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Yy mapodoo dlatelBr), mopouctdleton €vag aptipog amd SlToEaxTX0UC UTOAOYLOHOUS
TOU QPOEOUY TNV ETUVUXAVOVIXOTIOMNOT, DIPORMY TOTUXMY XL U] TOTUXMY UOQOVIXMY
TEAEOTOYV, OTWE ETONG TNV ETAVAXAVOVIXOTOMNGT) GAAWY VEUEALWOOY TOCOTHTWY TN
KBavtinic Xpwuoduvopxhc, yio mopddetyyo tne oyveols otadepde oulevéng. O
TEPLOGOTEQOL AO AUTOUC TOUG UTOAOYIoHOUS €youv mpuyUotononiel 6To QOpUoAcUO
¢ Ocwploc [ediwv oto IIAEyua, yeNOWOTOIOVTOS ULl UEYIAT OXOYEVEL BEATIOUEVKDY
OloxpLtomonuévwy  0pdoewy, oL omoleg  equpuolovion  EUPEnG  OE  apIIUNTIXES
TPOcOUOWoeElC  and  peydhec  Oedvelc  opddec  (m.y. ETMC, QCDSF,

Wuppertal-Budapest Collaboration). Ot unohoytopol givar ot axdroudot:

o H uerétn evog Ppdyou oty Yewplo Blatapay v TG ETAVIXAVOVIXOTOMoNg Xou HEng
U1 TOTUXOVY QPEPULOVIXGY TEAEGTWY, Tou TepLhopfBdvouy ulo eudeio ypouuyr) Wilson
(straight Wilson line), ypnotwomouwdvtog diaototix| oyahonoinon tng Yewmplog xou
oTnV mapoucio un undevixwy yaloyv twv xoudex. Tétotol teheotéc eugaviCovtan
oe uio xouvolpYLo, TOAAG UTOGYOUEVT] TEOCEYYLOT] Yo TOV UTOAOYLOUO TOQTOVIXWY

XATUVOUWY GTO TAEYUAL.

e O umohoyouds evog PBpoyou oty Jewplor BLaTopoy®Y  TOV  GUVURTAOEWY
ETOVOXOVOVIXOTIOINOTG X0l CUVTEAEC TV WIENG U1 TOTUXWY QPEPULOVIXGY TEAECTAV,
nou mepthopPdvouy pia yeouun Wilson oyfuatoc staple (staple-shaped Wilson
line), YENOWOTOLOVTUC OLc ToTixY) opohoTolnon ot oualomoincy 6To TAEYUd
(pepuiovia tomou Wilson/clover xon yxhoudvior tomou Symanzik-improved). H
epyaota ot oyetileton PE TIC U1 OLUTUPUXTIXEG UEAETEC TOQTOVIX(Y XUTUVOUWY

Tou e€UPTWVTOL Ad TNV EYXEOLA OPUT| TWV TARTOVIWY.

o I vyevixeuon tng OwamopoxTixig Wog PEAETNG OTO TAEYHA YL UM TOTX0UG
pepuLovixols TEAecTéS, Tou mepthouBdvouy wa yeoupr Wilson (Wilson line) ue

éva avdalpeto apriud amd YwviooT onuetia.

o H un6 €ZéM&n uehétn SlopddoEwy avmTERNS TAENS GTOUC GUVTEAECTEC UETUTROTG
and to RI' oyfuo enavaxavovixonolnone oto MS. O UTOAOYIOUOS Apopd U

TomxoUg tehectéc pe pio eudeio ypopun Wilson (straight Wilson line).

e O unohoyloude 800 Bedywv otny Vewpla Slotapaydy TS BlAPopds HETOEY TWV

CUVTEAECTOV ETUVUXAVOVIXOTOINONS TV LOVHOWY X0 U1 OV PWY WS TEOS T1) YOO

v



Hepidnhn v

OLYQOUUUXAY PEQUIOVIXMY TEAECTWY, YENOWOTOWOVTAS TNV €N PeATILUEVT Bpdo:
Yxhoudvia TUTou Symanzik xon @eputovior TUTou staggered ye BimAd “edowuoLS”
(stout-smeared) yxhouvovixolc ouvdéopoug (links). To anoteréopatd poag unopolyv
VO GLUVBUUGTOUY UE DEBOUEVO OO TPOCOUOUWOELS TEOXEWEVOL Vo ANUel uio un
OLUTURUXTIXY| EXTIUNOT TV CUVTEAEGTMYV ETUVAUXAVOVIXOTOINGNE YLoL TOUS LOVHARELS

TEAECTEC.

o O umd €ZEMEN UTOAOYLIOHOS TOU CUVTEAECTH TELOY Pedywy Tne cuvdpetnone B oto
TAEYHA, yenotwonowwvTas TV &g BeATimUEVn Bpdon: yxAoudvia TOTou Symanzik
xou pepULOVIAL UE ebowuous (stout-smeared) yxhovovixoig cuvdéopoug (links). Ta
ATOTEAEOUATE HAC MTOPOUV VO CUVOUNCTOUY UE EXTETOUEVEC TEOCOUOLWMOELS
TPOXEWWEVOU VO TROGEYYICOUNE TNV EMAVOXAVOVIXOTIOUNUEVT) o Tatepd 60 euing oTo
oyfua “Wilson flow”, n omola enl tou mopdvtog TUYYdVEL EvEpyOlS BIEPELYNONG

amd Evay optid EQELVITIXWY OUBBMV.



Abstract

In this Thesis, we present a number of perturbative calculations regarding the
renormalization of several local and mnonlocal hadron operators, as well as the
renormalization of other fundamental quantities of Quantum Chromodynamics, such
as the strong running coupling. Most of our computations have been performed in the
context of Lattice Field Theory using a large family of improved lattice actions, which
are currently employed in numerical simulations by major international groups (e.g.
ETMC, QCDSF, Wuppertal-Budapest Collaboration). The calculations are the

following:

e The one-loop study of renormalization and mixing of nonlocal straight Wilson-
line operators in dimensional regularization and in the presence of nonzero quark
masses. These operators are relevant to a novel and very promising approach for

calculating parton distribution functions on the lattice.

e The one-loop calculation of the renormalization factors and mixing coefficients
of nonlocal staple-shaped Wilson-line operators, in both continuum (dimensional
regularization) and lattice regularizations (Wilson/clover fermions and Symanzik-
improved gluons). Our work is relevant to the nonperturbative investigations of

transverse momentum-dependent distribution functions on the lattice.

e The extension of our perturbative study to general Wilson-line lattice operators

with an arbitrary number of cusps.

e The ongoing study of higher-loop contributions to the conversion factors between

the RI’ and the MS schemes for the straight Wilson-line operators.

e The two-loop computation of the difference between the renormalization factors of
flavor singlet and nonsinglet bilinear quark operators, using Symanzik improved
gluons and staggered fermions with twice stout-smeared links. Our results can
be combined with nonperturbative data in order to estimate the nonperturbative

renormalization factors for the singlet operators.

e The ongoing calculation of the three-loop coefficient of the lattice S-function,
using Symanzik improved gluons and stout-smeared fermions. Our results can
be combined with extensive simulations in order to make contact with the
renormalized coupling in the “Wilson flow” renormalization scheme, which is

being very actively investigated by a number of groups at present.

vi
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Chapter 1

Introduction

One of the four known fundamental interactions of nature, which act between
elementary particles, is the strong interaction. It is responsible for giving most of the
mass that we see in the Universe, as its action causes the binding of nucleons to form
atomic nuclei. Quantum Chromodynamics (QCD) is believed to be the fundamental
theory which describes strong interactions. In this theory, hadrons, the structural
elements of visible matter, are not elementary particles; they consist of quarks
(fermions) and gluons (gauge bosons), which are governed by the strong force. These
particles have an additional quantum number, called color charge, which allows
gluons (in contrast to photons) to be self-interacting. Today we know that quarks
come in six flavors (up, down, charm, strange, top, bottom) and three color charges.
Given that QCD is based on the nonabelian group SU(3), there are eight species of

gluons carrying a color charge, corresponding to the eight generators of SU(3).

QCD is different from other fundamental theories in that it has two specific features:
it is an asymptotically free theory in high-energy regions, i.e., quarks and gluons
interact very weakly at short distances, and it is a confining theory, i.e., it forbids
break-up of hadrons into their constituent quarks; this is why quarks have never been
seen as isolated entities. The latter property poses fundamental difficulties in
applying to QCD the classical analytical methods of Quantum Field Theory, which
were very successful in the study of Quantum Electrodynamics. Since confinement is
a consequence of the dynamics at low-energy regions where perturbation theory
breaks down, a nonperturbative treatment of the theory is needed. The best method,

at present, to evaluate hadronic observables is using the space-time discrete version of

1
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QCD known as Lattice QCD; it can only be carried out by numerical simulations,

usually on the fastest possible supercomputers.

1.1 QCD on the lattice

The lattice formulation of QCD was first proposed in 1974 by K. Wilson [1]; it opened
the way to the study of nonperturbative phenomena using numerical methods. It is
the only known nonperturbative regularization of QCD that provides a powerful tool
for studying the low-energy properties of strong interactions from first principles. In
particular, lattice QCD calculations can give information for the dynamics of QCD
from low to high momentum regions (e.g. studies of scaling phenomena, or quark
confinement) and for the hadron structure and properties (e.g. hadron masses, decay
constants, electromagnetic and weak form factors, quark and gluon structure functions
(parton distribution functions), spin and topological features) [2, 3]. They also provide
input to phenomenology and to searches for Physics beyond the Standard Model (e.g.
nucleon o-terms related to the scattering cross section of dark matter candidates on
nucleons [4]). Furthermore, they provide input to ongoing experiments, give predictions
on observables that are not easily accessible experimentally and give guidance to new

experiments within a robust theoretical framework [5].

In the lattice regularization of QCD, Euclidean space-time is discretized on a hypercubic
lattice with lattice spacing a. The fermionic degrees of freedom are distributed on
lattice sites, while the bosonic ones are placed on the links connecting neighbouring
sites. The (finite) lattice spacing acts as the ultraviolet regulator, which renders the
quantum field theory finite at high-energy regions; in particular, a induces a momentum
cutoff, which restricts the domain of integration to the finite interval —7/a < p, < 7/a
(first Brillouin zone), when lattice calculations are made in momentum space. At low-
energy regions, the (finite) lattice size L plays the role of the infrared regulator. The
continuum theory is recovered by extrapolating lattice results to an infinite lattice size
(L — o0) and by taking the limit of vanishing lattice spacing (a — 0), which can be

reached by tuning the bare coupling constant to zero according to the renormalization

group.

Unlike continuum regularization schemes, lattice QCD allows numerical computations

of the path integral that defines the theory. These computations are performed by
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means of Monte Carlo simulations, with inputs the hadronic scale and bare quark
masses. The Wick rotation leading from Minkowski to Fuclidean spacetime is a
necessary step in order to enable simulations via Monte Carlo methods. However, not
all physical quantities are amenable to a Wick rotation; a notable case is the
scattering amplitudes. A number of methods have been devised to circumvent this
limitation for some of these quantities. A particular case regards distribution
functions on the lattice; it will be discussed further in Chapter 2. The accuracy of
such numerical calculations, however, is limited by the presence of statistical and
systematic errors. The statistical error arises by the use of Monte Carlo importance
sampling to evaluate the path integral and it is the most straightforward error to
estimate. There are various sources of systematic uncertainties and their significance
depends on the particular quantity under consideration and on the parameters of the
lattice being used. Some of the main systematic errors are: discretization effects
(lattice artifacts), finite volume effects, extrapolation from unphysically heavy pion
masses, and truncation effects in renormalization of composite operators. Simulations
are performed at finite (nonzero) values of the lattice spacing and at finite values of
lattice size, giving unwanted contributions to the nonperturbative estimates, even in
the continuum limit. Due to large computational cost, lattice calculations are often
performed at a sequence of unphysically heavy pion masses and then extrapolated to
the physical pion mass, leading to systematic uncertainties. Also, before taking the
continuum limit, one must renormalize the corresponding operators and fields that
are involved in the calculations, and match them to some common continuum scheme
[typically the perturbatively-defined modified minimal subtraction (MS) scheme] used
by phenomenologists; a conversion factor from the nonperturbative lattice scheme to
the MS scheme must be used, which is calculated necessarily in perturbation theory
giving truncation effects. All these sources of errors need to be under control by the
current lattice calculations in order to make meaningful contact with experimental

data.

A significant progress in numerical simulations has taken place in the last years. This
has been due to improvements in the algorithms and the development of new techniques,
as well as, the increase in computational power, that have enabled simulations to be
carried out at parameters very close to their physical values. In this respect, lattice-
QCD calculations have reached a level where they not only complement, but also guide
current and forthcoming experimental programs [6, 7]. Some examples of the advances

of numerical simulations within lattice QCD are the calculations of the low-lying hadron
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spectrum, hadron structure calculations [2, 3] addressing open questions, such as the
spin decomposition [8] of the proton, and the calculation of the hadronic contributions

to the anomalous magnetic moment of the muon g — 2 [9, 10].

1.2 Improved lattice actions

The formulation of a continuum action on the lattice is not unique. In principle, the
only restriction in discretizing the Lagrangian of a continuum theory is its recovery in
the continuum limit!. In general, lattice actions cannot preserve all of the symmetries
of the continuum actions; for instance, it is obvious that Lorentz invariance is violated
by the discrete grid. However, it is important to construct gauge invariant lattice
actions as the renormalizability of a quantum field theory of vector fields is based
on gauge symmetry. There is not an optimal lattice action to use in all cases; each
version has advantages and disadvantages depending on what features are of interest
in the physical system under study, e.g., chiral symmetry, flavor symmetry, locality,
or unitarity. Furthermore, any lattice action gives rise to discretization effects, which
are irrelevant to the continuum theory. These effects disappear only in the continuum
limit when the lattice spacing is sent to zero. In a numerical simulation one always
works with finite a, and the discretization errors have to be under control before taking
the continuum limit, i.e. before extrapolating to vanishing a; having small errors
the extrapolation will be safer and more reliable, and quite accurate results will be
produced even from calculations with larger values of a, which are less expensive in
terms of computer time. Improved actions with smaller discretization errors have been

constructed for a better behavior at all lattice spacings.

Presently, many improved versions of lattice actions are used in numerical simulations
by major international groups (e.g., ETMC, MILC, QCDSF, etc.). The most frequent
fermion actions are the Wilson/clover [12], the staggered [13], and the
Ginsparg-Wilson (overlap [14-16] and domain wall [17, 18]). All of these actions have
discretization errors of order O(a?). The main problem in a naive lattice formulation
of fermion action is that it describes 2% equivalent fermion fields in the continuum
limit; this is known as “doubling problem”. All the above improved actions have

dealt with this problem sacrificing, however, some features/symmetries of the

! Actually, even this natural requirement can be by-passed [11].
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continuum theory. According to the Nielsen-Ninomiya theorem [19], a lattice fermion
formulation with locality, without species doubling and with an explicit continuous
chiral symmetry is impossible. The Wilson/clover action has no doublers and is local;
thus, it breaks chiral symmetry explicitly. A variant of the Wilson/clover action is the
twisted-mass action [20], in which all errors linear in a are automatically removed
(without tuning of parameters) under “maximal twist” [21-23]. Also, a simple
modification which can reduce chiral-symmetry breaking errors and can lead to more
convergent results in simulations is the use of smeared gauge fields in the covariant
derivatives of the fermion action, such as stout [24] (e.g., SLINC fermions [25]), HYP
[26] and HEX [27] links. The staggered action is also local, however, it introduces
four (instead of sixteen) doublers. It has the advantage of preserving one nonsinglet
axial symmetry and, consequently of having automatic O(a) improvement and no
additive mass renormalization; however, it has the disadvantage of generating four
unphysical species of fermions, which are characterized by a new degree of freedom,
called “taste”. Contributions from the unwanted tastes are removed by taking the
fourth-root of the fermion determinant appearing in the path integral. However, for
nonzero values of lattice spacing taste-mixing effects occur. Smearing techniques can
also reduce taste-symmetry violating errors of staggered actions (e.g., Asqtad
fermions [28], HISQ [29]). Ginsparg-Wilson actions pose a continuum-like chiral
symmetry [30] without introducing unwanted doublers at the expense of being
nonultralocal. However, they have the drawback of being computationally expensive

with their cost being at least an order of magnitude greater than for other actions.

In the gauge part of the improved actions, the Symanzik-improvement program [31] has
been applied using the concept of “on-shell improvement” [32] for reducing disretization
errors of order O(a?). The Symanzik-improved action includes four parts corresponding
to all possible independent closed loops made of four and six links. It depends on four
parameters (one for each loop); each particular choice for the values of these coefficients
leads to a different improved action. The most popular actions (choices) are the tree-
level Symanzik, tadpole improved Liischer-Weisz [32, 33], DBW2 [34], and Iwasaki
[35]. There is also a “nonperturbative” Symanzik improvement program, where the
coefficients are determined by evaluating an improvement condition nonperturbatively
(see [36]). In the following chapters we will concentrate on the actions used for our
calculations: Wilson/clover, stout-smeared staggered, and SLiNC fermions and Wilson,

tree-level Symanzik, and Iwasaki gluons.
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1.3 Perturbative calculations in lattice QCD

Although lattice regularization is adopted for nonperturbative calculations via
numerical simulations, perturbative computations on the lattice are still essential.
Comparison of lattice results to experimental data requires appropriate
renormalization of the lattice fields, bare parameters and composite operators, as
dictated by Quantum Field Theory. This often relies on perturbation theory. In many
cases nonperturbative estimates of renormalization factors are very difficult to obtain
via numerical simulations due to complications such as possible mixing with other
operators, whose signals are hard to disentangle. In this case, mixing patterns become
more transparent when looked at using perturbative renormalization rather than
nonperturbatively. Also, perturbative results for short-distance quantities can be
compared with the corresponding results taken by nonperturbative techniques, in

order to check the validity of perturbative and nonperturbative methods.

Furthermore, progress in modern simulation algorithms, along with a continuous
increase in computational power in Supercomputing Centers, has made it possible for
present-day numerical simulations to be performed at ever decreasing values of the
lattice spacing; nevertheless, the values of a which are attainable at present, still lead
to substantial deviations of lattice results from the continuum limit (¢ — 0), and
sophisticated extrapolations to that limit are essential before accurate predictions can
be made from lattice simulations. To this end, it is very important to devise means of
reducing lattice artifacts from measured quantities. This can be done in lattice

perturbation theory.

In addition, perturbation theory provides a method for systematically matching
between different renormalization schemes. In particular, in order to establish the
right connection of the lattice scheme to the physical continuum theory, the
evaluation of the conversion factor which turns renormalized quantities defined in a
nonperturbative scheme on the lattice, e.g., the modified regularization-independent
(RI') scheme [37, 38], to a continuum scheme, e.g., MS, is required; this calculation
can be done only in perturbation theory, since continuum schemes are typically

defined perturbatively.

Perturbative calculations are extremely complex on the lattice. Algebraic expressions

for typical two-loop Feynman diagrams contain millions of terms. Consequently, most
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of the observables under study, despite their great physical importance, have only
been studied partially (e.g. to one loop, to the lowest order in lattice spacing, using
unimproved lattice actions). This constitutes a major source of systematic error, at
a time when simulations are striving at becoming ever more precise. There are a
small number of higher-loop calculations performed on the lattice in the last decades.
Some of them are: the two-loop relation between the bare lattice coupling and the MS
coupling in SU(N) gauge theories [39]; the two-loop calculation of running coupling,
using the Schrodinger functional, in pure SU(2) gauge theory [40], in pure SU(3) gauge
theory [41], and in QCD [42, 43]; the three-loop S function with Wilson fermions
[44], clover fermions [45, 46], and overlap fermions [47]; the two-loop matching of
the lattice bare quark masses to the MS masses with staggered quarks [48]; the two-
loop renormalization functions of local fermion bilinear operators [49, 50], and the
O(a®) corrections to various fermionic matrix elements [51-53]. There has been also
progress in the context of numerical stochastic perturbation theory, e.g. the three-
loop renormalization of fermion bilinear operators [54], and the two-loop calculation of
gradient-flow coupling in finite volume with Schrodinger functional boundary conditions

in pure SU(3) gauge theory [55].

1.4 Thesis overview

The present dissertation focuses on two main directions: the perturbative
renormalization of several quantum local and nonlocal operators, which are related to
hadron structure, and the perturbative study of other fundamental quantities of
QCD, in particular the S-function and A-scale. Our calculations have been performed
using improved versions of lattice actions used in state-of-the-art numerical

simulations. The outline of this thesis is as follows.

In Chapter 2 we provide a brief introduction to the main directions of hadron
structure calculations on the lattice, giving emphasis on the topics of nucleon spin
content and parton distributions, which are related to a part of our calculations

presented in Chapters 3 — 6.

In Chapter 3 we examine the effect of nonzero quark masses on the renormalization

of gauge-invariant nonlocal quark bilinear operators, including a finite-length Wilson
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line (called Wilson-line operators). These operators are involved in a novel and very
promising approach for computing parton distribution functions on the lattice. We
present our perturbative calculations of the bare Green’s functions, the renormalization
factors in RI’ and MS schemes, as well as the conversion factors of these operators
between the two renormalization schemes. Our computations have been performed
in dimensional regularization at one-loop level, using massive quarks. The conversion
factors can be used to convert the corresponding lattice nonperturbative results to
the MS scheme. Also, our study is relevant for disentangling the additional operator
mixing which occurs in the presence of nonzero quark masses, both on the lattice and

in dimensional regularization.

In Chapter 4 we present one-loop results for the renormalization of nonlocal quark
bilinear operators, containing a staple-shaped Wilson line, in both continuum and
lattice regularizations. The continuum calculations were performed in dimensional
regularization, and the lattice calculations for the Wilson/clover fermion action and
for a variety of Symanzik-improved gauge actions. We extract the strength of the
one-loop linear and logarithmic divergences (including cusp divergences), which
appear in such nonlocal operators; we identify the mixing pairs which occur among
some of these operators on the lattice, and we calculate the corresponding mixing
coefficients. We also provide the appropriate RI’-like scheme, which disentangles this
mixing nonperturbatively from lattice simulation data, as well as the one-loop
expressions of the conversion factors, which convert the lattice data to the MS
scheme. Our results can be immediately used for improving recent nonperturbative
investigations of transverse momentum-dependent distribution functions on the
lattice. Furthermore, extending our perturbative study to general Wilson-line lattice
operators with an arbitrary number of cusps, we present results for their
renormalization factors, including identification of mixing and determination of the

corresponding mixing coefficients, based on our results for the staple operators.

In Chapter 5 we extend the work in Chapter 3 including a two-loop calculation of
straight Wilson-line operators for massless fermions in dimensional regularization, from
which one can extract the conversion factor between different renormalization schemes,
as well as the anomalous dimension of the operators. The conversion factor up to
two loops may be applied to nonperturbative data on the renormalization functions, to
bring them to the MS-scheme at a better accuracy. Furthermore, knowledge of the two-

loop expression for the anomalous dimension of Wilson-line operators will improve the
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method for extracting linear divergences, and will eliminate systematic uncertainties
related to the truncation of the conversion factor. As the computation is still ongoing

we present our preliminary results.

In Chapter 6 we present the perturbative computation of the difference between the
renormalization factors of flavor singlet (> s QZfFQﬂf, f: flavor index) and nonsinglet
(Y, Ty, fi # fo) bilinear quark operators (where I' = 1L, ¥s, Y, V5 Yy, V5 0uv) OD the
lattice. The computation is performed to two loops and to lowest order in the lattice
spacing, using Symanzik improved gluons and staggered fermions with twice stout-
smeared links. The stout smearing procedure is also applied to the definition of bilinear
operators. A significant part of this work is the development of a method for treating
some new peculiar divergent integrals stemming from the staggered formulation. Our
results can be combined with precise simulation results for the renormalization factors
of the nonsinglet operators, in order to obtain an estimate of the renormalization factors

for the singlet operators.

Chapter 7 includes some background information for the strong running coupling, the
[B-function and A-parameter of QCD, as well as a brief description of the background

field method which is applied in our calculations of Chapter 8.

The computation of the three-loop coefficient of the lattice [-function, using
Symanzik improved gluons and SLiNC fermions in an arbitrary representation of the
gauge group SU(N,.), is the main goal of the ongoing project described in Chapter 8.
This computation allows us to evaluate the ratio of energy scales Aj/Ayg and the
two-loop relation between the bare coupling constant gy and the renormalized one in
the MS scheme, gys . Our results can be combined with extensive simulations and
the scaling properties of gy , in order to reach a low momentum-regime. A similar
procedure can be applied to make contact with the renormalized coupling in the
“Wilson gradient flow” renormalization scheme, which is being very actively

investigated by a number of groups at present (e.g. QCDSF Collaboration).
Finally, in Chapter 9 we summarize and present our conclusions.

For completeness, we have included an appendix containing notation and conventions

adopted in the main body of the Thesis.
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Chapter 2

Hadron structure on the lattice

2.1 Introduction

Among the frontiers of hadronic Physics is the investigation of the structure of hadrons
from first principles. Lattice QCD is an ideal ab initio formulation to study hadron
structure since benchmark quantities of QCD, such as hadron form factors, can be
determined directly from the evaluation of hadron matrix elements without ambiguities
associated to fits. The computation of these key observables within the lattice QCD
formulation is a fundamental element for obtaining reliable predictions on quantities
which are not easily accessible in experiments, and also on observables which explore
Physics beyond the Standard Model.

Hadron structure calculations are typically based on studying two-point and three-point

correlation functions defined as:

G T ty) =Y e T T (T (7. t1)T5( 0, 0)), (2.1)
z}
GEP Ity Tt = Y e P T AT (T, )0(T, ) T5(0,0), (22)
7

where TF = D0ygv, (k = 1,2,3), T° = (1L + ) /4, O(Z, 1) is a local fermion bilinear

%
operator, Ja(?,t) is a hadron interpolating operator, ( 0 ,0), (?, t), (az_},tf) are the

source, insertion and sink space-time coordinates, respectively, and ?, 7 = ?l — ?,

?/ are the momentum of the initial hadron state, transfer momentum, and momentum

11
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of the final hadron state, respectively. Physical signals are extracted from appropriate

dimensionless ratios of G>P* and G, ™, such as:
Go P (T Pty 1)
ot (=
G? pt( p 7tf)

G2t (P ty) G2t (P t) G2 P (Tt — t)
G2P (P, ty) G2P () GRPt (Pt — 1)

, (23)

by searching for a plateau region in the t-dependence. The above ratio is considered
optimized since it does not contain potentially noisy two-point functions at large
separations and because correlations between its different factors reduce the
statistical noise. From three-point correlation functions one extracts matrix elements
of fermion bilinear operators, which can be parametrized in terms of generalized form

factors, e.g.,

(NG F st @IN @, 5)) ~ (@, )Gala s + Crla) 5 Jun(p. ).
(2.4)

A number of observables probing hadron structure can be derived by the calculation of
hadron form factors, such as axial charge, quark momentum fraction, Dirac and Pauli
radii, nucleon spin and parton distributions. In this work, our calculations focus on

nucleon spin content and parton distributions.

2.2 Nucleon spin

An important open issue in hadronic Physics is the nucleon spin structure; the question
of how the nucleon spin is distributed amongst its constituent particles is still unsolved.
The original interpretation of this puzzle was that valence quarks carry all of the nucleon
spin; since the proton is a stable particle, it exists in the lowest possible energy level.
This means that its quark wave function is in the s-orbital ground state, which is
spherically symmetric with no spatial contribution to its angular momentum. Thus,
the proton spin is expected to be equal to the sum of the constituent quark spin. As the
magnitude of proton spin is 1/2, it was assumed that two of the valence quarks have
their spins parallel to the proton spin, while the third one is polarized in the opposite

direction. However, in 1987 DIS experiments of Furopean Muon Collaboration at
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CERN showed that only a small amount of the proton spin was actually carried by the
valence quarks [56]. The problem of where the missing spin lies was called “the proton
spin crisis”. More recent experiments have tried to resolve this problem; we now know
that a part of the nucleon spin is carried by polarized gluons and sea quarks. Also, the
orbital angular momentum of both quarks and gluons contributes to the total nucleon

spin. These facts are expressed by the sum rule [57, 58]:

1 1
5 = > L+ SAXT) + .7, (2.5)
q

where L? is the total quark orbital angular momentum, A¥.?/2 is the total quark spin
and JY is the total gluon angular momentum (spin + orbital angular momentum).
Therefore, it is understood that the complete picture of the spin content of a nucleon
requires to take into account its nonperturbative structure. Lattice calculations can

strongly contribute to this direction of research.

The individual quark contributions (valence and see quarks) to the nucleon spin can
be determined by the evaluation of nucleon matrix elements of local fermion bilinear
operators; in particular, the total sum of the quark spin equals to the axial charge
g%: X9 = ¢%. This quantity is defined by the forward matrix element of the axial
current. There are two types of diagrams entering the evaluation of nucleon matrix
elements, shown in Fig. 2.1: connected and disconnected! diagrams of three-point

correlation functions of local fermion bilinear operators. The axial charge is defined

Or <

S a=p-p
’//L*ﬁ\\
Or ( )
: q=p -p N4
T —
) () ~— ) T
ot)g - = git) e, t) @ e (i t)

FIGURE 2.1: Connected (left) and disconnected (right) contributions to the
nucleon three-point function.

as g4 = G%(0), where G%(q?) is the axial form factor given in Eq. (2.4). While
matrix elements of connected diagrams can be evaluated nonperturbatively with quite

good precision, the disconnected ones are notoriously difficult to study via numerical

Tt is called disconnected diagram because there is a fermion loop, which is not directly connected
to the external points; however, as the diagram involves full propagators, it includes also virtual gluons
emmited and absorbed from the fermion lines. In this sense, all elements of this diagram are connected
with each other.
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simulations; in principle, disconnected diagrams require the nonperturbative evaluation
of the full fermion propagator, which is a very noisy and expensive to compute task.
During the last few years various stochastic noise reduction techniques (see e.g., [59]
and references therein) have been employed for the computation of the disconnected
loop and first results already appear in the literature [60-64]. Also, an alternative
method for the calculation of the matrix elements of local fermion bilinear operators,
which avoids the direct evaluation of the noisy disconnected diagram, is the Feynman-

Hellmann approach [65, 66].

In order to establish connection to experiments, proper renormalization of the matrix
elements is essential. For the renormalization of disconnected contributions one should
take into account the flavor singlet operators. For example, the knowledge of the axial
singlet renormalization factor is required to compute the light quarks’ contribution to
the nucleon spin [67]. Given that the renormalization factors of the nonsinglet operators
can be calculated nonperturbatively with quite good precision, we can combine the
perturbative result of the difference between the renormalization factors of singlet and
nonsinglet operators with the nonperturbative nonsinglet estimates of Z-factors, in
order to renormalize the disconnected contributions. The computation of this difference

at two-loop level using improved staggered actions is presented in Chapter 6.

2.2.1 Renormalization of local operators

Matrix elements of local operators appear often in quantum field theory calculations.
A plethora of hadronic properties, such as hadron masses and decay constants, can be
extracted by matrix elements and correlation functions of composite quantum field
operators. A whole variety of such operators, made out of quark fields, has been
considered and studied in numerical simulations on the lattice, including local
bilinears ¢ (z)['y(z), extended bilinears ¢ (x)['D, D, ...1(x), and four-fermi operators
(YT19)(YTa9), where T' (and T'1,T2) = 1, 75, Y V5% Opv (O = [y %)/20). T
particular, fermion bilinear operators are related to conserved fermion currents
appearing in calculations of mass spectrum, form factors and structure functions of
hadrons. Extended bilinear operators, including covariant derivatives, are related to
the moments of unpolarized, helicity and transversity parton distributions. An
example of such extended operators is the energy-momentum tensor, e.g.,

Uy Dyy (79/2) ¥ (curly brackets denote symmetrization and subtraction of the trace;
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7¢ are flavor matrices), whose matrix elements are connected with the anomalous
magnetic moment of the muon. Four-fermi operators are related to the transition
amplitudes between hadronic states. A proper renormalization of these operators is
essential for the extraction of physical results from the dimensionless quantities

measured in numerical simulations.

