
SE

�uM i dy �

Z
SE

�
�

�
y �� � y�� � �

�
M i dy� i � �� �� 	 	 	 � N�E 	 ������

The above linear system is not symmetric� This can be written in block form as follows�

�
							


K K�
D KE

K��
D O O

KE
T O O

�
�������

�
							


X�����

!D

!E

�
�������

�

�
							


O

B

C

�
�������
� ������

where X�����
 !D and !E are the vectors of the unknowns�

X����� �
�
���� � � � � ��N� � ���� � � � � ��N�

�T
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!D �
h
��D� �

�
D� � � � � �

N�D
D

iT

!E �
h
��E� �

�
E� � � � � �

N�E
E

iT
	

It should be noted that the integrands in the above equations are non�singular and all integra�

tions are carried out far from the boundaries causing the singularity� Note that the sti�ness

matrix is not symmetric and that it becomes singular if N�  � N� where N��N�D�N�E �

The above formulation will be referred to as Formulation A� We have also considered three

alternative formulations which are briey discussed below�

Formulation B

The only di�erence between this formulation and Formulation A is that function �D along

boundary part SD replaces the normal derivative of the Laplacian of u�

�D �
�
�r��u

�
�y

�

N�DX
j��

�jD M j on SD � ������

instead of the normal derivative of u� Therefore
 the only change in the formulation is in the

boundary integral along the centerline plane
 SD
 which becomes�

Z
SD

�
��D W i

k � �u
�
�r�W i

k

�
�y

� ��u

�y
r�W i

k

�
dx 	

In contrast to formulation A
 the resulting linear system of equations is symmetric� As before

the sti�ness matrix is singular if N�  �N��

Formulation C

In this formulation
 the weak boundary condition �r�u��x�� along SC is replaced by

u � y � � on SC 	 ������

The use of this essential boundary condition requires the introduction of an additional Lagrange

multiplier function
 �C 
 which replaces the normal derivative of the Laplacian of u and is
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expressed in terms of quadratic basis functions M j �

�C �
�
�r��u

�
�x

�

N�CX
j��

�jC M j � on SC 	 ������

As is the case with the other essential boundary conditions
 the condition ������ is weighted

by means of the basis functions M j � A linear system of �N��N�C�N�D�N�E equations is

thus obtained�

Z
SC

�
�C W i

k � �u
�
�r�W i

k

�
�x

� r��u
�W i

k

�x

�
dy �

Z
SD

�
��D r�W i

k � �u
�
�r�W i

k

�
�y

� �
�r��u

�
�y

W i
k

�
dx �

Z
SE

�
��E W i

k � �u
�
�r�W i

k

�
�x

� r��u
�W i

k

�x

�
dy � � � i � �� 	 	 	 � Na � k � �� � � ������

Z
SC

�uM i dy �

Z
SC

�y � �� M i dy� i � �� �� 	 	 	 � N�C � ������

Z
SD

�uM i dx � �
Z
SD

M i dx� i � �� �� 	 	 	 � N�D � ������

Z
SE

�uM i dy �
Z
SE

�
�

�
y �� � y�� � �

�
M i dy� i � �� �� 	 	 	 � N�E 	 ������

The above linear system is not symmetric� The sti�ness matrix is singular if N�  �N� where

here N��N�C�N�D�N�E �

Formulation D

As in Formulation B
 the Lagrange multiplier function �D
 used to impose the Dirichlet bound�

ary conditions along SD
 replaces the normal derivative of the Laplacian of u �Eq� �������� The

resulting linear system of discretized equations is the same as that of Formulation C except

from the integral along SD in Eq� ������
 which becomes�

Z
SD

�
��D W i

k � �u
�
�r�W i

k

�
�y

� ��u

�y
r�W i

k

�
dx 	

As in formulation B
 the system of the discretized equations is symmetric�
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��� Numerical results

Calculations have been carried out with all four formulations presented in Section �� In order to

implement the SFBIM
 the boundary parts SC 
 SD and SE �i�e� the boundary parts away from

the singularity� are subdivided into quadratic elements� Speci�cally
 we employ NE elements

over each one of boundaries SE and SC and ND elements over boundary SD� Thus
 the total

number of Lagrange multipliers in formulations A and B is N��N�E�N�D and in formulations

C and D is N��N�C�N�D�N�E��N�E�N�D �where N�E��NE�� and N�D��ND���� As in

���� and ����
 the integrals in all formulations are calculated numerically by subdividing each

quadratic element into �� subintervals and using a ���point Gauss�Legendre quadrature over

each subinterval� Unless otherwise indicated
 the semi�length L of the domain has been taken

equal to ��

As already mentioned
 the number of the singular functions �N� should be much greater

than the number of Lagrange multipliers N�
 since otherwise the sti�ness matrix is ill�conditioned

or singular� On the other hand
 large values of �N� should be avoided because the contribu�

tions of the high�order singular functions become either negligible �for r 
 �� or very large �for

r  �� beyond the limits double precision can handle�

Systematic runs have been carried out in order to study the e�ects of both N� and N� on

the numerical results� The e�ect of �N� on the leading singular coe�cients can be observed

in Tables ��� and ���
 which show results obtained using formulation A with N����� Fast

convergence is observed as �N� is increased and accurate estimates of the leading singular

coe�cients are obtained� However
 at very high values of �N� �i�e� above �N����� slow

divergence is observed due to the inaccuracies introduced by the high�order singular functions�

The convergence of the method with the number of Lagrange multipliers is shown in Ta�
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Table ���� Convergence of the singular coe�cients �i with �N�� N����� formulation A�

�N� �� �� �� �� �
 ���

�� ��������� ��������� �������� ��������� ��������� �������

�� ��������� ��������� �������� ��������� ��������� �������
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bles ��� and ��� which show the values of the leading singular coe�cients calculated with

�N���� and various values of N��N�D�N�E � Again
 fast convergence is observed initially

but as N� approaches the value of �N�
 the results start diverging slowly
 which is attributed

to the fact that the sti�ness matrix becomes ill�conditioned� Our computations showed that

the $optimal% values of N� and �N� are N���� and �N����� For higher values of �N� �e�g�

�N������ satisfactory values of the singular coe�cients are still obtained
 but the quality of

the global solution is not very good�

An indication of the quality of the solution is given by the smoothness of the calculated

Lagrange multipliers� Thus
 for the $optimal% combination N���� and �N���� with formu�

lation A
 the calculated Lagrange multiplier function along boundary SD is smooth� As shown

in Figure ���a
 for a slightly di�erent value of N� �i�e� N�����
 the calculated Lagrange mul�

tiplier function exhibits oscillations
 while the values of the singular coe�cients are essentially

the same� Similar observations are made in Figures ���b�d with the results of formulations

B�D� Recall here that in formulations A and C
 �D replaces �u��y while in formulations B

and D it replaces �
�r�u

�
��y�

From the results of Figure ���
 it is clear that formulations A and C are more stable� Since

it does not require additional Lagrange multipliers along boundary SC 
 formulation A is to be

preferred� The converged values of the leading singular coe�cients with all formulations are

depicted in Table ���� Note the slight di�erences in the values of �N� and N� required for

convergence� In Table ���
 the values of ��
 ��
 �� and ��
 calculated using formulation A


are compared with values reported in the literature� To our knowledge
 there are no reports

in the literature for the values of the higher�order coe�cients� The value �	������ for ��

agrees with the analytical solution up to the sixth signi�cant digit and is much more accurate
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Figure ���� Converged �solid� and oscillatory �dashed� Lagrange multiplier functions along

boundary SD calculated with formulations A�D�
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Figure ���� Calculated axial velocity �a� along the slip surface �y��� and �b� along the

centerline �y�
�� formulation A with �N���� and N�����
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Table ���� Converged values of singular coe�cients with formulations A�D�
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Table ��
� Comparison of computed singular coe�cients �formulation A with �N��		 and

