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Περίληψη

Η κατανόηση κυματογενών ροών και η αλληλεπίδρασή τους με κατασκευές στο παράκτιο

και ωκαιάνειο/υπεράκτιο περιβάλλον είναι αρκετά σημαντική, για την επίτευξη πιο αποτε-

λεσματικών σχεδιασμών. Η μελέτη πολύπλοκων προβλημάτων κυματικής υδροδυναμικής

απαιτεί την χρήση μοντέλων υπολογιστκής ρευστομηχανικής (CFD, Computational Fluid

Dynamics), βασισμένα στην επίλυση των εξισώσεων Navier-Stokes(NS) που δίνουν την

πλήρη περιγραφή του προβλήματος και χαρακτηρίζονται όμως από το υψηλό υπολογιστικό

κόστος. Τέτοιου είδους μοντέλα, που παρέχουν μεγάλη λεπτομέρεια και ακρίβεια λόγω

της προσομοίωσης αλληλεπιδράσεων νερού και αέρα, κερδίζουν ολοένα και μεγαλύτερη

προσοχή κυρίως λόγω της εξέλιξης των ηλεκτρονικών υπολογιστών και της ισχύς που

παρέχουν. Παρ΄ όλα αυτά, ακόμη και σήμερα, λεπτομερείς προσομοιώσεις για πρακτικές

εφαρμογές στις τρεις διαστάσεις (3Δ) μπορεί να καθίστανται αδύνατες λόγω του υψηλο-

ύ υπολογιστικού κόστους που απαιτείται και οφείλεται στην αυξημένη πολυπλοκότητα ή

κλίμακα του προβλήματος. Επομένως, η ανάπτυξη αποδοτικών αριθμητικών μεθόδων και

εργαλειών, είναι ζωτικής σημασίας για την μείωση του υπολογιστικού κόστους και την

ευκολότερη πρόσβαση σε απαιτητικά προβλήματα και εκτενείς παραμετρικές μελέτες.

Η παρούσα διδακτορική διατριβή επικεντρώνεται στην ανάπτυξη μιας αποδοτικής

Αριθμητικής Δεξαμενής Κυματισμών (ΑΔΚ) υψηλής ακρίβειας, που επιλύει τις εξι-

σώσεις (NS), οι οποίες περιγράφουν την ασυμπίεστη τυρβώδη ροή και αλληλεπίδραση

δύο μη-αναμειγνυόμενων ρευστών (νερό και αέρας).

Παρουσιάζουμε για πρώτη φορά μία αριθμητική μέθοδο η οποία επιτυγχάνει με τον

κατάλληλο τρόπο την σύζευξη της μεθόδου Εμβαπτισμένου Ορίου (ΕΟ) και της χρήσης

Γρήγορων ΄Αμεσων Επιλυτών (ΓΑΕ) για αποδοτική παραλληλοποίηση προσομοιώσεων

διφασικών (δύο ρευστά) ροών. Το μαθηματικό υπόβαθρο, οι αριθμητικές μεθόδοι που υ-

ιοθετήθηκαν και οι απαραίτητες τροποποιήσεις σε μία υφιστάμενη εξίσωση Poisson σταθε-

ρών συντελεστών περιγράφονται και αναλύονται λεπτομερώς. Επιπλέον, παρουσιάζονται

η σύνθεση της ΑΔΚ και τα κύρια βήματα του αριθμητικού αλγόριθμου.

Ακολούθως, παρουσιάζεται μια εκτενείς πιστοποίηση της σύζευξης ΓΑΕ-ΕΟ. Συγκε-

κριμένα, η ακρίβεια της μεθόδου σύζευξης διερευνήθηκε για περιπτώσεις με χαμηλό και

υψηλό λόγο πυκνοτήτων και ιξώδους, αλλά και περιπτώσεις με ή χωρίς την παρουσία στε-
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ρεών εμποδίων, συγκρίνοντας την νέα μορφή εξίσωσης σταθερών συντελεστών απέναντι

και στις δύο πρωτότυπες μορφές σταθερών και μεταβλητών συντελεστών. Στη συνέχεια,

πιστοποιήθηκε ολόκληρη η διάταξη της ΑΔΚ σε περιπτώσεις με αναλυτικές λύσεις αλλά

και για αρκετές περιπτώσεις όπου πειραματικές μετρήσεις είναι διαθέσιμες στη βιβλιογρα-

φία.

Επιπλέον, παρουσιάζεται η μελέτη της τάξης σύγκλισης και η ανάλυση ευαισθησίας

χρονικού βήματος της μεθόδου σύζευξης ΓΑΕ-ΕΟ. Η χρονική τάξη σύγκλισης μετρήθηκε

γύρω στο 2.0 για τις ταχύτητες και γύρω στο 1.5 για τα πεδία πίεσης και πυκνότητας,

ενώ η χωρική τάξη σύγκλισης βρέθηκε ίση με 3.0. Η μείωση στο χρονικό βήμα, που

απαιτείται για την διατήρηση της ακρίβειας, βρέθηκε να αυξάνεται όταν αυξάνεται και

ο λόγος πυκνοτήτων των δύο ρευστών. ΄Επειτα, η υπολογιστική επίδοση της μεθόδου

σύζευξης συγκρίθηκε με την αντίστοιχη της συμβατικής μεθόδου, δείχνοντας συντελε-

στές επιτάχυνσης της τάξης 100 − 10 για λόγους πυκνοτήτων 10 − 1000, αντίστοιχα.

Η συνολική επιτάχυνση της νέας ΑΔΚ βρέθηκε να αυξάνεται όταν μεγαλώνει το μέγε-

θος του προβλήματος, με εκτιμώμενη τιμή της γύρω στο 30 για μεγάλα 3Δ προβλήματα,

επιτρέποντας επίσης την χρήση μικρότερων υπολογιστικών μηχανών (π.χ. σύγχρονοι

φοτητοί ηλεκτρονικοί υπολογιστές).

Για την αξιοποίηση της νέας αποδοτικής ΑΔΚ, που αναπτύχθηκε στα πλαίσια αυτής

της διατριβής, εκπονήθηκε μία μελέτη όπου διερευνήθηκε η επίδραση των γεωμετρικών

παραμέτρων ενός κάθετου διάτρητου κυματοθραύστη μονής σειράς πασσάλων σε αλλη-

λεπίδραση με μοναχικούς κυματισμούς. Τα αποτελέσματα αυτής της μελέτης ανάδειξαν

μία απροσδόκητη μικρή επίδραση του μεγέθους της διαμέτρου προς το βάθος, η οποία

επεξηγήθηκε ποιοτικά μέσα από την εξέταση της εξέλιξης της ελεύθερης επιφάνειας και

της παραγόμενης στροβιλότητας.
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Abstract

The understanding of wave-induced �ows and their interaction with structures in

coastal and ocean/o�shore environment is of signi�cant importance to achieve the

most e�ective designs. The study of complex wave hydrodynamics requires the use

of computational �uid dynamics (CFD) models, based on the solution of the full-set

of the Navier-Stokes (NS) equations, which are computationally expensive. These

models, that provide high level of detail and accuracy due to the simulation of water-

air interactions, are gaining attention mainly because of the evolution in computing

power. However, even today, detailed three-dimensional (3D) simulations can be

prohibitively expensive for practical applications because of their physical complexity or

size. Therefore, the development of e�cient numerical methods and tools is essential

to reduce the computational cost and enable easier access to demanding cases and

extensive parametric studies.

This PhD study focuses on the development of an e�cient and accurate numerical

wave tank (NWT), solving the NS equations that describe the incompressible turbulent

�ow of two immiscible �uids (water and air).

We present for the �rst time a numerical method that achieves the appropriate

coupling of the Immersed Boundary (IB) method and the use of fast direct solvers

(FDS) for the e�cient parallelised simulation of two-�uid �ows. The mathematical

background, the adopted numerical methods and the required modi�cations on an

existing constant coe�cient pressure Poisson equation are described and discussed in

detail. The con�guration of the NWT and the main steps of the numerical algorithm

are also presented.

Subsequently, the veri�cation of the new FDS-IB coupling is extensively

demonstrated. Speci�cally, the accuracy of the coupling method was investigated

for cases with low and high density and viscosity ratios, and cases with and without

the presence of IB solid obstacles, comparing the new constant coe�cient approach

against both the original constant and variable conventional coe�cient formulations.