An issue that arises in studying renormalization of local operators is whether the
latter is multiplicative or if mixing occurs. Operators with the same quantum
numbers and the same or lower mass dimension, can mix due to quantum corrections.
In general, action symmetries (e.g. C, P, T symmetries) can restrict the operator
mixing: operators which have a different behavior under symmetry transformations
cannot mix. Admissible candidates for mixing are operators which either are gauge
invariant, or BRS-variations, or vanishing by the equation of motion. On the lattice,
where some symmetries (e.g. rotational invariance) possessed by continuum theories
are restored only asymptotically, mixing is far more pronounced than in continuum
regularization schemes. For instance, operator mixing is exacerbated when using
lattice actions with inexact chiral symmetry; in this case operators with different
chiralities can mix. In the case of fermion bilinear operators of dimension 3, there is
no mixing (except flavor singlet scalar operator _, Yslapy, f: flavor content), and,
thus, they can be multiplicatively renormalized. The flavor singlet scalar operator
mixes with the identity at the quantum level since it has a nonzero perturbative
vacuum expectation value; thus it receives also an additive renormalization which
subtracts its vacuum expectation value. In the case of higher dimensional fermion
operators, such as bilinear operators with covariant derivatives and four-fermi
operators, a complicated mixing pattern is induced. Therefore, the perturbative
computation of the mixing matrices for the renormalization of such operators is
essential, in order to disentangle as much as possible the corresponding physical

signals from Monte Carlo measurements.

2.3 Parton distributions on the lattice

Parton distributions are an essential tool for studying the rich internal structure of
hadrons. They encode the distribution of a hadron’s momentum and spin among its

constituent parts (called partons), in a reference frame where the hadron has infinite
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momentum. In such a frame the momentum of the parton is almost collinear with the
hadron momentum, so that the hadron can be seen as a stream of free partons, each
carrying a fraction of the longitudinal momentum. The parton model was originally
introduced by Richard Feynman in 1969 as a way to analyze high-energy hadron
collisions [68, 69]. After the validation of quark model and the consolidation of the
confining theory of Quantum Chromodynamics (QCD), partons were matched to the
fundamental particles: quarks, antiquarks and gluons. Since then parton distributions
are widely employed in collider experiments for interpreting the showers of radiation

produced from QCD processes.

There are three categories of parton distributions based on their dependence on
variables defined in the longitudinal and transverse directions with respect to the

hadron momentum:

1. Parton distribution functions (PDFs) are single-variable functions which
represent the number density of partons carrying a given fraction x of the
longitudinal hadron momentum, while the hadron is moving with a large
(infinite-limit) momentum. For example, the quark PDFs are defined as:

*dz~ ot - _ -
0.(@) = [ Texp(=iwP ) (N[U(=T) T WET0(0)|N),  (26)
where W(z~,0) is the Wilson line, which joins the light-like separated quark and
antiquark fields together, given by:

W(z",0) = P{ exp [ —ig /OZ_ dn_AJr(n_)} }, (2.7)

7 = (2 + 2)/v2 and P* = (P° + P%)/\/2 are the light-cone space and
momentum coordinates of a hadron moving to the i*" direction, respectively,
is the fraction of the hadron momentum carried by each constituent parton,
‘N> is a hadron state, and I' = v+ v57F, ytyt (where 47 = (7° ++%)/v/2 and
vt -4t = 0) corresponds to the unpolarized, helicity and transversity types of

PDFs respectively.

2. Generalized parton distributions (GPDs) [58, 70-73] are a generalization of
PDFs, which involve off-diagonal matrix elements of parton fields at a light-like

separation. They depend on two additional kinematic variables, besides the
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fraction z: t = A% and ¢ = —2A* /P, where P = (P + P')/2, A= P' — P, and
P(P') is the incoming (outgoing) hadron momentum. While PDFs provide
information on the one-dimensional structure of a hadron (in the longitudinal
direction with respect to the hadron momentum), GPDs contribute to the
whole three-dimensional hadron picture. For example, the definition of the

quark GPDs is given below:

)~ [ e (55 (5 Sl
60 2T=0
(23)

3. Transverse-momentum dependent parton distribution functions (TMDs) [74-77]
are also a generalization of PDFs, which involve the transverse momentum kr of
the parton to the hadron’s direction of movement. They complement the GPDs
picture of the three-dimensional hadron structure. For example, the quark TMDs

are defined as:
o) d2ZT [es) dZ_ ‘ v .
OL(z, kr) = /_OO ) /_Oo 7 exp(izPtz™ — ik’ - 2T).
(N[B(O) T W0, %00, (=7, 2N (=", 27)|N)

, (2.9)

2t=0

where 27 is the transverse space coordinates to the z*. The path of the Wilson
line W[0, 00, (27, 27)], which connects the quark and antiquark fields, can be a
product of two subsequent Wilson lines from 0 to infinity and back from infinity to
(27, 27). Another way of parametrizing this Wilson line is to take a staple-shaped

link with its vertical segments having infinite length.

Important information is still missing for all three types of distributions: The most well-
studied are PDF's, while GPDs and TMDs are only very limitedly studied due to the
difficulty in extracting them experimentally and theoretically. All these functions are

crucial for the complete understanding of the three-dimensional structure of hadrons.

Parton distributions have the advantage of being process-independent; this means
that measurements from different processes can give information on these quantities.
They have also the advantage of being accessible both experimentally and
theoretically.  Ever since the discovery of quarks in the nucleon, tremendous
experimental effort and resources have been devoted to the measurement of the

detailed distribution of quarks and gluons in the hadrons. According to QCD
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factorization theorems [78], the cross section for a hard scattering process can be
factorized as convolution of a partonic cross section, which is analytically calculable
in perturbative QCD, and a parton distribution: PDFs are accessed in inclusive or
semi-inclusive processes, such as deep inelastic scattering (DIS) and semi-inclusive
DIS (SIDIS)[79]; GPDs are reached in exclusive scattering processes, such as deeply
virtual Compton scattering (DVCS) [80], and TMDs in hard processes in SIDIS
[75, 76]. Global analyses of cross section data [81-90] from high-energy experiments
have provided precise results for parton distributions for certain cases of parton
flavors, spin structures and kinematic regions. However, a complete picture of parton
distributions is yet to be achieved due to several limitations in the experimental
programs or in the phenomenological models, e.g., the very small z-region is difficult
to access from experiments [91-93] and models cannot capture the full QCD
dynamics. Theoretical investigations of parton distributions from first principles are
possible candidates to overcome these limitations and, thus, they are expected to
provide complementary information in this area of research. The development of a
theoretical systematic approach for calculating parton distributions leads to a faster
and less expensive way of improving the precision of such computations than the
construction of more advanced and powerful colliders. Lattice QCD simulations are

the only current tool for such ab-initio investigations.

Because of the highly nonlinear nature of the parton dynamics, parton distributions
can be fully evaluated only with nonperturbative methods, such as lattice simulations.
However, they are light-cone correlation functions, and thus their time dependence
does not allow the direct computation of parton distributions on a Euclidean lattice.
This led to a long history of investigations of alternative quantities related to the
distribution functions, which are accessible in a Euclidean spacetime. Such quantities
are the Mellin moments of parton distributions; using the operator product expansion
(OPE), the distribution functions can be parametrized in terms of local operators with
covariant derivatives which give their moments. First moments of PDFs have been
computed accurately in Refs. [94-97], via calculations of matrix elements of local
operators in lattice simulations. These moments are directly related to measurable
quantities, for example, the axial charge and quark momentum fraction. However,
a precise calculation of higher moments is extremely difficult to obtain via lattice
simulations: Signal-to-noise ratio decreases with the addition of covariant derivatives

in the operators and an unavoidable power-law mixing under renormalization appears
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for higher moments. Hence, the reconstruction of the full parton distributions from

their moments is practically unfeasible.

2.3.1 Quasi-PDF's approach

Novel approaches for an ab initio evaluation of distribution functions on the lattice
have been employed in recent years. Such an approach is “quasi-PDFs”, proposed by

X. Ji [98]. This method is summarized in three steps:

1. First, instead of computing light-cone correlation functions, one projects outside
of the light cone and considers equal-time correlation functions, which are called
quasi-distribution functions. For example, the definition of parton

quasi-distribution functions (quasi-PDFs) is:

o

Qe b = [ Ee e (N6 T WE0sO[N). @)

oo 4T

where

W(z,0) = P{exp [— ig /O d(Au(c)” (2.11)

and I' = 7,77, Vw7 These functions are purely spatial and thus they are
accessible on the lattice. We note that the Wilson line involved in quasi-PDF's is

a straight line in a spatial direction pu.

2. The second step is the renormalization of quasi-distribution functions. Since

these functions are calculable on the lattice, one can renormalize them

nonperturbatively in the lattice regularization, using a

Regularization-Independed (RI)-like scheme [99, 100]. The lattice version of the
nFl 1

straight Wilson line is given by W(z,0) = (H Uiﬂ(éaﬂ)> , n = z/a, where
=0

upper (lower) signs correspond to n > 0 (n < 0).

3. The last step is the matching of the renormalized quasi distributions to the
corresponding physical light-cone distributions, using the Large Momentum
Effective Field Theory (LaMET) [101]. The generic matching formula for
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quasi-PDFs is:

o) = oanty) = 5 it 1,62 ()

27 "

_oulw) [ (1)( ﬁ)(g )% ,
21 /OOZ é’pu q 5>M7Pu |§|+O(as), (2.12)

where a,(p) is the strong coupling constant at the scale ¢ and ZM) (§Z(1) is
the one-loop difference between vertex (wave function) corrections for the finite
and infinite momentum cases. The matching can also be performed using an
intermediate step of converting the RI’-renormalized quasi distribution to the
MS scheme (commonly used in phenomenology) and after that matching to the

physical distribution.

The application of Ji’s approach on the lattice is currently under investigation by many
research groups and so far the outcomes are very promising for the correct estimate of
a physical distribution function. Exploratory lattice simulations [102-111], as well as
perturbative one-loop calculations [112-114] of quasi-PDFs for the unpolarized, helicity,
and transversity cases, have been performed. Furthermore, perturbative calculations
of the matching between quasi-PDFs and physical PDFs have been implemented in
Refs.[101, 115-120]; a discussion about subtleties on the continuation of PDFs to the
Euclidean region can be found in Refs.[112, 121-123]. The quasi-PDF framework is
also applied to TMDs [124-130], GPDs [131, 132], hadronic light-cone distribution
amplitudes (DA) [133-137], and proton spin structure [138]. An overview of recent
progress in the study of quasi-PDF's can be found in Ref. [139]. The increasing progress
in studying these functions on the lattice has led to more and more reliable results.

However, many theoretical and technical challenges are still needed to be overcomed.

2.3.2 Renormalization of nonlocal Wilson-line operators

An important issue, which needs to be addressed in order to obtain meaningful results
from lattice investigations, is the renormalization of quasi-distribution functions in a
fully nonperturbative manner. This can be obtained by the renormalization of the

corresponding nonlocal operator Of, which is involved in the definition of Eq. (2.10):

07 - ¢<z>rp{ exp (ig / Z d<AM<c>) }@z}(ox (2.13)
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where I' = 1, ¥s, Vs Yos V5 Vs V5 Vors Y Vo Vo Vps M F V # p # i, and z is the Wilson
line’s length; the presence of a Wilson line ensures the gauge invariance of the

nonlocal operator. While local operators have been used extensively in perturbative
and nonperturbative calculations, nonlocal operators were limitedly studied. In
particular, calculations using nonlocal operators with Wilson lines in a variety of

shapes appear in the literature within continuum perturbation theory.

Starting from the seminal work of Mandelstam [140], Polyakov [141],
Makeenko-Migdal [142], there have been investigations of the renormalization of
Wilson loops for both smooth [143] and nonsmooth [144] contours. Due to the
presence of the Wilson line, power-law divergences arise for cutoff regularized
theories, such as lattice QCD. These divergences can be eliminated to all orders in
perturbation theory, by an exponential renormalization factor that depends on the
length L of the contour and the ultraviolet cutoff scale a: Z ~ exp(—c L/a), where ¢
is a dimensionless quantity. Also, contours containing singular points [144], such as
cusps and self-intersections, introduce additional multiplicative renormalization
factors. In the case of dimensional regularization and in the absence of cusps and
self-intersections, it has been proven that all divergences in Wilson loops can be
reabsorbed into a renormalization of the coupling constant [143].  Wilson-line
operators have been further studied in continuum theory with a number of
approaches, including an auxiliary-field formulation [145, 146], and the Mandelstam
formulation [147]. Particular studies of Wilson-line operators with cusps in one and
two loops, can be found in Refs. [144, 148, 149]. There is also related work, in the
context of the heavy quark effective theory (HQET)? [151-154], including

investigations in three loops [155].

In recent years, several aspects of the properties of nonlocal Wilson-line operators
have been addressed, including the feasibility of a calculation from lattice QCD
[102, 105, 107, 110], their renormalizability [113, 156-161] and appropriate
renormalization prescriptions [99, 114, 162]. The renormalization has proven to be a
challenging and delicate process in which a number of new features emerge, as
compared to the case of local operators: power-law divergences (as in continuum),
mixing between operators with different Dirac structures and the matrix elements
contain an imaginary part. While information on physical quantities is obtained from

hadron matrix elements, calculated nonperturbatively in numerical simulations of

2The interrelation between Wilson-line operators and HQET currents is demonstrated in Ref. [150].
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lattice QCD, perturbation theory played a crucial role in the development of a
complete renormalization prescription. Perturbative calculations can reveal possible
mixing with operators of equal or lower dimension, which must be taken into account
in the nonperturbative renormalization prescriptions. In this case, the nonlocality of
Wilson-line operators combined with a chiral-symmetry breaking lattice action lead
to the appearance of finite mixing.  Also, nonperturbative evaluations of the
renormalization factors cannot be obtained directly in the MS scheme, which is
typically used in phenomenology, since the definition of MS is perturbative in nature.
Most naturally, one calculates them in a RI’-like scheme, and then introduces the
corresponding conversion factors between RI’ and MS schemes, which rely necessarily

on perturbation theory.

The first perturbative lattice calculation of Wilson-line operators was made in Ref.
[114], to one loop for massless quarks, using the Wilson/clover fermion action and a
variety of Symanzik-improved gluon actions. It was shown that besides the presence
of logarithmic and linear divergences, similar to those expected from the continuum,
finite mixing is also present among operators of twist-2 and twist-3, i.e. there are 4
mixing pairs between operators with the following Dirac matrices: (1,v),
(v572, v374), (573, VaY2), and (574, 727Y3), where by convention 1 is the direction of
the straight Wilson line and 2, 3, and 4 are directions perpendicular to it. The
complete mixing pattern led to the proposal of a nonperturbative RI-type scheme
[99, 163], also employed in Ref. [100]. In this scheme, the elimination of both linear
and logarithmic divergences is ensured by the same renormalization condition. This
development of the renormalization of nonlocal operators has been a crucial aspect in
state-of-the-art numerical simulations, e.g. the work of Refs. [164, 165]. There are
also other attempts for renormalizing the straight-line operators or directly the
quasiPDF's nonperturbatively, using alternative techniques, such as the static quark
potential [115, 166, 167], the gradient flow [168-170] and the auxiliary-field formalism
[118, 146, 158, 159, 171]. This perturbative calculation was the starting point and the
inspiration for further studies of Wilson-line operators leading to a number of
extensions with the goal of improving current nonperturbative investigations. Such

extensions are:

e The one-loop calculation of Green’s functions at a nonzero fermion mass. The
inclusion of nonzero quark masses can cause perceptible changes in the

renormalization of heavy-quark quasi-PDFs, as simulations cannot be
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performed exactly at zero renormalized mass; these changes includes the
operator-mixing pattern. The calculation of the conversion factors between a
massive RI' and MS schemes, appropriate for such nonlocal operators, has been

studied by our group and it is presented in Chapter 3.

e The one-loop study of the renormalization for staple-shaped operators both in
continuum and lattice regularizations. After the work of Ref. [114] on straight
Wilson-line operators, in which operator mixing was revealed, the question of
whether nonlocal operators with staple-shaped Wilson lines renormalize
multiplicatively was raised. These operators are involved in a FEuclidean
formulation of TMDs, which are currently under investigation for the nucleon
and pion in lattice QCD [125, 126, 128]. Our work on staple operators is
presented in Chapter 4.

e The higher-loop calculation of the conversion factors between RI’ and MS
schemes. Such calculations can eliminate systematic uncertainties related to the
truncation of the conversion factor applied to nonperturbative data. The
two-loop calculation for straight Wilson-line operators has been performed by

our group and it is described in Chapter 5.

e The calculation of the one-loop lattice artifacts to all orders in the lattice spacing.
Such a procedure has been successfully employed to local operators [67-69]. The
subtraction of the unwanted contributions of the finite lattice spacing from the
nonperturbative estimates is essential in order to reduce large cut-off effects in
the renormalized Green’s functions of the operators and to guarantee a rapid
convergence to the continuum limit. A preliminary work on the lattice artifacts
of straight Wilson-line operators has been performed by M.Constantinou and H.

Panagopoulos. This project is beyond the scope of the current thesis.

2.3.3 Other approaches

For completeness, we note that there are also alternative approaches for extracting
physical PDF's on the lattice, which are currently under investigation, e.g., loffe-time
distributions (called pseudo-PDFs) [172-175], in which the same Wilson-line operators
are involved as in the case of quasi-PDFs, Compton amplitudes utilizing the operator

product expansion [176], and “lattice cross sections” [115, 177].



Chapter 3

Perturbative renormalization of
nonlocal operators related to

heavy-quark quasi-PDF's

3.1 Introduction

Parton quasi-distribution functions (quasi-PDFs) are nowadays widely employed in
the nonperturbative study of hadron structure in lattice QCD. So far, they have been
studied from many points of view. Several aspects are being investigated both
perturbatively and nonperturbatively, using various techniques (see a review in Ref.
[178]).  An important issue, which needs to be addressed in order to obtain
meaningful results from lattice investigations, is the renormalization of quasi-PDFs in
a fully nonperturbative manner. Given that quasi-PDFs are directly related to the
matrix elements of nonlocal Wilson-line operators, the renormalization of quasi-PDF's
can be obtained by the renormalization of the corresponding operator. To date, all
lattice studies of the renormalization of Wilson-line operators have only considered
massless fermions, expecting that the presence of quark masses can cause only
imperceptible changes; this is indeed a reasonable assumption for light quarks.
However, for heavy quarks this statement does not hold. In addition, simulations
cannot be performed exactly at zero renormalized mass. One could, of course, adopt
a zero-mass renormalization scheme even for heavy quarks, but such a scheme is less

direct and entails additional complications. Thus, it would be useful to investigate
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the significance of finite quark masses on the renormalization of Wilson-line

operators. This is the goal of the present work.

In this work, we calculate the conversion factors from RI’ to the MS scheme, in
dimensional regularization (DR) at one-loop level for massive quarks. The conversion
factors can be combined with the regularization independent (RI’)-renormalization
factors of the operators, computed in lattice simulations, in order to calculate the
nonperturbative renormalization of these operators in MS. Nonperturbative
evaluations of the renormalization factors cannot be obtained directly in the MS
scheme, since the definition of MS is perturbative in nature; most naturally, one
calculates them in a RI-like scheme, and then introduces the corresponding
conversion factors between RI’ and the MS scheme, which rely necessarily on
perturbation theory. Given that the conversion between the two renormalization
schemes does not depend on regularization, it is more convenient to evaluate it in
DR. Thus, the perturbative calculation of conversion factors is an essential ingredient
for a complete study of quasi-PDFs. This work is a continuation of Ref. [114], in
which, among other results, one-loop conversion factors of Wilson-line operators are

presented for the case of massless quarks.

In studying composite operators, one issue which must be carefully addressed is that of
possible mixing with other similar operators. Many possibilities are potentially present

for the nonlocal operators which we study:

(A) Operators involving alternative paths for the Wilson line joining the quark pair
will not mix among themselves, as demonstrated in Ref. [146] (and also in Refs.
[143, 144] for the case of closed Wilson loops). This property is related to
translational invariance and is similar to the lack of mixing between a local
composite operator O(z) with O(y). Given that a discrete version of
translational invariance is preserved on the lattice, nonlocal operators involving

different paths should not mix also on the lattice.

(B) Operators involving only gluons will also not mix. This can be seen, e.g., via the
auxiliary field approach (e.g., Ref. [146]); as a specific case, the operator of Eq.
(3.1) cannot mix with an operator containing the gluon field strength tensor in
lieu of the quark fields (joined by a Wilson line in the adjoint representation),

since this operator is higher dimensional.
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(C) There may also be mixing among operators with different flavor content in a RI'
scheme, depending on the scheme’s precise definition. However, the mixing is
expected to be at most finite and thus not present in the MS scheme; by
comparing to the massless case, in which exact flavor symmetry allows no such
mixing, the difference between the massive and massless case will bear no
superficial divergences, since the latter are UV regulated by the masses. The
auxiliary field approach, by involving only composite operators in the
(anti-)fundamental representation of the flavor group, shows that no flavor

mixing needs to be introduced.

Even in the absence of quark masses, bare Green’s functions of Wilson-line operators
may contain finite, regulator-dependent contributions which cannot be removed by a
simple multiplicative renormalization; as a consequence, an appropriate (i.e.,
regularization-independent) choice of renormalization prescription for RI” necessitates
the introduction of mixing matrices for certain pairs of operators [114], both in the
continuum and on the lattice. The results of the present work demonstrate that the
presence of quark masses affects the observed operator-mixing pairs, due to the
chiral-symmetry breaking of mass terms in the fermion action. Compared to the
massless case on the lattice [114], the mixing pairs remain the same for operators with
equal masses of external quark fields, i.e., (1,71), (v572,7374), (V573,7472), and
(V574,7273), where by convention 1 is the direction of the straight Wilson line and 2,
3, and 4 are directions perpendicular to it. However, for operators with different
masses of external quark fields, flavor-symmetry breaking leads to additional mixing
pairs:  (v5,7%571), (92,7172), (93,7173), and (y4,7174). As a consequence, the
conversion factors are generally nondiagonal 2 x 2 matrices. This is relevant for
disentangling the observed operator mixing on the lattice. Also, comparing the
massive and the massless cases, the effect of finite mass on the renormalization of
Wilson-line operators becomes significant for strange quarks, as well as for heavier
quarks. These are features of massive quasi-PDF's, which must be taken into account

in their future nonperturbative study.

The outline of this chapter is as follows. In Sec. 3.2 we provide the theoretical setup
related to the definition of the operators which we study, along with the necessary
prescription of the renormalization schemes. Sec. 3.3 contains our results for the bare

Green’s functions in DR, the renormalization factors, as well as the conversion factors
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of these operators between the renormalization schemes. Also, a discussion on technical
aspects, such as the methods that we used to calculate the momentum-loop integrals,
as well as the limits of vanishing regulator and /or masses, is provided in this section. In
Sec. 3.4, we present several graphs of the conversion factor matrix elements for certain

values of free parameters. Finally, in Sec. 3.5, we summarize and conclude.

We have also included an appendix; a list of Feynman parameter integrals, which

appear in the expressions of our results, is relegated to Appendix 3.A.

3.2 Theoretical Setup

3.2.1 Definition of Wilson-line operators

The Wilson-line operators are defined by a quark and an antiquark field in two different
positions, a product of Dirac gamma matrices and a path-ordered exponential of the
gauge field (called Wilson line), which joins the fermion fields together, in order to
ensure gauge invariance. For simplicity, we choose the Wilson line to be a straight

path of length z in the u direction®; thus, the operators have the form:
Or = %E(x)FP{ exp (ig/ dCA.(z + Cﬂ)) }@D(l’ + i), (3.1)
0

where I' = 1, v5, Vs Yos V5 Vs V5 Vos Vi Vos Vo Vps B F V # p F# i, and z is the length
of the Wilson line; 75 = 7172374 . The quark and antiquark fields may have different

flavors: v and tp; flavor indices will be implicit in what follows. Operators with
I' = (v, or 1), (957 or ¥57)s (Ve O Y,7,) correspond to the three types of PDF's:

unpolarized, helicity, and transversity, respectively.

3.2.2 Definition of renormalization schemes

Taking into account the presence of nonzero fermion masses in our calculations, we

adopt mass-dependent prescriptions for the renormalization of Wilson-line operators.

'For the sake of definiteness, we will often choose p = 1 in the sequel.
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We define the renormalization factors which relate the bare Or with the renormalized
operators Of via?
OF = Z:'0r. (3.2)

[In the presence of operator mixing, this relationship is appropriately generalized; see
Eq. (3.8)]. The corresponding renormalized one-particle irreducible (1-PI) amputated

Green’s functions of Wilson-line operators AEF = (¢® OFf) are given by

amp
R ,/2,1/2

Ar = wa wa/ Z: A, (3.3)
where Ar = (¢ Or 1/_1)amp are the bare amputated Green’s functions of the operators
and Z,, is the renormalization factor of the fermion field with flavor f, defined by
Y = Z;fl/ 21/)f [t(¥F) is the bare (renormalized) fermion field]. In the massive case,
renormalization factors of the fermion and antifermion fields appearing in bilinear
operators of different flavor content may differ among themselves, as the fields have

generally different masses.

3.2.2.1 Renormalization conditions for fermion fields and masses

At this point, we provide the conditions for the mass-dependent renormalization of
fermion fields, as well as the multiplicative renormalization of fermion masses: m% =
ZImPB [mPB (mft) are the bare (renormalized) masses for each flavor|; the latter is not

involved in our calculations, but we include it for completeness.

In MS, renormalization factors Zy of the fermion field and Z,, of the fermion mass
must contain, beyond tree level, only negative powers of ¢ (the regulator in DR in D
dimensions, D = 4—2¢); their values are fixed by the requirement that the renormalized
fermion self-energy be a finite function of the renormalized parameters mMS and ¢MS

(g =p° ggNTS; p is a dimensionful scale):

(WMSPMS) = lim (Z;ww

e—0

. 3.4
g=H°Zy g™ ) &4

mB=2,,mMS

2All renormalization factors, generically labeled Z, depend on the regularization X (X =DR, LR,
etc.) and on the renormalization scheme Y (Y = MS, RI, etc.) and should thus properly be denoted
as ZXY  unless this is clear from the context.
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In RI’, convenient conditions for the fermion field of a given flavor and the corresponding

mass are

= 4N, ¢, (3.5)

Qv =qv

23 (= igw)™)

= AN, m™ = 4N, (ZXFY T B, (3.6)

Qv =qu

Zy™ (1))

7. . .
RI"is the RI’-renormalized fermion

where ¢, is the RI’ renormalization scale 4-vector, m
mass, /N, is the number of colors, and the symbol X can be any regularization, such as
DR or lattice. These conditions are appropriate for lattice regularizations which do not
break chiral symmetry, so the Lagrangian mass m coincides with the bare mass m?,
e.g., staggered/overlap/domain wall fermions. For regularizations which break chiral
symmetry, such as Wilson/clover fermions, a critical mass m, is induced; one must first
find the value of m, by a calibration in which one requires that the renormalized mass
for a “benchmark” meson attains a desired value, e.g., zero pion mass, and then set

mP = mg — m..

3.2.2.2 Renormalization conditions for Wilson-line operators

As is standard practice, we will derive the factors Zr by imposing appropriate

normalization conditions on the quark-antiquark Green’s functions of Or.

In the spirit of MS, Zlfj RMS contains, beyond tree level, only negative powers of . Here,
we note that the leading poles in n-loop diagrams of bare Green’s functions, O(1/")
(n € Z7), are multiples of the corresponding tree-level values and thus do not lead
to any mixing. Subleading poles will not lead to divergent mixing coefficients, as is
implicit in the renormalizability proofs of Refs. [143, 144, 146]. So, in the MS scheme,

we can use the standard definitions of renormalization factors, as in Eq. (3.2).

In RI’, things are more complicated. There is, a priori, wide flexibility in defining
RI’-like normalization conditions for Green’s functions. Given that no mixing is
encountered in MS renormalization and given that any other scheme can only differ
from MS by finite factors, one might a priori expect to be able to adopt a deceptively
simple prescription, in which RI’-renormalized operators are simply multiples of their
bare counterparts, satisfying a standard normalization condition:

Tr[AR(AF)] = Tr[Apee(are)t] = an, (3.7)

Qv =q,
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where Af*® = I"exp(ig,2) is the tree-level value of the Green’s function of operator Or
and AR is defined through Eqs. (3.2) and (3.3). There is, however, a fundamental
problem with such a prescription: the renormalized Green’s function resulting from
Eq. (3.7) will depend on the regulator which was used in order to compute it (and,
thus, it will not be regularization independent, as the name RI suggests). As was
pointed out in Ref. [114], bare Green’s functions of Or, computed on the lattice,
contain additional contributions proportional to the tree-level Green’s function of O,
where I" = I'y, + v,I' (whenever the latter differs from zero). Such contributions
will not be eliminated by applying the renormalization prescription of Eq. (3.7), thus
leading to renormalized Green’s functions which differ from those obtained in DR.
It should be pointed out that, in all cases, the renormalized functions will contain
a number of tensorial structures, the elimination of which may be possible at best
only at a given value of the renormalization scale. However, the main concern here is
not the elimination of mixing contributions, desirable as this might be; what is more
important is to establish a RI’ scheme which is indeed regularization independent, so
that nonperturbative estimates of renormalization factors can be converted to the MS

scheme using conversion factors which are regulator independent.

Given the preferred direction p of the Wilson-line operator, there is a residual rotational
(or cubic, on the lattice) symmetry with respect to the three remaining transverse
directions, including also reflections. As a consequence, given an appropriate choice
of a renormalization scheme, no mixing needs to occur among operators which do not
transform in the same way under this residual symmetry. In particular, mixing can

occur only among pairs of operators (Or, Or,,).

Denoting generically the two operators in such a pair by (Or,, Or,), the corresponding

renormalization factors will be 2 x 2 mixing matrices:

2
/ 7o —1 .
off =Y [(@E) ] or. =12 (3.5)
j=1
More precisely, the mixing pairs (Or,, Or,) are formed by (I';,I's) = (1L, 71), (75, %571),

(v2s m72)s (3 173)s (as 1)y (95725 ¥374)s (95735 7av2), and (Y574, 7273). Therefore,
the renormalized 1-PI amputated Green’s functions of Wilson-line operators have the
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following form:
2 ~1
Af?f’ — Z (Z£R1 )1/ (Zif}:lRI )1/ [(Zﬁi’?ﬁ LjApj. (3.9)

j=1

Thus, an appropriate renormalization condition, especially for lattice simulations, is

Tr [A{Sj’(A}g@E)T] = Tr [A}:ﬁ@(z\}g@@)*] = 4N, 5;. (3.10)

Qv =q,

Combining Egs. (3.9) and (3.10), the RI' condition takes the form:

/ 1 / /
X,RI X,RI'N1/2 [y X,RI'\1/2 ree
(Z5E)y = o @ @ (A (g 3
Based on the above symmetry arguments, such a RI’ condition will indeed be
regularization independent, for all regularizations which respect the above

symmetries.

One could of course adopt more general definitions of RI’; e.g., a prescription in which

each of the 16 operators Or can contain admixtures of some of the remaining operators:

16

LEESS [(ZX’RI')_I]UOF]., (i=1,---,16), (3.12)

J=1

in such a way that the renormalized Green’s functions will satisfy a condition similar
to Eq. (3.10), but with the indices 7, j ranging from 1 to 16. However, such a definition
would introduce additional finite mixing, which would violate the rotational symmetry
in the transverse directions, e.g., mixing among O,, and O,,; such a violation would
occur whenever the RI’ renormalization scale four-vector ¢ is chosen to lie in an oblique
direction. To avoid such unnecessary mixing, it is thus natural to adopt the “minimal”
prescription of Egs. (3.8) - (3.11). Since this prescription extends beyond one-loop

order, it may be applied to nonperturbative evaluations of the renormalization matrices
ZLRI'

Let us note that, as it stands, Eq. (3.10) leads to renormalization factors which
depend on the individual components of g, rather than just ¢* and g,; consequently,
the renormalization factors of, e.g., O,, and O,, will have different numerical values.