N����� with the results of other numerical methods�

Method �� �� �� ��

Modi�ed BIEM� ���� ������� ������� ������� ��������

Singular FEM� ���� ������� ������� �������

ISBFM ���� ������� ������� ��������

Modi�ed MFS ���� �������� �������� ��������� ���������

J�integral method ���� ������

Spectral DDM� ���� ������� ������� ������� ��������

High�resolution FEM� ���� ������� ������� �������

Modi�ed MFS� ���� �������

SFBIM �present work� �������� �������� ������� ���������

Analytical solution ���� ���������

�� extrapolated values�

�� singular coe�cients obtained by post�processing the numerical solution�

�� the best reported estimate is listed�Milti
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es
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Table ��	� Comparison of computed axial velocities �formulation A with �N��		 and N�����

with the high�resolution �nite element predictions of Salamon et al� ����

ux��� �	���� ux��� �� ux��� ��

Salamon et al� ���� �������� ������� ��������

Present work �������� ������� ��������

Table ���� Computed velocities along the symmetry plane �formulation A� �N����� N�����

compared with other results in the literature�

x Analytical ���� STGFEM ���� SFBIM
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than previously reported values� The values of the other three coe�cients compare well with

numerical results reported in the literature
 especially with those calculated by the spectral

domain decomposition method of Owens and Phillips �����

Once the streamfunction is known
 the two velocity components are directly calculated

by means of Eq� ������ Plots of the axial velocity
 ux
 along the slip surface �y��� and

the centerline �y���
 computed using formulation A with �N���� and N����
 are shown in

Figure ���� The calculated slip surface velocity is in good agreement with the predictions of

Kelmanson ���� and Owens and Phillips ����
 while the centerline velocity agrees very well with

the high�resolution �nite element predictions of Salamon et al� ����
 which is also indicated in

Table ���
 where the values of ux at three points of the domain are compared� A comparison

against the analytical solution along the symmetry plane �as calculated by Ngamaramvaranggul

and Webster ����� is provided in Table ���� The small di�erences observed are due to the fact

that the domain used by Richardson ���� was shorter �L���� However
 the predictions of the

present method are still much closer to the analytical solution than those of the STGFEM of

Ngamaramvaranggul and Webster �����

Finally
 as illustrated in Table ���
 the calculated value of ux at ����
�� compares well with

the analytical solution �based on the graphical information recorded in Reference �����
 and is

better than the singular boundary element �SBEM� solution of Ingham and Kelmanson ����


the SFEM and ISBFM results of Georgiou et al� ���
 ��� and the STGFEM result as calculated

by Ngamaramvaranggul and Webster ����� It should be noted that Ngamaramvaranggul and

Webster ���� used an incorrect value for the analytical solution ��������� instead of �������

The pressure corresponding to the local solution ������ is given by

p�x� y� � p��x� y� � p� � ������
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Table ���� Velocity results at x�
�� on the slip surface�

Method V elocity

Analytical ���� �����

SBEM ���� ��������

SFEM ���� ��������

ISBFM ���� ��������

STGFEM ���� ��������

SFBIM ��������

where

p� � ��

�

 �X
j��

�
j � �

�

�
�j r

j� �

� sin

�
j � �

�

�
� �

�X
j��

�j � �� �j � ���j r
j cos �j��

�
 �

and p��p��L� �� so that the pressure at �L� �� is zero� It is clear that the pressure p is at

most as accurate as p�
 the accuracy of which deteriorates as the semi�length L of the domain

increases
 given that the contributions of the singular functions become larger� This e�ect is

illustrated in Table ����
 where we show the variation of p���� �� with L� Note that p���
�� ����

and thus

p���� �� � �p� � �p��L� �� 	

In Figure ���a
 the pressure along the wall and the slip surface �y��� is plotted� This is in

good agreement with the results of Salamon et al ����� The pressure goes to in�nity as the sin�

gularity is approached from the right
 while it remains �nite for negative x� This discontinuity

cannot be captured by standard numerical methods in which a continuous approximation is

used for the pressure� In Figure ���b
 the computed centerline pressure is compared with the
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Figure ���� �a� Calculated pressure along y��� �b� Calculated centerline pressure �continuous

curve� compared with the analytical results by Richardson �points� ���� formulation A with

�N���� and N�����

Milti
ad

es
 C

h. 
Ellio

tis



Sec� ���� Numerical results 	�

Table ����� Variation of the value of p���� �� with the semi�length L of the domain� formu�

lation A with �N��		 and N�����

L p���� ��

��� ������

��� ������

��� ������

��� ������

��� ������

��� ������

��� ������

��� ������

Table ����� Comparison of the computed centerline pressure at x�
 �formulation A with

�N��		 and N����� with the results of other numerical methods�

Method p��� ��

Finite di�erences ��� �����

STGFEM ���� ������

SFBIM �present work� ������

Analytical Solution ���� ������
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analytical results of Richardson ���� �as given by Ngamaramvaranggul and Webster ������ The

agreement is excellent
 which is also seen in Table ����
 where the computed value of p��� �� is

compared with the analytical value and those of other numerical methods�

The streamlines as well as the contours of the two velocity components �ux and uy� and the

pressure
 computed using formulation A with �N���� and N����
 are shown in Figure ����

These show the re�adjustment of the ow from a parabolic to a uniform velocity pro�le and

agree well with previous results in the literature ���
 ��
 ���� The maximum value of uy

is ������� which compares well with the value of ������ provided by Salamon et al� �����

�Ngamaramvaranggul and Webster ���� computed the peak value to be ������ According to

our calculations
 the maximum occurs approximately at the point ������
�������

The e�ect of the length of the domain on the computations has also been studied� Table ����

depicts the converged values of the �rst four singular coe�cients for N���� and di�erent values

of the semi�length
 L
 of the domain� As expected
 the values of the singular coe�cients change

dramatically with L for small values of the latter
 since the assumptions for fully�developed and

uniform ow along the inlet and outlet planes
 respectively
 are not valid when the two planes

are taken close to the die exit� This e�ect is illustrated in Figure ���
 where the calculated

values of �� and �� are plotted versus L� We observe that the value L�� is su�ciently high to

assure the validity of the imposed inlet and outlet boundary conditions� At higher values of L


the accuracy of the computed solutions starts deteriorating
 due to the fact that the number

N�D of the corresponding Lagrange multipliers is kept �xed while the length of the boundary

SD increases� As already noted
 increasing N�D will not improve the accuracy
 since it leads

to ill�conditioning of the sti�ness matrix�
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Stream�function
 �

Horizontal velocity component
 ux�����y

Vertical velocity component
 uy������x

Pressure
 p

Figure ��
� Computed streamlines and contours of the two velocity components and the pres�

sure� formulation A with �N��		 and N�����
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Table ����� Converged values of the leading singular coe�cients with formulation A� N����

and di�erent values of the semi�length L of the domain SD� the value of �N� ranges from �	

to 		� depending on the value of L�

L �� �� �� ��

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������

��� �������� �������� ��������� ���������
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Figure ��	� Convergence of �� and �� with the semi�length L of the domain� formulation A�

N�����
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��� Conclusions

The singular function boundary integral method �SFBIM� has been developed for solving a

biharmonic problem with a boundary singularity
 i�e� the Newtonian planar stick�slip problem

in terms of the streamfunction� The solution is approximated by means of the leading singular

functions de�ned by the local asymptotic solution expansion around the singularity� Hence


the method is restricted to Stokes problems with a boundary singularity for which the local

solution is available� The proposed approximation is valid only if the domain of the problem

is a subset of the domain of convergence of the local solution� If this is not the case
 the

domain can be partitioned into subdomains over which separate approximations
 that obey

appropriate compatibility conditions along the interfaces
 may be used�

The main features of the SFBIM are as follows�

�a� The singular coe�cients are calculated directly�

�b� The governing biharmonic equation is weighted by the singular functions in the Galerkin

sense�

�c� The discretized equations are reduced to boundary integrals by means of a double appli�

cation of the divergence theorem
 which leads to a considerable reduction of the computational

cost�

�d� The Dirichlet boundary conditions are weakly enforced by means of Lagrange multipliers

which may replace either �u��n or �
�r�u

�
��n in the integrands of the discretized equations�

The Lagrange multipliers are calculated together with the singular coe�cients�

Four di�erent formulations of the SFBIM
 corresponding to di�erent techniques of imposing

the Dirichlet boundary conditions
 have been investigated� Even though all formulations give

about the same results
 using a weaker instead of a Dirichlet condition along the outow plane
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Sec� ��	� Conclusions 	


is a much better choice
 since the number of Lagrange multipliers
 N� must be much lower

than the number of singular functions
 �N� in order to avoid ill�conditioning of the sti�ness

matrix� Moreover
 the best choice for the Lagrange multipliers along the symmetry plane is to

replace the normal derivative of the solution and not the normal derivative of its Laplacian�

The SFBIM converges very fast with the number of singular functions and the number of

Lagrange multipliers
 and accurate estimates of the leading singular coe�cients are obtained�

In particular
 the value �������� for the leading singular coe�cient agrees well with the ana�

lytical solution up to the sixth signi�cant digit� The e�ect of the length of the domain on the

values of the leading singular coe�cients has also been investigated� Finally
 the numerical

results for the velocity components and the pressure compare very well with the analytical

solution of Richardson ���� and the high�resolution �nite element results of Salamon et al� �����
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Chapter �

Solution of a ��D fracture problem

In this chapter the singular function boundary integral method �SFBIM� is extended for solv�

ing two�dimensional fracture problems formulated in terms of the Airy stress function�� Our

goal is the accurate
 direct computation of the associated stress intensity factors
 which appear

as coe�cients in the asymptotic expansion of the solution near the crack tip� As mentioned in

previous chapters
 in the SFBIM the leading terms of the asymptotic solution are used to ap�

proximate the solution and to weight the governing biharmonic equation in the Galerkin sense�

The discretized equations are reduced to boundary integrals by means of Green�s theorem and

the Dirichlet boundary conditions are weakly enforced by means of Lagrange multipliers� The

numerical results on a model problem show that the method converges extremely fast and

yields accurate estimates of the leading stress intensity factors�

��� Introduction

The elastic �eld near the tip of a fracture in an elastic body is characterized by the stress

intensity factors �SIFs�� These are the coe�cients
 �j 
 that appear in the asymptotic expansion

�The material of this chapter appears in ��	��
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Sec� 	��� Introduction 	�

of the Airy stress function u near the crack tip
 which is of the general form

u �
�X
i��

�jr
�jfj���� �����

where �r� �� denote polar coordinates centered at the crack tip� The eigenvalues �j and the

corresponding eigenfunctions fj��� are known
 whereas the SIFs are unknown
 with their values

depending on the global problem� The �rst SIF
 a�
 plays a crucial role in the mathematical

description of the propagation of fracture
 since

K �
p

��a� �����

is the opening mode SIF �����

In the last few decades there has been a plethora of work aimed at reliably computing

the SIFs� The methods used include the �nite element method �FEM� with post�processing

��
 �
 ��
 ��
 ���
 the FEM with local mesh re�nement ����
 enriched and generalized �nite

elements ���
 ���
 the method of fundamental solutions ����
 as well as certain versions of the

Tre�tz method ���
 ��
 ��
 ����

It should be noted that in most of the methods mentioned above
 the SIFs are calculated

as a post�solution operation
 i�e� the solution u is approximated �rst and the SIFs are then

calculated using the approximation to u� If the calculation of the SIFs is the main goal of

the computation
 then it may be bene�cial to use a method in which the SIFs are calculated

directly� Examples of such methods include the Tre�tz method ���
 ��� and the method of

fundamental solutions �����

The objective of this chapter is to extend the singular function boundary integral method

�SFBIM� to two�dimensional fracture problems� The SFBIM was originally developed in Ref�

���� to solve Laplacian problems with boundary singularities aiming at resolving the conver�
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Sec� 	��� Introduction 	�

gence di�culties encountered with standard numerical methods in the vicinity of singular

points� In this method the solution is approximated by the leading terms of the local asymp�

totic solution expansion
 which are also employed to weight the governing equation in the

Galerkin sense� Furthermore
 the discretized equations are reduced to boundary integrals by

means of the divergence theorem
 and the Dirichlet boundary conditions are weakly enforced

by means of Lagrange multipliers� In addition to reducing the dimension of the problem by

one
 another important feature of the method is that the singular coe�cients �j are calculated

directly �i�e� no postprocessing is required�
 together with the discrete Lagrange multipli�

ers� In chapters � and �
 the SFBIM has been applied to various problems with singularities


such as the Motz problem ����
 the cracked�beam problem ����
 and to Laplacian problems

over L�shaped domains ���
 ���
 exhibiting fast convergence and yielding very accurate results


especially for the leading singular coe�cients�

(-1, -1)

O

(1, 1)

Figure ���� A thin elastic plate with a symmetric crack�

Since it yields direct estimates of the SIFs
 the SFBIM appears to be an excellent candidate

for solving fracture problems
 which can be expressed as a biharmonic equation in terms of
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Sec� 	��� The model problem and the asymptotic solution ��

the Airy stress function� To illustrate the extension of the method to such problems
 we have

chosen a two�dimensional fracture problem
 originally studied by Schi� et al� �����

The outline of the rest of this chapter is as follows� the model fracture problem and the

asymptotic expansion of the solution near the crack tip are presented in Section ���
 the SFBIM

for this particular problem is developed in Section ���
 while the numerical computations are

presented in Section ���
 in which comparisons are also made with the results obtained by Li

et al� ���� using the collocation Tre�tz method� Finally
 our conclusions are summarized in

Section ����

��� The model problem and the asymptotic solution

u � �� �u
�y � �

SA

�u
�y � �� ��u

�y�
� �

u � �
��x � ���� �u

�y
� �

O

SB

SD

u � �

�u
�x

� �
SE

�u
�x

� �
SC

u � �

�

r

r�u � �

y

x

�

x � ��

y � �

x � �

y � �

Figure ���� The model fracture problem�

We consider the model problem studied by Schi� et al� ����� It deals with a two�dimensional

solid elastic plate containing a single edge crack
 subjected to a uniform outplane load normal

to two of the edges and to the crack� The remaining edges are stress free �see Figure �����
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Sec� 	��� The model problem and the asymptotic solution ��

Using symmetry
 the problem is formulated on � � ���� ��
 ��� ��
 as a biharmonic equation

for of the Airy stress function u�x� y�
 and is depicted graphically in Figure ���� For simplicity

the load in the original problem from ���� has been taken to be ��

The resulting boundary value problem is as follows� �nd u such that

r�u � � in � � ���� ��
 ��� �� � �����

with

u � �� �u
�y

� � on SA

�u
�y

� � ��u
�y�

� � on SB

u � �� �u
�x � � on SC

u � �
� � x � ��� � �u

�y � � on SD

u � �� �u
�x � � on SE

������������������
�����������������

	 �����

where ���SA 	 SB 	 SC 	 SD 	 SE � The asymptotic expansion for u in the neigbourhood of

the singular point O can be expressed in terms of an eigenfunction expansion of the form�

u�r� �� �
�X
j��

h
cj W

j
� �r� �� � dj W

j
� �r� ��

i
� �����

where �r� �� are the polar coordinates centered at O
 and cj � dj correspond to the even and odd

SIFs
 respectively �see also eq� ����� in ������ �Using this notation
 we have a� � d� in �������

In expansion �����
 the two sets of the so�called singular functions W j
k � k � �� �
 are given by

W j
k � r�j � � fk��� �j� � k � �� � �����

where

f���� �j� � cos ��j � �� � � cos ��j � �� � � �j � j � j � �� �� � � � � �����

and

f���� �j� � cos ��j � �� � � �j � �

�j � �
cos ��j � �� � � �j � j � �

�
� j � �� �� � � � 	 �����
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Sec� 	��� The singular function boundary integral method �SFBIM� ��

We note that the singular functions W j
k satisfy the PDE �����
 as well as the boundary condi�

tions on SA and SB �

��� The singular function boundary integral method

�SFBIM�

In the SFBIM the solution u is approximated by the leading terms of the asymptotic expansion�

By employing the �rst N� terms in �����
 the approximate solution �u is given by

�u �
N�X
i��

�ci W
i
� �

N�X
i��

�di W
i
�� �����

where �ci and �di are the approximations to the SIFs� Obviously
 the total number of singular

functions involved in the approximation is �N�� It should be pointed out that the method

is restricted to fracture problems with only one crack for which the asymptotic solution is

available� Moreover
 the proposed approximation ����� is valid only if the domain of the

problem is a subset of the domain of convergence of the asymptotic solution� Otherwise


the domain may be partitioned into subdomains over which separate approximations obeying

appropriate compatibility conditions along the interfaces should be used�

By applying Galerkin�s principle
 the governing equation is weighted by the singular func�

tions
 which yields to the following set of discretized equations�

Z
�
r��uW i

k dV � � � i � �� �� � � � � N� � k � �� � 	

Next
 applying Green�s theorem twice and taking into account that the singular functions

satisfy the governing biharmonic equation �����
 the above integrals are reduced to boundary

ones�

Z
��

�
��u

�n
r�W i

k � �u
�
�r�W i

k

�
�n

�
dS �

Z
��

�
�
�r��u

�
�n

W i
k � r��u

�W i
k

�n

�
dS � ��
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Sec� 	��� The singular function boundary integral method �SFBIM� ��

for i � �� �� 	 	 	 � Na
 k��
�� Now
 since W i
k satisfy exactly the boundary conditions along SA

and SB 
 the above integral along these boundary segments is identically zero� Therefore


Z
SC�SD�SE

�
��u

�n
r�W i

k � �u
�
�r�W i

k

�
�n

�
dS �

Z
SC�SD�SE

�
�
�r��u

�
�n

W i
k �r��u

�W i
k

�n

�
dS � ��

for i � �� �� 	 	 	 � Na
 k��
��

In the SFBIM the Dirichlet boundary conditions are imposed by means of Lagrange multi�

pliers� In the case of Laplacian problems
 the Lagrange multipliers replace the normal derivative

��u��n� In the case of biharmonic problems
 another option for the Lagrange multipliers is to

replace �r��u��n� In the current problem
 Dirichlet boundary conditions appear along the

three boundary parts of interest
 i�e� SC 
 SD and SE 
 where the normal derivative of the so�

lution is also speci�ed� Therefore
 Lagrange multipliers have been chosen to replace �r��u��n

at boundary parts SC 
 SD and SE � These are partitioned into three�node elements and the

corresponding Lagrange multipliers
 denoted respectively by �C 
 �D and �E
 are expanded in

terms of quadratic basis functions M j �

�C �
�
�r��u

�
�x

�

N�CX
j��

�jC M j � on SC � ������

�D �
�
�r��u

�
�y

�

N�DX
j��

�jD M j � at SD � ������

and

�E �
�
�r��u

�
�x

�

N�EX
j��

�jE M j � at SE � ������

where N�C � N�D and N�E are the numbers of the discrete Lagrange multipliers �jC 
 �jD and �jE

along the corresponding boundaries� The discrete Lagrange multipliers appear as additional

unknowns in the problem� The required N�C�N�D�N�E additional equations are obtained

by weighting the Dirichlet boundary conditions along SC 
 SD and SE by the quadratic basis

Milti
ad

es
 C

h. 
Ellio

tis



Sec� 	��� The singular function boundary integral method �SFBIM� ��

functions M i in the Galerkin sense� The following linear system of �N��N�C�N�D�N�E

discretized equations is thus obtained�

Z
SC

�
�C W i

k � �u
�
�r�W i

k

�
�x

� r��u
�W i

k

�x

�
dy �

�
Z
SD

�
�D W i

k � �u
�
�r�W i

k

�
�y

� r��u
�W i

k

�y

�
dx �

�

Z
SE

�
��E W i

k � �u
�
�r�W i

k

�
�x

� r��u
�W i

k

�x

�
dy � �

Z
SC

�r�W i
k dy�

i � �� 	 	 	 � Na � k � �� � � ������

Z
SC

�uM idy �
Z
SC

�M idy� i � �� �� 	 	 	 � N�C � ������

Z
SD

�uM idx �

Z
SD

�
�

�
�x � ���

�
M idx� i � �� �� 	 	 	 � N�D� ������

�
Z
SE

�uM idy � �� i � �� �� 	 	 	 � N�E 	 ������

The above linear system can be written in block form as follows��
												


K KC KD KE

KC
T O O O

KD
T O O O

KE
T O O O

�
������������

�
												


X�c� �d

!C

!D

!E

�
������������

�

�
												


A

C

D

O

�
������������
� ������

where X�c� �d
 !C 
 !D and !E are the vectors of unknowns


X�c��d �
�
�c�� � � � � �cN�� �d�� � � � � �dN�

�T
�

!C �
h
��C � �

�
C � � � � � �

N�C
C

iT
� !D �

h
��D� �

�
D� � � � � �

N�D
D

iT
� !E �

h
��E � �

�
E� � � � � �

N�E
E

iT
	

It should be noted that the integrands in equations ������#������ are non�singular and all in�

tegrations are carried out far from the boundaries causing the singularity� Also
 the sti�ness
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matrix in ������ is symmetric and becomes singular if N�  �N� where N��N�C�N�D�N�E �

This last fact will be taken into consideration when choosing speci�c values for these parame�

ters�

��� Numerical results

In order to implement the SFBIM
 the boundary parts SC 
 SD and SE �i�e� the boundary

parts away from the singularity� are subdivided into quadratic elements� In particular
 we use

NC elements for each of the boundaries SC and SE and ND elements for boundary SD
 which

makes the the total number of Lagrange multipliers N��N�C�N�D�N�E��N�C�N�D �where

N�C��NC�� and N�D��ND���� All integrals are calculated numerically by subdividing each

quadratic element into �� subintervals and using a ���point Gauss�Legendre quadrature over

each subinterval ���
 ����

As mentioned above
 the number of the singular functions �NC should be greater than

the number of Lagrange multipliers N�
 because otherwise the sti�ness matrix becomes ill�

conditioned or singular� On the other hand
 large values of �NC should be avoided because

the contributions of the high�order singular functions become either negligible �for r 
 �� or

very large �for r  �� beyond the limits double precision can handle� Since
 at the moment


no a�priori way of choosing the $optimal% values for N� and NC exists
 we have carried out

systematic runs in order to study the e�ects the variation of these parameters would have on

the numerical results�

The e�ect of �N� on the leading SIFs can be observed in Tables ��� and ���
 which show

results obtained with N� � ��� Initially
 we observe fast convergence as �N� is increased
 but

at very high values of the latter �i�e� above �N����� slow divergence is observed due to the
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Table ���� Convergence of the leading odd SIFs di with �N�� N�����

�N� d� d� d� d� d
 d��

�� ���������� ����������� ��������� ��������� ���������� ��������

�� ���������� ����������� ��������� ��������� ���������� ��������

�� ���������� ����������� ��������� ��������� ���������� ��������

�� ���������� ����������� ��������� ��������� ���������� ��������

�� ���������� ����������� ��������� ��������� ���������� ��������

�� ���������� ����������� ��������� ��������� ���������� ��������

�� ���������� ����������� ��������� ��������� ���������� ��������

��� ���������� ����������� ��������� ��������� ���������� ��������

��� ���������� ����������� ��������� ��������� ���������� ��������

��� ���������� ����������� ��������� ��������� ���������� ��������
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Table ���� Convergence of the leading even SIFs ci� with �N�� N�����

�N� c� c� c� c� c
 c��

�� ���������� ��������� ���������� ���������� ��������� ��������

�� ���������� ��������� ���������� ���������� ��������� ��������

�� ���������� ��������� ���������� ���������� ��������� ��������

�� ���������� ��������� ���������� ���������� ��������� ��������

�� ���������� ��������� ���������� ���������� ��������� ��������

�� ���������� ��������� ���������� ���������� ��������� ��������

�� ���������� ��������� ���������� ���������� ��������� ��������

��� ���������� ��������� ���������� ���������� ��������� ��������

��� ���������� ��������� ���������� ���������� ��������� ��������

��� ���������� ��������� ���������� ���������� ��������� ��������
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Table ���� Convergence of the leading odd SIFs di with N�� �N�����

N� d� d� d� d� d
 d��

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������

������ ���������� ����������� ��������� ��������� ���������� ��������
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Table ���� Convergence of the leading even SIFs ci with N�� �N�����

N� c� c� c� c� c
 c��

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������

������ ���������� ��������� ���������� ���������� ��������� ��������
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Table ���� Comparison of converged values of the SIFs with those reported by Li et al� �����

SIFs Collocation Tre�tz SFBIM

method ���� �present work�

d� �	�������� �	�������

d� ��	������� ��	������

d� �	������� �	������

d� �	������ �	�����

d
 ��	������ ��	�����

d� ��	������ ��	�����

d ��	������ ��	�����

d� �	������ �	�����

d� ��	������ ��	�����

d�� ��	������ ��	�����

c� �	������� �	������

c� �	������� �	������

c� ��	������� ��	������

c� ��	������ ��	�����

c
 �	������ �	�����

c� �	������ �	�����

c ��	������ ��	�����
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Sec� 	��� Numerical results ��

inaccuracies introduced by the high�order singular functions� Tables ��� and ��� show the e�ect

of varying N��N�C�N�D�N�E 
 when �N����� Again
 fast convergence is observed initially

but as N� approaches the value of �N�
 the results start diverging slowly
 which is attributed to

the fact that the sti�ness matrix becomes ill�conditioned� These computations suggest that the

$optimal% values for the numbers of singular functions and Lagrange multipliers are respectively

�N���� and N����� For higher values of �N� �e�g� �N������ satisfactory values of the SIFs

are still obtained
 but the quality of the global solution is not very good� When comparing the

performance of the method with that in the case of Laplacian problems ���
 ��
 ��
 ���
 we note

that convergence is slower in the case of the biharmonic equation
 which is reasonable since

the latter is more complicated than the Laplace equation� If the smoothness of the calculated

Lagrange multiplier functions is used as an indication of the quality of the solution
 then for

the combination of �N���� and N����
 the calculated Lagrange multiplier functions along

boundary parts SC 
 SD and SE 
 are the smoothest possible �see Figure ����� We note that

for a slightly di�erent value of N� the estimated values of the SIFs are essentially una�ected


while the calculated Lagrange multipliers exhibit oscillations�

In Table ��� the converged values of coe�cients di and ci� i � �� 			� ��
 obtained with the

SFBIM are compared with the most accurate values obtained by the collocation Tre�tz method

of Li et al� ����
 who reported that the leading SIF
 d�
 is converged up to the seventh signi�cant

digit� The SFBIM appears to be more accurate as it achieves convergence up to the eighth

signi�cant digit� Since Li et al� ���� do not provide information about the convergence of the

other SIFs
 in Table ��� we tabulate their computed values with one additional digit than the

converged values of the SFBIM� Nevertheless
 there is excellent agreement between the results

of the two methods� Finally
 Figures ��� and ��� show the surface plots of the solution u and
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Sec� 	�	� Conclusions ��

its partial derivatives ux� uy� uxx� uyy � The e�ect of the singularity at O is clearly visible in

these pro�les�

��� Conclusions

The singular function boundary integral method �SFBIM� has been developed for solving two�

dimensional fracture problems in terms of the Airy stress function� In this method the leading

terms of the asymptotic solution are used to approximate the solution and thus the SIFs are

calculated directly �i�e� no post�processing of the numerical solution is required�� The governing

biharmonic equation is weighted by the singular functions in the Galerkin sense
 and the

discretized equations are then reduced to boundary integrals by means of a double application

of the divergence theorem
 which leads to a signi�cant reduction in the computational cost�

Another attractive feature of the method is that integration is necessary only along boundary

parts that are away from the crack tip� The Dirichlet boundary conditions are weakly enforced

by means of Lagrange multipliers which
 depending on the type of the boundary conditions


may replace either �u��n or �r�u��n in the integrands of the discretized equations� The

Lagrange multipliers are calculated together with the SIFs�

The SFBIM has been applied to a model problem proposed by Schi� et al� ����� The

numerical calculations showed that the method converges very fast with the number of singular

functions and the number of Lagrange multipliers
 and yields accurate estimates of the leading

SIFs� The value of the leading SIF
 in particular
 is converged up to eight signi�cant digits�

Our results agree well with the values obtained by Li et al� ���� using the collocation Tre�tz

method�

Milti
ad

es
 C

h. 
Ellio

tis



Chapter 


Analysis of the SFBIM

In this chapter we present the analysis of the singular function boundary integral method