The complete newly developed NWT is then validated, against standard analytical

solutions and experimental measurements for several cases available in the literature.
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Furthermore, the convergence study and the time-step sensitivity analysis of the

FDS-IB coupling method are presented. A temporal convergence rate of about 2.0

for the velocities and 1.5 for the pressure and density �elds was measured, while

the spatial convergence rate was found to be equal to 3.0. The time-step reduction,

required to maintain accuracy, was found to increase with increasing density ratio.

Afterwards, the computational performance of the coupling method was compared

against the conventional approach, showing speed-up factors of 100�10 for density

ratios of 10�1000, respectively. The overall speed-up of the new NWT was found to

increase with the problem size, estimated to be about 30 for large 3D problems, allowing

the use of smaller computer machines (i.e. modern laptops) as well.

To take advantage of the newly developed e�cient NWT, the e�ects of the

geometrical parameters of a single row pile breakwater when interacting with solitary

waves were investigated. The results of this study revealed an unexpected small e�ect

of the diameter to depth ratio, which was explained in a qualitatively manner through

the examination of the free-surface evolution and the generated vorticity.
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Chapter 1
Introduction

1.1 Numerical modelling of wave-induced �ows

Most of earth's population lives close to the coasts, while many human activities take

place exactly on the shorelines or in the sea. Moreover, during the last decades the

number of activities that occur in the o�shore environment is increasing. Therefore,

the prediction of the e�ectiveness of marine structures when they are exposed to waves

is of signi�cant importance, especially in the occurrence of large wave impacts that

are characterised by highly nonlinear phenomena. In general, the understanding of

the nonlinear interactions between waves and marine structures is one of the most

challenging �elds in coastal and ocean engineering, using either experimental, theoret-

ical or numerical approaches for their analysis. The theoretical approaches, that make

use of numerous assumptions, are capable of describing only simpli�ed cases where

non-linearity is weak. Between experimental and numerical modelling, the former was

recently the most popular approach despite its signi�cant requirements in terms of cost

(i.e. expensive facilities and equipment, such the ones displayed in Figs. 1.1 and 1.2).

The use of numerical methods to study ocean waves is gaining more attention by the

research community and the industrial sector, due to the evolution of computing power.

Simpli�ed and more complex numerical models have been developed throughout

the years, providing di�erent levels of accuracy and detail. Boussinesq-type models

(BTMs), that represent the depth-integrated/averaged equations for the conservation

of mass and momentum for an incompressible and inviscid �uid, are highly popular

due to the low computational cost that is required to solve considerably large prob-

lems. However, these models can not accurately simulate the breaking wave process,

demanding the inclusion of additional empirical relations to account for the breaking

e�ects. A review on the progress of BTMs, including the incorporation of nonlinear

terms and breaking modelling, can be found in (Brocchini, 2013). A more advanced
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Figure 1.1: FloWave experimental wave
basin facilities in The University of Ed-
inburgh, Scotland. Circular wave basin
with elevated bottom and capability to
generate multi-directional wave and cur-
rent at the same time.

Figure 1.2: MaREI experimental wave
basin facilities in the Environmental Re-
search Institute of the University College
Cork, Ireland. Deep ocean basin with still
water depth of 3 m.

and computationally demanding method is the boundary elements method (BEM). In

BEM, an unknown velocity potential and/or the normal velocity of the �uid on the

boundary (i.e. free-surface) are computed. BEMs describe the �ow of an incompress-

ible and inviscid �uid, similar to BTMs, simulating the evolution of the free-surface

pro�le as well. Di�erent BEM formulations can be found in the literature, including

linear and nonlinear approximations. Nonlinear BEMs (Yan and Liu, 2011) have also

been used to simulate the interaction of ocean wave dynamics with marine structures.

The capability of simulating the free-surface pro�le increases their accuracy up to the

point before the breaking, compared to the BTMs. However, the simulation of viscous

and turbulence e�ects and large complex deformations of the free-surface remains in-

feasible with BEMs. When viscous and turbulence e�ects become important or high

level of detail is desired, one must solve the Navier-Stokes (NS) equations that describe

the incompressible viscous and turbulent �ow in the time domain. The computational

domain is commonly discretised using a mesh to calculate the velocity components and

the pressure at each grid point, satisfying the conservation of mass and momentum.

However, this method requires signi�cantly large computational resources, compared

to the aforementioned BTMs and BEMs. Single-�uid approaches can be found in the

literature (Muzaferija and Peric, 1997), using a moving mesh for the simulation of the

free-surface movement, which is treated as a moving boundary of the domain. This

method is also limited to non-breaking wave cases, since large distortions of the free-

surface can not be treated, while the interaction with the air at the interface is also

absent. Therefore, when simple numerical models are used to study cases with complex

hydrodynamic phenomena, insu�cient accuracy is achieved. In order increase accu-

racy, by capturing these phenomena that a�ect the predictions in a highly nonlinear

manner, computationally expensive numerical models that account for the water-air
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interaction and air-entrapment are needed. The most generalised approach that uses

the least assumptions is the solution of the full-set of the NS equations, describing

the incompressible viscous and turbulent �ow of two immiscible �uids (water and air)

in the three dimensions. Di�erent numerical methods (e.g. Finite Di�erences (FD),

Finite Volumes (FV), Finite Elements (FE)) can be used to solve the corresponding

set of equations (Ferziger and Peric, 2012) in a numerical wave tank (NWT), each one

characterised by speci�c advantages and disadvantages.

When the most generalised two-�uid approach is used, in addition to the numerical

solution of the conservation of mass and momentum, a method for the tracking of the

free-surface is needed. The capability of simulating complex phenomena and the high

level of detail that is provided by such models, signi�cantly increases the required com-

putational resources. Large computing clusters are often employed to obtain solutions

in a reasonable time. However, recent developments in the challenging �eld of two-�uid

�ow simulations, in terms of computational e�ciency (Dodd and Ferrante, 2014), make

CFD methods even more attractive, providing easier access to detailed and accurate

parametric studies of challenging cases using smaller computing machines.

In the following section (Section 1.2), a short review on di�erent interface tracking/-

capturing methods along with their evolution is presented, including both single-�uid

and two-�uid approaches. In Section 1.3, a short review on existing open-source and

commercial NS-based NWT models is presented, posing their common characteristics

and their di�erences in terms of the adopted methods.

1.2 Interface tracking/capturing methods

The methods for the numerical modelling and tracking of the two-�uid interface are

divided into two basic categories; the Lagrangian methods and the Eulerian methods.

There are methods where, (1) the computational mesh is �xed and the two �uids �ow

between cells, (2) the computational mesh is �tted to the free-surface and moves with

it, and (3) there is no mesh. A review study on the di�erent approaches to model free-

surface �ows can be found in (Caboussat, 2005). A method can also be characterised

either as a single-�uid or a two-�uid approach. The main advantage of the single-�uid

approach, such as the Moving-Grid method (Muzaferija and Peric, 1997), is the sharp

representation of the free-surface. Another advantage is that the domain is limited

only to the region of the main �uid of interest. The disadvantage of this approach

lays in the fact that its applicability is limited to �ows without large deformations of

the free-surface. The re-meshing procedure that is required is also a drawback, since

complexities are introduced in the numerical implementation. Moreover, the absence

of the interaction between the two �uids reduces accuracy. As a consequence, these

methods are only used for problems with small distortions of the free-surface (e.g. small
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amplitude waves). These disadvantages are considered signi�cant for the purpose of

this study, since the aim is to simulate wave-induced �ows with large deformation of the

free-surface, including wave breaking events. On the other hand, the two-�uid approach

is capable to represent interactions of the two �uids, while the conditions applied on the

interface are easily and accurately satis�ed. This approach is more �exible and has the

important advantage of simulating complex problems where separation or merging of

interfaces occurs. Zhang et al. (2012) examined the e�ect of considering single-�uid or

two-�uid approximation, for the dam-break case, indicating that a two-�uid approach

is required to obtain accurate predictions.

Even though the two-�uid approaches are computationally more expensive com-

pared to other alternatives, these are the most popular methods. The two most pop-

ular free-surface tracking methods, that are used along with �xed Eulerian grids, are

the volume-of-�uid (VoF) and the level-set (LS) methods. In the following section,

some important studies that contributed on the evolution of these methods and the

advantages and disadvantages of each case are reported. Other methods that are not

widely used are reported as well.