One could, of course, define RI’ in such a way that the residual invariance is manifest;
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this can be seen by analogy with local operators, e.g., Oy. = 9 (z)v;%(x), where Zy is
often defined as the average over Zy. (i = 1,2,3,4), and, in doing so, Zy turns out to
depend only on the length of the renormalization scale four-vector. Adopting such a
definition, the values of the conversion factors can be read off our bare Green’s
functions [see Eqgs. (3.23) - (3.34) below] in a rather straightforward way, and they
will indeed depend only on ¢* and g,. However, in defining the RI' scheme for
Wilson-line operators, we have aimed at being as general as possible and thus did not
take any averages, as above, in order to accommodate possible definitions employed in
nonperturbative investigations of the renormalization factors; after all, the conversion
factors which we calculate must be applicable precisely to these investigations. It goes
without saying that if one chooses all components of the renormalization scale
four-vector, perpendicular to the Wilson line, to vanish, then residual rotational

invariance is automatically restored.

Finally, one could define RI" in such a way that renormalization factors would be strictly
real, e.g., by taking the absolute value of the lhs in Eq. (3.10); indeed, the choice of
the definition of RI’, leading to complex renormalization factors, is not mandatory,
but it is a natural one, following the definition used in nonperturbative investigations.
All these choices are related to the MS scheme via finite conversion factors; thus, no
particular choice is dictated by the need to remove divergences, either in dimensional

regularization or on the lattice.

3.2.3 Conversion factors

As a consequence of the 2 x 2 matrix form of the RI’ renormalization factors, the
conversion factors between RI’ and MS schemes will also be 2 x 2 mixing matrices.
Being regularization independent, they can be evaluated more easily in DR. They are
defined as

2
MS,RI’ . DRMS\—1 DR RI’ LR MS LRRI'
|:CF1,F2 } - (ZFi ) ) |: Iy, i| E |: F17F2 ] : |:ZF1,F2 ] . (313)
i i 1 ik kj

We note in passing that the definition of the MS scheme depends on the prescription

used for extending v5 to D dimensions?; this, in particular, will affect conversion factors

3See, e.g., Refs. [50, 179-183] for a discussion of four relevant prescriptions and some conversion
factors among them.
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for the pseudoscalar and axial-vector operators. However, such a dependence will only
appear beyond one loop. Now, the Green’s functions in the RI’ scheme can be directly

converted to the MS scheme through

ANS ZLRAS ST AT A B ART
i\ _ Yy Yy (ZLR,MS)—l ) (ZLR,R]’) ] I
AMS - ZLR,RI’ ZLR,RJ' I'y,I2 1,2 ARI’
s ’ll)f wf/ Ty
RI'
- 1 @ () .10
T MSRI'N1/2 ;AMS,RI‘\1/2 ~ T1l2 RI’ |’ :
(C¢f ) / (C I ) / AF2
where CYSRI" = ZLRRI'j7LRNS _ 7DRRI')7DREMS 3o the conversion factor for a
vy ¥y Yy Yy Yy

fermion field of a given flavor.

3.3 Computation and Results

In this section, we present our one-loop results for the bare Green’s functions of Wilson-
line operators, the renormalization factors, and the conversion factors between RI’ and
MS schemes, using dimensional regularization. In this regularization, Green’s functions
are Laurent series in e, where ¢ is the regulator, defined by D =4 — 2¢, and D is the
number of Euclidean spacetime dimensions, in which momentum-loop integrals are well
defined. We also describe the method that we used to calculate the momentum-loop
integrals presented in the Green’s functions. Furthermore we investigate the operator

mixing.

3.3.1 The integration method

In this subsection, we describe the method that we used to evaluate the D-dimensional
momentum-loop integrals, appearing in the calculation of the bare Green’s functions.
First, we introduce Feynman parameters. Second, we perform the standard integrations
over the (D —1) directions perpendicular to the Wilson line (see, e.g., Ref. [184]). Next,
we perform the remaining nontrivial integration over the parallel direction, which has

an exponential z dependence. This procedure gives the following formulae, in terms of
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modified Bessel functions of the second kind, K, :

A de ethnz 9l—a-D/2 |Z|oc—D/2 e—ikuz
(@) = / 2m)P (p2+2k-p+m2)* 722 (a) (m? — k2)~/2-D/4 :

K_atpp(Vm? — k2 |z]), (3.15)

/ d’p ePip,-op,  (=1)"T(a-n) 9 0
2m)P (p2+2k-p+m2)* 2 'a) Ok, Ok,

Ala—mn).  (3.16)
After the momentum integrations, we perform Laurent expansion in &, keeping terms
up to O(%). In this step, we have to be careful when interchanging the integration
over Feynman parameters with the limit of a vanishing regulator (¢ — 0). In the
massive case, studied in the present paper, the interchange is permissible; however this
interchange is not generally valid, as is exemplified by the following term stemming

from diagram 1 of Fig. 3.1, in the massless case*:

Vo expliguer) 2?21 e
B(e) :/ dgr Pl A K (VPR — ) [, (3.17)
’ <q2 z (1 3:))

A naive limit ¢ — 07 of this term would simply give 0, due to the multiplicative factor
of €. However, this is incorrect, given the existence of a pole at x = 1. Expanding the

integrand of Eq. (3.17) into a power series of (1 — z):

Kia (Ve a2 = 3 149 LSBT o (1o (3as)

exp(ig,zz) = exp(ig,z) + O(1 — x), (3.19)
we isolate the pole:
! exp(ig,2)
€ _ \(1+e)/2
/O de [2 = T(1+2) Ot o((1—x)1+2)]. (3.20)

The terms of order O ((1 — x)(1+5)/2) are integrable in the limit e — 07, and thus they
give 0. In the leading term of Eq. (3.20), we must perform the Feynman parameter
integral first, and after that, we take the limit ¢ — 07. Then, a finite but nonzero

result remains:
lim B(e) = —exp(ig,z). (3.21)

e =0~

4Diagram 1 is actually UV convergent; however, in order to avoid spurious IR divergences, it is
convenient to evaluate it in D > 4 dimensions (¢ < 0) and take the limit ¢ — 0~ in the end.
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Therefore, the naive interchange of limit and integration sets a contribution erroneously

to zero. To avoid such errors, we use a subtraction of the form:

e —0 e—0

lim [ do I(e,z) = / dz lim (I(e,x) - Il(a,x)> +lim [ do L(z2),  (3.22)
E—

where (g, x) is a term of the original expression and I (¢, z) denotes the leading terms
of I(g, x) in a power series expansion with respect to (z—x;) about all singular points x;;
here, x denotes Feynman parameters and/or ¢ variables stemming from the definition
of Or. Such a subtraction must also be applied when we take the massless limit of our

results, m — 0, for the same reasons.

The final expression depends on the Feynman parameter integrals and/or the integrals
stemming from the definition of Or; these can be integrated numerically for all values

of ¢, z, and quark masses used in simulations.

3.3.2 Bare Green’s functions

There are four one-loop Feynman diagrams corresponding to the two-point Green’s

functions of operators Or, shown in Fig. 3.1. The last diagram (ds) does not depend

ang miy mo mi mo miy mo m'1

d1 dQ d5 d4

FI1GURE 3.1: Feynman diagrams contributing to the one-loop calculation of the
Green’s functions of Wilson-line operator Op. The straight (wavy) lines represent
fermions (gluons). The operator insertion is denoted by double straight line.

on the quark masses, and therefore its contribution is the same as that of the massless
case. Below, we provide our results for the bare Green’s function of operators for
each Feynman diagram separately. Our expressions depend on integrals of modified
Bessel functions of the second kind, K, over Feynman parameters. These integrals
are presented in Egs. (3.65) - (3.80) of Appendix 3.A. For the sake of brevity, we use
the following notation: f;; = fi (¢, 2,m;), gij = gi(q,2,m;), and h; = h; (¢, 2, M1, M2).
Also, index g is the direction parallel to the Wilson line; indices v, p, and o are the
directions perpendicular to the Wilson line; and pu, v, p, and o are all different among

themselves. Furthermore, i is the MS renormalization scale, i = u (47/e7%)"/2, where
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i (not to be confused with the spacetime index p) appears in the renormalization of
the D-dimensional coupling constant; g = u° Z, ¢, and g is the Euler constant.
In addition, C; = (N? —1)/(2N,) is the Casimir operator, and 3 is the gauge fixing
parameter, defined such that 8 = 0 (1) corresponds to the Feynman (Landau) gauge.
Finally, symbols S (scalar), P (pseudoscalar), V,, (vector in the p direction), V,, (vector
in the v direction), A, (axial-vector in the p direction), A, (axial-vector in the v
direction), T},, (tensor in the g, and v directions), and T,, (tensor in the v, and p
directions) correspond to the operators Or with I' =1, 5, Y4, Vs V5V V5 Ver VYo
Y, Tespectively. We note that only tree-level values for the quark masses appear in

the following one-loop expressions:

(ﬁ — 4) ( — 4h1 — Qizqﬂhg + ‘Z| (h4 + m1m2h5 - q2h7) )

2
dy g Cf tree
As' = 16W2{AS

+ 0 (q2 — mlmQ) [%zz (hz — q2h3) + |2| (izqu (hs — he — hr)
— (hs — 2hg + ¢*hs) )]]
+ A i (m1 +my) [5 <|Z| (hs — ¢*hs) — %'22 (ho + q2h3)>
= 2|2 (hs — he)

+ Agje (ml + m2) z |:(ﬁ + 2)h1 — ﬂ( |Z| q2 (h5 — h(; — h7) — izqﬂhg)} },

Adpl =5 Agl {mg — —mz}, (324)
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2
Ny = 9 {Atvi?e [ —4(B = bt [e] | (8+2) ha = (8= 2) (mumahs + ¢°hr) |

282, | 2quha — i (hy + ha) + 2] (hs — hg — hr)
+ B (¢ + mimy) [|z| (he — ¢*hs) — %z“’ (ho + ¢°hs) ]]
+ (A my+ gAY ma) 8| = 12 (24 (hs — hs — hr) =i (hs — *hs) )
+ %izQ (h = ¢*h) |
£ NG (my 4 ma) |2(8 = i — 20|21 4,(8 — 2) (ks — ho) |

+ AG*¢ [2 2| qu (5 (hs — he + mimaohg) — 2h7> — B2%q,, (hy — mymahy)

+ 2iz (,Bhl - 2h2) — lﬁZ |Z| (q2 < mlmg) (h5 - h(; — h7)} },

(3.25)

- 2(2 (B—1)h1+ (B —2) izqﬂh2>

2
d; g Cf tree
A = Tor2 {AVV

— (8 = 2) |2] (mamahs + ¢*hr — ha)
+ (q2 + m1m2) 6 |: ‘Z| (iquu (h5 — h6 — h7> -+ (hﬁ — q2h8) >

+ %f (ha — *hs) ]]

(A A mo) i8] 2] (o — hs) — 522 (ha + %) |

+ AYE (my — my) B2 [ — B+ |2| @ (hs — he — hy) — izquhg}

+ Ay 2q, [ﬁ (i 12| (¢% = mims) (hs — he — hz) + 2 (2quhs — ih1)> - 4ih2]
— (Mg ma -+ A ma) B2 1l (hs — hs — )

AT (g + ma) gy [ — 28— 2)|2| (hs — he) + 52%2}

+ Ageed%[ﬁ (2 ’Z| (h5 — he + m1m2h8) — 2 (h2 - m1m2h3)) —4 |Z| h?}}
(3.26)

Ailu(v) =75 A%@){m? = =My}, (3.27)
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2C
AR, =44 {Ai;;f [_ 2 (2hy = 22g2ha) + || | ha+ 62 (hs = he + 2izq, (hs — hs — ho) ) |

1
— 2izq,(hy + he) — (q2 — m1m2) (\z| q*hs + 522 (h2 + q2h3) )]

1
(A A o) [5 512 (ha = *hs) — |2l (2q, (hs — hs = hr)

i (ks = 2hg + ¢*hs) ) | + 2012 (hs - h@]
— AV(B = 2)z (ma — ma)

+ AV 4B [2 (|2 gumumahg — izhy) + iz |2] (¢* — mama) (hs — he — h7)

+ z2qu (hQ + mlmzhg)

- Agfeiﬁﬁql/(Tm — mg)hy + Agfedﬁ% [22 (hy — mimahs) — 22| m1m2h8]

+ AtSreeﬁqu [2 (lhl - unhg) =1 |Z| <q2 - mlmg) (h5 — hG — h7)}

+ AtSreeqﬁz ‘Z| qy (m1 — mg) (h5 - h6 - h7) }, (328)

— 2 (2N + izquhs) + || <h4 + @ (hs — h7))

Tve 1672

2C
wt, = S s

1m0 1)

- (Afeeg o+ gAms )|~ 5(%% (ha + ¢®hs) + |2| (s — 2he + ¢*hs) )
+ 2z (hs — h) |

+ e AT (g + o) [ — B2z @ (hs — he — ha) + (B — 2) zhy + iﬁZQqﬂhQ}

+ (Aeg, — A7g, ) B2[2 (b — 2hag,) = i|2] (¢ + mima) (hs — hg — hr) |

+ [ (Mg, — A, ) o+ (A5, — AS2%q, ) ma] B2 1] (ks — s — )

+ (A%}"feqp — Aﬁ};eqy> iB2% (my — my) hy

~

Alreeq, — Agf%) 6 [22 (he + mimahs) + 2 2] mlmghg} }, (3.29)
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2 72 2 2
do g Cf tree _ ) 1 _ H ﬁ q_
A {AS (8—1)[2fu—2— - log (q2 5 m%) o log (1 + m%) ]

1672
+ Bq¢* <iqu (931 — 2f31) + (q2 + mf) gu — (q2 - Qi) g51> — 21%921]

+ Agee‘wm1 [ — 4y (931 — 2f31) +igm (q2 + mf) — igs1 (q2 - Qi) }

+ AV (2011 — Bz far) + Ag?ﬁ(ﬁzle —2(g11 — g21) ) }, (3.30)
AP = AP T, (3.31)

72 2 2
(6—1)[2f12—2—§—10g( K )—i—%log(l—l—%)]

q* 4+ m3 2

2
Ags _ g Of {Agee

+ B¢* (iqu (932 — 2f32) + (q2 + m%) Ja2 — <q2 - (Ii) 952) — 21%922]

+ A¢Bmy [ — qu (932 — 2f32) +iga2 (C]2 + mg) — 1952 (q2 - Qi) }

+ A%}femQ (2912 — Bz f22) +4A$fei <5Zf22 —2(g12 — g22) ) }7 (3.32)
A% =T AP, (3.33)
2
dsg g Cf tree l 1 2—2
Ap =LA [4+ (B+2) (27]5 +—+log (42 7 )} (3.34)

UV-divergent terms of order O(1/¢) arise from the last three diagrams. These terms
are multiples of the tree-level values of Green’s functions and therefore do not lead to
any mixing. However, there are finite terms for each Or with different Dirac
structures than the original operator; some of these terms are responsible for the
finite mixing which occurs in RI’. In particular, they lead to the expected mixing
within the pairs (I',I'y,) or equivalently (I',7,I'). This is a consequence of the
violation of chiral symmetry by the mass term in the fermion action, as well as the
flavor-symmetry breaking when masses have different values. For the case of equal
masses (no flavor-symmetry breaking) m; = mg, the mixing pattern reduces to
(T, %{F, Y. }), which is the same as the pattern for massless quarks on the lattice. Our

findings are expected to be valid also on the lattice.
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The one-loop Green’s functions exhibit a nontrivial dependence on dimensionless
quantities involving the Wilson-line length z, the external quark momentum ¢, and
the quark masses m; (i = 1,2): zg,, zm;. This dependence is in addition to the
standard logarithmic dependence on ji: log(ji?/q?). Also, we note that our results are
not analytic functions of z near z = 0; this was expected due to the appearance of
contact terms beyond tree level. For the case z = 0, the nonlocal operators are
replaced by local massive fermion bilinear operators; their renormalization is
addressed in Ref. [185], using a generalization of the RI-SMOM scheme, called
RI-mSMOM. Further, the Green’s functions of Feynman diagrams satisfy the

following reflection relations, with respect to z:

A% (2, ma, o) = im(r?) A (=2, —ma, —m)| | (3.35)
Afe(z,m) = Tx(T?) A=z, -m)] | (3.36)
A(z) = im(r?) _Af‘f“(—z)]T. (3.37)

[Note that (1/4) tr(I'*) = =1, depending on I'.] The total one-loop bare Green’s
functions of operators Or are given by the sum over the contributions of the four

diagrams:

4
AP =) T AL (3.38)
=1

3.3.3 Renormalization factors
3.3.3.1 Renormalization factors of fermion field and mass

The perturbative determination of Z, and Z,, proceeds in textbook fashion by
calculating the bare fermion self-energy in DR to one loop; we present it here for
completeness. The Feynman diagram contributing to this two-point Green’s function
is shown in Fig. 3.2. Denoting by ¥ the higher-order terms O(g?) of the 1-PI

G

>
> >

FIGURE 3.2: Feynman diagram contributing to the one-loop calculation of the
fermion self-energy. The straight (wavy) lines represent fermions (gluons).

amputated Green’s function of the fermion field, the inverse full fermion propagator
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takes the following form: (¢)~! = if + mi — X. Writing ¥ in the more useful form:
Y =if 31(¢*,m) + m 1 By(¢*,m), we present the one-loop results for the functions
21, 222

+0(g"), (3.39)
) 920f HQ m2 q2
Yo(g®,m) = 67 2+ (B—4) 2—|—g—|—log< 2+m2> —?log (1+—2>
+0(g"). (3.40)

The renormalization conditions for Z, and Z,, in the RI’ scheme, using the above

notation, take the following perturbative forms:

: 1
ZPA = : 3.41
v 1 y— Zl qQv=qv ( )

, 1-Y%
ZDRRI _ 2 1 . 3.42
mn 1 - 22 Q=qv ( )

Thus, in the presence of finite fermion masses, the results for the renormalization factors

of the fermion field and mass are given below:

, QC 1 —2 m2 m2 q—2
gPREI _ 92 g )| 2 4141 a S e (14 L
v * 1672 (6-1) € +ltlee 7° +m? 7 7 e\t m?
+O(g"), (3.43)
2 —2 2 ~2
DR,RI' _ g°Cy _ § e N - S L q
Z _1+—167T2 6—1—5 5—3log <§2+m2> (B—4) 7 log (1+m2>

- (1 - hog (14 L) ) Lo (34d)

We recall that the mass appearing in the above expressions is the renormalized mass,

which coincides with the bare mass to this order. The results for Z, and Z,, are in

agreement with Ref. [186], in the massless limit and for ¢ = f.
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The renormalization factors in the MS scheme can be readily inferred from Eqs. (3.43)

and (3.44) by taking only the pole part in epsilon:

ZDRMS _q 4 gchl(ﬁ — 1)+ 0O(g") (3.45)
¥ 1672 ¢ ’
- 204 1
ZPRMS _ 1 4 9123y L ogh). 3.46
m + 12273+ 0l (3.46)

3.3.3.2 Renormalization factors of Wilson-line operators

Now, we have all the ingredients for the extraction of renormalization factors of Wilson-

line operators in the RI' and MS schemes. By writing Z ; and Ap in the form:

Zy =14 g%z, + 0(g"), (3.47)
Ar, = AFS+HAP +0(gY),  (i=12), (3.48)
where®
2 11
All:iloop —_ g2 Z >\ij A%rfe 4 )\z’j — Y ? Tr All‘-iloop (A‘%Tjee)T] , (349)

Jj=1

the condition for the renormalization of Wilson-line operators in the RI’ scheme, up to

one loop, reads

y 1 o 1 o0
DR,RI 2 RI RI
|:ZF1,F2 :|’L] = 67,] + g 57,] (§z¢f + §Z¢f/ —+ )\”

) +9°(1 = 0y5) Ny . (3.50)

Qw=qv Qw=qv

The equivalent expression for Z? BMS follows from Eq. (3.50), by keeping in \;; only
pole parts in epsilon; the latter appear only for i = j, leading to
ZDR,ATS

1l 35 1 35
2( 1 NS MS 3
T, =14g <22¢f +2zwf,+)\”

1/). (3.51)

5The Green’s functions AE]OOP also contain additional Dirac structures [see Eqs. (3.23) - (3.34)],

which do not contribute to the evaluation of renormalization factors Zp in the MS scheme, as they
are O(e%) terms, nor in RI’, as the trace in Eq. (3.11) gives zero.
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Our final results are presented below. In the MS scheme, the renormalization factors

of operators have the form:

2

— C, 3
gDRMS _ 9 ©7 90 o 3.52
r + 1672 ¢ + (g )a ( )

in agreement with Refs. [146, 147, 155]. As we observe, they are independent of
operator I', fermion masses, Wilson-line length z, and gauge parameter §. In RI,
the renormalization factors are given with respect to the conversion factors, which are
presented in the next section:

DR,RI' MS,RI' g*Cy 3 .
|:Z1"1,1"2 i|ij = [ 1l ]ij + W 552] + (’)(g ) (353)

The above relation stems from the one-loop expression of Eq. (3.13).

3.3.4 Conversion factors

We present below our results for all the matrix elements of 2 x 2 conversion factors in
a compact way. We use the same notation as in Sec. 3.3.2 for bare Green’s functions;
the only difference is that the Feynman parameter integrals, appearing here, depend

on the RI’ scale ¢ instead of the external momentum g:
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2
[Csw]y, = 1+ %{7 38428+ 2y + 28— 1) (fir + fiz) = (8 4) (41 — || )

q
2 2 2 2 2 9
my my q my my q
o (2 o (1 )+ 5 (2 o (1)

+
+ log (1 + Zij) + log <1 + TS—E) + 2|zl mima (B — 2)hs

+ 8121 (7 = mums ) (2hs = a*hs ) = |2l (Bhs + (8 — 4)h7)
+ 87 [(m% + ) gun + (m5 +¢*) g2 — (@ — ) (951 + g52>]
+ %522 ((72 - m1m2> <h2 ~ th?,)

—21igq, (911 + 912) +12q, [5(]‘51 + f22> —2(8 — 4)h2}

+1B4%q,, {931 + g32 — Z(f31 + f32)]

+ipz || gy (QQ - m1m2) <h5 — he — h?) } +0(g"),

(3.54)

g°Cy
1672

[Cs.v,] 2= { — Bz <m1f21 + m2f22> - ﬂq_z [ml (931 - Zf31) + Mo (932 - Zf32)]
+13q, [ml (mi + @) ga1 + ma(m3 + ¢*)ga2 — (@ — @2) <m1g51 + m2952>]

+ 2<m1911 + m2912> + (ml + m2> (B +2)zhi —iBG° |2] quhs

+u4@«5—m%+a%>+%m£@0m—f@)

— 83z 2| (hs — he — hr)

}+0@ﬁ

(3.55)
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2

C :
[Csv, ]y = [Csw]y + iwg (m1 + mz) { — 6zhy = 3i(B8 = 2) 2] G <h5 - h6>

—u%vuf—ﬁ)@ﬂ—%—h0}+0@%

(3.56)

9*Cy

1672

[Covilys = [Com],, + { — 12h; — 12i2q,hs + 3] [2h4 . m1m2((5 — 2)hy — ﬁhﬁﬂ
— 28 |zl mima(@® — 2)hs + 2| @ +232) | B(hs — o) — 2he]
= 822 (* = a2) (2 + mumahs) } +0(gY),

(3.57)

[Cp.a,)ij = [Cs,Jij{h = (=1)" by, my = —my} (3.58)
(where i,j = 1,2 and k =1,2,---,8),

20 \
[Cwmwhl=[CR%L1+%5§{-—Hh«—4w%hx+v4@2+2ﬁ>k(%——%)—ahﬁ

+ 2 [2h4 + mymg ((/3 — 2)hs — Bhe + 25q§h8>]
- 522@% (hz - m1m2h3> } + 0(94)7
(3.59)
2

C
[Cvmn] iy = — [Con],, + “‘{6—7;2’ (m1 - m2> {22h1 Fi(B—2) 7] qu(h5 _ hﬁ)

—ﬁﬂdﬁo%—%—ha}+0@%

(3.60)

[Cut] oy = = [Cray = 12 <m1 — mQ) {sz +i(B - 2)]2] 4 <h5 — hG)

—ﬁddﬁo%—%—h0}+om%

(3.61)



Chapter 3 Perturbative renormalization of nonlocal operators related to heavy-quark
quasi-PDF's 46

2
C
[CVV:TW:|22 = [CP,A#]2 + J !

2 T grz | At AizGhe + 2] (¢* - 24;) [5 <h5 - hﬁ) - 2h7]

4] [2h4 + mymy ((5 — 2)hs — Bhe + zﬁqfhg)]

+ B2 (hz — m1m2h3> + 0(94)a

(3.62)
(Cav 10 )is = (—Eupe) T [Crym Jig{hae = (1) 05 g, my > —ma} (3.63)
(where i,j = 1,2 and k =1,2,---,8; €10 is the Levi-Civita tensor, €1934 = 1).

Our results are in agreement with Ref. [114] in the massless limit®. A consequence of
the above relations is that, in the case of equal quark masses m; = msy, the nondiagonal
matrix elements of Cp 4, and Cy, 1,, vanish. Also, the matrix elements of conversion

factors satisfy the following reflection relation with respect to z:

(Cryra (@ 2,mu,mo)ly; = (=1)79[CE, 1, (a, —2,m1,ma)] . (3.64)

This means that the real part of diagonal (nondiagonal) matrix elements is an even

(odd) function of z, while the imaginary part is odd (even).

3.4 Graphs

In this section, we illustrate our results for conversion factors by selecting certain values
of the free parameters used in simulations. To this end, we plot the real and imaginary
parts of the conversion factor matrix elements as a function of Wilson-line length, z.
For input, we employ certain parameter values, used by ETMC in the ensemble of

dynamical Ny = 2+ 1+ 1 twisted mass fermions of Ref. [110]; i.e., we set” g> = 3.077,

6Checking agreement is quite nontrivial; it requires the elimination of certain integrals over
Feynman parameters, integration by parts, as well as the interchange of the limit operation with
integration.

"A most natural choice for the coupling constant would be its MS value, even though the choice
of bare vs renormalized coupling constant should, in principle, be irrelevant for one-loop results, such
as the ones we plot in this section. Nevertheless, these plots are meant to reveal some salient features
of the conversion factors, which certainly are not affected by selecting g ~ 3.77 (MS) rather than
g% = 3.077 (lattice); indeed, given the simple linear dependence on g2 of the quantities plotted, the
effect of a change in g2 can be inferred by inspection. For precise quantitative values of the conversion
factors, one should of course refer to our results in algebraic form, presented in Sec. 3.3.
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g =1 (Landau gauge), N. =3, i = 2 GeV, and ¢ = 322—“(1(712, 0,0, % + %), for a = 0.082
fm (lattice spacing), n, = 4, and n, = 8 (the Wilson line is taken to lie in the z direction,
which, by convention, is denoted by p = 1). Expressed in GeV, ¢ = (1.887,0,0, 2.048)
GeV. To examine the impact of finite quark masses on the conversion factors, we plot
six different cases of external quark masses:

1. massless quarks (m; = mgy = 0)

2. my = my = 13.2134 MeV, corresponding to the bare twisted mass used in Ref. [110]
3. one up and one strange quark (m; = 2.3 MeV, my = 95 MeV)

4. two strange quarks (m; = ms = 95 MeV)

5. one up and one charm quark (m; = 2.3 MeV, my = 1275 MeV)

6. two charm quarks (m; = mg = 1275 MeV).

As regards the ¢ dependence, we have not included further graphs for the sake of
conciseness; however, using a variety of values for the components of g, we find no
significant difference. More quantitative assessments can be directly obtained from our

algebraic results.

In Figs. 3.3 and 3.4, we present graphs of some representative conversion factors
(Csvy, Cp.a,) for the six cases of external quark masses. The plots are given only for
positive values of z, since the behavior of conversion factors for negative values follows
the reflection relation of Eq.(3.64). We observe that the real part of the conversion
factor matrix elements is an order of magnitude larger than the imaginary part and
that the diagonal elements are an order of magnitude larger than the nondiagonal
elements. Also, for increasing values of z, the real part of diagonal elements tends
to increase, while the imaginary part as well as the real part of nondiagonal elements
tend to stabilize. Diagonal elements are almost equal to each other, as regards both
their real and imaginary parts; a similar behaviour is also exhibited by the nondiagonal
clements. Further, the diagonal elements of Csy, and Cp 4, behave almost identically,
while the nondiagonal elements have different behavior; this is to be expected, given
that the cases of equal masses give zero nondiagonal elements for Cp 4,. Comparing
the six cases, we deduce that the impact of mass becomes significant when we include
a strange or a charm quark; the presence of a strange quark causes changes of order
0.005 — 0.01 for real parts, and 0.001 — 0.003 for imaginary parts, while the presence
of a charm quark causes changes of order 0.07 — 0.14 for real parts and 0.015 — 0.03 for
imaginary parts. On the contrary, the cases of massless quarks and m; = my = 13.2134
MeV are almost coincident. Therefore, we conclude that, for quark masses quite smaller

than the strange quark mass, we may ignore the mass terms in our calculations, while
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for larger values, the mass terms are significant.

Regarding the convergence of the perturbative series, we note that one-loop
contributions are a small fraction of the tree-level values, which is a desirable
indication of stability. Nevertheless, given that these contributions are not
insignificant, a two-loop calculation would be certainly welcome; this is further
necessitated by the fact that the one-loop contributions for the real parts of the
diagonal matrix elements of the conversion factors do not sufficiently stabilize for

large values of z.

3.5 Summary

In this work, we have presented the one-loop calculation, in dimensional regularization,
of the renormalization factors for nonlocal quark operators, including a straight Wilson
line, which are involved in the definition of quasi-PDF's. The novel aspect of this work
is the presence of nonzero quark masses in our computations, which results in mixing

among these operators, both in the continuum and on the lattice.

The operator mixing, observed in Ref. [114] for massless fermions on the lattice, is
extended into more operator pairs for massive fermions. More precisely, for operators
with equal masses of external quark fields, the mixing pairs are the same as those of
massless fermions; i.e., the unpolarized quasi-PDF in direction p (parallel to the Wilson
line) mixes with the twist-3 scalar operator, and the helicity quasi-PDF in direction v
(perpendicular to ) mixes with the transversity quasi-PDF in directions perpendicular
to p and v. However, for operators with different masses of external quark fields, there
are additional pairs: the helicity quasi-PDF in direction p mixes with the pseudoscalar
operator, and the unpolarized quasi-PDF in direction v mixes with the transversity
quasi-PDF in the p and v directions. Thus, before matching to the physical massive
PDFs, one must eliminate the mixing nonperturbatively. To this end, we extend the

RI" scheme suggested in Ref. [114] including the additional mixing pairs.

To convert the nonperturbative RI’ estimates of renormalization factors to the MS
scheme, we have calculated the one-loop conversion factors between the two schemes

in DR for massive quarks. Because of the operator-pair mixing in the continuum,
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the conversion factors are generally nondiagonal 2x2 matrices. Comparing with the
massless case, the impact of quark masses on the conversion factors becomes significant
for values near or greater than the strange quark mass. Our findings can be used to

the corresponding nonperturbative studies of heavy-quark quasi-PDFs.
Appendices

3.A List of Feynman parameter Integrals

In this appendix, we present a list of Feynman parameter integrals, which appear in
the expressions of our results. They do not have a closed analytic form, but they are
convergent and can be computed numerically in a straightforward manner, for any
given value of their arguments. We can classify them into three types of integrals:

1. fi1 - f3: integrals over the Feynman parameter x

2. g1 - g5: double integrals over the Feynman parameter x and variable ¢ (the location
of gluon fields along the Wilson line)

3. hy - hg: double integrals over the Feynman parameters z; and xs.