�SFBIM� for a two�dimensional Laplace equation problem with only one singular point�� Con�

vergence analysis is used to obtain upper bounds on the error created in the approximate

solution and in the estimation of the singular coe�cients� Throughout this chapter the usual

notation H���� will be used for spaces containing functions of the domain � � R� with

boundary ��
 having � generalized derivatives in L����� The norm and semi�norm on H����

will be denoted by jj	jj��� and j	j���
 respectively�


�� The model problem and its formulation

In order to analyse the SFBIM we consider the problem of Figure ����

r�u � �� in � � �����

�The material of this chapter appears in �
���

�
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Sec� ���� The model problem and its formulation �	

S�
S�

S�

S�

�

n

� x

y

r

�

r�u � �

�u
�n

� �

u � �

u � f�r� ��

�u
�n

� g�r� ��

Figure 
��� Laplacian problem with one singular point�

with

�u
�n

� � on S�

u � � on S�

u � f�r� �� on S�

�u
�n � g�r� �� on S�

��������������
�������������

� �����

where �� � 	�i��Si�

Variables �r
 �� denote polar coordinates centered at O
 while functions f�r� �� and g�r� ��

are assumed to be smooth and such that there is only one boundary singularity at O� In

previous chapters we saw that the local solution near O is given by an expansion of the form

u�r� �� �
�X
j��

�j r
�j �j��� � �����

where �j are the unknown singular coe�cients
 �j are the singularity powers arranged in

ascending order
 and the functions �j��� represent the ��dependence of the eigensolution� The

coe�cients �j are the so�called �Generalized� Stress Intensity Factors
 and �j are also known
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Sec� ���� The model problem and its formulation ��

as the eigenvalues of the problem� Functions r�j �j��� are called the singular functions�

Now
 suppose v is a function chosen to satisfy

r�v � �� in � � �����

with

�v
�n

� � on S�

v � � on S�

�����
����

	 �����

�For example
 v�r�j �j����� Now
 multiplying ����� by v and integrating over � we obtain

Z
�
v r�u � � 	 �����

By employing Green�s theorem we get

Z
�
vr�u � �

Z
�
rv ru �

Z
��

v
�u

�n
� � �����

and by considering the boundary conditions ����� the above expression takes the following

form� Z
�
rv ru �

Z
S�

v
�u

�n
�
Z
S�

v
�u

�n
�
Z
S�

v g 	 �����

Furthermore
 by considering the boundary conditions ����� of function v then ����� becomes

Z
�
rvru �

Z
S�

v
�u

�n
�
Z
S�

v g 	 �����

From �����
 using Green�s theorem once more
 we get

�
Z
�
ur�v �

Z
��

u
�v

�n
�
Z
S�
v
�u

�n
�

Z
S�
v g ������

and using conditions ����� and ����� we have

Z
S�

u
�v

�n
�

Z
S�

u
�v

�n
�
Z
S�

v
�u

�n
�

Z
S�

v g ������
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Sec� ���� The model problem and its formulation ��

which is the equation that we have discretized in previous chapters�

Now
 let us go back to ������ Since u�f on S� we have

�
Z
S�

�v

�n
�u � f� � � � ������

and therefore by adding this to ����� we obtain

Z
�
rv ru �

Z
S�

v
�u

�n
�
Z
S�

�v

�n
�u � f� �

Z
S�

v g 	 ������

Let

� �
�u

�n
and � �

�v

�n
	 ������

Then equation ������ can be expressed as the following variational problem�

Problem �� Find �u
�� � V� 
 V� such that

B �u� v� � b �u� v��� �� � F �v� �� � �v� �� � V� 
 V� � ������

where

B �u� v� �
R
�rv ru

b �u� v����� � � RS� � v � RS� � u
F �v� �� �

R
S�
v g � RS� � f

���������
��������

	 ������

The spaces V� and V� in ������ are chosen as

V� � H�
� ��� and V� � H� �

� �S�� � ������

where

H�
� ��� �

n
u � H� ��� � ujS� � �

o
� ������

and the space H� �

� is de�ned as follows� Let

H
�

� ���� �
n
u � H� ��� � uj�� � L� ����

o
������
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Sec� ���� Error Analysis ���

and let

T � H� ��� � H
�

� ����

be the trace operator� The norm of H
�

� ���� is de�ned as

jj�jj �
�
��� � inf

u�H���	
fjjujj��� � Tu � �g 	 ������

Then the space H� �

� ���� is de�ned as

H� �

� ���� � H� ����
jj	jj
�
�

�
��� � ������

i�e� the closure of H� ���� with respect to the norm

jj�jj� �

�
��� � sup


�H
�

� ���	

R
�� � �

jj�jj �
�
���

	 ������

�See ���� for more details on these spaces��


�� Error Analysis

First we present the discrete analog to Problem �� To this end
 let the boundary part S�

be divided into sections "i
 with i � �� � � � � n such that S��	ni��"i� Let hi � j"ij and set

h�max��i�n hi� Now
 let

vj � r�j �j ���

denote the singular functions
 and de�ne the following �nite dimensional space�

V�
N � span fvjgNj�� 	 ������

We assume that for each segment "i
 there exists an invertible mapping Fi � I � "i which

maps the interval I����
�� to "i
 and we de�ne the space

V�
h �

n
�h � �hj�i �F��

i
� Pk �I � � i � �� � � � � n

o
� ������
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Sec� ���� Error Analysis ���

where Pk �I � denotes the set of polynomials of degree � k on S�� In practice
 the representation

of the boundary S� determines the mappings Fi � i�e�
 if S� is represented by a polynomial then

an isoparametric mapping may be used
 and if S� has some �general� parametric representation


then the blending map technique may be used �see Ch� � in ������ Then the discrete version of

������ is the following�

Problem �� Find �uN 
�h� � �V�
N 
 V�

h� � �H�
� 
H� �

� �S��� such that

B �uN � v� � b �uN � v��h� �� � F �v� �� � �v� �� � V�
N 
 V�

h � ������

with B �uN � v�
 b �uN � v��h� �� and F �v� �� given by �������

We have the following theorem�

Theorem �� Let �u
�� and �uN 
�h� be the solutions to problems � and �
 respectively�

Suppose there exist positive constants c�
 c
 � and �
 independent of N and h such that the

following three conditions hold�

B �v� v� � c� jjvjj���� and jB �u� v� j � c jjujj��� jjvjj��� � v � V�
N � ������

 � �� vN � V�
N � j

Z
S�

�h vN j � � jj�hjj� �

�
�S�

jjvN jj��� � �h � V�
h � ������

j
Z
S�

� vj � � jj�jj� �

�
�S�
jjvjj��� � v � V�

N 	 ������

Then


jju � uN jj��� � jj�� �hjj� �

�
�S�

� C

�
inf

v�V�
N
jju� vjj��� � inf

��V�
h
jj�� �jj� �

�
�S�

�
� ������

with C � R� independent of N and h�

For a proof of the above see ���� or Theorem ��� in ����� Before we verify that ������#������

hold for our problem
 consider the following� For any w �
P�

j�� �j vj we can always write

w � wN � rN �
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where

wN �
NX
j��

�j vj � V�
N � and rN �

�X
j�N��

�j vj � ������

with �j the true singular coe�cients� We will assume that there exists a constant � � ��� ��

such that

jrN j � C �N �A��

and

j�rN
�r

j � C N �N 	 �A��

If r 
 � in the local solution �����
 assumptions �A�� and �A�� hold trivially
 since then
 by

the fact that �j is harmonic and the singular coe�cients are bounded we have

jrN j �
�X

j�N��

j�j j r�j � C
r�N � �

�� r
� C �N �

with r 
 � 
 � and C � R� independent of � and N � Similarly


j�rN
�r

j �
�X

j�N��

j�j j r�j� � �
�X

j�N��

j�j j
�
d

dr

Z r

�
��j� � d�

�

�
d

dr

�
� �X

j�N��

j�j j
� Z r

�
��j� � d�

��A

�
d

dr

�
� �X
j�N��

j�j j r�j
�
A � C

d

dr

�
r�N � �

�� r

�
� C N �N 	

In the case r � � one may partition the domain � into subdomains in which separate approx�

imations may be obtained
 including one near � that is valid for r 
 �� The solution over the

entire domain can be composed by combining solutions from each subdomain and properly

dealing with their interactions across the interfaces separating them �see
 e�g�
 ������
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We are now ready to verify that ������#������ hold for the problem given by equation �������

We may note that B�v� v��jvj����� So
 by Poincar�e�s inequality we have

B �v� v�� c� jjvjj���� � v � H�
� ��� 	 ������

Also
 by the Cauchy�Schwartz inequality we obtain

B �u� v� � c jjujj��� jjvjj��� � u� v � H�
� ��� ������

and therefore ������ is veri�ed� In order to verify ������ we consider the following auxiliary

problem�

r�w � �� in � � ������

with

�w

�n
� �h on S� � ������

w � � on S� � ������

�w

�n
� � on S� 	 S� � ������

where �h � V h
� in ������� By using Green�s formula and Poincar�e�s inequality
 ������ and

������ give

Z
S�
�hw �

Z
S�
w
�w

�n
�

Z
�
wr�w �

Z
�
jrwj� jwj���� � c� jjwjj���� ������

with c� � R�� Now


jj�hjj� �

�
�S�

� jj�w
�n

jj� �

�
�S�

� Cjjwjj��� � ������

which is a standard inequality ���� So
 by ������ and ������

Z
S�
�hw � c� jjwjj���� � � jjwjj��� jj�hjj� �

�
�S�

� ������
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Sec� ���� Error Analysis ���

with � � R� independent of w and h� Now
 let wN � V N
� be such that w�wN � rN 
 as given

by ������� We have Z
S�

�hwN �
Z
S�

�h w �
Z
S�

�h rN � ������

and also �by standard inequalities and the de�nition of jj	jj� �

�
���
 cf� ����

Z
S�

�hrN � jj�hjj� �

�
�S�

jjrN jj �
�
�S�

� C� jj�hjj� �

�
�S�

jjrN jj��� 	 ������

Now
 combining ������
 ������ and ������ we obtain

Z
S�

�h wN � � jjwjj��� jj�hjj� �

�
�S�

� C� jj�hjj� �

�
�S�

jjrN jj��� 	 ������

From the reverse triangle inequality


jjwjj��� � jjwN � rN jj��� � jjwN jj��� � jjrN jj��� � ������

and ������
 we get

Z
S�

�h wN � � �jjwjj��� � jjrN jj���� jj�hjj� �

�
�S�

� C� jj�hjj� �

�
�S�

jjrN jj���

and therefore

Z
S�

�h wN � � jjwjj��� jj�hjj� �

�
�S�

� �C� � �� jj�hjj� �

�
�S�
jjrN jj��� 	 ������

Since by assumption �A��
 rN converges to zero exponentially
 we have

� � jjrN jj���
jjwN jj��� 
 � �

and for N su�ciently large we may write

jjrN jj���
jjwN jj��� � �

� �C� � ��
	 ������

The combination of ������ and ������ yields

Z
S�

�h wN � �

�
jj�hjj� �

�
�S�

jjwN jj��� � ������
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Sec� ���� Error Analysis ���

which gives ������ once we replace wN by vN and �
� by ��

Finally
 condition ������ follows from the de�tion of H� �

� �norm� We have

Z
S�

� v � jj�jj� �

�
�S�
jjvjj �

�
�S�

� v � V N
� �

and by the using standard inequality ���

jjvjj �
�
�S�

� � jjvjj��� � � � R�

we obtain

j
Z
S�

� vj � jj�jj� �

�
�S�

jjvjj��� � v � V N
� 	 ������

The above discussion leads to the following theorem�

Theorem �� Let �u
�� and �uN 
�h� be the solutions to problems � and �
 respectively� If

� � Hk ���S�� then there exists a positive constant C
 independent of N and h
 such that

jju � uN jj��� � jj�� �hjj� �

�
�S�

� C
n
N �N � hk ��

o
� ������

with C � R� independent of N and h and k�N � N�

Proof� From Theorem � we have

jju � uN jj��� � jj�� �hjj� �

�
�S�

� C

�
inf

v�V�
N
jju� vjj��� � inf

��V�
h
jj�� �jj� �

�
�S�

�
	 ������

Recall that for any w �
P�

j�� �j vj we can always write

w � wN � rN �

where

wN �
NX
j��

�j vj � V�
N � and rN �

�X
j�N��

�j vj 	

Then we have

inf
v�V�

N
jju� vjj��� � jju� wN jj��� � jjrN jj��� 	
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Using assumptions �A�� and �A�� and the de�nitions of jj	jj��� and jj	jj��� we get

inf
v�V�

N
jju� vjj��� � jjrN jj��� �

�
jjrN jj���� � jj�rN

�r
jj���� � jj�

r

�rN
��

jj����
��

�

� C�

h
�C� �

N�� � �C�N �N �� � �C�N �N ��
i �
�

C�� C� � R� �

� C N �N � ������

where the constant C  � is independent of N and �� Next let �I be the kth�order interpolant

of �� Then
 since � � Hk ���S�� and �h is the best approximation
 from the projection theorem

we have�

jj� � �hjj� �

�
�S�

� jj� � �hjj��S� � jj� � �I jj��S� 	

Also
 using the interpolation result

jj� � �I jj��S� � hk �� jj�jjk���S� � C hk �� � C � R� �

we obtain

jj� � �hjj� �

�
�S�

� C hk �� �

which by means of ������ gives

jju � uN jj��� � jj�� �hjj� �

�
�S�

� C
n
N �N � hk ��

o
�

with C � R� independent of N 
 �
 h and k� �

Remark� Based on the above theorem
 one may obtain the optimal matching between

N and h
 i�e� the relationship between the number of singular functions and the number of

Lagrange multipliers used in the method
 by choosing hk �� � N �N � We then have

�k � �� ln h � lnN � N ln � 	
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Sec� ���� Error Analysis ��	

For N su�ciently large
 N � lnN and therefore

�k � �� lnh � N ln � �

from which we have the following approximate expression for N �

N � �k � ��
ln h

ln�
	 ������

In the case of a uniform discretization of boundary S�
 all subintervals "i have length hi

equal to h� Then the number of Lagrange multipliers is N� �
jS�j
h � �� Therefore
 ������

becomes

N � �k � ��
ln
�

jS�j
N� ��

�
ln�

	 ������

Let us illustrate how to �nd the value of � in the case of the Dirichlet problem considered

in Chapter �� Since we are using quadratic basis functions
 we have k � � while the length of