1.2.1 Volume of �uid (VoF)

VoF, which was initially proposed by Hirt and Nichols (1981), introduces the new

quantity F , that describes the volume of a �uid in a grid cell. The value of F ranges

from zero to one, where zero or one corresponds to a grid cell that is fully occupied by

one or the other �uid. If F is between zero and one, then the corresponding cell contains

the interface. The evolution of the interface is computed by the solution of an additional

di�erential equation for the quantity F , using the known velocity �eld. However,

knowing the part of the cell that is occupied by a �uid does not de�ne the orientation

of the interface. Therefore, a reconstruction procedure is required. The reconstruction

of the shape of the interface in (Hirt and Nichols, 1981) was performed using the

SLIC (Simple Line Interface Calculation) method (Noh and Woodward, 1976). SLIC

was based on a donor acceptor approach, developed by Johnson (1970) for tracking

material interfaces. The idea was to use information of F to approximate the shape

of the interface, in order to calculate the �uxes between cells. However, the accuracy

of the method was limited due to the simple consideration of horizontal or vertical

orientation within a cell. In Hirt and Nichols (1981), information of the slope of the

interface is used to achieve improved accuracy. Afterwards, Youngs (1982) developed

the PLIC (Piecewise Linear Interface Calculation) reconstruction scheme, where each

cell contains a sloped line segment to de�ne the orientation of the free-surface instead

of horizontal and vertical lines. A schematic example of using the VoF method is shown

in Fig. 1.3.

An extensive review on the VoF method was performed by Scardovelli and Zaleski
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Figure 1.3: Sketch of the original interface pro�le (left) and the numerical VoF recon-
struction when linear segment approximation is used (right).

(1999). The reconstruction issue of the VoF method was posed and the most impor-

tant reconstruction techniques (Ashgriz and Poo, 1991; Thomas et al., 1992; Rudman,

1997; Yabe et al., 2001) that had been proposed were presented. They also gave some

examples of applications. The main advantage of the VoF method is that the mass

is conserved by de�nition. As far as the disadvantages of the VoF are concerned, (1)

a reconstruction technique is required to achieve accurate advection, (2) the interface

is smeared because it is not sharply de�ned, (3) the representation of the curvature

(i.e. surface tension e�ect) is di�cult and inaccurate, and (4) its implementation/ex-

tension to describe three-dimensional (3D) �ows introduces di�culties and becomes

computationally costly.

1.2.2 Level-set (LS)

In the LS method, which was initially proposed by Osher and Sethian (1988), a new

variable φ that represents the minimum signed distance from the interface is introduced.

The points that lie in the one �uid region have positive φ values, while the other points

have negative φ values. As a result, the location of the interface is de�ned by the zero

LS, as shown in Fig. 1.4.

Figure 1.4: Sketch of the LS method, showing the signed distance contours and the
zero LS that de�nes the location of the interface.

Similarly to the VoF method, an additional equation for the advection of φ is

solved. Sussman et al. (1994) observed that after the advection of the LS function, the

5

Cha
ral

am
bo

s F
ran

tzi
s



�eld of φ is distorted and stops expressing the minimum distance from the interface.

This behaviour leads to unrealistic results after the solution of several time-steps, gen-

erating mass errors. To solve this problem, they suggested a re-initialisation procedure

of the LS function at every time-step. Instead of calculating the minimum distance

for every grid point, a more e�cient technique proposed in (Rouy and Tourin, 1992)

was introduced. In addition, they suggested a smooth treatment of the density and

viscosity close to the interface, in order to avoid instabilities in case of large density

ratios. Therefore, the interface was de�ned by a transition zone of �nite thickness, usu-

ally proportional to the size of the grid cell. In order to reduce the computational cost

required for the re-initialisation, which is an expensive procedure, Adalsteinsson and

Sethian (1995) suggested to solve re-initialisation and advection equations in a smaller

domain limited around the interface. Therefore, these procedures were performed only

in a narrow band, instead of the whole domain. In this way, the computations are re-

duced from O(n2) -corresponding to the classic LS method- to O(n ·wNB), where wNB

is the width of the narrow band. A new technique was proposed in (Peng et al., 1999),

improving the results provided by the method suggested in (Sussman et al., 1994).

A cut-o� function was used to multiply the convective term of the partial di�erential

advection equation, which was only solved in the narrow band. The use of the cut-o�

function prevented numerical oscillations at the band's boundaries. Appropriate ap-

proximation for the sign function, which was used in the re-initialisation equation, was

also proposed.

Using the re-initialisation procedure to preserve φ as the signed distance function,

the zero LS might move, which means that a mass error is introduced. Several attempts

have been made to tackle this problem. Chang et al. (1996) added an extra term in the

re-initialisation equation, called area preserving re-initialisation term, demonstrating

that the mass conservation was su�ciently satis�ed. Subsequently, higher order dis-

cretisation schemes for spatial and temporal derivatives were used in (Sussman et al.,

1998), improving both the accuracy and e�ciency of the method. Later, the Parti-

cle LS was developed in (Enright et al., 2002), advecting Lagrangian marker particles

which were initially placed at both sides of the interface and close to it. If a particle

is identi�ed to change sides, which implies that the LS failed to capture the interface

accurately, the LS was locally reconstructed. The fact that the marker particles are not

connected to each other, o�ers an implementation advantage for this method compared

to other methods that use surface markers. This technique signi�cantly improves the

mass conservation of the LS method, but an extra computational cost is introduced

proportional to the number of markers used.

Very extensive reviews on the LS method and its evolution is given in (Osher and

Fedkiw, 2001) and (Sethian and Smereka, 2003), summarising the advantages and dis-

advantages of the method. The basic operations in order to improve the accuracy and

e�ciency of the method are presented, while examples of applications are also included.
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A recent extensive review study on the LS method and the di�erent modi�cations found

in the literature is also presented in (Gibou et al., 2018).

Summarising, the main advantage of the LS method over the VoF method is that

the interface is sharply de�ned. In the LS method, the curvature and the normal

vector of the interface is directly and accurately calculated, since the information of

interface's orientation is obtained by the de�nition of φ. Therefore, an accurate esti-

mation of the surface tension e�ects is achieved. An additional important advantage is

its simple implementation in two dimensions and its extension in three dimensions in

a straight-forward manner. A disadvantage of the LS method is that a re-initialisation

procedure is required to maintain φ as the signed distance, increasing its computational

cost. The most important disadvantage though, is its inability to preserve the mass

accurately. However, this issue can be signi�cantly limited using techniques proposed

in the literature (Sussman et al., 1998).

Based on the aforementioned information, the LS method was considered as the

most �exible and suitable approach for 3D simulations of wave-induced �ows. There-

fore, it was selected to be implemented for the purposes of the present thesis and the

development of an e�cient NWT. The implemented version of the LS method and the

adopted techniques, that minimise the mass errors and the computational cost, are

described in Section 2.1.5.

1.2.3 Other methods

The �rst attempt to develop an interface tracking method was in (Harlow et al., 1965),

proposing the Marker-and-Cell (MAC) method. According to this method, massless

particles are added in a �uid region and are moved over an Eulerian grid. These

Lagrangian particles move according to the velocity �eld of the NS solution and their

existence does not in�uence the solution. Analysing the locations of the particles,

the free-surface can be de�ned. This method can tread complex phenomena such

as wave breaking, but its computational cost is very large compared to VoF and LS

methods, since the information of a large number of particles is stored. Subsequently,

the accuracy of the MAC method was improved by several studies (Hirt and Shannon,

1968; Chan and Street, 1970; Nichols and Hirt, 1971).

Later, the Surface-Marker (SM) method was proposed in (Chen et al., 1991), where

the computational cost was signi�cantly decreased compared to the MAC method,

since markers were used only on the free-surface of the �ow. An improved SM method

was proposed in (Raad et al., 1995), called Surface-Marker-and-Micro-Cell (SMMC),

using a �ner mesh for the region close to the interface. An extension of the SMMC was

suggested in (Chen et al., 1997), capable of handling cases with merging interfaces.