These integrals are functions of the external momentum 4-vector ¢,, the Wilson-line
length z, and the external quark masses m; and/or my. Also, they involve a modified
Bessel function of the second kind, K, or K;. For the sake of brevity, we use the

following notation:

1/2 12
5= <q2(1—x)x—|—m2x) and t = <q2(1—x1—x2)(x1+x2)+m% x1 +mi $2> ,

1

fi(q,z,m) = /0 dx exp (—ig,xz) Ko (|2]s), (3.65)
folq, 2 m) = /0 do exp (—igurz) Ko (|2]s) (1= 1), (3.66)
f3(q,z,m) :/0 dz exp (—ig,xz) Ko (|z|s) (1 —x) %, (3.67)
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1 z
(g zm) = [ do [ i exp (<ign) Ka(lcls), (3.68)
0 0
1 z
(g zm) = [ do [ d exp(~iga0) Ko(lc]s) = (3.60)
0 0
1 z ZEQ
(g zm) = [do [ dC exp(<ign0) Ka(lcls) (1-0) 5. (3.10)
0 0
1 z . $2
94 (q,z,m) = / dx / d¢ exp (—ig,zC) Ko (I¢]s) (1 —x) ] ¢, (3.71)
0 0
1 z ' 333
s(gzm) = [ [ dC exp(-iga0) Kolldls) (1-0) ¢ (2
0 0
1 1—z1
hy (q, 2z, my,my) = / dxy / dzy exp (—ig,(z1 + x2)2) Ko (|2|t), (3.73)
0 0
1 1-x1
ha (q, z,m1, mg) = / dx; / dzy exp (—igu(z1 + 22)2) Ko (|2|t) (1 — 21 — 29),
0 0
(3.74)
1 1—x1
hs (q,z,my, my) = / dx; / dzy exp (—igu(z1 + x2)2) Ko (|2|t) (1 — 21 — 22)-
0 0
x1 + 22)?
<1t—22)’ (3.75)
1 11—z
hy (q,z,m1, my) = / dxy / dzy exp (—ig,(z1 + x2)2) Ki (|2|t) t, (3.76)
01 01711 1
hs (q, 2, my,mgy) = / dxy / dzy exp (—igu(z1 + x2)2) K1 (|2|t) o (3.77)
0 0
1 1—x1 ' T+
he (q, z,m1, mg) = / dxq / dxy exp (—igu(z1 + 22)2) Ky (|2|t) M
0 0
(3.78)
1 — . 1 — 1 — 25)2
hz (q, 2, my, my) :/ dzy / dzy exp (—igu (21 + 22)2) K1 (|2[1) ( L= 22) :
0 0
(3.79)
1 1—x1
hs (q, z,my, my) = / dx; / dzy exp (—igu(z1 + 22)2) Ky (|2|t) (1 — 21 — 22)-
0 0
2
M' (3.80)

t3



Chapter 4

Perturbative renormalization of

staple-shaped operators related to
TMDs on the lattice

4.1 Introduction

In this work we generalize our calculations regarding Wilson-line operators (Ref. [114],
Chapter 3) to include nonlocal operators with a staple-shaped Wilson line. We compute
their Green’s functions to one-loop level in perturbation theory using dimensional (DR)
and lattice (LR) regularizations. The functional form of the Green’s functions reveals
the renormalization pattern and mixing among operators of different Dirac structure,
in each regularization. We find that these operators renormalize multiplicatively in
DR, but have finite mixing in LR. Results for both regularizations have been combined
to extract the renormalization functions in the lattice MS scheme. In addition, the
results in DR have been used to obtain the conversion factor between RI-type and
MS schemes. We also present an extension to operators containing a Wilson line of

arbitrary shape on the lattice, with n cusps.

Staple-shaped nonlocal operators (see Fig. 4.1) are crucial in studies of TMDs, which
encode important details on the internal structure of hadrons. In particular, they give
access to the intrinsic motion of partons with respect to the transverse momentum,

through the formalism of QCD factorization, that can be used to link experimental data

93
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to the three-dimensional partonic structure of hadrons. An operator with a staple of

infinite length, n—o00, (see Fig. 4.1) enters the analysis of semi-inclusive deep inelastic

!'in a kinematical region where the photon virtuality is

scattering (SIDIS) processes
large and the measured transverse momentum of the produced hadron is of the order

of AQCD [187} .

FI1GURE 4.1: Staple-shaped gauge links as used in analyses of SIDIS and Drell-Yan
processes. For notation, see Ref. [125].

To date, only limited studies of TMDs exist in lattice QCD (see, e.g.,
Refs. [125, 128, 188, 189] and references therein), such as the generalized Sivers and
Boer-Mulders transverse momentum shifts for the SIDIS and Drell-Yan cases. These
studies include staple links of finite length that is restricted by the spatial extent of
the lattice volume. To recover the desired infinite length one checks for convergence
as the length increases, and an extrapolation to n—oc is applied. More recently, the
connection between nonlocal operators with staple-shaped Wilson line and orbital
angular momentum [190, 191] has been discussed. This relies on a comparison
between straight and staple-shaped Wilson lines, with the staple-shaped path yielding
the Jaffe-Manohar [192, 193] definition of quark orbital angular momentum, and the
straight path yielding Ji’s definition [193-195]. The difference between these two can
be understood as the torque experienced by the struck quark as a result of final state

interactions [193, 194].

An important aspect of calculations in lattice QCD is the renormalization that needs
to be applied on the operators under study (unless conserved currents are used). As
is known from older studies [143, 145-147, 196], the renormalization of Wilson-line

omL - where

operators in continuum theory (except DR) includes a divergent term e~
om is a dimensionful quantity whose magnitude diverges linearly with the regulator,
and L is the total length of the contour. For staple-shaped operators, L = (2|y| + |z|),

where y < 0 and z < 0 define the extension of the staple in the y—z plane, chosen to

IStaple-shaped operators appear also in Drell-Yan process, with the staple oriented in the opposite
direction compared to SIDIS.
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be spatial. The existing lattice calculations of staple-shaped operators assume that the
lattice operators have the same renormalization properties as the continuum operators,
in particular that there is no mixing present. This allows one to focus on ratios between
such operators [125, 128, 188, 189] in order to cancel multiplicative renormalization,

2

which is currently unknown®. However, as we show in this work, this is not the case

for operators where finite mixing is present and must be taken into account.

One of the main goals of this study is to provide important information that may
impact nonperturbative studies of TMDs and potentially lead to the development of a
nonperturbative renormalization prescription similar to the case of quasi-PDFs
discussed in Chapter 3. The chapter is organized in five sections including the
following: In Sec. 4.2 we provide the set of operators under study, the lattice
formulation, the renormalization prescription for nonlocal operators that mix under
renormalization and the basics of the conversion to the MS scheme. Section 4.3
presents our main results in dimensional and lattice regularization. This includes
both the renormalization functions and conversion factors between the RI’ and MS
schemes. An extension of the work to include general nonlocal Wilson-line operators
with n cusps is presented in Sec. 4.4, while in Sec. 4.5 we give a summary and
conclusions. For completeness we include two appendices where we give a list of
Feynman parameter integrals, which appear in the Green’s functions of staple
operators (Appendix 4.A), as well as the expressions related to the renormalization of
the fermion fields (Appendix 4.B).

4.2 Calculation Setup

In this section we briefly introduce the setup of our calculation, along with the notation
used in this chapter. We give the definitions of the operators and the lattice actions; we
also provide the renormalization prescriptions that we use in the presence of operator

mixing.

2The question of whether nonlocal operators with staple-shaped Wilson lines renormalize
multiplicatively was raised in Ref. [128] after the work on straight Wilson-line operators [114].
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4.2.1 Operator setup

The staple-shaped Wilson-line operators have the following form:
Or = ¢(x) T W(z,x + yfia, @ + yfia + 2fi1, x + 2fi1) ¥Y(x + 2[,), (4.1)

where W denotes a staple with side lengths |z| and |y|, which lies in the plane specified
by the directions ji; and fip (see Fig. 4.2); it is defined by

W(l', x—i_yﬂ% T+ y/lQ + Z/lla T+ Z[j’l) =
7;{ <€z'gf0y chH2<x+<ﬂ2)) . (ez‘gf; dC A,y (x+yﬂ2+é“ﬂ1)> . <ez‘gf0y chHQ(x+zﬂ1+<ﬂ2)>T }

(4.2)

The symbol I' can be one of the following Dirac matrices: 1, ¥s, Yy, V5Vu, O (Where
p,v=1,2,3,4and o,, = [y,,7]/2). For convenience, we adopt the following notation
for each Dirac matrix: S = 1, P = v, V, = v, 4, = %Y, Tw = 04 and the
standard nomenclature for the corresponding operators: Qg : scalar, Op : pseudoscalar,
Oy, : vector, Oy, : axial-vector and Or,, : tensor. Of particular interest is the study
of vector, axial-vector and tensor operators, which correspond to the three types of

TMDs: unpolarized, helicity and transversity, respectively.

The fermion and antifermion fields appearing in Or can have different flavor indices.
Operators with different flavor content cannot mix among themselves; further, for mass-
independent renormalization schemes, flavor-nonsinglet operators which differ only in
their flavor content will have the same renormalization factors and mixing coefficients.
Results for the flavor-singlet case will be identical to those for the flavor-nonsinglet
case at one loop, but they will differ beyond one loop and nonperturbatively; however,
the setup described below [Eqs. (4.7 — 4.12)] will be identical in both cases.

T+yls T +yle+ zin

ﬂQL
f
T T+ zfl

FIGURE 4.2: Staple-shaped Wilson line W (x, z + yfi2, x + yfiz + zfi1,  + zfi1).
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4.2.2 Lattice actions

In our lattice calculation we make use of the Wilson/clover fermion action [12]. In

standard notation it reads

S == 5 3 T4 = 0nle) wsle+ a) + (¢ + )V} (o — a) vy(a — ai)
z,fp
+a® Z bp(x) (dr +aml) y(z)
z.f
o ;L_Q Z Csw Ef(l.) O—/“’ |:QHV<3:) - Quu<x) wf<3?), (43)
x, f,pu,v

where a is the lattice spacing and

Quw = Uu(a) Uz +ap) Ul(z + a) Ul(z)
+ Uy(x) Ul(z + ap — ap) Ul(z — ap) Uu(z — ajt)
+ U;(x—aﬂ) Ul(z — aji — av) Uy(z — aji — av) U,(z — ap)
+ Ul(z —ap) Uy(z — ad) U,(z + aji — ab) U/j(ﬁ) (4.4)

Following common practice, we henceforth set the Wilson parameter r equal to 1. The
clover coefficient cgy will be treated as a free parameter, for wider applicability of the
results. The mass term (~ mg ) will be irrelevant in our one-loop calculations, since
we will apply mass-independent renormalization schemes. The above formulation, and
thus our results, are also applicable to the twisted mass fermions [197] in the massless
case. One should, however, keep in mind that, in going from the twisted basis to
the physical basis, operator identifications are modified (e.g., the scalar density, under

“maximal twist”, turns into a pseudoscalar density, etc.).

For gluons, we employ a family of Symanzik improved actions [198], of the form,

2
Sg = —2[ Co ZReTr{l_Uplaq.} + qZReTr{l—Urect_}
9o plag. rect.
+ Z ReTr{l — Uchair} + ¢3 Z ReTr {1 — Uparal_}] , (4.5)
chair paral.

where Uplaq. is the 4-link Wilson loop and Usect., Uchairs Uparal. are the three possible
independent 6-link Wilson loops (see Fig. 4.3). The Symanzik coefficients ¢; satisfy
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the following normalization condition:

co+ 8¢y + 16¢y + 8¢z = 1. (4.6)

plaquette rectangle chair parallelogram

FIGURE 4.3: The four Wilson loops of the Symanzik improved gauge actions.

For the numerical integration over loop momenta we selected a variety of values for
¢;, which are shown in Table 4.1; for the sake of compactness, in what follows we
will present only results for some of the most frequently used sets of values: Wilson,

Tree-level Symanzik and Iwasaki gluons.

Gluon action Co cy Co C3
Wilson 1 0 0 0
TL Symanzik 5/3 -1/12 0 0
TILW, Bey =8.60 2.3168064 -0.151791 0 -0.0128098
TILW, Bco =8.45 2.3460240 -0.154846 0 -0.0134070
TILW, B¢y =8.30 2.3869776 -0.159128 0 -0.0142442
TILW, B¢y =8.20 2.4127840 -0.161827 0 -0.0147710
TILW, Bcy =8.10 2.4465400 -0.165353 0 -0.0154645
TILW, Bey =8.00 2.4891712 -0.169805 0 -0.0163414
Iwasaki 3.648 -0.331 0 0
DBW2 12.2688 -1.4086 0 0

TABLE 4.1: Values of the Symanzik coeflicients for selected gluon actions: Wilson,
Tree Level (TL) Symanzik, Tadpole Improved Liischer-Weisz (TILW), Iwasaki,
Doubly Blocked Wilson (DBW2). (Note: 3 = 2N./g3).

4.2.3 Renormalization prescription

The renormalization of nonlocal operators is a nontrivial process. As shown in a
previous study of straight-line operators in Ref. [114], a hidden operator mixing is

present in chirality-breaking regularizations, such as the Wilson/clover fermions on
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the lattice. This mixing does not involve any divergent terms; it stems from finite
regularization-dependent terms, which are not present in the MS renormalization
scheme, as defined in dimensional regularization (DR). Thus, our first goal is to
compute perturbatively all renormalization functions and mixing coefficients which
arise in going from the lattice regularization (LR) to the MS scheme. Ultimately, a
nonperturbative evaluation of all these quantities is desirable; to this end, and given
that the very definition of MS is perturbative, we must devise an appropriate,
RI'-type renormalization prescription which reflects the operator mixing. We will
proceed with the definition of the renormalization factors of operators, as mixing
matrices, in textbook fashion. We modify the prescription described in Ref. [114] to
correspond to the resulting operator-mixing pairs of the present calculation, which
are different from those found in the straight-line operators. The reason behind this
difference is explained in detail in Sec. 4.4. The mixing pairs found from our
calculation on the lattice are (see Sec. 4.3.2.2): (Op,Qa,,), (Oy;,Or,, ), where i can
be any of the three orthogonal directions to the jfis direction. The remaining
operators do not show any mixing, and thus their renormalization factors have the
typical 1 x 1 form [see Eq. (4.9)]. Taking into account all the above, we define the
renormalization factors which relate each bare operator Or with the corresponding

renormalized one via the following equations:

-1

XY XY
Y ) XY XY ) :
OAM Z(Auzap) Apg OA/Q
-1
Y XY XY
O ) o (s ) () L)y
oY | gy ZXY o ’ H2 .
Tipgy (Tiuzvv’i) Tipg Tig
_1 . . .
OF = (ZIY) Or,  T=8Vu, ATy, (i#]j#m#0), (4.9)

where X (Y') stands for the regularization (renormalization) scheme: X = DR, LR, ...,
Y = MS, RI’,... As our one-loop calculations will show, in dimensional regularization
there is no operator mixing and thus the mixing matrices are diagonal; this property
is actually expected to hold to all loops, based on similar arguments as those of Refs.
(143, 144, 146].

As is standard practice, the calculation of the renormalization factors of Or stems from
the evaluation of the corresponding one-particle-irreducible (1-PI) two-point amputated

Green’s functions Ar = (¢; Op 9 ) amp- According to the definitions of Eqs. (4.7 - 4.9),



Chapter 4 Perturbative renormalization of staple-shaped operators related to TMDs on
the lattice 60

the relations between the bare Green’s functions and the renormalized ones are given
by?

XY XY ¥
A)I; ZXY 1/2 ZXY 1/2 Zp Z(PAMQ) Ap 410
Apy Am ,P) A#2 Apy
-1
XY XY
A%; X y\1/2  xy\1/2 ZV/ Z( Tipo) Aé .
(AYZ ) (Zy,") (wa, ) ZXY Xy Ax ] (i # p2) (4.11)
Tip (Tipg Vi) Tiyug Tipug

1/2 1/2 D .
AY _( i}(;Y) (Zi;ily) ( ) A F:‘Sﬂv,uszhTij? (17&]7&#27&1)7 (4'12>

where Zd)f , qufly are the renormalization factors of the external quark fields of flavors

f and f’ respectively, defined through the relation,

_— .
DY _(Zwm)) P (4.13)

We note that in the case of massless quarks, the flavor content does not affect the
renormalization factors of fermion fields or the Green’s functions of Or, and thus we
omit the flavor index in the sequel. We also note that for regularizations which break
chiral symmetry (such as Wilson/clover fermions), an additive mass renormalization is
also needed, beyond one loop; however, this is irrelevant for our one-loop calculations.
The expressions of Ar depend on the coupling constant gg, whose renormalization factor
is defined through

¢ = #(D_4)/2(ng,y)flgo7 (4.14)

1/2, ve is Euler’s

where p is related to the MS renormalization scale fi (i = p(4w/e7®)
constant) and D is the number of Euclidean spacetime dimensions (in DR: D = 4 — 2¢,

in LR: D = 4). For our one-loop calculations, Z,X"" is set to 1 (tree-level value).

There are four one-loop Feynman diagrams contributing to Ar, shown in Fig. 4.4.
Diagrams dy — dy are further divided into subdiagrams, shown in Fig. 4.5, depending

on the side of the staple from which gluons emanate.

In our computations we make use of two renormalization schemes: the modified

minimal-subtraction ~ scheme (MS) and a variant of the modified

3In the right-hand sides of Egs. (4.10 — 4.12) it is, of course, understood that the regulators must
be set to their limit values.
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dy do ds3 dy

FIGURE 4.4: Feynman diagrams contributing to the one-loop calculation of the
Green’s functions of staple operator Or. The straight (wavy) lines represent
fermions (gluons). The operator insertion is denoted by a filled rectangle.

d2 (F

= m > . i (@) —— —_— i () —— — 0 (0 —
ds (d) ds (e) da (f)

FIGURE 4.5: Subdiagrams contributing to the one-loop calculation of the Green’s
functions of staple operator Or. The straight (wavy) lines represent fermions
(gluons). The operator insertion is denoted by a staple-shaped line.

regularization-independent scheme (RI’).  The second one is needed for the
nonperturbative evaluations of the renormalized Green’s functions Ar on the lattice,
which will be converted to MS, through appropriate conversion factors. For our
perturbative lattice calculations, the renormalization factors of Op in the MS scheme
can be derived by calculating Eqgs. (4.10 — 4.12) for both X = LR and X = DR, and
demanding that their left-hand sides are X-independent and, thus, identical in the

two regularizations.

For the RI’ scheme, we extend the standard renormalization conditions for the bilinear

operators, consistently with the definitions of Eqs. (4.10 — 4.12),

Atpree tree\ T tree \T
= ((ag) (A5e2)") | = AN,
=30, Atree H2

(VV) A#2

o AA () x|
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A i i AV i i
o (g gD ]| =el (0@ AE)T)] = 4N,
RT Qv=qv A%{ee
Tipg (W) th2

(i # p2), (4.15)

AR ()] = e [Ar AE] = AN T = 8V AT, (7 £ £ 0)
Qv=qv
(W)

(4.16)
where A = T"exp(ig,, z) is the tree-level value of the Green’s functions of Or, § is
the RI’ renormalization scale four-vector, and N, is the number of colors. Note that
the traces appearing in Eqs. (4.15 — 4.16) regard only Dirac and color indices; in
particular, Egs. (4.15) and (4.15) retain their 2 x 2 matrix form, and thus they each
correspond to four conditions. We mention that an alternative definition of the RI’
scheme can be adopted so that the renormalization factors depend only on a minimal
set of parameters, (G2, Gy, qu,), rather than all the individual components of g; this
can be achieved by taking the average over all allowed values of the indices i, j, in
conditions (4.15) and (4.16), whenever 4, j are present. This alternative scheme is not
so useful in lattice simulations, where, besides the two special directions of the plane
in which the staple lies, the temporal direction stands out from the remaining spatial
directions; this leaves us with only one nonspecial direction, and thus this choice of

normalization is not particularly advantageous in this case.

The RI'’ renormalization factors of fermion fields can be derived by imposing the
massless normalization condition,

tr[ S5 = wr[se(ste) T < 4w, (4.17)

?=q

where S® = (BB is the RI'-renormalized quark propagator and S = (i¢) ™" is

its tree-level value.

4.2.4 Conversion to the MS scheme

The conversion of the nonperturbative RI'-renormalized Green’s functions AR to the
MS scheme can be performed only perturbatively, since the definition of MS is

perturbative in nature. The corresponding one-loop conversion factors between the



Chapter 4 Perturbative renormalization of staple-shaped operators related to TMDs on
the lattice 63

two schemes are extracted from our calculations, and their explicit expressions are
presented in Sec. 4.3. As a consequence of the observed operator-pair mixing, some of
the conversion factors will be 2 x 2 matrices, just as the renormalization factors of the

operators. Following the definitions of Egs. (4.7 — 4.8), they are defined as

— — — — -1
MS,RI' MS,RI X,MS X,MS X RI' X,RI'
) ) Z ) Z ) Z ) Z )
Com Clean | _ (%P (PAyy) P (Pyy) (4.18)
Cd\TS,RI’ MS,RI' ZX,1\TS ZX,1\TS ZX,RI’ ZX,RI' ’ )
(Auzvp) AH2 (Auzvp) AN2 (Auzvp) AH2
— — — — -1
MS,RI' MS,RI X,MS X,MS X,RI' X,RI
CV'Z C(‘/i,Tip.Q) _ Z‘/'L Z(‘/iniuQ) ZV'Z Z(‘/i:Ti;LQ) (Z % )
MS,RT MS,RT ZXMS XM 7 X.RI ZX.RI ) H2);
(Ti,uz ’Vl) Ti#z (Tiuz 7VZ) Ti#2 (Ti,uz 7V2) TiHQ
(4.19)
MS,RI’ X,MS\ X,RI' 3 3 .
Cr =(Zr") (Zp7), D=8V, ATy, (0 #J # pe #1). (4.20)

Being regularization independent, they can be evaluated more easily in X = DR; in
this regularization there is no operator mixing, and thus the conversion factors of Or
turn out to be diagonal. We note in passing that the definition of the MS scheme
depends on the prescription used for extending s to D dimensions?; this, in particular,
will affect conversion factors for the pseudoscalar and axial-vector operators. However,

such a dependence will only appear beyond one loop.

Given that the conversion factors are diagonal, the Green’s functions of Or in the RI’
scheme can be directly converted to the MS scheme through the following relation,
valid for all T

o V<l / 1 ANTQ ! 7
AYS = (C)PT) o RIARY (4.21)

NS U EV il _1 /
where C}f S = (Zif ’MS) Zf B is the conversion factor for fermion fields.

4.3 Calculation procedure and Results

In this section we proceed with the one-loop calculation of the renormalization factors
of the staple operators in the RI’ and MS renormalization schemes, both in dimensional
and lattice regularizations. We apply the prescription described above, and we present
our final results. We also include the one-loop expressions for the conversion factors

between the two schemes.

4See, e.g., Refs. [50, 179-183] for a discussion of four relevant prescriptions and some conversion
factors among them.
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4.3.1 Calculation in dimensional regularization
4.3.1.1 Methodology

We calculate the bare Green’s functions of the staple operators in D Euclidean
spacetime dimensions (where D = 4 — 2¢ and ¢ is the regulator), in which
momentum-loop integrals are well-defined. The methodology for calculating these
integrals is briefly described in the work of Ref. [183] regarding straight Wilson-line
operators, as well as on Chapter 3 section 3.3, and it is summarized below: We follow
the standard procedure of introducing Feynman parameters. The momentum-loop
integrals depend on exponential functions of the u;- and/or pe-component of the
internal momentum [e.g., exp(ip,,z), exp(ip,,¢)].  The integration over the
components of momentum without an exponential dependence is performed using
standard D-dimensional formulae (e.g., [184]), followed by a subsequent nontrivial
integration over the remaining components p,, and/or p,,. The resulting expressions
contain a number of Feynman parameter integrals and/or integrals over (-variables
stemming from the definition of Or, which depend on modified Bessel functions of the
second kind, K, and which do not have a closed analytic form; they are listed in
Appendix 4.A. We expand these expressions as Laurent series in ¢ and we keep only
terms up to O(e%). The full expressions of the bare Green’s functions of Or are given

in the following subsection.

4.3.1.2 Green’s functions in dimensional regularization

In this subsection, the full expressions for the one-loop amputated Green’s functions
of the staple operators AL '°, calculated in dimensional regularization (DR), are
presented in a compact form [Eqs. (4.22 — 4.31)]. From these expressions it is
straightforward to derive the renormalized Green’s functions, both in the MS scheme
[by removing the O(1/¢) terms| and in any variant of the RI' scheme, as described in
Sec. 4.2.3; the corresponding conversion factors [Eqgs. (4.18 — 4.20)] also follow
immediately. The functions Af°® depend on integrals of modified Bessel functions
of the second kind, K, over Feynman parameters and/or over (-variables stemming
from the definition of the staple operators.  These integrals are denoted by
P = Pi(¢% ¢, %), Qi = Qi@ Gurs Go» 2,y) and Ri = Ri(G®, Qs Gy, 2,Y); they are
listed in Appendix 4.A [Eqgs. (4.67 — 4.84)].
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{Ageel(S—ﬁ) (Héﬂog (g)) +2(846)ye + (6 +2)log (QZ—”"Q)

2

2,2
7%y v (Y s
+4log <T) +4 (2 Y tan (;> log (1 + 22>) +2(8+2)P,

z

92CF

1-loop __
T

— 28/ |2| Py + 2q,, (2Q4 - i<2Q1 — Ba(P, — P2)>)

+ 4q,, (RG — Ry +i(Ry — R4)>]

g, [0+ 2| + A | - 10+ A [ - ) }
(4.22)
ALIooP — 4 ALIoop, (4.23)

=2

toop _ 920 [ e ! =
Ay = “6167; {Atvﬂl [6 +(8-5) <2 + - +log (’;—2» +2(8+6)ys + (8 +2)log (qT)
2

2,2
+4log (%) +4 (2 Y tan~! @) ~log (1 + %)) 1 2(BP, — 2P)

z

. %Bq%?(ﬂ — Py) = 2igy, (2(621 + Q2+ 2P3) — fa(Py - PQ))
=2V el (3P = 2P) + Aaya (Ro = R+ (s - R“))]

+ AP [4z' (\/?(y% 2 R) g (R = B (R R7)>)]

+ Atsreed[i(4(Q2 —2Py) = BV Pz |2l (P — )

+ (2% ((5 — )P+ 2P5> + 522133)]

+ Agﬁjjuzq[zu(m - Rl)] } (4.24)
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-loo ’C ree 1 I 222
A =T {Atvw, [<8 - 5) (2 + =+ log (%)) 28+ 6)75 + (5 +2) log (QT)

2
+4log (qi/ ) +4 (2 %tan_l (%) ~log (1 + %)) 4 2(BP, — 2P)

— BVE 2| Py + 24, <2Q4 — @'<2Q1 — Ba(P — P2)>)

— 4qu2(R2 + Rg — Rﬁ — R7)]
w g = o4V 00s + 2Ry
t Qus (4(Q2 + z2P3 —iQy) — 5\/61_22 2] (Py — P5)) )]

+ Agee¢[4(R3 — R7) + qu, (2% ((5 —2)Ps + 2P5) - 522133)]

+ A7 [4624] } (4.25)

AP = zzci {Atree[(sa 6) (2 + E + log (Z—j)) +2(8 +6)ve + (8 + 2)log (qZ—ZQ)
+4log <q4y > +4 (2 gtan_l (%) ~log (1 + ‘Z—i)) + (3P, — 2P)
— BVE 2| Py + 24, <2Q4 —i(2Q1 - Ba(Pr - P2)>)
+ g, (Ro — Ry +i( Ry - R4))]
¥ A%ﬁ,fequ[ i (4(Qa+ 2Py = iQ0) = BV 22l (P — Py)) ]
+ A, [42’(34 — Ry +i(Ry — R7)>] + vy A5 [4\/(1_2(3/@3 + zR5)]

g2 P (- 2p o) - o2n] s gl

+A“ee¢[4z<R1 R4>]}, v # o 1) (4.26)

Al loop Al-loop
A Vi

: A]_ ]0201;) A]_ loop A]. loop A]. lOOp’ (y # /’617 ,LLQ) (427)
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+ Ay [4(33 — Ry) + qu%Pg]
+ Atvljjq[ i (4Qz = BV 22| (P - By) ) — ﬁqupg] } (4.28)
s ﬁig{ Afee [5 +(8—B) <2 + % + log @—j)) +2(8+6)ve + (8 +2)log (%)
+4log <q4y ) ) (2 %tan_l (%) “log (1 + Z—i)) 128 - 2P,

SP72 (P~ Py) — 2ig,, (2(Q1 + Qo) — 52(R — )

= BV 2| Py + g, (Ro — Rz + i( Ry - R4))]
AR [42'%(34 — Ry +i(Rs — R7))]
+ A |4 [ (J?(st, + 2Rs) + quy (Ry — Ry +i(Rs — R7)))]
#2570 [ (1002 - 1) - 5V = (P P) | + Ay a2

+ A%}feq[ —i <4Q2 — BV 2|2| (Py— P5)> - ﬁqszPB*]

+ €apavp Agieq[éli(Rl - R4)] }7 (v # pa, p2) (4.29)
A;::zfp = =5 Eprpavp A’}F_::)pu (V # I, M2> (4.30)
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loo -loo
A%ﬂ,p P=—v Eprpavp A >, (v, p # i1, p2)- (4.31)

TM1M2

In Eqs. (4.30, 4.31), €, 400p is the Levi-Civita tensor, 1934 = 1.

4.3.1.3 Renormalization factors

Our one-loop results for the renormalization factors of the staple operators in both MS

and RI’ schemes are presented below.

In the MS scheme, only the pole parts [O(1/¢) terms| contribute to the renormalization
factors. Diagram d; has no 1/¢ terms, as it is finite in D = 4 dimensions. Also, it gives
the same expressions with the corresponding straight-line operators, because it involves
only the zero-gluon operator vertex. This statement is true in any regularization. As
we expected, the divergent terms arise from the remaining diagrams ds — dy, in which
end point [Eq. (4.33)], contact [Eq. 4.34)] and cusp divergences [Eq. (4.35)] arise. We

provide below the pole parts for each subdiagram:

AP e = AP = APV = Ad3<b>|1/g — ABO S AR —0, (4.32)
da(c ds(a g CF ree
ARy je = AR@)e = Toz (1—6) (4.33)
4(a c C ree
AR e = AFO e = APy = 96 AL (2 +B), (4.34)
d)|1/ — Ad4(f)|1/ A 2C’FAtree (_6) (435)
: r S 16m2 T e ’

where Cr = (N? — 1)/(2N.) and 3 is the gauge fixing parameter, defined such that
f =0 (1) corresponds to the Feynman (Landau) gauge. It is deduced that diagrams
do, ds3 give the same pole terms as in the case y = 0, since only end points affect these
diagrams (no cusps). Also, the result for the cusp divergences of angle 7/2 agrees
with previous studies of nonsmooth Wilson-line operators for a general cusp angle 6
[144, 148, 149]: it follows from these studies that the one-loop result corresponding to
each of the diagrams dy(d) and dy(f) is given by —(¢°Cr)/(167%€) (26 cot 0+ 3), which
is indeed in agreement with Eq. (4.35). By imposing that the MS-renormalized Green’s
functions of Or are equal to the finite parts (exclude pole terms) of the corresponding

bare Green’s functions, we derive the renormalization factors of Op in MS, using Egs.
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(4.10 — 4.12); the result is given below,

gQCF 7

ZDR,WS !’
1672 ¢

r =1+

O(g"), (4.36)

where we make use of the one-loop expression for the renormalization factor Zi R’NTS,
given in Appendix 4.B [Eq. (4.85)]. Since the pole parts are multiples of the tree-level
values A, the nondiagonal elements of the MS renormalization factors, defined in
Egs. (4.7, 4.8), are equal to zero. The diagonal elements, shown in Eq. (4.36), depend
neither on the Dirac structure, nor on the lengths of the staple segments; further, they

are gauge invariant.

In the RI’ scheme, there are additional finite terms, which contribute to the
renormalization factors of Or [according to the conditions of Eqs. (4.15 — 4.16)].
These terms depend on the external momentum, and they stem from all Feynman
diagrams. They are also multiples of the tree-level values of the Green’s functions. As
a consequence, the RI’ mixing matrices, defined in Eqs. (4.7, 4.8), are also diagonal.

zp BRI together with

Therefore, there is no operator mixing in DR. The results for
Z]F3 R,MS [Eq. (4.36)], lead directly to the conversion factors Clll/[ S.RI through the

relation,

ZDR,RI' _CWS,RI' 920F7 O(q* 437

Our resulting expressions for the conversion factors are given in the following subsection
[Egs. (4.38 —4.42)].