S� is equal to � �i�e� jS�j � ��� We �x for a moment the number of elements n
 e�g� say n � �

which amounts to N� � ��
 and we solve the linear system of discretized equations
 which is

created by applying the SFBIM for various values of N  N� �e�g�
 N � ��� ��� ��� � � ��� We

concentrate only on the calculation of the �rst singular coe�cient �� and record our results in

Table ��� which shows that for the choice N���� the value of �� does not change once N����

Thus
 from ������
 and with N���� and N���
 we �nd that � � �	��� Now
 with � known


we may compute other quantities of interest by choosing N and N� via equation ������� For

example for N���� �i�e� h� �
��� we �nd that N � �� which
 in fact
 is the combination used

for the Dirichlet problem discussed in Chapter ��

The approximation of the singular coe�cients is given by the following�

Corollary� Let u �
P�

j�� �j r
�j �j ��� and uN �

PN
j�� �Nj r�j �j ��� satisfy problems

� and �
 respectively
 with �j 
 �Nj denoting the true and approximate singular coe�cients�
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Table 
��� Values of �� with N�����

N ��

�� ����������������

�� ����������������

�� ����������������

�� ����������������

�� ����������������

�� ����������������

�� ����������������

�� ����������������

�� ����������������

Then
 there exists a positive constant C � R�
 independent of N and �
 such that

j�j � �Nj j � C �N 	

Proof� We have already seen that

inf
v�V N

�

jju � vjj��� � jjrN jj��� � C �N C � R� 	 ������

Now
 with

u �
�X
j��

�j r
�j �j��� and uN �

NX
j��

�Nj r�j �j��� �

we have

u � uN �
NX
j��

��j � �Nj � r�j �j��� �
�X

j�N ��

�j r
�j �j��� 	
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Sec� ���� Error Analysis ���

Without loss of generality
 we assume that singular functions wj� r�j �j��� are orthogonal on

�� For example
 in the case of Dirichlet problem studied in Chapter � we have

�j��� � sin�
�

�
�� j � �� �� � �� � � 
 � � ������

which is a ���periodic function� By multiplying both sides of ������ by �i��� and integrating

w�r�t� � form �� to � we see that all terms with i �� j vanish� Indeed


Z �

��
sin�

�

�
�� j � �� �� sin�

�

�
�� i � �� �� d� �

�����
��� 

� � if i �� j �

� � if i � j � � 	

In general
 we have

Z
�
wj wi

�����
��� 

� � � if i �� j �

�� � � if i � j � � 	

Therefore
 Z
�

�u � uN� wi � ��i � �Ni �
Z
�
w�
i � i 
 N � � 	

Let
R
� w�

i � �
C�


 where C� � R�� Then


j�i � �Ni j � C�

Z
�

�u � uN �wi � C� max
�

jwij
Z
�

�u � uN �

� �C�

Z
�

�u � uN� � �C��

Z
�

�u � uN ���

�

�

�

Z
�

���

�

�

�

C� �

Z
�

�u � uN ���

�

�

� C� jju � uN jj��� � C� jjrN jj��� � �C�� C� � R� 	

Thus
 by ������ we �nally have

j�i � �Ni j � C �N � C � R� 	 �

Note that the above corollary shows the exponential convergence of the SFBIM
 which was

illustrated in the applications presented in previous chapters on Laplacian and biharmonic

problems�
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�� Conclusions

In this Chapter we analysed the Singular Function Boundary Integral Method for elliptic

problems with boundary singularities� We studied
 mainly
 the convergence of the method

and in particular we showed that the method approximates the singular coe�cients of the

asymptotic expansion at an exponential rate�

We believe that the above analysis of the method can be extended to biharmonic problems

with one boundary singularity� This will be one of the goals in our future research�
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Chapter �

Conclusions and future work

In this dissertation a special boundary integral method for the solution of Laplacian and

biharmonic problems with boundary singularities has been developed� This method
 called

the Singular Function Boundary Integral Method �SFBIM�
 belongs to the family of numerical

schemes which incorporate the form of the singularity in the approximation� Two Laplace

equation problems over an L�shaped domain
 with Dirichlet and mixed boundary conditions

�Dirichlet and Neumann�
 respectively
 were solved� In addition
 the SFBIM was developed

for the case of the stick�slip problem of uid mechanics and for the case of Schi� s problem of

fracture mechanics
 both of which are singular biharmonic problems� The observed convergence

rate of the SFBIM in singular Laplacian problems was established in Chapter ��

The application of the SFBIM to the above problems resulted in exponential convergence

and results of high accuracy� In fact
 comparisons between the results of the present method

and those of other methods has indicated that the SFBIM converges faster with respect to

the number of singular functions and yields more accurate estimates for the leading singular

coe�cients and for other parameters �e�g� the values of the velocity components and pressure in

the case of the stick�slip problem�� In certain cases
 numerical results are favorably compared

with the analytical solution� The exponential convergence of the method with the number of

singular functions
 is established theoretically in the last part of the dissertation for the case

���
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���

of Laplacian problems�

With the SFBIM the governing equation �Laplace or biharmonic� is weighted by the sin�

gular functions in the Galerkin sence� A very important characteristic of the method is that

the area integrals are reduced to boundary integrals
 by means of the divergence theorem
 and

therefore the computational cost of the method is signi�cantly reduced� Furthermore
 with

the SFBIM the Dirichlet boundary conditions which are away from the singularity
 are weakly

enforced by means of Lagrange multipliers
 which are expressed in terms of quadratic basis

functions� Then
 the resulting linear system of the discretized equations is solved directly for

the leading singular coe�cients and the Lagrange multipliers� It should be emphasized that

all the integrations are carried out far from the singularity� The fact that the leading singular

coe�cients of the local solution expansion are calculated directly together with the Lagrange

multipliers
 without any post�processing procedure
 is another main advantage of the method�

On the other hand
 however
 the number of Lagrange multipliers should be large enough

in order to assure accuracy in the integrations along the boundary �which is subdivided into

quadratic elements� but it must be much lower than the number of singular functions
 in

order to avoid ill�conditioning of the sti�ness matrix� Furthermore
 the number of singular

functions cannot be very high
 since the computer accuracy cannot handle the contributions

of the higher�order singular functions
 which become very small for r 
 � or very large for

r  �� Finally
 the fact that the SFBIM is based on the approximation of the solution by the

leading terms of the local solution expansion
 implies that the method is restricted to problems

in which the domain is a subset of the domain of convergence of the asymptotic expansion�

Several questions still remain open for future research� We list here a few of them�

�i� Analysis of the method in the case of biharmonic problems �rate of convergence
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etc���

�ii� Study of the condition number of sti�ness matrix and of other solution techniques

in order to further improve the performance of the method�

�iii� Application of the SFBIM to planar linear elasticity problems where the singular

coe�cients are
 indeed
 the stress intensity factors �SIFs��

�iv� Combination of the method with other numerical schemes in order to extend the

SFBIM to a much wider class of problems than those that can e�ciently and e�ectively be

handled by the method �e�g� local application of the SFBIM together with FEM elsewhere in

the domain of the problem��

A concluding remark of this work would be that as applied mathematics is playing an

ever important role in numerous areas of science
 I hope that this dissertation has provoked

an interest in using the SFBIM
 apart from other numerical schemes
 for the solution of sin�

gular elliptic and biharmonic problems
 which model mathematical problems in physical and

biological sciences
 in order to obtain results with high accuracy and with low computational

cost�
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