An unstructured moving grid was used by Unverdi and Tryggvason (1992) to de�ne
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the interface, while a stationary grid was used to calculate the solution of the NS

equation. In a similar manner, Udaykumar and Shyy (1995) used marker particles on

the interface which were connected with parabolic arcs, also investigating the merging

procedure of two converging interfaces. Further improvements on the mass conservation

and the accurate approximation of the interface was presented in Udaykumar et al.

(1997), connecting the marker particles with cubic-splines.

A method that combines both VoF and LS methods was developed in (Sussman and

Puckett, 2000), called CLSVOF (Coupled Level-Set/Volume-of-Fluid). In this method,

the reconstruction of the free-surface was accomplished by using the PLIC technique

and the re-initialised φ value was used to �nd the appropriate slopes of the linear

segments. The drawback of this method, as far as the mass conservation is concerned,

is limited by coupling the VoF method in the advection and re-initialisation of the

interface. This method seems to be very robust and accurate for the simulation of free-

surface problems which are characterised by large deformations, breaking and merging

segments. However, the computational cost is signi�cantly increased, compared to the

VoF and the LS methods. Improvements and applications of the CLSVOF method can

be found in (Sussman, 2003; Dommermuth et al., 2004; Ménard et al., 2007; Tanguy

and Berlemont, 2005)

A much di�erent approach to the ones described earlier in this section, is the

Smoothed Particle Hydrodynamics (SPH) method, which is a mesh-less method and is

appropriate for the simulation of �ows with complex deformations. Its robustness and

simplicity in the implementation procedure are the main advantages of the method.

An important disadvantage is the requirement of much shorter time-steps compared to

other methods. In the past, this method could not be easily applied in such problems

because the large number of particles that is needed results to an enormous computa-

tional cost. The use of SPH in hydrodynamic problems has become feasible, due to the

evolution in parallel programming and mainly the GPU (Graphics Processing Unit)

computing. An introduction to SPH can be found in (Monaghan, 1988). SPH was ex-

tended to free-surface incompressible �ows in (Monaghan, 1994), simulating the cases

of the dam-break and wave propagation over a sloped bed. An improved method,

called Moving-Particle Semi-Implicit (MPS), was developed in (Koshizuka and Oka,

1996), while Gotoh et al. (2001) incorporated a Lagrangian LES approach into the

MPS method. Further description of mesh-less methods is not provided here because

it falls outside the scope of this study. An overview study on the SPH method and

its improvements has been performed by Liu and Liu (2010), including studies with

applications in various CFD areas (e.g. multi-phase �ows, coastal �ows, environmental

�ows, geophysical �ows).
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1.3 Numerical wave tanks (NWTs) based on the full-

set of the Navier-Stokes (NS) equations

Even though CFD models based on the solution of the full-set of the NS equations are

gaining attention in the ocean and coastal engineering community, due to the evolution

in computing power, detailed 3D simulations can be prohibitively expensive for prac-

tical applications because of the physical complexity and/or the size of the problem

considered. Therefore, the development of e�cient numerical methods is essential to

reduce the required computational cost and enable the easier access to discretisation

demanding �ow cases and extensive parametric studies.

A typical example of a challenging �eld for CFD simulation, is the modelling of

3D ocean and coastal wave-induced �ows with NS-based NWTs. NWTs of this type

should be able to simulate complex hydrodynamic processes, including phenomena such

as wave breaking, where the interaction between the air and the water phases should be

taken into account. The resultant NS equations are those describing the incompress-

ible turbulent �ow of two immiscible �uids separated by an interface. The numerical

solution of the equations is usually achieved by time marching approaches such as the

classical fractional step method. Under these circumstances, mass continuity is im-

posed by a Poisson equation for the pressure. The solution of the Poisson equation is

the most computationally intensive part of the simulation. Thus, any reduction of the

computational cost for the solution of the Poisson equation, signi�cantly reduces the

required computational resources, in total.

In contrast to single-�uid problems, the Poisson equation in two-�uid �ows depends

on the time evolution of the density �eld as well. Therefore, the motion of the interface,

eventually leads to a Poisson equation with variable coe�cients in space and time. For

conventional direct solvers (e.g. LU-based), this means that a large matrix should be

inversed at every time-step, leading to a prohibitively high computational cost. Until

recently, the most popular and the only a�ordable choice was the use of iterative solvers,

where the coe�cients are updated at every time-step without any matrix inversion.

However, the computational cost of solving the Poisson equation for a two-�uid problem

is signi�cantly increased, compared to that of a single-�uid problem.

There is considerable literature related to NWTs using either a di�erent discreti-

sation method (e.g. FD, FV or FE), an interface tracking approach (e.g. VoF

or LS), or a wave generation/absorption technique (e.g. relaxation-based or active

wave-absorption). Their common characteristic is the use of an iterative solver for

the variable-coe�cient Poisson equation. For instance, the open source software

REEF3D (Bihs et al., 2016), solves the NS equations on Cartesian staggered grids

with the Finite Di�erences method, and the tracking of the interface is performed

with the LS method. Regarding the solution of the Poisson equation, there are mul-

9

Cha
ral

am
bo

s F
ran

tzi
s



tiple choices of iterative solvers, such as the preconditioned BiCGStab, the conju-

gate gradient or the algebraic multi-grid solver included in the mathematical library

HYPRE (Falgout and Yang, 2002). The open source software OpenFOAM also in-

cludes several NWT options, like waves2foam (Jacobsen et al., 2012; Jacobsen, 2017),

naoeFOAM-SJTU (Cao and Wan, 2014) or IHFOAM (Higuera et al., 2014) using ei-

ther a relaxation method or an active-wave absorption approach (Higuera et al., 2013a)

for the wave generation. In all these OpenFOAM implementations, the FV method and

the VoF method are used for the descritisation and the interface tracking, respectively.

The variable-coe�cient Poisson equation is usually solved using the preconditioned

conjugate gradient (PCG) solver with the geometric-algebraic multi-grid (GAMG) as

a preconditioner, even though other options of iterative solvers and preconditioners are

also available in OpenFOAM. Similar solvers are also used by commercial codes, such

as Flow-3D (Hirt, 2011), ANSYS Fluent (ANSYS-Fluent, 2011), and CFX (ANSYS-

CFX, 2012). In Flow-3D, the generalised minimum residual solver (GMRES) is used,

while in ANSYS Fluent and CFX, the algebraic multi-grid solver is coupled with an In-

complete LU (ILU) smoother. In-house NWTs presented so far (Guo et al., 2013; Wang

et al., 2009; Ha et al., 2014) also use iterative solvers for solving the variable-coe�cient

Poisson equation.

Apart from the Poisson solution method and the interface tracking approach, an-

other important key element that constitutes a NWT is the wave generation and ab-

sorption method that is employed. Each method is characterised by its e�ectiveness and

its computational requirements. The most commonly used approach is the relaxation-

based methods, �rstly proposed in (Mayer et al., 1998). The relaxation method is

used by several researchers to develop either an in-house NWT (Guo et al., 2013)or

an open-source one (Jacobsen et al., 2012; Bihs et al., 2016). An alternate approach

that attempts to increase the e�ectiveness and decrease the computational require-

ments of the relaxation-based methods, was developed in (Hu et al., 2015), named

conserved wave absorption method. The active wave-absorption method, which was

�rstly proposed in (Troch and De Rouck, 1999), needs a more complicated implemen-

tation but it requires smaller computational domain, compared to the relaxation-based

methods (Higuera et al., 2013a; Lara et al., 2006). It is also important to mention that

in the literature, one can �nd the use of the convective out�ow boundary condition

to absorb waves at the outlet of the computational domain (Yang and Stern, 2007).

The performance of di�erent wave generation and absorption methods was compared

in (Miquel et al., 2018), using the open-source NWT REEF3D.
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1.4 Numerical challenge

The accurate and e�cient simulation of incompressible viscous �ows for two immiscible

�uids is a challenging task in CFD. This class of problems appears in various multiphase

�ows of practical interest which involve interfaces of two liquids or gas/liquids such

as wave �ows, droplets, bubbles etc. The most widely used technique to solve the NS

equations is the projection method (Chorin, 1968), where the calculation of the velocity

and pressure is decomposed by solving a Poisson equation for the pressure in order to

satisfy the continuity equation. In the projection method, the solution of the Poisson

equation is usually the most time-consuming part of the whole procedure.