4.3.1.4 Conversion factors

We present below our results for the conversion factors of staple operators between
the RI’ and MS schemes. Since the renormalization factors of O are diagonal in both
MS and RI’ schemes, the conversion factors will also be diagonal. Our expressions
depend on integrals of modified Bessel functions of the second kind K,, over one
Feynman parameter and possibly over one of the variables ¢ appearing in Eq. (4.2).
These integrals are denoted by P, = Pi(¢% qu,2), Qi = Qi(@® Gus Qus» 2, y) and
Ri = Ri(@*, Quy» Qus» 2, Y); they are defined in Eqs. (4.67 — 4.84) of Appendix 4.A.
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Cp =Cs, Ca, =Cy,, Cy =0Cy, Cr,=Cr,,, (m,v,p,o areall different).

(4.42)
We note that the real parts of the above expressions, as well as the bare Green’s
functions, are not analytic functions of z (y) near z — 0 (y — 0); in particular, the
limit z — 0 leads to quadratic divergences, while the limit y — 0 leads to logarithmic
divergences. The singular limits were expected, due to the appearance of contact terms
beyond tree level. In the case y = 0, the staple operators are replaced by straight-line
operators of length |z|, the renormalization of which is addressed in our work of Ref.
[114]. In the case z = 0, the nonlocal operators are replaced by local bilinear operators,
the renormalization of which is studied, e.g., in Refs. [49, 50, 182, 186].

Since our results for the conversion factors will be combined with nonperturbative data,
it is useful to employ certain values of the free parameters mostly used in simulations.
To this end, we set: @ = 2 GeV and § = 1 (Landau gauge). For the RI’ scale we
employ values which are relevant for simulations by ETMC [110], as follows: ag =
(3201, 2Eny, 2ng, 22 (ng + 3)), where a is the lattice spacing, (L? x T)) is the lattice size
and (n1,n2,ng, ng) is a 4-vector defined on the lattice. A standard choice of values for
n; is the case ny = ny = n3 # ny, in which the temporal component n4 stands out from
the remaining equal spatial components. As an example we apply (ni,ns,ng,ny) =
(4,4,4,9), L =32, T = 64 and a = 0.09 fm. For a better assessment of our results,

we plot in Fig. 4.6 the real and imaginary parts of the quantities Cr, defined through
CRI',WS
r

=1+ 9126?; Cr + O(g*), as functions of the dimensionless variables z/a and
y/a, using the above parameter values. In the case y = 0, we use the expressions of
the conversion factors for straight-line operators, calculated in Ref. [114], while in the
case z = 0, we use the one-loop expressions of the conversion factors for local bilinear

operators, written in Refs. [49, 50]. For definiteness, we choose p; = 1 and py = 2.
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FIGURE 4.6: Real (left panels) and imaginary (right panels) parts of the quantities
Cs=Cp, Cy, =Cy, and Cy, = Cy, = Cy, = C4,, involved in the one-loop
expressions of the conversion factors: C’? IMS _ + % Cr + O(g*), as functions
of z/a and y/a [for B =1, 1 =2 GeV, a=0.09 fm,

aq = (%”nl, 2%”2, QT”ng, 2%(124 + %)), L =32, T =64, (n1,n2,n3,nq4) = (4,4,4,9)].

Here, we choose p1 = 1 and ug = 2.
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Graphs for Cy, = C4,, Cr,, = Cpy, = Crp,, = Cry, and Crpy, = Cr,, are not included in
Fig. 4.6, as their resulting values are very close to those of Cy, (fractional differences:
<1073).

The real parts of Cr are even functions of both z/a and y/a. In Fig. 4.6, one observes
that, for large values of z/a, they tend to stabilize, while for large values of y/a they
tend to increase; thus, a two-loop calculation of the conversion factors is essential
for more sufficiently convergent results. Further, the dependence on the choice of T’
becomes milder for increasing values of z/a and y/a. Regarding the imaginary parts
of Cr, they are odd functions of z/a and even functions of yy/a. For large values of z/a
or y/a, they tend to converge to a positive value. In particular, when both z/a and
y/a take large values, the imaginary parts tend to zero. For large values of y/a and,
simultaneously, small values of z/a, the imaginary parts of Cr demonstrate a small
fluctuation around zero, which differs for each I', either in form (e.g., Cy, and C'g have
opposite signs for given values of z/a, y/a) or in magnitude (e.g., the fluctuation of
(g is bigger and sharper than the fluctuation of Cy,). As regards the ¢ dependence,
we have not included further graphs for the sake of conciseness; however, testing a
variety of values for the components of ag, used in simulations, we find no significant

difference, especially for large values of z/a and y/a.

4.3.2 Calculation in lattice regularization
4.3.2.1 Methodology

At first, let us give the lattice version of the staple operators,

ORt = ah(x) T W(x,z + mafiy, v + majly + najly, x + nafy) ¥(x + najyy), (4.43)

Wz, z + majiz, x + majfiy + najiy, x + najiy) =
mF1 nFl

( H Uspa (2 + Kaﬂg)) ’ (H Uy, (x +majia + Kaﬂl)>-
t= i
m:|:01 ’ +
(Hin(x—i—naﬂleEa[m)) , n=z/a, m=y/a, (4.44)

=0
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where upper (lower) signs of the first and third parenthesis correspond tom > 0 (m < 0)
and upper (lower) signs of the second parenthesis correspond to n > 0 (n < 0). The
calculation of the bare Green’s functions of such nonlocal operators on the lattice is
more complicated than the corresponding calculation of local operators; the products
of gluon links lead to expressions whose summands, taken individually, contain possible
additional IR singularities along a whole hyperplane, instead of a single point [terms
~ 1/sin(p,/2) or 1/sin?*(p,/2)]. Also, the UV-regulator limit, a — 0, is more delicate
in this case, as the Green’s functions depend on a through the additional combinations
z/a, y/a, besides the combination ag (where ¢ is the external quark momentum). Thus,
we have to modify the standard methods of evaluating Feynman diagrams on the lattice

[199], in order to apply them in the case of nonlocal operators.

The procedure that we used for the calculation of the bare Green’s functions of O}t is
briefly described in the work of Ref. [114] regarding straight Wilson-line operators, and
it is summarized below: The main task is to write the lattice expressions, in terms of
continuum integrals, which are easier to calculate, plus lattice integrals independent of
aq; however, the latter will still have a nontrivial dependence on z/a and y/a. To this
end, we perform a series of additions and subtractions to the original integrands: we
extend the standard procedure of Kawai et al. [199], in order to isolate the possible IR
divergences stemming from the integration over the p, component, which appears on
the integrals’ denominators [~ 1/sin(p,/2) or 1/sin*(p,/2)]. To accomplish this, we
add and subtract to the original integrands the lowest order of their Laurent expansion
in p,. Also, in order to end up with continuum integrals, we add and subtract the
continuum counterparts of the integrands; then, the integration region can be split up
into two parts: the whole domain of the real numbers minus the region outside the
Brillouin zone. The above operations allow us to separate the original expressions into
a sum of two parts: one part contains integrals which can be evaluated explicitly for
nonzero values of a, leading to linear or logarithmic divergences, and a second part for

which a naive a — 0 limit can be taken, e.g.,

[t o [apreyseCo -5 [, (@)

The numerical integrations entail a very small systematic error, which is smaller than

the last digit presented in all results shown in the sequel.
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4.3.2.2 Green’s functions and operator mixing

The results for the bare lattice Green’s functions of the staple operators are presented
below in terms of the MS-renormalized Green’s functions, derived by the corresponding

calculation in DR,

2

. Cr .
ALR — AMS _ _9{67; dam® . F 4+ O(g"), (4.46)

F = [F <a1+3.7920 B+as M—l—log (azﬂz) (8 —=0) > +sgn(y) [F, fym} <a3+0z4 CSW)} ;
‘ (4.47)
where «a; are numerical constants which depend on the gluon action in use; their values
are given in Table 4.2 for the Wilson, Tree-level Symanzik and Iwasaki gluon actions®.
We note that as, asz, and a4 have the same values (up to a sign) as the corresponding

coefficients in the straight-line operators [114].

’ Gluon action \ oy \ Qs \ o3 \ oy ‘
Wilson -22.5054 19.9548 7.2250 -4.1423
Tree-level Symanzik | -22.0931 17.2937 6.3779 -3.8368
Iwasaki -18.2456 12.9781 4.9683 -3.2638

TABLE 4.2: Numerical values of the coefficients a1 —ay appearing in the one-loop
bare lattice Green’s functions AlIiR.

In Eqgs. (4.46, 4.47), we observe that there is a linear divergence [O(1/a)], which
depends on the length of the staple line (|z| 4+ 2 |y|); this was expected according to
the studies of closed Wilson-loop operators in regularizations other than DR [143].
This divergence arises from the tadpolelike diagram d, and in particular from the
subdiagrams dy(a), d4(b), dy(c). We note that the coefficient ay entering the strength
of the linear divergence, is given by

1 [T d

s =5 [ 55 Db (4.48)

2 .. @2n)

where D(p) v 18 the gluon propagator, 7 is the direction parallel to each straight-
line segment of the Wilson line and p equals the four-vector momentum p with p, —
0. Moreover, additional contributions of different Dirac structures than the original

operators appear ([I',7,,] terms); these contributions arise from the “sail” diagrams

5A more precise result for the numerical constant 3.7920, which multiplies the S parameter, is
1672 Py, where P = 0.02401318111946489(1) [39].
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dy, d3 and in particular from the subdiagrams dy(c), ds(a). In order to obtain on the
lattice the same results for the MS-renormalized Green’s functions as those obtained
in DR, we have to subtract such regularization dependent terms in the renormalization
process. A simple multiplicative renormalization cannot eliminate these terms; the
introduction of mixing matrices is therefore necessary. However, for the operators with
r=5V,, AT,

2 i, where © # j # po # i, the contribution [I',,,| is zero, and, thus,

there is no mixing for these operators. In conclusion, there is mixing between the
operators (OP,OAM),(O% Or

w), where i # o, as we have mentioned previously.

This feature must be taken into account in the nonperturbative renormalization of
TMDs.

4.3.2.3 Renormalization factors

The MS renormalization factors can be derived by the requirement that the terms in
Eq. (4.47) vanish in the renormalized Green’s functions. Thus, through Eqgs. (4.10 —
4.12), one obtains the following results for the diagonal and nondiagonal elements of

the renormalization factors:

2
—_ g CF z +2 Yy —
Z e =1 + I (e +1—a1) —az EIE 2]y cpeqy + by, — Tiog (a22) |
+ O(g"), (4.49)

LR,MS LR,MS LR,MS LRMS _ 9 LF *Cr 4
ZPAM) ZAHQ,P) > Z(m,Tw) = Z(Tw, V) T 16m2 sgn(y)(—2) [043 + a4CSW] +O(g%),
(4.50)
where the coefficients e stem from the renormalization factor of the fermion field
ZQI;R MS, given in Appendix 4.B [Eq. (4.89)].

A number of observations are in order, regarding the above one-loop results: both
diagonal and nondiagonal elements of the renormalization factors are operator
independent, just as the corresponding renormalization factors in DR. Also, the
dependence of the diagonal elements on the clover coefficient cgy, is entirely due to
the renormalization factor of fermion fields; on the contrary, the dependence of the
nondiagonal elements on cgy, is derived from the Green’s functions of the operators,
and in particular it is different for each choice of gluon action. Consequently, tuning
the clover coefficient we can set the nondiagonal elements of the renormalization

factors to zero and, thus, suppress the operator mixing. At one-loop level, this can be
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done by choosing csyy = —asz/ay. For the gluon actions given in this paper, the
values of the coefficient cgy,, which lead to no mixing at one loop, are 1.7442 for
Wilson action, 1.6623 for tree-level Symanzik action and 1.5222 for Iwasaki action;
these values are the same as those, which eliminate the mixing in the case of

straight-line operators [114].

In the RI’ scheme, the renormalization factors can be read off our expressions for the

conversion factors, given in Eqs. (4.38 — 4.42), in a rather straightforward way,

/ NS RT/ 20 z —|— 2
ZFLR,RI _ CIIYIS,RI 4 g g[(elf F1—an) — a 2] ly| + €1§CSW + e}’fcgw
167 a
— Tlog (a*2) ] + O, (4.51)
LR,RI’ LR,RI’ LR,RI’ LR,RI’ 9*Cr 4
Z(P,A,Lz) = Z(A#Q,P) = Z(Vi,Tw) = Z(TM,V,-) = 16n2 sgn(y)(—2) [043 + 044CSW] +O(g%).

(4.52)
Since the conversion factors are diagonal, the one-loop nondiagonal elements of the RI’

renormalization factors are equal to the corresponding MS expressions.

4.4 Extension to general Wilson-line lattice

operators with n cusps

This work on staple operators, along with studies on straight-line operators ([114],
Chapter 3), lead us to some interesting conclusions about nonlocal operators. From
these two cases, we can completely deduce the renormalization coefficients of a
general Wilson-line operator with n cusps, defined on the lattice; in particular, we
determine both the divergent (linear and logarithmic) and the finite parts of
multiplicative renormalizations, as well as all mixing coefficients. We can also justify

the nature of the mixing in each case.

All the above coefficients can be deduced from the difference between the bare Green’s
functions on the lattice and the corresponding MS-renormalized Green’s functions,
obtained in DR: AAp = AKR—AMS Below we have gathered results for these differences,
in the case of both straight-line (Ref. [114]) and staple (this work) operators, presented

separately for each Feynman diagram:
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Straight-line operators,

L LR L MS 20. . s
(A;“alght)d_ - (A;“alght)d_ - _—fi 5 T R L0, (i=1.2.3.4),
(4.53)
where
Tt =, (4.54)

Fomrd" = 2T [a5 +3.7920 8+ (1 = B)log(a*ji*)] + sgn(2) (T + 7 D) (@5 + cucsw),
(4.55)

rai _ z
Foreht = [aﬁ —3.7920 8 + (2 + B) log(a*ii?) + a2% : (4.56)

Staple operators,

LR MS 20- .
() (ago)™ = P e e o), (1= 1,2,3,0), (457

where

Fomle =, (4.58)

f;;%fgg =271 [as +3.7920 8 + (1 — B)log(a®i*)] + sgn(y) Ty, — YD) (a3 + aucsw),
(4.59)

2
Fomple = F{3 [ — 3.7920 8 + (2 + ) log(a’*)] + %M

+2 [z +3.7920 8 — Blog(a’i%)] } (4.60)
The coefficients a; are numerical constants, which depend on the Symanzik coefficients

of the gluon action in use; their values for Wilson, tree-level Symanzik and Iwasaki

gluons are given in Tables 4.2 and 4.3. Comparing the above results for the two types

’ Gluon action \ o \ Qg \ ar ‘
Wilson -4.4641 -4.5258 0
Tree-level Symanzik | -4.3413 | -3.9303 | -0.8099
Iwasaki -4.1637 | -1.9053 | -2.1011

TABLE 4.3: Numerical values of the coefficients as—a7 appearing in the one-loop
bare lattice Green’s functions of Wilson-line operators (straight line and staple).

of operators, we come to the following conclusions which can be generalized to Wilson-

line lattice operators of arbitrary shape:



Chapter 4 Perturbative renormalization of staple-shaped operators related to TMDs on
the lattice 79

e The linear divergence [O(1/a)] depends on the Wilson line’s length.
e Diagram d; gives a finite, regulator-independent result in all cases.

e The only contribution of sail diagrams (dy and d3) to AAr comes from their
end points. This is because any parts of a segment which do not include the
end points will give finite contributions to ALR, in which the naive continuum
limit a — 0 can be taken, leading to the same result as in DR and thus to a
vanishing contribution in AAr. Consequently the shape of the Wilson line is
largely irrelevant and, indeed, all numerical coefficients in Eq. (4.59) coincide
with those in Eq. (4.55). The only dependence on the shape regards the Dirac
structure of the operator which mixes with Op. The mixing terms depend on
the direction of the Wilson line in the end points. For the straight Wilson line,
the direction in both end points is sgn(z)/i;, which leads to the appearance of
the additional Dirac structure sgn(z)(I'y,, + 7,,I') upon adding together sail
diagrams ds and d3. For the staple Wilson line, the direction in the left end point
is sgn(y)fio and in the right end point is —sgn(y)/iz; thus, the additional Dirac
structure which appears upon adding the two sail diagrams is sgn(y)(I'y,, —7,,)-

The mixing pairs for each type of nonlocal operator can be also explained
(partially) by symmetry arguments. For straight-line operators, there is a
residual rotational (or cubic, on the lattice) symmetry (including reflections)
with respect to the three transverse directions to the ji direction parallel to the
Wilson line. As a consequence, operators which transform in the same way
under this residual symmetry can mix among themselves, under
renormalization; i.e., mixing can occur only among the pairs of operators (Or,
Or,,). This argument can now be applied to a general Wilson line: given that
only end points contribute, mixing can occur only with Or,,, where i refers to
the directions of the two end points of the line. Clearly, the subsets of operators
which finally mix depend on the commutation properties between I' and v,. We
note that, if the fermion action in use preserves chiral symmetry, then none of

the operators will mix with each other.

e The tadpole diagram (d4) for the staple operators gives, aside from the linearly
divergent terms, two types of contributions: one corresponds to each of the three
straight-line segments [first square bracket in Eq. (4.60)], which is identical to the

corresponding contribution from the straight Wilson line, multiplied by a factor
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of 3, and another contribution for each of the two cusps [second square bracket
in Eq. (4.60)], multiplied by a factor of 2, which cannot be obtained from the

study of straight-line operators.

As a consequence of the above, it follows that the difference AK® — AMS for a general
Wilson-line operator with n cusps (and, hence, n + 1 segments), defined on the lattice,
can be fully extracted from the combination of our results for the straight-line and
the staple operators: the contributions of each straight-line segment and each cusp,
appearing in the general operators, are obtained from Eqs. (4.53 — 4.60). Therefore,
without performing any new calculations, the result for the Green’s functions of general

Wilson-line lattice operators with n cusps, is determined below,

LR MS 20 .
enera. €enera. J— g F 7 z enera. .
(agre), = (ageme) == gs e OGN, (1=1,2.3,4), (161)

where

Fgere =0, (4.62)
FE = 2T [as +3.7920 8 + (1 — B)log(a?i®)] + (T, + b, T) (a3 + cucsw), (4.63)

L
‘/—_-ileneral _ P{(n + ]-)aG — 37920/8 + [Q(TL + ]_) + B] IOg(GQﬂQ) —+ EO!Q + TLO(?}, (464)

L is the Wilson line’s length and /i, (jz,) is the direction of the Wilson line in the initial
(final) end point. In the above relations, it is explicit that there is mixing between the
pairs of operators (Or, O, it ,&fr)' Proceeding further with the renormalization of these

operators, we extract the renormalization factors in the MS scheme,

2
LR, MS 9°Cr L _
2y idiag) =17+ 162 |:6F—062E +e§bcsw+e§’céw —(2n+3) log (aQ,uQ)] +0(g"), (4.65)

2
MS g°Cr
Z%(P:Li\:[lfliag./mix.) = 167T2 (_1) |:a3 + OZ4CSW} + 0(94), (466)

where el = [ezf +1—2a5—(n+1)ag — nay} and e;ﬁ are given in Appendix 4.B. It

is worth noting that the results in Eqgs. (4.65, 4.66) are both gauge invariant, as was

expected.
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4.5 Summary and Conclusions

In this work, we have studied the one-loop renormalization of the mnonlocal
staple-shaped Wilson-line quark operators, both in dimensional regularization (DR)
and on the lattice (Wilson/clover massless fermions and Symanzik-improved gluons).
This is a follow-up calculation of Ref. [114], in which straight-line nonlocal operators
are studied. These perturbative studies are parts of a wider community effort for
investigating the renormalization of nonlocal operators employed in lattice
computations of parton distributions (PDFs, GPDs, TMDs) of hadronic Physics. A
novel aspect of this calculation is the presence of cusps in the Wilson line included in
the definition of the nonlocal operators under study, which results in the appearance
of additional logarithmic divergences. Perturbative studies of such nonsmooth
operators had not been carried out previously on the lattice. As in the case of the
straight-line operators, certain pairs of these nonlocal operators mix under
renormalization, for chirality-breaking lattice actions, such as the Wilson/clover
fermion action. The path structure of each type of nonlocal operator (straight-line,
staple, ...) leads to different mixing pairs. The results of the present study provide
additional information on the renormalization of general nonlocal operators on the

lattice.

Particular novel outcomes of our calculation are:

e The one-loop results for the amputated two-point one-particle-irreducible (1-PI)
Green’s functions of the staple operators both in DR [Egs. (4.22 — 4.31)] and on
the lattice [Eqs. (4.46, 4.47)].

e The mixing pairs of the staple operators: (Op,0a,,),(Ov;,Or,, ), i#p2 (for
notation, see Sec. 4.2.1). We propose a minimal RI'-like condition [Eqs. (4.15 —
4.16)], which disentangles this mixing and which 1is appropriate for

nonperturbative calculations of parton-distribution functions on the lattice.

e The one-loop expressions for the renormalization factors of the staple operators in
both dimensional and lattice regularizations, in the MS scheme and the proposed
RI' scheme [Egs. (4.36, 4.37, 4.49 — 4.52)].

e The one-loop conversion factors between the RI' and MS schemes [Eqs. (4.38 —
1.42)].



Chapter 4 Perturbative renormalization of staple-shaped operators related to TMDs on
the lattice 82

e An extension of our calculations to general Wilson-line lattice operators with
n cusps; we have provided results for their renormalization factors [Eqs. (4.65,
4.66)].

Our results are useful for improving the nonperturbative investigations of transverse
momentum-dependent distribution functions (TMDs) on the lattice. Such an example
is the calculation of the generalized g;r worm-gear shift in the TMD limit (|n|—00);
this quantity involves a ratio between the axial and vector operators. A recent study
of TMDs on the lattice [128] reveals tension between results for g7 in the clover and
domain-wall formulations. This is not observed in other structures and is an indication
of nonmultiplicative renormalization. Our proposed RI’-type scheme can be applied
to the nonperturbative evaluation of renormalization factors and mixing coefficients
of the unpolarized, helicity and transversity quasi-TMDs; this is expected to fix the
inconsistency between the two calculations of g;7. Also, our one-loop conversion factors
can be used to convert the RI' nonperturbative results to the MS scheme. Our results
for general Wilson-line lattice operators with n cusps can be used in the nonperturbative

renormalization of more general continuum nonlocal operators.

Comparing our results for the staple operators with the corresponding ones for the
straight-line operators, we deduce that the strength of the linear divergences is the
same for both types of operators; the presence of cusps lead to additional logarithmic
divergences in the staple operators. Also, the observed mixing pairs among operators
with different Dirac structures depend on the direction of Wilson line in the end
points, and thus, they are different between the two types of operators: the

straight-line operator Or mixes with Oy while the staple operator Or mixes

7’Yu1}’
with Ojr,,) (for notation, see Sec. 4.2.1). However, the values of the mixing

coeflicients are the same in the two cases.
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Appendices
4.A List of Feynman Parameter Integrals

In this appendix, we present a list of Feynman parameter integrals, which appear in

the expressions of our results. In what follows, we use the notation: s = /¢%(1 — x)z.
1 .
P g 9) = [ do e Ky (s]a]). (4.67)
0
1
Puds ) = [ do e Ko (s, (4.68)
0
1
P 2) = [ do 0% Ky (s]el) a(1 ~ o) (4.69)
0
1
Py(¢%, gy, 2) E/ dr e " Ky (s]z]) /(1 — 2)x (4.70)
0
1
Ps(q, gy, 2) = / dx e "% K ( (1—2a)x (4.71)
0

QO (q Qs Quas %, Y) / dx/ d¢ e Zqﬂlxccos (qupry) K < sVY ) (4.72)
Q2 (q Qv Quss 2, Y) / dx/ d¢ e” W“l"”ccos quzxy < VY ) (1—2),

(4.73)
1—2z)z
Q (q Q1 Quo» 2, y / d.r/ dC e “ZMIL“CCOS quy K1< Yy ) ( : )2 s
y*+C
(4.74)
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1 Y
B ) = [ do [ G cos(gun) Kool (1 - ), (4.77)
0 0
1 y
Ro(¢. s y) = / a1 / 0 sin(gu¢) Ko (s1C)). (4.78)
0 0
1 Yy
Rald o) = [ do [ d¢ sinfgu,a0) Ko (s i (1 o) (4.79)
0 0
1 Y )
Ra(@, Gy » Qo %5 1) E/O dw/O d¢ e """ cos(qy,z¢) Ko (s\/z2 +C2) (1—u=),
(4.80)
1 Y ) /(1 —
R5<q27Qu17Q}L27 Z7y) = A dx/ov dC e "t COS(Q,UQ:CC) Kl (3 V 22 + C2> <Z2—_|_x<)2x7
(4.81)
1
Rule?. stz = [ [ dC e sin(ga0) Ko (sVFFE). (482)
0 0
1 Y )
R7(q27Q,LL17CI,u27Z7y) = /0 d‘r/o dC e " TE Sin(QszC) KO (5 V 22 + C2> (1 - .’I’),
(4.83)
1 Y , 1—
Rs(q, Qs> Qs %) E/O dw/o d¢ em" " sin(gua() K <8\/z2+C2> (22—;2):
(4.84)

4.B Renormalization of fermion fields

In this appendix, we have gathered useful expressions regarding the renormalization of

fermion fields in both dimensional (DR) and lattice (LR) regularizations, taken from,

e.g., Refs.

[186] and [200], respectively. We give the one-loop expressions for the

renormalization factors in the MS and RI’ schemes, as well as the conversion factors

between the two schemes,

DR,MS 92CF 1 4
Zy " =14+ a5 (B-1)-+0(g), (4.85)
4 2C 1 =2
Z 91675 (5-1) <g +1+log (%)) +0(g"), (4.86)
_ ZDR,RI’ ZLR,RI' 20 _2
RI'MS _ “% _ Gy 9°Cr o, w 4
Cy - ZgR,WS - ZiR,M*s - 1672 (B—-1) (1 + log (qz>) +0O(g"), (4.87)
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, 2C
ZURRY _ 91 — [e;" +4.7920 5 + ebesw + by + (1 — B) log (a2672)} +0(¢"),
(4.88)
L ZLR,RI/ 20
ZLRNS CﬁI/’MS =1+ 916—75 [(éf +1) +3.7920 B + ej csw + €5 ey
v

+ (1= B)log (a%?) | +O(g*).
(4.89)

The numerical constants e;ﬁ depend on the gluon action in use; their values for Wilson,

tree-level Symanzik and Iwasaki improved gluon actions are given in Table 4.4.

’ Gluon action eif e;p e}f ‘
Wilson 11.8524 | -2.2489 | -1.3973
Tree-level Symanzik 8.2313 | -2.0154 | -1.2422
Iwasaki 3.3246 | -1.6010 | -0.9732

TABLE 4.4: Numerical values of the coefficients elf—eg’ appearing in the one-loop

renormalization factors of fermion fields on the lattice.



Chapter 5

Higher-loop renormalization of

Wilson-line operators related to
quasi- PDFs

5.1 Introduction

In this work we extend our studies on Wilson-line operators to two-loop order. In
particular, we calculate the two-loop renormalization factors of straight Wilson-line
operators in the RI’ and MS schemes using dimensional regularization; the
computation considers only massless fermions. We also extract the conversion factors
between the two schemes. The motivation behind this study is mainly based on an
argument in Ref.[99] about the truncation effects coming from the one-loop
conversion factors. In this paper, it is claimed that two-loop corrections of the
conversion factors are expected to eliminate the unphysical feature of the real part of
the nonperturbative renormalized matrix elements becoming negative for large
Wilson-line lengths. In particular, numerical experiments indicate that a natural
change of the conversion factor by two-loop contributions (~ 10—20 %), should be
enough to suppress the unwanted effect. A by-product of this two-loop calculation is
the anomalous dimension of the Wilson-line operators to next order in ¢g? (also found
in Refs. [155, 201, 202] in the context of HQET); this is useful for improving the

method for eliminating the linear divergences, nonperturbatively (see Ref.[114]).

86
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In the rest of this chapter, we provide the setup of our calculation (Sec. 5.2) and our
preliminary results on the calculation of two-loop contributions to the bare Green’s

functions of Wilson-line operators (Sec. 5.3).

5.2 Setup

The theoretical setup related to the definition of the straight Wilson-line operators
Or, along with the necessary prescription of the renormalization schemes is provided
in Chapter 3. We note that, as we use massless fermions, the mixing pattern reduces
to the following pairs': (T'1,T2) = (1L, 71), (3572 1374)s (1573, 7172)s and (1574, 7273),
where by convention 1 is the direction of the straight Wilson line and 2, 3, and 4 are

directions perpendicular to it.

For the extraction of the two-loop renormalization factors of operators, the two-loop
expression for the renormalization function of the fermion field Z,, as well as, the
one-loop expression for the renormalization function of the coupling constant Z, are
involved (besides the two-loop expression for the bare two-point Green’s function of
Or, Ar). By writing Zy, Z,, and Ar in the form?*:

Zy = 142 + g7 +O(g), (5.1)
Zy, = 1+ g2V +0(gp), (5.2)
Atrrlee [5& + 9(2))\1(%) + géAEf’ + O(gg)]

+ 113}'299 |:522 + 9(2))\55) + gé/\g) + O(gg)] + e ) (Z - ]-7 2)7 (53)

the renormalization factors of Or in RI’, reads:

Loriginally found in Ref. [114].
2The Green’s functions Ar, may also contain additional Dirac structures, which do not contribute
to Zr, defined in RI’ or MS.
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DR,RI/ DR,RI
<z$)> + A (zﬁ) + A

DR,RI 2 4
[ZFLF? ]ij - 5“{1 + Irr + Jrr

DR,RI’ RI' DR,RI’ DR,RI’
()0 20 () 4 2(0) Agp]

+O(9§u'> }

Qv =qv

DR,RI’
(2) (1) '
/\ij + (zw )

+ (1 - 5ij){912al’/\£]1') + 91411'

+0(9§y>} (5.4)

Qv =qu

(1) @
A

The equivalent expression for Zf BMS follows from Eq. (5.4), by keeping in Aij’ s

only pole parts in ¢; the latter appears only for : = 7, leading to

1) (2)
(= (=

+2 (Z;1)>DR,N[S (Zél)>DR,1\/IS n 2<Zél)>DR’NIS)\Z(Zl)

A £+ ()

DR,MS A
) + s

_ DR,MS
ZIPiR,MS — {1 + gf/TS )

(5.5)

1/e2,1/e

+ 0(9&5)}

The expressions of Z,, and Z, are well-known beyond one loop [186].

5.3 Calculation and results

There are fifty-six two-loop Feynman diagrams contributing to the two-point Green’s
function of operators, shown in Figs. 5.1, 5.2. The methodology for calculating the
momentum-loop integrals corresponding to these Feynman diagrams is briefly described

in our previous work in Chapter 3. Here we extend this methodology to two loops.

Firstly, we follow the standard procedure of introducing Feynman parameters. Then,

the momentum-loop integrals take the following general form:

5 (5.6)

/ dPp, / dPpy P P22 (py, --opyy, ) (D1, D1, ) f({ai))
(27T)D (27T)D loapT + aop3 + aspr - P2 + cupr - ¢ + asps - g + ag)
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FIGURE 5.1: Feynman diagrams contributing to the two-loop calculation of the
Green’s functions of straight-line operator Or. The straight (wavy, dashed) lines
represent fermions (gluons, qhosts). The operator insertion is denoted by a filled
rectangle. (1/2)
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e s o =
ds3 ds4 dss ds6

FIGURE 5.2: Feynman diagrams contributing to the two-loop calculation of the
Green’s functions of straight-line operator Or. The straight (wavy, dashed) lines
represent fermions (gluons, ghosts). The operator insertion is denoted by a filled
rectangle. (2/2)

where «; (i = 1—6) depends on Feynman parameters, f({a;}) is a function of o; and ¢
is the external momentum. The integration over the components of momentum without
an exponential dependence is performed using standard D-dimensional formulae (e.g.,
[184]), followed by a subsequent nontrivial integration over the remaining components

p1,, and py,. This procedure leads to the following two-loop formulae:

Ap) = / o / e e'PLuFt P2
a (27T>D (271-)D [04119% + Oégp% + aapr - po + aupr -k + asps - ke + aﬁ]/ﬂ’

_3 _D—B (D-B)/2
918 D=8 5 (D=5 .

A WDF(E)&D/z Ko-s(v/s) expl 51

—?:k'Q#Oé5(206122 — 06321)

—ik1“a4(2a2z1 — 06322>

exp| ], (5.7)
52
/ del / de2 eiplwq 6ip2uz2 (plyl .. 'plyn) (p1p1 .. .plpm) _
(QW)D (QW)D [1p? + aop3 + azpr - pa + aupr - ki + aspa - ke + 046]ﬁ
1)t (B — i —
C om0 00l AGnm). (59)
OéZOégn F(ﬂ) 8]€1V1 (‘91{;11,” 8k2p1 8k:2pm

where s; = 4a1a9 — a%,
so = |(ag/a1) — (b} + ki — 043044045161]{2)/(04181)} . [z% + (32 — 2a1z2)2/31 ,

and K, (z) is a modified Bessel function of the second kind. We note that the formula
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in Eq. (5.7) is only valid for s; > 0, so > 0, a; # 0, D < (3/4+ [3); the same conditions
for s1, s9, a are also valid for the formula in Eq. (5.8), while the condition for D is
modified as D < (3/4+ 8 —n/2 —m/2). In order to perform Laurent expansion in ¢,
it might be necessary to make subtractions in the original integrand so that possible
poles (in the integration region of Feynman parameters and/or (-variables stemming
from the definition of Or) be isolated and interchange between integration and limit
(of vanishing regulator) operations can be applied in the remaining convergent part
(see 3.3.1).

So far we have completed the calculation of the Green’s functions of straight Wilson-line
operators for the first twenty diagrams (d; — ds), including some of the most delicate
ones, such as diagrams with up to four gluons stemming from the definition of the
operators, which result in multiple integrations over the position of gluons along the
Wilson line, combined with overlapping divergences (e.g., dig). Preliminary results of
our calculations are presented below. We provide only a small part of our current results
because the length of the expression for each diagram is very large. The expressions

for the bare Green’s functions of Wilson-line operators for the “tadpole”-like diagrams

dy — dy are:
- L5 A“ee{ww) L+ [ (1 5+ e 1og (C0 )]
4(8 +2) log( ) ( S+ 2)log ('U2422> +4yp(B8+2) + 8)
—m*(B+2)°+ 16 (VR(B+2)° + 4yp(B+2) +2(B+3)) ¢, (5.9)
AL = %AF%{@& + [(6;2)< 2(86+2) (QVE—i—log <M24Z2>>

+8 + 10)} é + % (8(52 + 108 4 274 (B8 + 2)?

+ve(B +2)(8 +10) + 20) +4(8 +2)log (’1122)

((ﬁ +2)log (%) + B+ 4ve(B+2) + 10)

)| 50
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3 9402 tree (ﬁ + 2)2 1 [_L2Z2
M= S { e+ )((6+2) (200410 ()
+6+6) ( 62+8B+7E5+2)
+ve(8+2)(5 +6) ) +12(8 +2) log (MZZQ)
2

+
<6+210g< ) 26+ 2v(8+2) + )

+72(B +2) )} (5.11)

4 940 NC tree 3 1 ﬁ ﬂ222
AL = (16;)2 A} { - Zﬂ(ﬁ + 2)5—2 -3 3(86+2) (Z'YE + log ( 1 ))
1 222
+2(8+5) - —ﬁ (36(6 + 2) log? ( 1 >
ﬂ222
+48(8 + 3ve(f +2) + 5) log (T) + 48 <2ﬁ + 375(B +2)
+295(8 +5) + 9) —5m%(B + 2)) } (5.12)
40 NC tree 22
Adstds 9(167’:2)2 Al {(35 I 10)€i2 n % [4(36 +10) log ( - )

1 1 222
F(B(36 + 24795 + 2) + 805 + 88)} + 57| 6108 (5

2,2

+<(66 +20) log (“42 ) +(B(38 + 2475 + 2) + 8075 + 88))
+3(8(138 + 14) + 400) + 12ve(5(38 + 1275 + 2) + 40vE

+88) + 7(38 + 10)) } (5.13)
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4
G CrNY e 1
Al@ = 2]0/\% { 3 + =2 [Iog (

222

1 ) +2(1+7E)}

1 fi222 fi222
- —191 ] 4(1
+6< 20g<4><0g(4 +4(1 4+ vg)

—m% — 48y (2 + vE) — 108) } (5.14)

=i

m | =

(1672)

where Cr = (N?—1)/(2N,), N, (N;) is the number of colors (flavors) and 3 is the gauge
parameter [ = 0 (1) in Feynman (Landau) gauge]. Diagrams which are not tadpole-
like present a highly nontrivial dependence on z and on the external momentum g,
extending the one-loop expressions shown in Chapter 3. As an example, we provide

the resulting expression for diagram d;g (for simplicity) in the Feynman gauge (8 = 0):

4 a 2 e~ tant2
A?lg _ CF tree/ Cl / dCQ/ dl‘l / d«TQ 26 2
(167r2 . (1 = 21)21CF + 22(C — 21G1)

" /0 T g [Ko (W(l — 3 = 23) (w2 + 7) (1 — 7)1 G + 3G - :c1<1>2]/x3> -

2

e—z‘quacl(l—zrz—m)ﬁ e—iqu(xz-l—a:g)@ q_ < — 14 ZEl(l Ty — ZE3) + 2(1,2 + I‘3)2
T3

4 (1 — xl)xl(l — T9 — Ig)($2 + I3)<1(2 Cl — CQ)
2
(1 = z1)21GF + 23(C — 21G1)

—K; (\/q2(1 — 3 — x3) (22 + 23)[(1 — 21)21(F + 23(C — $1C1)2]/373> .

e—iqul’l(l—aCQ—xg)Cl e—iqM(JJ2+x3)C2 9 q2(1 — T2 — 353)(562 + IE3) ~
z3 [(1 = z1)21(F 4 23(C — 11)7]

_ : _ (1 —2)216(2 G — G)
(1 221 +iqu (2 + 3) (G2 — 1G1) + o)+ 1l x1<1)2>] }

(5.15)

Calculations for the remaining diagrams ds; — dsg are still in progress. Our work will
continue beyond the completion of this Thesis. The full results will be produced and

published in the near future.



Chapter 6

Two-loop renormalization of
staggered fermion bilinears: singlet

vs nonsinglet operators

6.1 Introduction

In this work we study the renormalization of fermion bilinears Op = ¢T3 on the
lattice, where I' = 1, ¥, Yus V5 V> V5 0w (O = [V, Y0]/2i). We consider flavor singlet
(> YTy, f: flavor index) as well as nonsinglet (v, [y, fi # f2) operators, to two
loops in perturbation theory. More specifically, we compute the difference between
the renormalization functions of singlet and nonsinglet operators. Our calculations
were performed making use of a class of improved lattice actions: Symanzik improved
gluons and staggered fermions with twice stout-smeared links. Previous calculations of
this difference have been performed in Refs. [49, 50], using Wilson gluons and clover

fermions, and also in Ref. [203], using the SLINC action.

The most demanding part of this study is the computation of the two-point Green’s
functions of Or, up to two loops. From these Green’s functions we extract the
renormalization functions for Op: ZEY (L: lattice regularization, Y (= RI’, MS):
renormalization schemes). As a check on our results, we have computed them in an
arbitrary covariant gauge. Our expressions can be generalized, in a straightforward

manner, to fermionic fields in an arbitrary representation.
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Flavor singlet operators are relevant for a number of hadronic properties including, e.g.,
topological features or the spin structure of hadrons. Matrix elements of such operators
are notoriously difficult to study via numerical simulations, due to the presence of
(fermion line) disconnected diagrams, which in principle require evaluation of the full
fermion propagator. In recent years there has been some progress in the numerical study
of flavor singlet operators; furthermore, for some of them, a nonperturbative estimate
of their renormalization has been obtained using the Feynman-Hellmann relation [65].
Perturbation theory can give an important cross check for these estimates, and provide a

prototype for other operators which are more difficult to renormalize nonperturbatively.

Given that for the renormalization of flavor nonsinglet operators one can obtain quite
accurate nonperturbative estimates, we will focus on the perturbative evaluation of
the difference between the flavor singlet and nonsinglet renormalization; this difference

first shows up at two loops.

Perturbative computations beyond one loop for Green’s functions with nonzero external
momenta are technically quite involved, and their complication is greatly increased
when improved gluon and fermion actions are employed. For fermion bilinear operators,
the only two-loop computations in standard perturbation theory thus far have been
performed by our group [49, 50], employing Wilson gluons and Wilson/clover fermions.
Similar investigations have been carried out in the context of stochastic perturbation
theory [204].

Staggered fermions entail additional complications as compared to Wilson fermions.
In particular, the fact that fermion degrees of freedom are distributed over
neighbouring lattice points requires the introduction of link variables in the definition
of gauge invariant fermion bilinears, with a corresponding increase in the number of
Feynman diagrams. In addition, the appearance of 16 (rather than 1) poles in the
fermion propagator leads to a rather intricate structure of divergent contributions in

two-loop diagrams.

A novel aspect of the calculations is that the gluon links, which appear both in the
staggered fermion action and in the definition of the bilinear operators in the
staggered basis, are improved by applying a stout smearing procedure up to two

times, iteratively. Compared to most other improved formulations of staggered
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fermions, the stout smearing action leads to smaller taste violating effects [205-207].
Application of stout improvement on staggered fermions thus far has been explored,
by our group, only to one-loop computations [183]; a two-loop computation had never

been investigated before.

Further composite fermion operators of interest, to which one can apply our
perturbative techniques, are higher dimension bilinears such as: I D*1) (appearing
in hadron structure functions) and four-fermion operators such as: (5I';1d) (512 d)
(appearing in AS = 2 transitions, etc.); in these cases, complications such as operator
mixing greatly hinder nonperturbative methods of renormalization, making a

perturbative approach all that more essential.

The outline of this chapter is as follows: Sec. 6.2 presents a brief theoretical
background in which we introduce the formulation of the staggered fermion action
and the bilinear operators in the staggered basis, as well as all necessary definitions of
renormalization schemes and of the quantities to compute. Sec. 6.3 contains the
calculational procedure and the results which are obtained. A method for the
evaluation of a list of nontrivial divergent two-loop integrals, which stem from the
staggered formalism, is briefly described in this section. In Sec. 6.4 we discuss our
results and we plot several graphs for certain values of free parameters, like the stout

and clover coefficients.

6.2 Formulation

6.2.1 Lattice actions

In our calculation we made use of the staggered formulation of the fermion action on the
lattice [13], applying a twice stout smearing procedure on the gluon links. In standard

notation, it reads:

1 =~ ot A . _
Sep =a* ) 5 X(@) () [Uu(fv) x(z+ap)=U, (x—ap) X(x—au)] +a* Y mx(r) x(x)
T, T
(6.1)
where x(z) is a one-component fermion field, and n,(z) = (—1)>w<a™

[t = (ani,ang,ans,any), n; e Z]. The relation between the staggered field x(z)
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and the standard fermion field (), is given by:

V(@) =vx() . Y@ =x(@),

Yo =250t . x = (ang,ang,ang,any), n; ez (6.2)

The mass term will be irrelevant, since we will apply mass-independent renormalization
schemes (RI’, MS). The gluon links U .(2), appearing above, are doubly stout links,
defined as:

Ou(w) =€) U, (x) (6.3)
where ﬁu(x) is the singly stout link, defined as [24]:

Ou(x) = €% U, () (6.4)
where
Q) = 5 W@} - V(o) = T (K@) - UaVi)| (63)

V,.(z) represents the sum over all staples associated with the link U, (z) and N, is the
number of colors. Correspondingly, @#(x) is defined as in Eq.(6.5), but using fj# as
links (also in the construction of V,,). To obtain results that are as general as possible,
we use different stout parameters, w, in the first (w;) and the second (w2) smearing

iteration.

For gluons, we employ the Symanzik improved action Sg, defined in Eq. (4.5). The
algebraic part of our computation was carried out for generic values of Symanzik
coefficients ¢;; for the numerical integration over loop momenta we selected a number

of commonly used sets of values, which are shown in Table 4.1.

6.2.2 Definition of bilinear operators in the staggered basis

The absence of Dirac indices in the staggered action leads to the assigning of a single
fermion field component to each lattice site. Hence, the action contains only four rather
than sixteen fermion doublers, which are called “tastes”. So, in the staggered formalism

a physical fermion field ¥ (x) with taste components is defined as a linear combination
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of the single-component fermion fields y(x) that live on the corners of 4-dimensional

elementary hypercubes of the lattice. In standard notation:

LY (e axe, Ao =5 3 E)aitusly)  (66)

C a,t

wa,t<y) =

where x(y)c = x(y + aC)/4, y denotes the position of a hypercube inside the lattice
(y, € 2Z), C denotes the position of a fermion field component within a specific
hypercube (C, € {0,1}), vo = 1" 75" o=, G = Vo Q18
a Dirac index and t is a taste index. In terms of fermlon fields with taste components

one can now define fermion bilinear operators as:

Ore = ¢(x) (T ®E) ¢(x) (6.7)

where ' and ¢ are arbitrary 4 x 4 matrices acting on the Dirac and taste indices of
Yat(z), respectively. After transforming to the staggered basis via Eq. (6.6), the

operator Or ¢ can be written as [180]:

ZX (T®&) epUcnxW)p (6.8)

T8 oo = ;T [1hTwé] (6.9)

In order to ensure the gauge invariance of the above operators, one inserts the
quantity Uc p, which is the average of products of gauge link variables along all
possible shortest paths connecting the sites y + C and y + D. In this work we focus
on taste-singlet operators, thus £ = 1. Using the relations v,v¢ = 1,(C)vc+s and
tr(v}rﬂD) = 4d¢,p, we calculate the quantity (m) op for each operator I':

}lTr [’yTC 1 'YD: = 0o,
ETY [7}; Vi VD: = 0c,p+,a Mu(D),
%lTr [fch O ’yD: = %6C,D+2ﬂ+20 (D) nu(D +, 7)),
411 Tr [vé V5 Yuu 'YD: = 0C,D+,jity(1,1,1,1)
Mu(D)m(D +, @) n2(D +, 1) n3(D +, @) na(D +, 1),
T[] = Sepeanin m(D)m(D)ns(D) m(D) (6.10)
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where a +, b = (a + b) mod 2. Now, the operators can be written as:

Os(y) = > XWpxWo (6.11)
Ov(y) = i X(¥) D45 Upty,0 X(4) 0 (D) (6.12)
Or(y) = %2 Dbsiess Ubtyiessoo X(0)o (D) (D +, ), o # (6.13)
Oaly) = ZDX(y)D+2ﬂ+2(1,1,1,1) Ub+, ity (11,1,0,0 X() p 1u(D) -

’ (D +, @) n2(D +, 1) n3(D +; 1) na(D +, 1) (6.14)
Op(y) = ZD: )+, 1111 Uy 111,10 X(¥)p 01(D) 12(D) 115(D) na(D)(6.15)

where S(Scalar), P(Pseudoscalar), V(Vector), A(Axial Vector), T(Tensor) correspond
to: I' = 1,5, Y, V5V, V5 O With the exception of the Scalar operator, the remaining
operators contain averages of products of up to 4 gluon links (in orthogonal directions)
between the fermion and the antifermion fields. For example, the average entering the

tensor operator of Eq. (6.14) is:

[Ul(y +aD +, ap) Ul(y + aD) + {u <> v} ] (6.16)

DO | —

UD+2 p+,0,D =

(Eq. 6.16 is valid when (D +, 1+, 7); > D;, i = 1,2,3,4, and takes a similar form for

all other cases.)

Just as in the staggered fermion action, the gluon links used in the operators, are
doubly stout links. We have kept the stout parameters of the action (wa,,wa,) distinct
from the stout parameters of the operators (wo,,wo,), for wider applicability of the
results. The presence of gluon links in the definition of bilinear operators creates new
Feynman diagrams which do not appear in the Wilson-like fermion actions, leading to

nontrivial contributions in our two-loop calculation.



Chapter 6 Two-loop renormalization of staggered fermion bilinears: singlet vs
nonsinglet operators 100

6.2.3 Momentum representation of fermion action and

bilinear operators in the staggered formulation

In order to express the staggered action and bilinear operators in momentum space,

we use some useful relations, such as the following equivalent expression of 7, (z):

iman -

W(@ =€ ) T =an, K (617)

I
>

Also, the summation over the position of Or, followed by Fourier transformation leads

to expressions of the form:

S vk 162m) )Y 68 (k+7C) (6.18)

yu€e2Z C

where 55;) (k) stands for the standard periodic d-function with nonvanishing support
at kmod27 = 0. In addition, the summation over the index D in the definition of Or,

after Fourier transformation, may give expressions such as:

Ze*m (C=B)}D — 16 §¢ (6.19)

where E = (Ey, Ey, E3, Ey), E, € {0,1}. Furthermore, expressions like e*(P+2/1a (for
Vector and similar expressions for all other operators), which arise through Fourier
transformations of the fermion and the antifermion fields, can be written in the

following useful form:
eHDraie — oikDa(cog(ka) + ie"™ P sin(k,a)] (6.20)

Finally, since contributions to the continuum limit come from the neighbourhood of
each of the 16 poles of the external momenta ¢, at ¢, = (7/a)C,, it is useful to define
q,, and C,, through

B =g+ G (mod(D), (G e {0.1) (6:21)

where the “small” (physical) part ¢’ has each of its components restricted to one half of

the Brillouin zone: —7/(2a) < ¢, < 7/(2a). Thus, conservation of external momenta
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takes the form:

1
052 (aq —aq+7D) = 55(4)(611 — ) H 0114y Capty Dy 0 (6.22)

w

6.2.4 Renormalization of fermion bilinear operators

The renormalization functions Zr for lattice fermion bilinear operators, relate the bare
operators Op, = ¢TI to their corresponding renormalized continuum operators Op
via:

Or = Zr Or, (6.23)

Renormalization functions of such lattice operators are necessary ingredients in the
prediction of physical probability amplitudes from lattice matrix elements. In order
to calculate the renormalization functions Zr, it is essential to compute the 2-point

amputated Green’s functions of the operators Or,; they can be written in the following

form:
Ys(ag) = 1% (ag) (6.24)
Ye(ag) = 75 Lo’ (aq) (6.25)
Sv(ag) = v 50(ag) + ”z”( 2 (6.26)
sl )= » z”<aq>+%%¢ £ (ag) (6.27)
Srr(ag) = 5 o S (aq) + 75 %mqu ) SP(ag)  (6.28)

where Z(Fl) =1+0(g3), = (FQ) O(g2), go: bare coupling constant.

The RI’ renormalization scheme is defined by imposing renormalization conditions on
matrix elements at a scale zi. The renormalization condition giving Z LRI (L: Lattice)
is:

lim Zp 2R 5 (ag) . =1 (6.29)
where Z, is the renormalization function for the fermion field (¢ = Z,; 1/2 o, ¥ (1h):
renormalized (bare) fermion field). Such a condition guarantees that the renormalized
Green’s function of Or (the quantity in brackets in Eq. 6.29) will be a finite function

of the renormalized coupling constant g for all values of the momenta (g = Wz, Lo
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where p is the mass scale introduced to ensure that gy has the correct dimensionality in
D = 4 —2¢ dimensions). Comparison between the RI’ and the MS schemes is normally

performed at the same scale i = u(4n/e#)/2,

The RI' renormalization prescription, as given above, does not involve 29;
nevertheless, renormalizability of the theory implies that Zﬁ B i1l render the entire
Green’s function finite. An alternative prescription, more appropriate for

nonperturbative renormalization, is:

lim | ZDRI LRI (alter) tr(I'3r(aq))
v } tr(I'T) *=,

=1 (6.30)
a —0
m=0
where a summation over repeated indices p and v is understood. This scheme has
the advantage of taking into account the whole bare Green’s function and therefore is
useful for numerical simulations where the arithmetic data for ¥ cannot be separated
into two different structures. The two prescriptions differ between themselves (for V,
A, T) by a finite amount which can be deduced from lower loop calculations combined

with continuum results.

Conversion of renormalization functions from RI’ to the MS scheme is facilitated by
the fact that renormalized Green’s functions are regularization independent; thus the

finite conversion factors:

L,RI DR,RI'
Z Zt

Cr(g,0) = t—= = — (6.31)
LMS DRMS
Z5 A=

(DR: Dimensional Regularization, «: gauge parameter) can be evaluated in DR, leading
to ZFL’MS = Zﬁ’Rll/C’p(g, «). For the Pseudoscalar and Axial Vector operators, in order
to satisfy Ward identities, additional finite factors ZF'(g) and ZZ(g), calculable in DR,

are required:

__ gLRI __ yLRI'
ZEM =20 M = A 6.32
g Cszb' A CvZ4 (6.52)
The inclusion of these factors in the definitions of Zp and Z4 amount to a variant
convention on the MS scheme. These factors are gauge independent; we also note that

the value of ZZ' for the flavor singlet operator differs from that of the nonsinglet one.



Chapter 6 Two-loop renormalization of staggered fermion bilinears: singlet vs
nonsinglet operators 103

The values of ZZ, ZA(Slnglet and Zg:‘ (nonsinglet) . lculated in Ref. [182], are:

P 92 g4 2 4 6
Zs(9)=1- (47T)2(80F) + ) (§CFNC - §CFNf) + 0O(¢°%) (6.33)
2 4
A(singlet) 1 g g 2 &7 E 6
(6.34)
2 4
A(nonsinglet) 1 g g 2 ﬁ 2 6
7z (9) =1 - (s iCr) + (s (22¢2 S CpN. + 9CFNf) + O
(6.35)

where Cr = (N? — 1)/(2N,) and Ny is the number of flavors.

We list below all relevant conversion factors relating the RI’, RI’-alternative and
MS schemes. Given that the conversion factors are regularization independent, the
renormalization functions Zr appearing below may be evaluated in any regularization

scheme.

Conversion factors between RI’ and MS schemes

CMSEI = o = 21 (6.36)

2
MS,RI’ 9Rrr
CS(singlet) =1 + (471')2 CF (aM78 + 4)

4
9Rr 2
+ 24(47T>4CF[<24 055 + 96 aggs — 288 ((3) +57) Cp + 166

(18 02 + 84 agrg — 432 ((3) + 1285) Nc]

O(gar) (6.37)
2
MS,RI’ . 9rr -
CP(singlet) =1 + (471')2 C1F (aMS - 4)
4
9Rr B B @
+ D v | (24 a3 — 96 ayg — 288 ((3) — 711) O + =N
(18 02+ 84 aggg — 432 ((3) + 3839) Nc]
+ O(gzr) (6.38)
CMiZIZ;;et) =1 + O(Q%I’) (639)
2 4
MS,RI'’ _ Yrr YRrr 2 &7 ﬁ 6
C A(singlet) — 1 (471')2 (4CF) + (471')4 (22CF 9 CFNC + 18CFNf) + O(QRI’)

(6.40)
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MS,RI’ Irr
CT(s:mglet) =1 + (47’(’)2 CF OIS
4
i (o |
—=— 216 a5+ 4320 ((3) —4815) C 626 N
* 216(4r)t ~F Ofgs T ¢(3) F+ f
+<162 a12\/Ts + 756 ayg — 3024 ¢(3) + 5987) Nc}
+ O(g%r) (6.41)
MS,RI' MS,RI’
CF(nonsinglet) = CF(singlet)’ r 7& AH (642>
2 4
MS,RI’ 9drr 9Rrr 107 2
Clmenaeny =1 = {155 (1Cr) + (5 (2203 — 5-CeNe+ SCpNp) + Olgfr)

(6.43)

where ((z) is the Riemann’s zeta function. The conversion of gauge parameter «

between the two schemes is given by:

_ s
aRI/ - CWS,RI’ (6.44)
AH

where the conversion factor CE‘ATS’RF for the gluon field A, is given by ':

_ R 2
MS,RI'’ _ “Ay 9r1 2 - 4
ORI = 75~ Ty [(9 02 +18 g +97) N, — 40 Nf} +O(gL,) (6.45)
"

Conversion factors between RI’ and RI'alternative schemes

RI',RI'alt Z i elter
JRI'alter __
CF — ZRI/ (646)
I
RI',RI'alter RI',RI'alter ~__ ~RI',RI'alter __ ~RI',RI'alter
CS(singlet) - S(nonsinglet) — CP(singlet) - OP(nonsinglet) =1 (647)
Cyeingtety” = Ci(momsingiety = Clnonsingict) =
4
Inr 3 251 19
4
RI',RI'alter 9rp 3 251 1 6
CA(singlet) = 1- (47T)4 CF (ZCF - %N(J + 1_8Nf> + O(QRI’) (649)
RI',RI'alter RI'",RI'alter __ 6
T (singlet) - CT(nonsinglet) =1+ O(gRI’) (65())

Not to be confused with the conversion factor C’XIS’RF for the axial vector operator!
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Conversion factors between RI'alternative and MS schemes

5. RI alt ZRI’alter
CI‘ abater = FT (651)
ZMS
T
CW,RI’alter __ ~MS,RI' RI',RI'alter (6 52)
T'(singlet/nonsinglet) — ~T'(singlet/nonsinglet) ~T'(singlet/nonsinglet) )

6.3 Computation and Results

In the previous section, the calculation setup was presented in rather general terms.
Here we focus on the two-loop difference between flavor singlet and nonsinglet operator
renormalization. Given that this difference first arises at two loops, we only need
the tree-level values of Z,, Z, and of the conversion factors Cr, ZF (Z, = Z, =
Cr = ZF = 1). Since Cr = 1, the difference up to two loops will not depend on the
renormalization scheme for all operators I', except for the axial vector case. There
are two factors contributing to this scheme dependence: On one hand, the conversion
factor Z2 between RI' and MS differs for the singlet and nonsinglet operators (see Eqs.
6.32, 6.34, 6.35); on the other hand, non-identical contributions of the form 75q,.¢/¢>
in the Green’s functions for the singlet and nonsinglet axial vector operators lead to a
nontrivial conversion between the RI’ and RI'-alternative schemes, as shown in Eq.
(6.54). In addition, for our computations we will use mass-independent renormalization

schemes; this means that the renormalized mass of quarks will be taken to be zero.

6.3.1 Results on the two-loop difference between flavor singlet

and nonsinglet operator renormalization

In this subsection, we present the computational procedure and results on the two-loop
difference between flavor singlet and nonsinglet operator renormalization using the
staggered formulation of the fermion action (Eq. 6.1). There are 10 two-loop Feynman
diagrams contributing to this difference in the evaluation of the Green’s functions
(Egs. 6.24 - 6.28), shown in Fig. 6.1. They all contain an operator insertion inside a
closed fermion loop, and therefore vanish in the flavor nonsinglet case. Note that only
diagrams 6 and 7 appear in the continuum. Furthermore, diagrams 3, 4, 8, 9 and 10

appear only in the staggered formulation (and not in Wilson-like fermion actions), due
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to the presence of some new vertices with gluon lines stemming from the definition of
bilinear operators (from the product Ug p in Eq. 6.8). These diagrams involve operator
vertices (the cross in the diagram) with up to two gluons. For Og only diagrams 1,
2, 5, 6 and 7 contribute, since Ucp = 1. In order to simplify our calculations of Zr,
we worked with > Or(y) so that no momentum enters the diagrams at the operator

insertion point.

S 00 8
& OO A

FIGURE 6.1: Diagrams (in staggered formulation) contributing to the difference
between flavor singlet and nonsinglet values of Zp. Solid (wavy) lines represent
fermions (gluons). A cross denotes insertion of the operator Or.

The evaluation of the above diagrams using the improved staggered action is more
complicated than the evaluation of the corresponding diagrams in Wilson-like actions
(Wilson gluons and clover fermions: [49, 50], SLINC: [203]). One reason for this is the
appearance of divergences in nontrivial corners of the Brillouin zone. Also, the presence
of operator vertices with gluon lines, besides increasing the number of diagrams, gives
terms with unusual offsets in momentum conservation delta functions (e.g., (5&? (p1 +
po + w/1)); it turns out that these terms vanish in the final expression of each diagram.
In addition, the two (rather than one) smearing steps of gluon links in the fermion
action, as well as in the operators, lead to extremely lengthy vertices; the lengthiest
cases which appeared in our computation are the operator vertices with two gluons
(~ 800000 terms for the Axial Vector). Since these vertices appear only with their
fermion lines contracted among themselves (diagrams: 4 and 10), we do not need to
compute them as individual objects; we have used this fact in order to simplify the
expression for diagrams 4 and 10. Also, the gluon propagator must now be inverted
numerically for every choice of values for the Symanzik coefficients and for each value of
the loop momentum 4-vector; an inversion in closed form exists, but it is not efficient.

Comparing to our previous evaluation of these diagrams with Wilson gluons and clover
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fermions [49, 50] and with SLiNC action [203], we will find neither any new superficial

divergences (In*(a?fi?) terms) nor any new subdivergences (In(a?fi?) terms).

Another important issue for the above diagrams is exploiting the underlying
symmetries. For example in the Wilson-like actions, the denominator of the fermion
propagator satisfies the symmetry p, — —p,,Vu; in the staggered case there is
another symmetry: p, — p, + 70, where p,v can be in the same or in different
directions. This is a consequence of the semi-periodicity of the function sin2(pu),
which appears in the denominator of the staggered propagator (rather than
sin?(p,/2)). These symmetries help us to reduce the number of terms in the

diagrams, eliminating odd integrands.

The contribution of the diagrams in Fig. 6.1 to Zs, Zp, Zv, Zr vanishes identically
just as in continuum regularizations. The closed fermion loop of the diagrams which
contribute to Zs, Zp, Z, gives an odd number of exponentials of the inner momentum;
this leads to odd integrands, which equal zero, due to the symmetry of the staggered
propagator mentioned above. So, for the cases of Zs, Zp, Zr, the contribution vanishes
diagram by diagram. Conversely, for the case of Zy, each diagram vanishes when we
add its symmetric diagram (diagrams 6+7, 8+9). Therefore, only Z, is affected. In
particular, only diagrams 6 - 9 contribute to Z,; the remaining diagrams vanish. Then,

for the Axial Vector operator, our result can be written in the following form:
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RI'(single _ RI’ (nonsingle _
23NN (g i) — Z T (g7 =

4
g
_ ﬁCF Nf{ + ) + ay (wA1+wA2)+a3 (wjl—l—wiz)

ay wa, Wa, +as (wi’l1 +‘*’§12) + g wa, wa, (Wa, +wa,)+ay (c.uj‘41 +wj442)
ag Wi, Wi+ g wa, wa, (Wi, +wh) oy Wi Wi (Wa, +wa,)

a1 wa, wa, (Wi, +wi,) +an Wy, wi, +o Wy Wy (Wi @)

Q14 wjl ‘*’32 (wa, +wa,) +ais wfh wiz + a6 (Wo, + wo,) + a17 wo, wo,
a1g (wa, +wa,) (wo, + wo,) + a9 wa, wa, (wo, +wo,)

an (@3, +w4,) (Wo, +wo.) + (wa, +wa,) woy wo,|

Qiq ("",241 + ""1242) wo, Wo, + a2 (""Zl + wL) (wo, + wo,)

Qg3 WA, WA, -(wAl +wa,) (wo, +wo,) +wo, woz}

gy (W, + W) wo, wo, + s wa, wa, (W5, +wh)) (Wo, +wo,)

Qog WA, WA, _wAl wa, (Wo, +wo,) + (wa, +wa,)wo, woz}

2 2
Qo wAl (.UA2 Wo, Wo,

Qigg WA, WA, (WA, WA, (""’A1 + wAz) (w01 + woz) + (w,241 + w1242) wWo, Yo,

3 3 2 2
Qigg Wy Wy, (wo, + wo,) + aso Wy, Wa, (wa, +wa,) wo, wo,

+ o+ o+ + o+ +

+

sy wil wfb wo, woz} +0(gd) (6.53)

The numerical constants «; have been computed for various sets of values of the
Symanzik coefficients; their values are listed in Table 6.1 for the Wilson, Tree-level
Symanzik and Iwasaki gluon actions. The errors quoted stem from extrapolation of
the results of numerical integration over loop momenta for different lattice sizes. The
extrapolation methods that we used are described in Ref. [208]. The computation
was performed in a general covariant gauge, confirming that the result is gauge
independent, as it should be in MS. The computation with staggered fermions gives
rise to some nontrivial divergent integrals, which cannot be present in the Wilson
formulation due to the different pole structure of the fermion propagator. In the
following subsection, we provide a brief description of the manipulations performed to
evaluate such divergent terms. We note that the result for the Axial Vector operator,
as we expected, has a scale dependence; it has the same divergent behaviour just as in

the Wilson case and in the continuum, i.e. 6In(a?i?). This is related to the axial
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Wilson TL Symanzik Iwasaki
o 17.420(1) 16.000(1) 14.610(1)
Qo -116.049(7) -81.342(5) -41.583(2)
a3 839.788(9) 539.121(6) 230.050(1)
Qy 2175.14(3) 1394.12(2) 591.88(1)
Qs -3462.830(1) -2098.136(5)  -801.633(3)
o -19565.9(1) -11858.6(1) -4528.6(1)
a7 6424.33(2) 3740.18(1) 1337.93(1)
Qs 200966.5(4) 117179.7(4) 41977.1(1)
Qg 92171.5(3) 53720.8(1) 19237.6(1)
a1 -1026448(1) -580271(2) -198722(1)
aj; | -183998.3(3) -103929.7(3)  -35561.1(1)
3D 5517230(30) 3037110(10) 1003641(1)
Q13 2145810(10) 1180684(4) 389979(1)
apg | -11889300(40) -6386950(30) -2046240(10)
aps | 26137700(200) 13729010(10)  4278680(10)
Q16 24.9873(2) 18.0489(4) 9.9571(2)
a7 -97.4550(2) -62.2675(1) -26.5359(1)
g | -292.3650(5) -186.8025(4)  -79.6078(2)
Qg 4864.513(9) 2921.876(6) 1107.333(2)
Qg 1621.504(3) 973.959(2) 369.111(1)
ag | -10617.81(2) -6122.11(1) -2169.30(1)
age | -3539.269(6) -2040.705(4)  -723.099(1)
oz | -31853.42(5) -18366.34(3)  -6507.89(1)
Qg 25847.14(3) 14435.59(2) 4881.52(1)
Qs 77541.41(1) 43306.78(6) 14644.54(2)
Qo6 232624.2(3) 129920.3(2) 43933.6(1)
Quor -1844375(1) -1002465(1) -326727(1)
Qlog -614791.6(6)  -334155.0(4) -108909.0(2)
Qiag 1736048.1(8) 920956.7(7)  290916.1(3)
a3 5208144(2) 2762870(2) 872748(1)
a1 -15545543(1)  -8065557(2)  -2478207(1)

TABLE 6.1: Numerical coefficients for the Axial Vector operator using staggered

fermions.

anomaly. As was expected, this logarithmic divergence originates in diagrams 6 and

7, which are the only ones present in the continuum.