One of the most robust and e�cient ways to solve the pressure Poisson equation,

for single-�uid �ows with no density variations, and when Cartesian grids are used, is

the use of FDS (Swarztrauber, 1977). These solvers require that the associated matrix

of coe�cients does not change in time and depend only on the grid spacing.

For variable density or two-�uid �ows, the solution of pressure becomes even more

computationally demanding than the single-�uid case with constant density. This is

a result of the variable coe�cients of the derived Poisson equation, which are de�ned

not only by the local grid spacing but also by the local density. Therefore, depending

on the motion of the interface, these coe�cients should be modi�ed in space and time

accordingly, even if the grid is not deforming. Under these conditions, e�cient and

robust FDS such as FISHPACK (Sweet, 1973) are simply not applicable, because they

demand constant coe�cients for the Poisson equation. Although the computational

cost to reassemble the matrix of coe�cients is not signi�cant, the use of conventional

direct solvers (such as LU-decomposition solvers) is simply computationally prohibited

because of the need to invert a huge matrix at each time-step. The most popular solvers

are the iterative ones, which perform slower when compared to the FDS, because of

the large number of iterations required for convergence and due to the factorisation

procedure that is required at every time-step, since the matrix changes. The additional

cost to resemble the matrix of coe�cients is insigni�cant.

Several attempts have been made to address these challenges. For example, Guer-

mond and Salgado (2009) have used a penalty formulation to reduce the computational

cost by solving a constant coe�cient Poisson equation. Later, Dong and Shen (2012)

proposed a velocity-correction method to solve the two-�uid NS equations using the

phase-�eld approach, where the Poisson equation for the pressure is transformed from

a variable to a constant coe�cient one. Recently, Dodd and Ferrante (2014) used the

idea of Dong and Shen (2012) to develop a pressure-correction method to simulate the

�ow of two incompressible and immiscible �uids with large density and viscosity ratios.

Using the VoF method to track the interface, they demonstrated that the accuracy of

their method depends on the type of extrapolation to estimate the pressure in the next

time-step. An evident advantage of such a constant-coe�cient Poisson equation formu-
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lation is that there is no need to rebuild the matrix of coe�cients at every time-step,

also eliminating the factorisation procedure that is required by an iterative solver when

the matrix changes. Therefore, the cost of solving the Poisson with an iterative solver

is signi�cantly reduced, since factorisation is required to be performed only once at the

beginning of the simulation and not at every time-step. The most important advantage

though, is that iterative solvers can be replaced by Fast Direct Solvers (FDS), which

can accelerate the solution of the Poisson equation by 1-2 orders of magnitude (Dodd

and Ferrante, 2014). An acceleration as much as 60 times was achieved in (Dodd and

Ferrante, 2014) using FDS compared to the multigrid iterative solvers.

This is achieved because the use of a FDS increases the parallel e�ciency of the

pressure solution, mainly due to the use of Fast Fourier Transformation (FFT) decom-

position. This is how a large system of linear equations is transformed into multiple

smaller systems that can be solved considerably faster, using a combination of Gaus-

sian elimination and cyclic reduction. Therefore, the advantage of FDS is more evident

when 3D problems are solved, because they can be decomposed into a series of smaller

two-dimensional (2D) or one-dimensional (1D) problems, as schematically shown in

Fig. 1.5. On the other hand, this approach has its limitations as well. First, only

Figure 1.5: Sketch of FFT decomposition, increasing the parallel e�ciency of the
solution of a 3D Poisson equation.

orthogonal Cartesian or cylindrical grids can be used. In addition, the grid must be

uniform along the direction of FFT decomposition. Moreover, a continuous domain of

solution is required, i.e. the domain where the Poisson is solved cannot be truncated

due to the existence of internal obstacles.

FDS have been extensively used for single-�uid problems in combination with the

Immersed Boundary (IB) method, after the pioneering work of Peskin (1972) to treat

problems with moving boundaries. The idea was to reconstruct the velocity �eld at

the closer �uid gird points, according to the velocities of the surrounding �uid grid

points and the local velocity of the solid interface, as schematically shown in Fig. 1.6.

Thereafter, IB has successfully been applied by many researchers to simulate problems

with stationary or moving boundaries, allowing simulations in geometrically compli-

12

Cha
ral

am
bo

s F
ran

tzi
s



Figure 1.6: Sketch of velocity reconstruction when using the IB method.

cated domains, using e�cient FDS on Cartesian grids. However, when it comes to the

simulation of two-�uid �ows, the use of the IB method to describe the solid boundaries,

is not trivial. For example, if one tries to combine the original constant coe�cient for-

mulation proposed by Dodd and Ferrante (2014) with the IB method, using a FDS,

one realises that this is not feasible. This is because the pressure solution is coupled

between the �uid and the solid nodes, whereas the NS do not apply in the solid region.

This con�ict also appears if a variable coe�cient Poisson equation is attempted

with the IB method. In order to overcome this issue, a special treatment is required

for the nodes close to the IB solid interface. This results to a modi�ed linear system

of equations for the pressure �eld, so that proper boundary conditions (BCs) can be

imposed along the IB. For example, Berthelsen and Faltinsen (2008) proposed a local

directional Ghost Cell Approach (GCA) that is able to manage two-�uid problems in

complex geometries; an interesting technique that has also been implemented in open-

source CFD codes such as REEF3D (Bihs et al., 2016). On the other hand, Liu and

Lin (2009) developed a direct forcing IB approach, called the Virtual Boundary Force

(VBF) method, which is also applicable in two-�uid problems. In several previous

studies, the IB method has been used to simulate solid obstacles in two-�uid problems,

combined with VoF (Shen and Chan, 2008; Zhang et al., 2014) or LS (Calderer et al.,

2014; Yang and Stern, 2009) methods to track the interface. All of these attempts

employ iterative solvers to solve a variable coe�cient Poisson equation. This is done in

order to locally modify the matrix of coe�cients, decoupling the solid phase from the

�uid (i.e. excluding the solid nodes from the continuity equation) and satisfying the

proper pressure BC along the IB solid interface. Only a few recent studies, and after the

innovative work of Dodd and Ferrante (2014), examined two-�uid �ow problems using

a FDS for the solution of the Poisson (Ge et al., 2018). However, none of these studies
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employed the IB method to describe the solid obstacles in two-�uid �ow problems.

The inclusion of obstacles immersed in the Cartesian domain, while maintaining

the use of FDS for the solution of the two-�uid constant coe�cient Poisson, is a nu-

merical challenge that is tackled in the present PhD thesis. The development of such

method will allow the construction of a NS-based NWT with signi�cantly reduced

computational requirements, for the �rst time.

1.5 Motivation and objectives

The preceding sections highlighted that all existing NWTs, that are based on the so-

lution of the full-set of the NS equations, employ an iterative solver for the solution

of the variable coe�cient Poisson equation. This is a common practice to solve the

Poisson equation for any two-�uid �ow simulation, resulting to a signi�cantly increased

computational cost compared to single-�uid �ow simulations. The recent development

of Dodd and Ferrante (2014), that transforms the variable coe�cient Poisson into a

constant coe�cient one in order to allow its solution with a FDS, was tested and was

proven incapable to be used along with the IB method. Thus, using this constant

coe�cient formulation, the e�cient simulation of two-�uid �ows is feasible only for

simple domain con�gurations, without the inclusion of solid obstacles of arbitrary ge-

ometry. Therefore, the study of two-�uid wave-induced �ows, that commonly requires

a complex domain con�guration, can only be performed using existing conventional

methodologies that demand massive computing clusters. This is why detailed simula-

tions and extensive parametric studies of such �ow problems are rarely found in the

literature.

The main goal of this study is to develop a NWT that will require signi�cantly

reduced computational resources compared to the conventional ones, which also allows

simulations on smaller computing machines (single-server or even a modern laptop).

This achievement would enable easier access to detailed simulations and parametric

studies of NWT related cases.