Finally, the presence of a term of the form v5 ¢, ¢/¢* in the Green’s function of the

Axial Vector operator (Eq. 6.27) implies that, in the alternative RI’ scheme mentioned
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in Sec. 6.2.4, the above result is modified by a finite term, as below:

RI’alter(singlet) (CL,[L) N ZRI’alter(nonsinglet) (aﬂ)

A A -
4
RI' (single _ RI’ (nonsingle _ g
ZRGinglet) 1y 7RI (nomsinglet) (o (475)4 Cr Ni + O(gd) (6.54)

Furthermore, according to the conversion relations between RI’ and MS schemes (6.40

- 6.43), in the MS scheme we must also add a finite term, as below:

Z{F(singlet) i Z{F(nonsinglet)

!(single "(nonsingle 5 3
Zi%l( glet) Zﬁxu( glet) | ﬁ(_QCFNf) +O(gd) (6.55)

6.3.2 Evaluation of a basis of nontrivial divergent two-loop

Feynman diagrams in the staggered formalism

In this subsection we present the procedure that we used to evaluate nontrivial divergent
integrals which appeared in our two-loop computation using staggered fermions. In the
Wilson-like actions, the two-loop divergent integrals can be expressed in terms of a basis
of standard integrals found in Ref. [39], along with manipulations found in Ref. [50].
However, in the staggered case, the divergent integrals are not related to those standard

integrals in an obvious way. Some further steps are needed to this end.

In our computation, there appeared 4 types of nontrivial divergent 2-loop integrals,

using staggered fermions; they are listed below:

I / Tk / Ty 1 (6.56)
lw = 1~ — 15 o :
8 = (2m) (k)2 (k + ag)? J-= (27)" 2 (i g2
) /” d*k l:u sin(ag, ) /7r d*p 1 (6.57)
2uy = 4~ — 4 o o :
p —x (2m)" (k2)2 (k + aq)? /= (2m) p? (p+k)?
, /n dik l(;u Z,V /Tr d*p sin(2p,) sin(2p,) (6.58)
Suvpo ~ — ) o :
ne = (2m)* (k)2 (k+ a2 J= 20" (2 (p Yk
; /W Ak };M sin(ag,) /w d*p sin(2p,) sin(2p,) (6.59)
dpyvpoe — -~ — o o :
M @)t (B (ka2 s 2m)' (e (i
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o

where p? = Zuﬁi, Pu = 2sin(p,/2), 1092 = Zufyi, p, = sin(p,) and q is an external
momentum. The crucial point is the presence of expressions like 572 or (p—T—k‘)Q rather
than p? or (p/—l—\k‘)2 in the denominators of the above integrals. This behaviour comes
from the tree-level staggered fermion propagator. Also, the other crucial point is the

fact that we cannot manipulate these integrals via subtractions of the form:

1 1 1 1
>3 :j+<ﬁ—§> (6.60)
p p p p

in order to express them in terms of a standard tabulated integral plus additional
terms which are more convergent; such a procedure is applicable, e.g., in the case of
the Wilson fermion propagator [1 / (]%2 +72(p*)?/ 4)} or in other less divergent integrals
with staggered fermion propagators. The reason for which such a subtraction cannot
be applied is the existence of potential IR singularities at all corners of the Brillouin
zone (not only at zero momentum), in the staggered fermion propagator. Therefore,
such a subtraction will not alleviate the divergent behaviour at the remaining corners

of the Brillouin zone.

For the above integrals we followed a different approach. At first, we perform the
substitution p, — p, +m C,, where —7/2 < p, < 7/2 and C, € {0,1}, which
is the same substitution that we applied to external momenta. Now the integration
region for the innermost integral breaks up into 16 regions with range [—7/2, 7/2]; the
contributions from these regions are identical. To restore the initial range [—7, 7], we

apply the following change of variables: p;, — pj = 2p,. Then we obtain:

- 4 0 ™ 4
I = 16/ ! k4 = k“ﬁj\ / dp4 /1\ (6.61)
—x (2m)" (k2)2 (k + aq)? J—= (2m)" P2 (p + 2k)?
m 4 O 1 m 4 1
Ly, = 16 / d _Fy sinfag,) / CEUN— (6.62)
20 () (F+ag) J-= 2m)' 3 (p+ 2k
- 4 o] o - 4 o o
Iszpo = 64/ ’ k4 -~ kuﬁ/\ / ’ p4 pﬂ&\ <6'63)
—x (21)7 (k2)2 (k4 aq)? J—= (27)" (72)? (p + 2k)?
T 4 O 3 u 4 D D
[4/11//)0 - 64/ d k4 /\ku Slrﬁ) / d p4 pp&_\ (664)
—r (27) (k2)2 (k + aq)? J— (27)" (P*)? (p + 2k)?

where we omit the double prime from p. The above integrals are similar to standard

divergent integrals, computed in Ref. [39]. The only difference is the presence of a
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factor of 2 in the denominators, i.e. 1/ (p/—l—ﬁg)2 This can be treated via subtraction
methods. We define:

[T dY 1
A(k) = /_ e R gy (6.65)
Au(k) = (4i)2[—ln(k:2)+2]+P2 (6.66)
[T dY P, Do
B0 = | i o o
Bo(2h) = g+ 8mlACK) = 357 (6.68)

where the values of the numerical constants P, and P, are noted in Ref. [39]. A.(k)

and Epg(2k) are asymptotic values of A(k) and B,,(2k), respectively:

A(k) = Au(k) + O(K?), B,»(2k) = B,,(2k) + O(k?) (6.69)

The first two integrals I, and I, contain the quantity A(2k) and the remaining two

integrals I3,,,, and I4,,,, the quantity B,,(2k). We apply the following subtractions:

A(2k) = A(k) + [Aas(2k) — Aus(F)] + [A(2k) — A(F) — Aas(2K) + Aus(R)] - (6.70)

B (2k) = By (2k) + [Byo(2k) — B,y (2K)] (6.71)

Integrals I, and I, separate into 3 sub-integrals. The first sub-integral with the
quantity A(k) is already computed in Ref. [39] (for I;,,) or can be converted into
standard divergent integrals of Ref. [39] using integration by parts (for I5,,). The
second sub-integral with the quantity [A.s(2k) — Aus(k)] = —Ind/(47)? is a one loop
divergent integral computed in Ref. [39] or [209]. The third sub-integral with the
quantity [A(2k)—A(k)— Aus(2k)+ Aas(k)] = O(k?) is convergent and so we can integrate
it numerically for a — 0 (In particular, it gives zero for I, ). Also, integrals I3,,,, and
I4,,,- separate into 2 sub-integrals. The first sub-integral with the quantity §p0(2k)
gives expressions which can be converted into standard integrals of Refs. [39, 209-
211] or into the above I, I, integrals. The second sub-integral with the quantity

[Boo(2k) — B,y (2k)] = O(k?) is convergent and so we can integrate it numerically

for a — 0 (In particular, it gives zero for I4,,,,). Therefore, according to the above
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manipulations, the final expressions for the four integrals are given by:
— 2 2 2 3 1 qu4v
b = {(271')4 [_ In(a’”) + 2 ln4] + 27T2P2} q>
2 N L /5 2 2
* 5’”{ (4m)4 [ln(a 4 )]  4n? [P2 + (47)? (2 B ln4>] In(a”q")
1 3
- [Pz + S0 ln4] +AX, + Gl}
+ O(a®q®) (6.72)
Lo, = { ! [ln(a2q2) —2+ 1n4} _1p }q“q” +O(a%g) (6.73)
2pw (27)* 2 g :
L .99 2 5 1 Qo
Ly = kv U—[—l 242 ——14]——P—P “
Bwer = i g O {(%)4 n(@’¢’) + 3 —In (477)2( 1 -8 2)} 7
1 Uplo Qo Qv lp 4o Qudp
+ 12(%)4{5,” S Dy G 0+ B }
2 L 512 1 1 1 /51 ) s
+ Db s [ W@ = 5 [P = 5P+ s (3~ ) | )
1 1 11 3 1
(= 4)P -~ —<——1 4)]
A2 [(3 nY) T Ty \gr T
1
—3P P2+ 4Xz + G+ Gy }
+ (8,000 + 0,56, ){# { —In(a®q®) + 1] + L(P1 +3P) + GQ}
He HOTEPIL (12m)* 6] 672
+ B A N 1P+G}+(’)(a2q2) (6.74)
werl(2m)d T 2(4m)2 32 T TH '
B 1 4u9949- 4 44 oy
Lippo = 202m)t ¢ (4@4{%0 e + Ouo e }
1 2 9 9 1 qMQV 2 2
+ 5pa{ o [m(a ) 4] s 8P2)} 3T 0(e) (6.75)
where Py, P», X5 are given in Ref. [39] and G; — G, are given below:
G, = 0.000803016(6) (6.76)
Gy = —0.0006855532(7) (6.77)
Gy = 0.00098640(7) (6.78)
G, = 0.00150252(2) (6.79)
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6.4 Discussion

The numerical value of the difference between singlet and nonsinglet renormalization
functions can be very significant, depending on the values of the parameters employed
in the action. In order to assess the importance of this difference, we present here

several graphs of the results for certain values of ¢;, wa,, wa,, wo, and wo,.

Firstly, we note that the result (6.53) is symmetric under the exchange of wys as well
as under the exchange of wps. This fact is consistent with the requirement that the
results for (wop, = 0, wo, = w) and (wo, = w, wo, = 0) should coincide, since they both
correspond to a single smearing step; similarly for the coefficients w4, and wy,. These

properties provide nontrivial consistency checks of our computation.

In Fig. 6.2 we present 2D graphs of our results by selecting the following parameter
values:

1. wa, = w4, =wo, =wp, =w

2. wa, = W4, = W, Wwo, = wo, = 0 (No smearing procedure in the links of
operators)

3. w4, = w, Wa, = Wo, = wWo, = 0 (One smearing step only in the links of
fermion action)

4. wa, = wo, = W, Wa, = wo, = 0 (One smearing step in the links of fermion

action and operators).

The vertical axis of theses plots corresponds to
. ; . 1
Zdit. = [ngmglet)(aﬂ) _ iﬂonsmglet)(aﬁ)] (—(4f)4 NfC’F> for i = 1/a. We plot the

results for gluon actions: Wilson, tree-level Symanzik, Iwasaki in the same graph. We
notice that the plots for the Iwasaki action are flatter than for the remaining actions

but the Wilson action has the smallest values of Z41.
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FIGURE 6.2: Plots of Z4if- = [Zﬁfmglet) ~ Zgnonsmglet)} (—(49704 NfCF) ,as a

function of w for the parameter values: upper left: wa, = w4, = wo, = wo, = w,
upper right: wa, = wa, = w, wo, = wo, =0, lower left: wa, = w,
w4, = wo, = wo, =0, lower right: wa, = wo, =w, w4, = wo, = 0.

In Figs. (6.3 - 6.5) we present 3D graphs of our results by selecting the following
parameter values:

Fig. 6.3: wa,,wa,: free parameters and wp, = wp, = 0 (No smearing procedure
in the links of operators)

Fig. 6.4: wa,,wo,: free parameters and wa, = wp, = 0 (One smearing step in the
links of fermion action and operators)

Fig. 6.5: w4, = wa,, Wo, = Wo,.
Just as in 2D graphs, the vertical axis of theses plots corresponds to Z4 for i = 1/a.
We notice again that the plots for the Iwasaki action are flatter than the remaining
actions. Also, from the first trio of graphs (Fig. 6.3), we notice that there is only one
minimum, on the 45° axis. Therefore, the two smearing steps of the fermion action
give better results than only one smearing step. Also, in Fig. 6.4, as well as in Fig.

6.5, we observe that the stout smearing of the action is more effective in minimizing

Z4M- than the stout smearing of operators.
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) : ] -1
FIGURE 6.3: Plots of Z4ff: = [Z{inelet) _ Zg“"“mgle“] (—%;Nch) ,asa

function of w4, and wa, for wp, = wo, =0 (upper left: Wilson action, upper
right: TL Symanzik action, lower: Iwasaki action).

. : : -1
FIGURE 6.4: Plots of Z4if- = [Zflnglet) — Zgnonsmglet)] (—%;NfCF) ,as a

function of wa, and wp, for wa, =wp, =0 (upper left: Wilson action, upper
right: TL Symanzik action, lower: Iwasaki action).
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. : : -1
FIGURE 6.5: Plots of Z4if- = Zf:mglet) — Zgnonsmglet)} (—(:#;NfCF) ,as a

function of w4, and wp, for wa, = wa, and wo, = wo, (upper left: Wilson action,
upper right: TL Symanzik action, lower: Iwasaki action).



Chapter 7

Strong running coupling on the

lattice

7.1 Introduction

In an interacting field theory, coupling constants A are the fundamental parameters
(along with the particles’ masses) in terms of which predictions for observables are
expressed. They encode the underlying dynamics of a field theory, as they describe
the strength of the forces among the particles of the theory in different momentum
regions. The denomination of “coupling constants” is actually misleading; they are not
really constants, but they depend on a momentum renormalization scale . When p
takes values close to the scale of the momentum transfer () in a given process then
A(p? =~ @Q?) is indicative of the effective strength of the underlying interactions in that
process. Thus, we also refer to them as “running couplings” (they “run” with the

momentum scale).

In nonabelian gauge theories, such as QCD, the evolution of the running coupling as a
function of p is of fundamental interest, especially at regions where scaling is verified.
In particular, the strong interactions of quarks have totally different behavior from low
to high momentum regions; at high momentum scales, QCD acts as an asymptotically
free field theory, while it is confining at low momentum scales. Therefore, the strong
coupling decreases with increasing momentum transfer, and vanishes at asymptotically

high momentum scales. This means that the study of particle reactions at high energies

118
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can be worked out using a perturbative expansion in powers of coupling constant.
However, at low energies the strong coupling is so large that the perturbative expansion
is not reliable. In this case, a nonperturbative treatment of the theory, such as lattice

discretization, is required in order to reach a low momentum regime.

In lattice formulations of QCD, bare parameters depend on the lattice spacing a.
Measurable quantities must not be affected by the variation of the theory’s regulator;
thus, bare parameters must be tuned with a in an appropriate way so that
observables are fixed to their physical values. However, for sufficiently small values of
lattice spacing, the a-dependence of bare parameters must be universal, i.e.,
independent of the observable considered. In order to ensure the finiteness of any
observable, the bare coupling constant must vanish in the continuum limit
corresponding to asymptotic freedom. However, numerical simulations on the lattice
are performed at finite values of the bare parameters. Since the values of the bare
lattice coupling are rather large, there are additional unwanted contributions to
as = ¢*/(4m), which are numerically significant. This is not, however, useful for
comparing to results for a, obtained from experiment. This is because the latter
results give a, in the MS scheme, which is commonly used in analysis of experimental
data, and the conversion factor between these two schemes is known to converge
extremely poorly in perturbation theory. Instead one must use a method which

directly determines a;, in a scheme closer to MS.

Different computational strategies are being pursued and several nonperturbative
definitions of the stong coupling constant have been considered. Such a method
regards the definition of oy using the Schrédinger functional (SF) [212-215], in which
one can nonperturbatively control the evolution of «, to high-energy scales (using
step-scaling functions), where the perturbative expansion converges. In this scheme,
results for o, can be produced not only for a wide range of low energies, but also in
high energies where comparisons with perturbation theory can be made. A similar
(more recent) method, which uses also step-scaling functions, regards the definition of
o using the gradient flow (GF) scheme [216-218]. This scheme is more promising
than SF because GF couplings have small statistical errors at large values of bare
couplings, in contrast to the SF couplings, which have small statistical errors at small
values of bare couplings. In both methods, conversion of the coupling to the MS

scheme is required; however, this can be done only perturbatively.
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7.2 (-function and A-parameter

The coupling constant satisfies the following renormalization group (RG) equation:

dg

'udu = B(g) = —(bog® + b1g® + bag” + -+ +), (7.1)

bare
parameters

where 3(g) is called beta-function and it is involved in the Callan-Symanzik equation:

00 nle) + )| G (i) =0 (72)
where n, m are the number of quark and gluon fields in the Green’s function G™™ and
~1 and 7 are the anomalous dimensions of the quark and gluon fields. The coefficients
by, by are universal, regularization independent constants, and they have been already
known in the literature from calculations in dimensional regularization (DR) [219]. On
the contrary, b;(i > 2) depends on the regulator. The minus sign in Eq. (7.1) implies
the asymptotically free behavior of the strong interactions for processes involving large

momentum transfers (hard processes).

Knowledge of the g-function leads to the solution of Eq. (7.1):

_ 2 _ 2 9 1 1 bl
A = u(bog? b1/(266) ,—~1/(2bog ) exp {_/ dg' [ + — ] } , 7.3
#(bog”) ; Blg)  bog® bRy 7

where A is an integration constant, which corresponds to the scale where the
perturbatively-defined coupling would diverge (i ~ A), i.e., its value is indicative of
the momentum range where nonperturbative dynamics dominates; it is the
nonperturbative scale of QCD, which characterizes the low momentum Physics. For

large p (> A), the asymptotic solution of the RG equation reads:

1 bylnt  v?(In*t —Int — 1) + boby
2y~ | - AT 1
) =5 TR e
b} (In’t — 3In’t — 2Int + ) + 3bobyby Int — b3bs
- 7 , (7.4)
0

where t = In(u?/A?).
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On the lattice, the corresponding RG equation for the bare coupling gq is:

2%
da

3 L7
ohysicat = B2(90) = —(bogo + brgg + by g5 + -+, (7.5)
quantities

where 3, is the lattice form of S-function and it dictates the asymptotic dependence of
the bare coupling constant go on the lattice spacing a, required to maintain fixed the

renormalized coupling at a given scale. The asymptotic solution of Eq. (7.5) is given

by:

1 —b1 /(262
s,72) (os) " P11+ ah + O(a) (7.6)

alp =exp ( —
where ¢ = (b2 —bobk)/(2b3) and Ay is the lattice form of A-parameter which corresponds
to the conversion unit of dimensionless quantities coming from numerical simulations

into measurable predictions for physical observables.

It is important to calculate on the lattice higher-order corrections of S-function, such
as the coefficient b%, for a given lattice formulation, in order to verify the two-loop
asymptotic prediction of Ap. We recall that Monte Carlo simulations are actually
performed at gy ~ 1, and so deviations from the two-loop formula might not be
negligible. Also the knowledge of bl can be also used to improve the perturbative
relation between the MS-renormalized coupling and bare lattice coupling go, which is
useful in calculations concerning running couplings [212, 213, 220-226]. The
calculation of b% is the main goal of our work in Chapter 8 using Symanzik-improved

gluons and Wilson/clover fermions with a stout improvement.

7.3 The background field method

A useful technique in the evaluation of the matching between different couplings is
the background field method [227-229]. The aim of this method is the simplification
of quantum computations related to gauge and gravitational theories without losing
explicit gauge invariance. Such calculations concerns the renormalization of
nonabelian gauge theories; using dimensional regularization, the extended symmetry
properties of the functional integral in the presence of a background gauge field have
been exploited to establish the renormalizability of such theories to all orders of
perturbation theory [230]. A particular example is the renormalization of the effective

action: the introduction of a background field results in a gauge-invariant effective
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action with respect to gauge transformations of the background field and it does not
require any further counterterms besides those already needed in the absence of the
background field.

The basic idea of the background field method is to write the gauge field in the action
as the sum of two fields, the quantum field @), (=) and the background field B, (z):

Au(r) = Bu(x) + goQu(). (7.7)

The quantum field is now the “fundamental” field of the theory (it is integrated in
the path integral determination of Green’s functions), while the background is just
an arbitrary external source field, which is coupled to the dynamical fields of the
theory. The gauge-fixing term, which breaks the gauge invariance with respect to
transformations of the quantum field, is chosen in such a way that the invariance of the
action under gauge transformations of the background field is preserved. The gauge-
invariant effective action is just the background field effective action considered as a
functional of B,,(z), once the functional integration over the quantum field is performed.
This effective action can be obtained from the calculation of the one-particle-irreducible

two-point function of the background field.

The extension of the background field method to the lattice formulation of quantum
field theories is really important for nonperturbative numerical studies. Liischer and
Weisz [231] have shown that pure lattice gauge theory with a background gauge field
is renormalizable to all orders in perturbation theory. No additional counterterms are
required besides those already needed in the absence of a background field, as it happens
in the continuum case. Their argument, based on renormalizability of pure lattice gauge
theory, BRS, background gauge and shift symmetries of the lattice functional integral,
can be extended to full lattice QCD in the Wilson formulation. An essential point is
the renormalizability of lattice gauge theory with Wilson fermions proved by Reisz to

all orders in perturbation theory [232].

On the lattice, the background field technique can be approached in more than one way.
Different lattice actions may be chosen and the precise way in which the background
field is introduced is arbitrary to some extent. However, the differences between the

choices of lattice actions should be irrelevant in the continuum limit. The background
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field on the lattice is introduced by decomposing the gauge link variable as follows
[211]:

Uuz) = U;?($)Uf(x>7
igoaQu(T+af/2
U;?<:B) —  i900Qu(+ajt/ )’
Uf(x) = ¢loBuletai/2) (7.8)

where Q,(z) = Q%(x)T*, B,(z) = Bi(z)T*, tr(T*T") = §*°/2, T* are the generators
of SU(N). Since the gauge link is now a product of two different field links, there is a

freedom in interpreting the gauge transformation:
@) = A@)U,(@)A @ + ajy): (7.9)

the latter can be viewed in two ways: The first one considers the quantum field as a
matter field which transforms purely locally, while the background field transforms as

a true gauge field:

[U2(x)]” = AMz)U2(x)A ()
UB @) = A@)UP(@)A(x + ap) (7.10)

The second one considers the background field as invariant, while the quantum field is

now the true gauge field:

U9@)" = A@US(@)A (z + ap)
UB@@)] = UP(x) (7.11)

Let us call the first interpretation of gauge transformations as “background gauge
transformations” and the second one as “quantum gauge transformations”. As the
background is an external field, which is not involved in the path integration, the
gauge-fixing term, which ensures the finiteness of path integrals, can be chosen to

preserve the gauge invariance under background transformations.

The fact that exact gauge invariance is preserved in the background field formalism,
leads to a relation between the renormalization factors of background field Zg and of

coupling constant Z, [233]:

Z(go, apt) Zg(go, ap) = 1. (7.12)
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Thus, the matching formula between the lattice bare coupling constant and a
renormalized one can be extracted by the evaluation of Zp, instead of Zg, which is

simpler as there is no need to evaluate any three-point Green’s functions.



Chapter 8

Lattice study of QCD (-function

with improved actions

8.1 Introduction

The study of the strong running coupling a(y) = ¢*(u)/(47) in nonperturbative
renormalization schemes is very active in the latest years; a number of extensive
numerical simulations have been performed by a number of groups, giving promising
results [234-238|. Of particular interest is the computation of a(u) at low-momentum
regions where scaling phenomena is verified (e.g., color confinement). Knowledge of
the perturbative relation between the bare running coupling ag = g2/(4m) and the
MS-renormalized running coupling agg = gi/l—s/ (47) at high orders, is important in
such estimations; it is combined with these simulations in order to reach a

nonperturbative regime [239].

Another important quantity, which has attracted much attention, is the scale parameter
Ay, associated with a lattice formulation of QCD [225, 240]. Knowledge of the three-
loop correction (linear in g2) of Ay, is important in order to verify asymptotic scaling
predictions. To this end we need to compute the three-loop (linear in gJ) lattice bare
Callan-Symanzik g-function. The bare S-function dictates the asymptotic dependence
of the bare coupling constant gy on the lattice spacing a, required to maintain fixed

the renormalized coupling at a given scale. The S-function can be derived from the

125
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combination of the two-loop relation between ayg and op (mentioned above) and the

knowledge of the three-loop MS-renormalized B-function [219]".

The main objective of this work is the computation of the three-loop coefficient of
the bare S-function, b%, on the lattice for SU(N,) gauge group and N; multiplets of
fermions. The computation was performed with the use of the following improved
lattice actions (which have small discretization errors): Symanzik improved gluons and
SLINC fermions in an arbitrary representation of the gauge group SU(N,). The SLiNC
action [25] utilizes stout smeared links in order to suppress effects of finite lattice size.
This action is being used by the QCDSF Collaboration, in simulations of QCD with
dynamical quark flavors. An additional objective is the computation of the ratio of

energy scales A/ Alst2 , in an arbitrary representation.

Previous calculations of b% and Ap/Ajs have been carried out using various
techniques and discretization prescriptions. Older results involving Wilson gluons
[39, 242|, Symnazik improved gluons (only Ap/Agg) [243], Wilson fermions [44],
clover fermions [45, 46|, overlap fermions [47] can be found in the literature.
Corresponding computations for the SLINC action, which is widely used in recent
simulations, have never been done before, due to their sheer difficulty. Our results can

be used to confirm some of the existing results mentioned before.

Furthermore, the results of such calculations can be used to make contact with a low
momentum-regime of QCD. In particular, our results will be combined with extensive
simulations performed by members of QCDSF Collaboration who have several aims,
among them: the precise determination of the QCD scale Agcp, the non-perturbative
running of the renormalized coupling constant and the determination of hadronic
properties using the “Wilson gradient flow” scheme, which is being very actively

investigated by a number of groups at present [244].

This chapter is organized as follows. In Sec. 8.2 we formulate the problem, giving some
useful relations, and in general, the theoretical setup of our calculation, including also

the definition of the lattice actions which are used. Sec. 8.3 contains our one- and

!The MS-renormalized S-function is now known up to five loops [241].

2The Ay parameter is a dimensionful quantity; as such it cannot be directly obtained from the
lattice. Instead, the quantity which is calculable is the ratio between Ay and the scale parameter in
some continuum renormalization scheme such as MS: Ar/Agg.
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two-loop results for the S-function. The two-loop calculation is still ongoing, and we

consider here only a part of this.

8.2 Formulation

8.2.1 Preliminaries

As mentioned in Chapter 7, for the lattice regularization a bare [-function is defined
as:
dgo

Br(go) = 0. o (8.1)

where i = p(4m/e72)"? is the renormalization momentum scale used in the MS scheme
of dimensional regularization (the currently most widely used scheme for the analysis
of experimental data in high-energy Physics), vg is the Euler constant, a is the lattice
spacing and g(gop) is the renormalized (bare) coupling constant. It is well known that in
the asymptotic limit for QCD (go — 0), one can write the expansion of the -function

in powers of gy, that is:

Br(go) = —bogo® — bigo® — bk go” + O(g0”) (8.2)

The coefficients by, b; are universal, regularization independent constants, while b (i >
2) depends on the regulator; it, generally, differs from one to another lattice action and

it must be determined perturbatively.

The coefficient b} can be extracted from the renormalization function Z,, relating the

bare coupling constant gy to the renormalized coupling constant gy:

g0 = 25 (g0, ap1) X gyis (8.3)

The combination of Egs. (8.1) and (8.3) leads to the following relation:

d _
Brgo) = —goas-InZy(go. ap)l,, (8.4)

where it is being perceivable that the evaluation of b% requires the computation of the

three-loop expression of Z,,.
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However, the knowledge of the MS-renormalized S-function (in dimensional

regularization) up to three loops:

dgMS |
a,g0

Blows) = A—> i —bogig — bigis — bagis + O(g2) (8.5)

allows to calculate b% using only the two-loop expression of ZQQ. Indeed comparing Eq.
(8.4) with the definition of 3(gyg) written in the form:

_d _
Blows) = —gmuﬁln Z4(90+ aft)] 4 gy (8.6)
one can derive an exact relation, valid to all orders of perturbation theory:
a -1
51 = (1= digz02]) ZibaZ;) (8.7)
Writing Z; as:
— 2
(ZéLMS) (go, aﬂ)) =1+ go®(bo In(a®®) + lo) + go*(by In(a®m?) + 1) + O(go°) (8.8)
and inserting it in Eq. (8.7), we extract the relation:
bl = by — bily + bl (8.9)

The quantities by, by and by have been known in the literature for quite some time [219]:

b = e (N - 2;), (8.10)
b = G [34]\72 Nf(%?Nc— NLH (8.11)
by = G %NfﬂLNf(—%Nfﬂt%ﬂtﬁ) + N2 (56N —18—N>} (8.12)

Thus, the evaluation of b¥ requires the determination of the 2-loop quantity [; and
the 1-loop quantity l,. The constant [y is further related to the ratio of the A
parameters associated with the particular lattice regularization and the MS

renormalization scheme:

—— =exp <l—0> (8.13)

Furthermore, using the asymptotic relation of 8%(g) (8.2) and the fact that Ay is a

particular ~ solution  of the RG  (Renormalization = Group)  equation
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( — a% + B (90)3%0>AL = 0, one can derive the 2-loop corrected asymptotic scaling

relation between a and go:

9 dg 1 —b1 /(202
alp = exp [— W] = €xp ( - m) (bog(2)> /t O)[l + qg(Q) + 0(93)] (8.14)

where S
1 — 000y
e '1

8.2.2 Using the background field formulation

The most convenient and economical way to proceed with calculating Zg2 is to use the
background field technique [211, 231, 233], described in Chapter 7, section 7.3. In this

technique, the following relation is valid:

_ _ 2
2™ (go, ap) x (288 (go, a)) " = 1, (8.16)
where Zp is the background field renormalization function:

B, (z) = [ZéL’m)(go,aﬂ)]l/QBF(x), where BHO(BF) is the bare (MS-renormalized)
background field. In this framework, instead of Zj, one needs to compute Zg, with no
need to evaluate any 3-point Green’s functions. For this purpose, we consider the
1-particle-irreducible 2-point Green’s function of background gluon field, both in the
continuum (PP (p)%%) and on the lattice (I'77(p)%).

We have adopted the notation of Ref.[39],where these functions can be expressed in

terms of scalar amplitudes vg(p), v(p):

FgB(p)Zl;/ - _5ab(5m/p2 - p,upl/)(]- - VR(p»/gl%/[isa (817)

S I = —6"3p*(1—v(p)) /g, (8.18)
va(p) = > gEvi (), (8.19)

vip) = Y gV ). (8.20)

where p* = 3 P72, P, = (2/a)sin(ap,/2). The tensor structure of these Green’s

functions, as given above, is implied by the symmetries of the theory. Using the relation
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between the background-field 2-point functions: T3 (p)%, = T7(p)% 4+ O(a), as well

nuv

as Egs. (8.3, 8.17 - 8.20), we can express Z; in terms of vg(p), v(p):

_ 1—v(p)

72 =
1 — vr(p)

g

(8.21)

A similar relation is obtained for the renormalization factor Z, (Ao = Z) Ayg, where
Mo(Msrg) is the inverse bare (MS-renormalized) gauge parameter), where the scalar

terms vg(p), v(p) are replaced with the scalar terms wgr(p), w(p), which are stemming

from the definition of quantum field self-energy in the continuum (FgQ(p)ZI;) and on
the lattice (FgQ(p)l‘f;) respectively. That is:
LR = —6"10wp’® = pup) (L —wr®) + Ay pup,  (8:22)
D T = 0B - wp) + M, (8.23)
w
wr(p) = Y 9k (P): (8:24)
e=1
wp) = > g ), (8.25)
t=1
and . ®)
Ly = ———. 8.26
T T ) (520

Combining Eq. (8.21) with Eq. (8.26), we are led to the following expression for Z3:

7: = {1+ 9 [u§§><p> —u<1><p>] + g6 [v}?(p) ~ ) + Avs 5

The amplitudes ug)(p),wg)(p),yg) (p) calculated in dimensional regularization, have

been already known in the literature® [44, 245]:
N[ 11, p* 205 3 | N, {2 210

(1) _ 1 —2
Ve (P) =162 | 73 1“%)*%*5%*1%] * 1orz 3 (5 ﬂ’ (8.28)

3The fermionic part of Vl(f)(p) is given in the Feynman gauge (Ayg = 1), since our calculations do
not need this quantity in general gauge.
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) = Ne [(_13 Py, 97 Ny [2, 27y 10
7 (P) _167r2[( 6 zAMS>1( )+36+2AMS+4AMS ez |32 g )
(8.20)
2
o 1 p?. (2687 57
Vi ) = 167r2 [<3 _ZAWS s T ZAWS_EAMS>1 (PH( 72 _§>
187 161 1., 3., 1.,
(=5 360) Ms+(—mw)%‘r@m‘r@m]
N; P2 401y 1 P2, 55

N(3mEZ) - Z2) 2 (—m 2y .
(16772)2[ (3 n(7s) 36>+Nc< () + g —4e ) (830)

for \jg =1

Therefore, we only have to calculate the amplitudes ™ (p), w™(p), and v®(p). The

quantities £y and ¢; can be also expressed in terms of vg(p), v(p), wr(p), w(p):

by = —boIn(a2fi2) + |\ (p) — V(l)(p)] , (8.31)
Mrs=No
VD
f = —bi (@) + Vg (p) — v (p) + A D (w2><p>—w<l><p>)] (832)
Mrs=No

Finally, the relation between the MS-renormalized running coupling ag5 and the bare

running coupling o can be easily read from Eq. (8.27):

o = a0+ ad dl(au)+ of d2<a )+ Ofal),
di(ap) = {—4%( ]

dyfap) = (4m)? [(uﬁé)(m - u<1><p>)2 - (uﬁ? () = v2(p)

Ay 8?;1;? (w8 @) —wm(p))ﬂ . (8.33)

s =Ao

Given that the effective action is gauge invariant, we can choose to perform our
computations in the Feynman gauge; Eq. (8.33) then implies that v (p), ug) (p) and
w®(p), wg)(p) can be computed directly in the Feynman gauge Ao = 1, and only

Vg)(p) needs to be computed in a general gauge.
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8.2.3 Lattice actions

In our calculation we used the SLINC fermion action [25]. This action is similar to
the Wilson/clover action, defined in Eq. (4.3), with the following modification: the
gluon links appearing in the Wilson part (not in the clover term; i.e., the first two
lines in Eq. (4.3)) are replaced by stout-smeared links, U .(2), as defined in Eq. (6.4)).
Following common practice, we henceforth set the Wilson parameter r equal to 1. Both
the stout coefficient w and the clover coefficient cgy, will be treated as free parameters,
for wider applicability of the results. As is customarily done, one may restrict attention
to “mass-independent” renormalization schemes, in which normalization conditions on
Green’s functions are placed at zero renormalized mass. We note that the MS scheme
is automatically mass independent, since pole terms do not contain masses. Thus,
by adopting such a scheme, the [-function will be independent of the renormalized

fermionic masses.

For gluons, we employ the Symanzik improved action Sg, defined in (4.5). We use a
number of commonly used sets of values for the Symanzik coefficients ¢;, given in Table
4.1.

Furthermore, a choice of gauge is required. We introduce the following gauge-fixing
term [211]:

Syr = Xoa* Z Tr {D;Qu(x)D;Qy(x)} (8.34)
where
D;Qulw) =~ [Qule) ~ UF ™ (& — i) Qulo — o) UPw —ai)]  (8.39)

Although this term breaks gauge invariance of quantum field, it succeeds in preserving

gauge invariance of background field.

From the variation of the gauge-fixing term under a gauge transformation of the type
(7.11), 6 [D, Qu(x))] /0A(z), we are led to the Faddeev-Popov action; only terms

necessary for our computation, i.e. up to O(ga), are shown here:
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S = 200 S T {(Dpw(@)! (Dfwe) + i [Qu(x). w(@)] + Siga [Que). Diw(a)]

2
Z, [

112 B0 [Qu(). [Qu(e). Dfw(@)]] +--)} (8.36)

where w(wT) is the ghost (antighost) field and

Dfw(r) =~ [UP @t + a)UP ™ (@) - w(w)] (8.37)

Finally, the change of integration variables from links to vector fields yields a Jacobian

that can be rewritten as the usual measure term S,,.4s. in the action:

Sieas = 15 cganTr{@u Qula) +--- | (8.38)

Therefore, the full action is:

S =Sp+ S+ Sgr+ Srp + Smeas.- (8.39)

8.3 Calculations, results and discussion

The computation is broken into the following tasks: Firstly, we construct a total of
twenty-five vertices stemming from the total action. Some of the more complicated
vertices, such as the one containing 2 background and 4 quantum gluon fields, contain
several thousands of terms. Secondly, we calculate all relevant one- and two-loop
Feynman diagrams contributing to the amplitudes v (p), w™(p), and v (p) (see
below). Upon contraction of the corresponding vertices we obtain huge algebraic
expressions (many millions of terms for two-loop diagrams). Thirdly, we extract the
one-loop amplitudes vV(p), wM(p), and the two-loop amplitude v (p). A very
delicate and complicated task regards the extraction of the dependence of the Green’s
functions, on the external momentum p; this task is briefly described in the next
subsection 8.3.1. Finally, we extract the quantities ¢y, ¢;, b¥, Ar/Asm, ¢ and the

perturbative relation between ogg and «y, as defined previously.
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8.3.1 Extraction of external momentum

In this subsection, we describe the methodology for calculating the lattice momentum-
loop integrals appearing in the bare Green’s functions of background and quantum
fields. This task is to make explicit the functional dependence of Green’s functions
on the external momentum p. In particular, there arise terms of the form p°, p?,
p*In(a®p?), p*[In(a®p?)?, 3°, py/p°, whose coefficients can be expressed as integrals of
lengthy algebraic expressions over the internal (loop) momenta. The general idea is
to decompose the given expression (to be integrated over internal momenta) in terms
of a limited set of potentially divergent integrands, plus other terms which can be
evaluated by naive Taylor expansion in the external momentum, to the desired order.
To this end, we perform two kinds of subtractions among the (fermion, and/or gluon)
propagators, both in one-loop calculations and beyond. The first kind reduces the
number of divergent integrals to a mimimal set of familiar (in the literature) integrals;

to give an example:

1 1 @3-

- = —4 1 8.40

¢ @ PP (840)
Dulg) = Di(q)+ |Dyula) - DI ()] (8.41)

where ¢ is the (internal) loop momentum, ¢* is the inverse fermionic propagator: ¢* =
(cjzr/2)2 +Zu sin®qy, D, ,(¢) is the Symanzik improved gluon propagator and Dgfq'(q)
is the plaquette Wilson gluon propagator: D}jlyaq'(q) = 0,,/¢*. The second kind of
subtractions is used in order to perform a Taylor expansion of convergent terms, in
external momentum p to the desired order; it has the following general form (to be

performed iteratively):

fla+p) = fla)+ [ fla+p) - f(a)]. (8.42)

The order of implementation of these two kinds of subtractions is not obvious, especially

beyond one loop.

The completion of the above procedure leaves us with loop integrals having no
dependence on external momenta, which must be integrated numerically. A number
of technical issues must be dealt with before numerical integration: for example, it is
necessary to keep the Lorentz indices of the trigonometric functions of internal

momenta independent of those in the rest of the expression. FEach integral is
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expressed as a sum over the discrete Brillouin zone of a finite lattice. The integration
is performed for an extensive range of lattice sizes. At the end, we extrapolate our
results from finite lattices towards an infinite lattice; we also estimate the systematic

errors which stem from such a procedure. The extrapolation methods that we used
are described in Ref. [208].

8.3.2 Omne-loop computation

There are six one-loop Feynman diagrams contributing to v(!(p) and 7 diagrams

contributing to w™®(p), shown in Figs. 8.1 and 8.2 respectively. During the

AN
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FIGURE 8.1: 1-loop diagrams contributing to (! (p). Wavy lines ending on a cross
represent background gluons. Solid (dashed) lines represent fermions (ghosts).
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FIGURE 8.2: 1-loop diagrams contributing to w()(p). Wavy (solid, dashed) lines
represent quantum gluons (fermions, ghosts). The solid box denotes a vertex
stemming from the measure part of the action.

computation of the above diagrams, there arise terms of the form p°, p,, P2, Pupv, P*.
Some forms are inconvenient; there are quadratically divergent terms (p°), linearly
divergent terms (p,) and terms which break Lorentz invariance in the continuum limit
(ﬁi) These troublesome terms cancel in the sum of all diagrams or they are excluded

by symmetry. Therefore, we are left with the terms p,p,, p?, as we expected.
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Our results for v (p) and w™(p) are presented below, in general gauge \:
vW(p) = 1]6\:; :— % In(a®p?) + % + gAgl + %Af] + Ni 1617T2 i +
12’?;2 ; n(a?p?) + €%, ] + O(a?p?), (8.43)
w(p) = 12:?2 ( - % + oAy >1n(a2p )+ ek e A+ %A(ﬂ +
]\1[ 161 Sen. + %E In(a®p?) + ¢, } + O(a?p?), (8.44)
where
¢y, = —0.88629444(4), (8.45)
k) =) = —2.16850086(2) + 0.79694512(11) csw — 4.712691443(4) ¢y, (8.46)

M M
and the numerical constants ¢/, ¢¢ (i =

?

N, 1/N,.) are listed in Table 8.1 for different

gluon actions. We notice that the fermionic contributions in w™®(p), as well as the

’ Gluon action 07\;:) cq(?, = °1J<]1\),C c°]<,(:) ‘
Wilson 32.5328199(5) -19.7392089(2) 22.3156745(1)
TL Symanzik 18.860597(3) -6.6594802(3) 10.308794(3)
TILW, B¢y =8.60 10.5954557(3) 1.3040804(4) 3.06253640(3)
TILW, Bcy =8.45 10.2868675(4) 1.5985007(6) 2.7923321(3)
TILW, Bcy =8.30 9.8615392(2) 2.0038705(5) 2.4199523(3)
TILW, By =8.20 9.5977109(3) 2.2550514(4) 2.1889929(4)
TILW, By =8.10 9.2575332(5) 2.5786980(4) 1.8912290(2)
TILW, B¢y =8.00 8.8354866(3) 2.9797868(4) 1.5218513(2)
Iwasaki -1.152587(2) 11.888842(1) -8.5190295(6)
DBW2 -25.693965(165) 32.281461(3) -29.853124(130)

TABLE 8.1: Numerical coefficients for the quantities v(M) (p) and w(® (p).

contributions of the form 1/N,, are identical to those in v™(p). Furthermore, we
observe that the one-loop results are independent of the stout-smearing coefficient w.

The above results are in agreement (up to 5 - 6 decimal places) with previous results
for Wilson/Symanzik gluons and Wilson/clover fermions [39, 44, 45, 243].

The resulting one-loop quantity ¢y, as well as the ratio Ay /Ay, and the first coefficient

in the expansion of running coupling d; (af), are given by:

oD (L L e N
1672 Ne ' N 1672 VNe T 1672 Ny’

(8.47)
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A Nccf\‘}c + NLC CiO/NC + Nfcﬁ\(}f 8 48
A P 2N 1N ) (8.48)
MS 3 ‘e 3 4Yf
1 11 2 1
dl(aﬂ) == —E |:(ch - ng) 11’1(@2/7/2) + Nccf\c}c + ﬁCf_(;NC + Nfcﬁ\(}f:| 9 (849)
where
205 L(D)
= 306~ e - (8.50)
L)
Cio/zvc = —C1/N.> (8.51)
cf{}f = —3.27961197(2) + 0.79694512(11) csy — 4.712691443(4) cgw (8.52)

8.3.3 Two-loop computation

There are fifty-one two-loop Feynman diagrams contributing to ©(?(p), shown in Figs.
8.3 - 8.4. Each diagram is meant to be symmetrized over the color indices, Lorentz
indices and momenta of the two external background fields. Below, we present our

preliminary results for the simpler diagrams, the tadpoles dss — ds;:

ﬁQVz'(Z)(P) = [Z (Cg)(j,k)>p2jN02k+ Z (Cg)(z,m,n,r)>p2éC?WWanNZ] (8.53)

7.k Lm,n,r

where (i = 46+47+48,49+50+51), (j =0,1), (k=-1,0,1), (¢ =0,1), (m=0,1,2),
(n =0,1,2,3,4), (r = —1,1). The coefficients cg)(j’k), and cg)(f’m’m) are given in
Tables (8.2, 8.3), for Wilson, tree-level Symanzik and Iwasaki gluons. Coefficients not
appearing in this table are zero. The numerical integrations entail a small systematic
error; we keep only the first five decimal digits in our results. Our results are in

agreement with previous results for Wilson gluons and Wilson/clover fermions [39, 44,
45, 243).

Results for other diagrams are not included in this Thesis, as the calculation is ongoing.
This work is extremely demanding in terms of conceptual and technical complexity,
but also in terms of computational resources. In particular, extracting the external
momentum up to the second order, as described in section 8.3.1, millions of terms
are produced for each diagram. The size of these expressions often places special
requirements on RAM. We intend to investigate some other arrangements, in order to

complete the computation in the near future.
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&M&&

FIGURE 8.3: 2-loop diagrams contributing to v (p). Wavy lines (without) ending
on a cross represent (quantum) background gluons. Solid (dashed) lines represent

fermions (ghosts). Solid boxes denote vertices stemming from the measure part of

the action. A solid circle is a one-loop fermion mass counterterm. Both directions

of the ghost (fermion) arrow in diagram 27 (29) must be considered. (1/2)
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FIGURE 8.4: 2-loop diagrams contributing to () (p). Wavy lines (without) ending
on a cross represent (quantum) background gluons. Solid (dashed) lines represent

fermions (ghosts). Solid boxes denote vertices stemming from the measure part of

the action. A solid circle is a one-loop fermion mass counterterm. Both directions

of the ghost (fermion) arrow in diagram 27 (29) must be considered. (2/2)
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| Coefficient |  Wilson Tree-level Symanzik  Iwasaki |

Cgi+47+48(071) 2.40247(12) 0.16082(1) 0.17577(2)

Cgﬁ+47+48(170) -0.36158(2) -0.01763(1) -0.00607(1)

Cgﬁ—&-47+48(171) 0.09040(1) 0.00564(1) 0.00534(1)
ASHTHS o | 0.06203(1) 0.00536(1) 0.00693(1)
%6;4;7;488 0oon | 0-06203(1) 0.00536(1) 0.00693(1)
e 0o1-1 | 1.51384(31) 0.06582(1) 0.03475(1)
Cgi+47+48(07071’1) -3.10804(23) -0.15790(1) -0.11796(1)
lew6+47+48(070727_1) -7.40132(108) -0.32062(5) -0.17028(2)
%6;7;488 (0021 | 11.48770(100) 0.49898(4) 0.26796(2)
ek o10_1) | 0.00635(1) 0.00034(1) 0.00024(1)
i%?;zf 010 | -002539(1) -0.00134(1) -0.00095(1)
61164-47—}-48(071,1,—1) -0.02346(1) -0.00119(1) -0.00078(1)
T oy | 005988(1) 0.00286(1) 0.00168(1)
T a0y | 113002(9) 0.05671(1) 0.03678(1)
T 01 0.28544(3) 0.00841(1) -0.00170(1)
cx wory | 0.00846(1) 0.00721(1) 0.01427(1)
61;76—&-474-48(170’27_1) -5.97145(27) -0.25905(1) -0.13728(1)
C%{i+47+48(170,271) 3.96778(22) 0.17199(1) 0.09075(1)
AFHTHS | 11.10200(63) 0.48093(1) 0.25543(1)
C%e+47+4s(170,371) -5.55101(44) -0.24046(1) -0.12772(1)
ciﬂj;j:js(l,lvorl) 0.00317(1) 0.00017(1) 0.00012(1)
ig+47+48 (1,1,0,1) -0.00080(1) -0-00004(1) -0.00003(1)
T -0.03299(1) -0.00169(1) -0.00114(1)
T Ly | 0.02550(D) 0.00133(1) 0.00093(1)
e (o1 | 0.03519(1) 0.00178(1) 0.00117(1)
C46+47+48(1717271) -0.01760(1) -0.00089(1) -0.00058(1)
6111?6—&-474-48(1’2707_1) -0.18833(1) -0.00945(1) -0.00613(1)
Cz;{;+47+48(1727071) 0.04708(1) 0.00236(1) 0.00153(1)

TABLE 8.2: Numerical coefficients for the quantity v(?)(p) for the diagrams

dae + da7 + dass.
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’ Coefficient \ Wilson Tree-level Symanzik Iwasaki ‘
POt T -2.20769(1) -0.17004(1) -0.18512(1)
et 2.36345(1) 0.164452(1) 0.137555(1)
(950451 0001 | 0-24985(1) 0.01293(1) 0.00955(1)
C%9+5o+51(0,070’1) -0.24985(1) -0.01293(1) -0.00955(1)
(950451 001y | ~2-41898(1) -0.110748(1) -0.06358(1)
c‘;?+50+51(0’071?1) 0.10192(1) -0.05751(1) -0.12111(1)
cvwsost g 67a01(1) 0.43068(1) 0.23758(1)
C}Lﬁ+50+51(0’072’1) -3.99855(1) -0.02995(1) 0.16921(1)

et T | 1.23370(1) -0.02132(1) -0.08316(1)

clorooest | | 2.67389(1) 0.04611(1) 0.20856(1)

C4G9+50+51(1,1) 1.44106(1) -0.02306(1) -0.12579(1)
(950451 o) -2.79376(1) -0.13014(1) -0.07790(1)
04}3+50+51(1’071’1) 2.78102(1) 0.13733(1) 0.09304(1)
C}g)+50+51(170’2’_1) 13.30440(1) 0.59680(1) 0.33294(1)
0t Ly | -8.81430(1) -0.37470(1) -0.18050(1)
Ciﬂg+50+51(070’3’_1) -14.51390(1) -0.64602(1) -0.35636(1)
c‘}?+50+51(0’073’1) 9.67591(1) 0.43068(1) 0.23758(1)

TABLE 8.3: Numerical coefficients for the quantity v(?)(p) for the diagrams
dag + ds0 + ds1-



Chapter 9

Conclusions

In this thesis, we study the perturbative renormalization of several quantum operators
and other fundamental quantities, in the context of strong interaction Physics on the
lattice. To this end, a number of higher-order calculations using a large family of
improved lattice actions, which are currently used in numerical simulations by major
international groups (e.g., ETMC, QCDSF, Wuppertal-Budapest Collaborations), are
performed and presented in this dissertation. Our perturbative analysis of these
calculations will be a guidance to the development of nonperturbative
renormalization prescriptions. Also our results will give a cross check for
nonperturbative estimates and will be combined with nonperturbative data in order
to convert the lattice results to renormalized quantities in continuum renormalization

schemes. Let us summarize our conclusions form these calculations.

In Chapter 3, we have evaluated the two-point bare Green’s functions of straight
Wilson-line operators, the renormalization factors in RI’ and MS schemes, as well as
the conversion factors of these operators between the two renormalization schemes.
The novel aspect of this work is the presence of nonzero quark masses in our
computations, which results in mixing among these operators into pairs, both in the
continuum and on the lattice. Finite mixing appears in the continuum, due to the
chiral-symmetry breaking of mass terms in the fermion action. Comparing to the
massless case on the lattice [14], the mixing pairs remain the same for flavor-singlet
operators, ie.  (Or,,Or,), where (I't,T%2) = (L,m), (v572,737), (V573 7472)s
(7574, V2773), where by convention 1 is the direction of the straight Wilson line and 2,

3, 4 are directions perpendicular to it. However, for the nonsinglet operators with

142



Chapter 9 Conclusions 143

different masses of external quark fields, flavor-symmetry breaking leads to additional
mixing pairs:  (V5,7571), (2, 7172)s (93,7173), (7a,7174).  As a consequence, the
conversion factors are generally nondiagonal 2 x 2 matrices. This is relevant for
disentangling the observed operator mixing on the lattice. Also, comparing the
massive and the massless cases, the effect of finite mass on renormalization of
Wilson-line operators becomes significant for strange quarks (the third lightest quark
flavor), as well as for heavier quarks. These are features of heavy-quark quasi-PDFs;,

which must be taken into account in their future nonperturbative study.

In Chapter 4, we have studied the one-loop renormalization of the mnonlocal
staple-shaped Wilson-line quark operators, both in dimensional regularization (DR)
and on the lattice (Wilson/clover massless fermions and Symanzik-improved gluons).
A novel aspect of this calculation is the presence of cusps in the Wilson line included
in the definition of the nonlocal operators under study, which results in the
appearance of additional logarithmic divergences. Operator mixing also occurs for
chirality-breaking lattice actions. The mixing pairs are: (Or,, Or,), where (I';,'y) =
(Y5, V5 Vua)s (Vis ViVua), © # pio (for notation, see Sec. 4.2.1) which differ from those of
straight-line operators. This study is relevant for the nonperturbative investigations
of quasi-TMDs. Also, the results of the present study provide additional information
on the renormalization of general nonlocal operators on the lattice. The observed
mixing pairs among operators with different Dirac structures depend on the direction
of Wilson line in the end points. Thus, for a Wilson-line operator with n cusps, the
mixing pattern is (Or, Or. +,Zfr)= where i, (f1,) is the direction of the Wilson line in

the initial (final) end point.

In Chapter 5, a natural continuation of the one-loop calculation for the conversion
factors between RI’-renormalized and MS-renormalized straight-line operators to two-
loops is presented. Higher-loop corrections will eliminate large truncation effects from
the nonperturbative results. Based on extensive studies for systematic uncertainties on
the renormalization functions for the straight Wilson line [99, 246], we find empirically
that the one-loop conversion factor is sufficient for lattice spacing satisfying |z|/a <
7—8 and (a,u)2 within the interval 2 < (a,u)2 < 4. Outside these regions, a two-loop
conversion factor would be called for; clearly, however, other systematic uncertainties
will also become more relevant (lattice artifacts, volume effects, etc). We provide
preliminary results regarding only a number of the two-loop Feynman diagrams that

contribute to the Green’s functions of straight-line operators.
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In Chapter 6, we have computed the two-loop difference between the singlet and
nonsinglet perturbative renormalization factors of all staggered quark bilinears. As
we observed, the difference is nonzero only for the axial vector operator. Our result is
presented in RI’ and MS renormalization schemes, as well as in an alternative RI’
scheme, more appropriate for nonperturbative calculations. A novel aspect of the
calculation is that the gluon links, which appear both in the staggered fermion action
and in the definition of the staggered bilinear operators, are improved by applying a
stout smearing procedure up to two times, iteratively. Compared to most other
improved formulations of staggered fermions, the stout smearing action leads to
smaller taste violating effects [205, 206, 247]. Application of stout improvement on
staggered fermions thus far has been explored, by our group, only to one-loop
computations [47]; a two-loop computation had never been investigated before. Our
result demonstrates that the two smearing steps of the fermion action give better
results than only one smearing step. Also, the stout smearing of the action is more
effective in minimizing the difference of singlet and nonsinglet renormalization factor
of axial vector operator than the stout smearing of operators. A significant part of
this work is the development of a method for treating new nontrivial divergent

integrals stemming from the staggered formalism.

Finally, in Chapter 8, we have presented the one-loop calculation of the two-point
Green’s functions of background and quantum gluon fields, which are related to the
definition of lattice 8 function. We observed that the one-loop results are independent
of the stout-smearing coefficient. We extract the ratio of energy scales Ap/Agg, as well
as the first coefficient d;(afz) in the perturbative expansion of the running coupling.
The computation of two-loop Feynman diagrams contributing to the two-point Green’s
functions of background field, is still in progress. Such computations using the SLiINC
action, which is widely used in recent simulations, have never been done before. The
results of such calculations can be used to make contact with a low momentum-regime of
QCD. In particular, our results will be combined with extensive simulations performed
by members of QCDSF Collaboration in the “Wilson gradient flow” scheme, which is

being very actively investigated by a number of groups at present.

There are several future plans in which our work can be extended:

e The first one is the one-loop evaluation of lattice artifacts to all orders in the

lattice spacing, for a range of numerical values of the external quark momentum,
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of the momentum renormalization scales, and of the action parameters, which
are mostly used in simulations. Such a procedure has been successfully employed
to local operators [53, 248, 249]. The subtraction of the unwanted contributions
of the finite lattice spacing from the nonperturbative estimates is essential in
order to reduce large cutoff effects in the renormalized Green’s functions of the
local and nonlocal operators studied in this dissertation and to guarantee a rapid

convergence to the continuum limit.

e Secondly, we intend to add stout smearing on gluon links appearing in the
definition of the straight-line and staple-shaped operators and to investigate its
impact to the elimination of ultraviolet (UV) divergences and of operator
mixing; modern simulations employ such smearing techniques for more

convergent results.

e Thirdly, our perturbative analysis can be also applied to the study of further
composite Wilson-line operators, relevant to different quasidistribution functions,

e.g., gluon quasi-PDF's, etc.

e Moreover, a possible extension of the work regarding singlet and nonsinglet
local operators is the application of other actions currently used in numerical
simulations (e.g. several variants of staggered fermion action: HYP smearing
[26], HEX smearing [27], Asqtad [250]), including actions with more steps of
stout smearing. In these cases, additional contributions to the renormalization
functions are more convergent, and thus their perturbative treatment is simpler;
nevertheless, the sheer size of the vertices (already with two stout-smearing
steps we have encountered ~ 10° terms) renders the computation quite

cumbersome.

e Finally, extended versions of ¢I'Y) may be studied; in this case the Feynman
diagrams of Fig. 6.1 will apply also to Wilson fermions and loop integrands will

typically contain a plethora of new terms, which however will be convergent.



Appendix A

Notation and Conventions

In this appendix we specify our notation and conventions adopted in the main body
of the Thesis. The conventions regard the Euclidean formulation of QCD, the Dirac
algebra, the Lie algebra of su(/N.) and D-dimensional definitions of fields, operators,

momentum vectors, and other quantities.

A.1 The Euclidean formulation of QCD

In Euclidean spacetime!, QCD action reads:

Ny=6

Sac = | d%[ S 65 (D) + s ) 5(@) + 5t (G (@G @)) |, (A1)
f=1

where the quark (antiquark) field ¥ ;(z), [¢;(z) = @/}}(x)m] is a 4-spinor in Dirac space
and an SU(3) triplet in color space, for each flavor f; the gluon field strength tensor
Guw(z) [= —Gu(x)], (p,v =1,2,3,4) is defined by:

7

G () %

[Dy(), Dy ()], (A.2)
where gy is the bare coupling constant and D,,(z) is the Euclidean covariant derivative:

D,(x) =0, —igoA,(x). (A.3)

LA Wick rotation from real to imaginary times z° — —ix4 changes the geometry of spacetime from
Lorentzian to Euclidean.
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The trace in Eq. (A.1) is taken over color indices. The gluon field A,(z) is an su(3)
algebra element in color space, and thus, can be written as A,(z) = Af(x)T*, where
T are the generators of the algebra and a = 1,..., N2 —1 (N, = 3). Moreover, v, is a
4 x 4 Euclidean Dirac matrix defined in Sec. A.2. Also, the bare quark mass m differs

for quarks with different flavor.

A.2 Dirac Algebra

In Euclidean spacetime, the Dirac matrices 7, (1 = 1,2, 3, 4) obey the anticommutation

relations:
{V, W} =26,1, (A.4)

where ¢, is the Euclidean metric tensor and 1 is the 4 x 4 unit matrix. In addition,

the v5 Dirac matrix is defined as the product:

V5 = N17Y27374, (A.5)

which satisfies the following relations:

{v5,7.} =0, ~=1. (A.6)

In chiral representation the Euclidean Dirac matrices have the following explicit 4 x 4

form:
00 0 —i 0 00 —1 0 —i 0
oo =i o o 01 oo 0
=i 0 o™ 0 10 BT 0 0 ol
i 00 0 100 0 —i 0
0010 10
000 1 01 0
_ = AT
Bl 00007 oo 21 o0 (A7)
0100 00 0 -1

It is obvious that 7, = 7} =7, ', (1 =1,2,3,4,5).
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A.3 su(N.) Lie algebra

The fundamental representation of the SU(N.) group is given by complex N, x N,
matrices which are unitary and have their determinant equal to 1, i.e. if U; are elements
of SU(N.) they obey Uj = U; ! and det(U;) = 1. A convenient way of representing
a SU(V,.) matrix is to express it as an exponential of basis matrices 7%, the so-called

generators of su(N,) Lie algebra. In particular, an element U of SU(N,) is written as:

N2-1

U =exp(i Z ¢*T?) (A.8)

a=1

where ¢® are used to parametrized U and a = 1,...(N? — 1) [(N2 — 1) is the number
of independent parameters that are needed to describe the SU(/N.) matrices]. The
generators T must be traceless, complex and hermitian N, x N, matrices obeying the

commutation relations:
[Ta’ Tb] — ’ifabCTc, (A9)

where £ is called structure constants and they are completely antisymmetric in an
orthonormal basis of generators. A particular choice for the normalization condition,

which is adopted in the Thesis, is:
arb 1 ab
tr(T°T°) = 55 . (A.10)
Some useful identities of generators and structure constants are:

T°T" = Crll, (A.11)
facdfbcd — CA5ab, (A12>

where Cp = (N?—1)/(2N,) and Cy = N, are the Casimir operators in the fundamental

and adjoint representations, respectively.

A.4 D-dimensional quantities

Regarding the extension of 4-dimensional quantities to D-dimensional quantities in
our calculations using the dimensional regularization, we adopt the following standard

choices:
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e The continuum Euclidean action has the same form as the 4-dimensional one,
defined in Eq. (A.1), where the sums over vector indices u, v range from 1 to D
rather than 1 to 4. We note that all D components of the quantum fields are
nonzero. However, in the case of introducing background fields in the action,

these fields have only 4 out of D components not equal to zero.
e The unit matrix in Dirac space obeys tr(1) = 4.
e A standard extension of 5 in D-dimensions satisfies the following relations [251]:

{9} = 0, (n=1,2,3,4), (A.13)
0

Vs, V4] . (otherwise). (A.14)

However, in our particular one-loop calculations, only the (anti)commutator of
Vs with v, (1 =1,2,3,4) was needed and thus the corresponding results do not
depend on the chosen extension of v5. Therefore, violations of chiral symmetry,

coming from the choice of v5 extension to D dimensions are absent.

e External momentum vectors are considered as only 4-dimensional.
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