To achieve this goal, the following speci�c objectives/milestones were set:

� Extension of the existing two-�uid constant coe�cient Poisson formulation (Dodd

and Ferrante, 2014) in order to allow the proper coupling with the IB method

and the use of FDS. The newly developed method (FDS-IB) should be accurate

and robust:

� for large values of the density ratio (i.e. water-air)

� when the two-�uid interface intersects and moves along the IB solid interface

� Investigation of the the accuracy, limitations and computational performance of
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the FDS-IB method

� Development of an e�cient NWT, using the FDS-IB coupling method, and ex-

amination of its suitability and limitations for wave-induced �ows related with

coastal and ocean applications.

� Advancement/Production of new insight for the case of the interaction between

a solitary wave and a single-row pile breakwater, by performing several detailed

simulations to study the e�ect of di�erent geometrical parameters

1.6 Contribution

In the following list we provide the contributions of this work as bullet points, each

one corresponding to a journal article (published or submitted):

� A pressure-correction scheme for the simulation of two-�uid �ows that allows the

proper coupling with the IB method and the use of FDS, was suggested for the

�rst time. To achieve this, a constant coe�cient Poisson equation for the pres-

sure di�erence was derived, while additional necessary modi�cations on the IB

method were also performed to allow the proper coupling with FDS. Speci�cally,

appropriate schemes, based on the local directional GCA, were proposed in or-

der to satisfy the BCs of the pressure and the LS function around the IB solid

interface. The accuracy, robustness, and performance of the proposed method

were demonstrated, using several validation cases and comparing results against

conventional approaches and experiments. The results veri�ed that the pressure

BCs are properly recovered along the IB solid interface, while a non-smooth pres-

sure �eld is also allowed across the solid obstacle. The accuracy of the method

was found to be 2nd−order, both in time and space. The impact of the time-step
on the accuracy of the constant coe�cient approach was examined, revealing the

need of time-step reduction to maintain accuracy in some cases. It was found

that the �nal speed-up strongly depends on the speci�c physical and numerical

parameters such as the density ratio or the Re number. The performance of the

proposed method was compared against the conventional approach which uses a

multigrid iterative solver, demonstrating that, for the range of parameters exam-

ined, speed-up factors of 100�10 can be achieved for density ratios of 10�1000,

respectively.

� The aforementioned method was used to develop an e�cient NWT, which com-

bines the IB method and FDS. The accuracy, limitations, and computational

performance of the new NWT were presented and discussed based on several val-

idation test cases, including analytical solutions and complex cases where wave
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breaking occurs. The conventional approach was also used to evaluate the accu-

racy of the new NWT, founding that four times smaller time-steps are required

to maintain accuracy. Even with the use of reduced values of time-steps, an

improved computational performance was measured for 3D problems of 1-280

million grid nodes, compared to a NWT that is based on the conventional ap-

proach. The results showed that the overall speed-up increases with the problem

size, and it was estimated to be about 30 for large 3D problems.

� The e�cient NWT, that has been developed in this study, was used to perform a

series of simulations in order to investigate the interaction of solitary waves with

single-row pile breakwaters of circular cross section. Di�erent values of poros-

ity, pile diameter ("texture") and wave height were tested, in order to examine

their e�ect on the transmission (CT ), re�ection (CR) and dissipation (CD) co-

e�cients. The run-up pro�le around the pile, the evolution of the free-surface

and the generated vorticity were also presented and discussed in a qualitatively

aspect. Emphasising on the "texture" (pile diameter) e�ect, small deviations on

the breakwater's performance coe�cients (CT , CR, CD and maximum run-up)

were revealed for the �rst time. Di�erences were more intense for larger values of

the wave height, reaching a maximum di�erence of about 7% when using three

times smaller/larger diameter. It was found that both CT and CR reduce when

using a �ner "texture", even though one would expect an adverse behavior be-

tween CT and CR. Moreover, CT was found to be more insensitive than CR

regarding the "texture" e�ect, which was not anticipated due to the enhanced

�ow-�eld di�erences in the leeward side of the breakwater. An additional unfore-

seen result regarding the "texture" e�ect was the adverse behavior between RU

and CR, despite the fact that both of them share the same trend when other

parameters (e.g. porosity or wave height) change. The explanation of these re-

sults and observations was attempted through the qualitatively examination of

the free-surface evolution, the energy dissipation of the wave and the generated

vorticity during the wave-structure interaction.

1.7 Thesis overview

The remainder of this thesis is structured as follows:

Chapter 2 begins with the mathematical description of the incompressible turbulent

�ow between two immiscible �uids. The Large Eddy Simulation (LES) framework

and the implemented version of the LS method to track the two-�uid interface are

presented as well. Afterwards, our contribution in extending the existing numerical

methodologies, to allow the proper coupling of the IB method and the use of FDS

to solve the corresponding equations in signi�cantly reduced computational cost, is
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presented and discussed in detail. At the end of this chapter, the NWT con�guration

is shown and the procedure for the generation and absorption of waves is described.

Chapter 3 constitutes of two main parts; the veri�cation of the newly developed

numerical method that combines the use of the IB method and the use of fast Poisson

solvers, and the validation of the developed e�cient NWT for several benchmark test

cases.

In Chapter 4, the developed FDS-IB coupling method is examined in terms of

its temporal and spatial convergence rates, and its sensitivity on the CFL value at

di�erent density ratios. The computational performance of the FDS-IB method and

the complete NWT are compared against the conventional approach of solving the

variable coe�cient pressure Poisson using an iterative solver. The chapter ends with

the results of a parametric study on the interaction of single-row pile breakwater with

solitary waves, focusing on the e�ect of the pile diameter size.

Chapter 5 completes this thesis by summarising the main �ndings, as well as the

concluding remarks related to this work.

Appendix A, that follows the bibliography, includes a detailed description of the

wave theories adopted for the generation of di�erent types of waves. Appendix B de-

scribes descritisation schemes, implemented for the purposes of this thesis.
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Chapter 2
Mathematical background and numerical

methodology

This chapter serves as an introduction to the mathematical background for the simula-

tion of incompressible viscous �ows of two immiscible �uids. The governing equations

that describe the conservation of mass, conservation of momentum, and the conditions

that are applied on the two-�uid interface are presented in Section 2.1. In the same

section, the Large Eddy Simulation (LES) framework and the dimensionless form of

the resultant equations that correspond to the �ows of our interest are derived. At

the end of this section, the implemented version of the Level-Set (LS) method, which

is used to track the two-�uid interface, is described in detail. Section (2.2) focuses on

a thorough presentation of the numerical methodology, including existing approaches

and the newly developed one. The coupling of the Immersed Boundary (IB) method

and the use of Fast Direct Solvers (FDS) for the simulation of two-�uid �ow problems,

that result in a computationally e�cient and robust method, is described. A detailed

discussion on the characteristics of the di�erent approaches and the key elements of

the proposed method, that allow this coupling, is also included in this section. Subse-

quently, the implemented spatial and temporal discretisation schemes followed by the

applied time-step restrictions are presented in Section 2.2.3. De�nitions related with

the Numerical Wave Tank (NWT) and the implemented version of the wave generation

and absorption method are provided in this section as well. The chapter concludes with

a summary of the main steps of the numerical algorithm.

2.1 Governing equations/mathematical description

At the beginning of this section, the set of equations which govern the incompressible,

viscous, and turbulent �ow of two immiscible �uids ere derived, starting from the

generalised form of the Navier-Stokes (NS) equations. Next, the conditions applied

19

Cha
ral

am
bo

s F
ran

tzi
s



on the two-�uid interface are derived, followed by the presentation of the �ltered NS

equations, based on the LES framework. The conservation equations are then written

in their dimensionless form and the physical boundary conditions (BCs) are described.

Subsequently, the implemented version of the LS method to track the two-�uid interface

and the smoothed representation of the property (density and viscosity) change along

the interface are presented.

2.1.1 Conservation laws

The motion of �uids is described by the conservation equations of mass and momentum.

Mass conservation

The conservation of mass in its most generalised form, without any simpli�cations, is

given by,
∂ρ

∂t
+∇ · (ρ~u) = 0 (2.1)

where ~u, ρ and t is the velocity vector, the density and time, respectively. Expanding

the second term of Eq. (2.1), the mass continuity reads,

∂ρ

∂t
+ ~u · ∇ρ+ ρ · ∇ · ~u = 0 (2.2)

Considering incompressible �ow for both �uids, which are also immiscible and no

phase change exists, denotes that a material particle of a �uid will maintain its prop-

erties (i.e. constant density). Thus, the material derivative of the density is equal to

zero, resulting to the following equation that describes the evolution of density,

Dρ

Dt
=
∂ρ

∂t
+ ~u · ∇ρ = 0 (2.3)

According to the de�nition of the material derivative and Eq. (2.3), the conservation

of mass of Eq. (2.2) concludes that,

ρ · ∇ · ~u = 0 (2.4)

Since the density can not be equal to zero, the mass conservation for the problems of

our interest takes the following simpli�ed form,

∇ · ~u = 0 (2.5)

Momentum conservation

The conservation of momentum, which is described by the NS equations, is written in

the following generalised form, excluding surface tension e�ects,

∂ (ρ~u)

∂t
+∇ · (ρ~u~u) = ∇ ·

(
−PI + T

)
+ ~f (2.6)
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where, P is the pressure, T is the viscous stress tensor, I is the identity matrix, and ~f =

ρ~a is the vector of the external acceleration force. In the general case, the acceleration

vector ~a may vary in space and time. A non-inertial frame of reference, which follows

the motion of the domain, is adopted to avoid complicated boundary conditions (BCs)

of moving wall boundaries (Liu and Lin, 2009). However, for the purposes of this thesis,

~a either remains constant or varies only in time, i.e.,

~a = ~g − d~V

dt
(2.7)

where ~g is the gravitational vector and ~V is the translational velocity vector of the

non-inertial frame (Ibrahim, 2005). The physical BCs for the problems of our interest

are described in their dimensionless form in Section 2.1.4.

Focusing on the Left Hand Side (LHS) of Eq. (2.6), the two terms can be expanded

as,
∂ (ρ~u)

∂t
= ~u

∂ρ

∂t
+ ρ

∂~u

∂t
(2.8)

∇ · (ρ~u~u) = ~u~u∇ρ+ ρ∇ · (~u~u) (2.9)

Substituting Eqs. (2.8) and (2.9) into Eq. (2.6), we get,

~u ·

Dρ
Dt︷ ︸︸ ︷(

∂ρ

∂t
+ ~u · ∇ρ

)
+ρ ·

(
∂~u

∂t
+∇ · (~u~u)

)
= ∇ ·

(
−P · I + T

)
+ ρ~a (2.10)

Using Eq. (2.3), the conservation of momentum reduces to,

ρ

(
∂~u

∂t
+∇ · (~u~u)

)
= ∇ ·

(
−pI + T

)
+ ρ~a (2.11)

The term ∇ · (~u~u) can be further expanded and reduced to ~u · ∇~u, due to Eq. (2.5).

Thus, another form of the momentum conservation is,

ρ

D~u
Dt︷ ︸︸ ︷(

∂~u

∂t
+ ~u · ∇~u

)
= ∇ ·

(
−PI + T

)
+ ρ~a (2.12)

Assuming that both �uids behave as Newtonian �uids, which is the case for the

problems of interest in this thesis, and taking into account that the divergence of the

velocity is equal to zero (Eq. (2.5)), the viscous stress tensor reads,

T = λ ·����:
0(2.5)

∇ · ~u+ 2 · µ · S = 2 · µ ·
(

1

2
· (∇~u+ (∇~u)ᵀ)

)
(2.13)

Substituting Eq. (2.13) into Eq. (2.11), the resultant momentum conservation takes

21

Cha
ral

am
bo

s F
ran

tzi
s



the form,

ρ

(
∂~u

∂t
+∇ · (~u~u)

)
= −∇P +∇ · [µ · (∇~u+ (∇~u)ᵀ)] + ρ~a (2.14)

In Eq. (2.14), the values of density, ρ, and dynamic viscosity, µ, vary in space and

time according to the position of the interface that separates the two �uids,

ρ = ρg + (ρl − ρg) ·H(~x, t) (2.15)

µ = µg + (µl − µg) ·H(~x, t) (2.16)

where ~x is the position vector and H is the Heaviside function given by,

H(~x, t) =

1 ⇒ �uid 1

0 ⇒ �uid 2
(2.17)

2.1.2 Conditions applied on the two-�uid interface

The conditions that are applied on the two-�uid interface are distinguished as the

Kinematic and the Dynamic conditions. In cases where there is no phase change (e.g.

boiling of the water) and no-slip between the two �uids, the Kinematic condition is

given by,

~n · ~ufluid1 = ~n · ~ufluid2 (2.18)

~t · ~ufluid1 = ~t · ~ufluid2 (2.19)

where ~n and ~t are the unit normal and tangent vector on the interface, respectively.

The ~ufluid1 and ~ufluid2 correspond to the velocity vector of each �uid exactly on the

interface between them. Combining Eqs. (2.18) and (2.19), it is concluded that the

velocity �eld is continuous (i.e. there is no velocity jump) across the interface,

[~u] = 0 (2.20)

The dynamic condition, which implies the equilibrium of forces on the interface

applied by the two �uids, reads,

~n · (σfluid1 − σfluid2) = γ · κ · ~n− (∇interfaceγ) (2.21)

where σ is a tensor that includes both normal and tangent stresses (i.e. σ = −pI +T ),

γ is the surface tension coe�cient, and κ is the curvature of the interface. The value of

γ depends only on the temperature and the composition of the two �uids. Therefore in

our case, where the temperature is considered constant and there are only two �uids,
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the last term of Eq. (2.21) is eliminated, leading to,

~n · (σfluid1 − σfluid2) = γ · κ · ~n (2.22)

The equilibrium of forces on the interface can be decomposed to the tangential stress

balance and to the normal stress balance. Multiplying both sides of Eq. (2.22) with

the unit tangent vector ~t, the tangential stress balance gives,

(
~n · (σfluid1 − σfluid2)

)
· ~t = (γ · κ · ~n) · ~t (2.23)

τfluid1 − τfluid2 = 0 (2.24)

where τ corresponds to the tangent stresses on the interface. Multiplying both sides of

Eq. (2.22) with the unit normal vector ~n, the normal stress balance gives,

(
~n · (σfluid1 − σfluid2)

)
· ~n = (γ · κ · ~n) · ~n (2.25)

− (Pliq − Pgas) +

(
µliq ·

∂Vn
∂~n

∣∣∣∣
liq

− µgas ·
∂Vn
∂~n

∣∣∣∣
gas

)
= γ · κ (2.26)

− (Pliq − Pgas) + (µliq − µgas) ·
∂Vn
∂~n

∣∣∣∣
interface

= γ · κ (2.27)

where Vn is the normal component of the velocity on the interface. In the numeri-

cal model that is described in the following sections, the density and viscosity �elds

are considered continuous across the two-�uid interface in order to avoid numerical

discontinuities and instabilities. Moreover, ∂Vn/∂~n is set equal to zero since there is

no phase-change. Thus, the second term in the LHS of Eq. (2.27) is eliminated and

the resultant normal stress balance implies that there is a pressure jump across the

interface,

− [P ]interface = γ · κ (2.28)

The pressure jump is taken into account by including the surface tension term in the

momentum conservation as a force per unit volume fst,

fst = γ · κ · δ · ~n (2.29)

where δ is the Dirac δ-function that is equal to unity exactly on the interface and equal

to zero elsewhere. However, the importance of the surface tension force is not always

signi�cant. It becomes important when small scale problems are considered, such as

droplets and bubbles. For the cases presented in this thesis, the surface tension force

is neglected because they are mainly driven by much larger scales.
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2.1.3 Large Eddy Simulation (LES) framework and sub-grid

scale (SGS) modelling

In case the numerical grid is not �ne enough to capture the smallest scales of mo-

tion, one should use a sub-grid scale (SGS) model to take their e�ect into account.

In the numerical model developed for the purposes of this study, the LES framework

was employed, which has been used in the past to study either 2D or 3D wave hy-

drodynamics (Guo et al., 2013; Li et al., 2004; Hieu and Tanimoto, 2006; Dimas and

Koutrouveli, 2019).

According to description presented in (Pope, 2001), the �rst conceptual step of the

LES framework, is the �ltering operation. Using �ltering, the instantaneous velocity

decomposes into two parts, the �ltered part which is resolved by the grid and the SGS

component,

~u = ~̃u+ ~u ′ (2.30)

Applying the �ltering on the NS equation of Eq. (2.14), the evolution of the �ltered

velocity ~̃u is described by,

ρ

(
∂~̃u

∂t
+∇ ·

(
~̃u~u
))

= −∇P̃ +∇ ·
[
µ ·
(
∇~̃u+

(
∇~̃u
)ᵀ)]

+ ρ~a (2.31)

The second term of the LHS of Eq. (2.31), namely the convective term, is a nonlinear

�ltered term which is approximated as,

∇ ·
(
~̃u~u
)

=
1

ρ
∇τ̃ +∇ ·

(
~̃u ~̃u
)

(2.32)

where τ̃ is a stress tensor that corresponds to the e�ect of the SGS of motions and

their interaction with the larger scales as well. The term τ̃ is the one that needs

to be modelled. In the LES modelling framework, the closure is mostly achieved by

introducing an additional viscosity to the �ow, µt, namely the eddy viscosity. The term

τ̃ also depends on the resolved strain rate tensor S̃,

τ̃ = −2µtS̃ (2.33)

Using the standard Smagorinsky model (Smagorinsky, 1963), the dynamic eddy vis-

cosity, µt, is given by,

µt = ρ (CS∆)2

∣∣∣∣S̃∣∣∣∣ (2.34)

where ∆ = (∆x∆y∆z)1/3 is the �lter length scale de�ned by the grid sizes ∆x, ∆y and

∆z, and

∣∣∣∣S̃∣∣∣∣ =

(
2S̃ S̃

)1/2

is the modulus of the strain rate tensor S̃. In the standard

version of the Smagorinsky model, the parameter CS has a constant value. The optimal
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value of the Smagorinsky constant, CS, varies according to the �ow and ranges from

0.065 to 0.23 in the literature (Meyers and Sagaut, 2006). Thus, the CS parameter can

be tuned to a di�erent value for di�erent cases, in order to obtain the best possible

agreement.

Therefore, the NS equation which satis�es the momentum conservation and de-

scribes the motion of the large scales of the �ow is written as,

ρ

(
∂~̃u

∂t
+∇ ·

(
~̃u ~̃u
))

= −∇P̃ +∇ ·
[
µ ·
(
∇~̃u+

(
∇~̃u
)ᵀ)]

+ ρ~a

+∇ ·
[
ρ(CS∆)2

∣∣∣∣S̃∣∣∣∣ (∇~̃u+
(
∇~̃u
)ᵀ)] (2.35)

which can also be written in a more compact form as,

ρ

(
∂~̃u

∂t
+∇ ·

(
~̃u ~̃u
))

= −∇P̃ +∇ ·
[(
µ+ ρ(CS∆)2

∣∣∣∣S̃∣∣∣∣) · (∇~̃u+
(
∇~̃u
)ᵀ)]

+ ρ~a

(2.36)

To recover the proper near-wall behaviour, the eddy viscosity (µt) is modi�ed with

a Van-Driest type of damping close to solid boundaries, depending on the distance and

the wall friction, as described in (Grigoriadis et al., 2003). For the cases presented

here and the numerical resolution used, wall functions are not applied. However, one

could implement such wall-function approximations without any complication. In a

similar manner, di�erent SGS and turbulence modelling approaches (e.g. k − ε, k − ω
or Detached-Eddy Simulation (DES)) could also be employed.

2.1.4 Dimensionless form of the NS equation and physical BCs

The non-dimensionalisation of the NS equation (Eq. (2.14)) is achieved by selecting

characteristic values for a length, velocity, density, dynamic viscosity, and gravitational

acceleration scale. These characteristic scales are denoted by, Lo, Uo, ρo, and µo,

respectively. According to these scales, the corresponding characteristic scales for the

time, gravitational acceleration, and pressure are de�ned as, To = Lo/Uo, go = Lo/T
2
o

, and Po = ρoUo
2, respectively. The dimensionless form of the parameters involved in

Eq. (2.14) are given by,

~̂u =
~u

Uo
~̂x =

~x

Lo
t̂ =

t

To
P̂ =

P

Po
ρ̂ =

ρ

ρo
µ̂ =

µ

µo
~̂a =

~a

go
(2.37)

Substituting Eq. (2.37) into Eq. (2.14), and after some rearrangement, the dimen-
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sionless form of the NS equation reads,

∂~̂u

∂t̂
= −∇P̂

ρ̂
+

1

ρ̂Re
∇ ·
[
µ̂
(
∇~̂u+

(
∇~̂u
)ᵀ)]

+
~̂a

~Fr
−∇ ·

(
~̂u~̂u
)

(2.38)

where Re and Fr are non-dimensional numbers de�ned as,

Re =
UoLoρo
µo

and Fr =
Uo

2

Logo
(2.39)

The values of the characteristic density and viscosity scales are chosen to be the ones

of the heavier �uid, in order to have bounded dimensionless values of density, i.e.

0 < ρ̂ ≤ 1. Therefore, the density ratio (DR) is less than the unity by de�nition,

corresponding to the dimensionless value of the lighter �uid. Commonly, the viscosity

ratio (MR) is also less than the unity. DR and MR are de�ned as,

DR = ρ1/ρ2 and MR = µ1/µ2 (2.40)

where, ρ2 and µ2 correspond to the heavier �uid.

The hat symbol (ˆ), which denotes the dimensionless parameters, is eliminated

hereafter for simplicity reasons. Concerning the dimensionless form of Eq. (2.36),

which includes the SGS contribution, this reads,

∂~u

∂t
= −∇P

ρ
+

1

ρRe
∇ · [(µ+ µtRe) (∇~u+ (∇~u)ᵀ)] +

~a

~Fr
−∇ · (~u~u) (2.41)

Regarding the physical BC on stationary solid boundaries, and requesting no-slip,

the velocity BC reads,

~u|Γ = 0 (2.42)

where, Γ is the solid boundary. Regarding the pressure �eld, the physical BC is ob-

tained from the momentum conservation (Eq. (2.38)) and the fact that the solid bound-

ary is considered stationary in the non-inertial frame (∂~u/∂t|Γ = 0), which gives the

directional pressure BC as,

∇P |Γ =
1

Re
∇ · [µ (∇~u+ (∇~u)ᵀ)] + ρ

~a

Fr
(2.43)

Neglecting the viscous stresses, a non-homogeneous Neumann BC, which depends on

the local density, (�uid in contact) is derived,

∇P |Γ = ρ
~a

Fr
(2.44)

It should be pointed out that for the problems of our interest, the surface tension

e�ects are negligible when compared to other forces and therefore they are not taken
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into account. In case the surface tension e�ects are not negligible, the extension of the

proposed method is straightforward. The inclusion of the relevant force term in the

Right Hand Side (RHS) of Eq. (2.14) does not generate any numerical complications.

As it will be discussed in Section 2.2.2, the proposed algorithm can be applied without

any additional modi�cations.

2.1.5 Interface capturing using the Level-Set (LS) method

The position of the interface and its evolution are captured by the Level-Set (LS)

method (Osher and Sethian, 1988), which introduces a scalar variable φ to describe

the minimum signed distance from the location of the interface. Thus, the interface

is simply prescribed by the zero level set of the scalar �eld φ. The original advection

equation of the LS function is extracted by expanding the material derivative of the

interface, which is parameterised by (x(s, t), y(s, t), z(s, t)), and setting it equal to zero.

dφ (x(s, t), y(s, t), z(s, t), t)

dt
=
∂φ

∂t
+
∂φ

∂x

∂x

∂t
+
∂φ

∂y

∂y

∂t
+
∂φ

∂z

∂z

∂t
= 0 (2.45)

where x, y, z are the coordinates in the 3D domain and s is the parameter that de-

�nes a location on the interface. Using the de�nition of the velocity (u, v, w) =

(∂φ/∂x, ∂φ/∂y, ∂φ/∂z), the original advection equation is written as,

∂φ

∂t
+ ~u · ∇φ = 0 (2.46)

where ~u is a known velocity �eld. For the problems considered in this thesis, where

the velocity �eld is divergence-free due to the continuity which satis�es Eq. (2.5), the

advection equation for φ can also be solved in its conservative form.

∂φ

∂t
+∇ · (~uφ) = 0 (2.47)

After the advection step of Eq. (2.47), the scalar �eld φ does not describe the

minimum signed distance anymore. Therefore, in order to maintain φ as the minimum

signed distance from the interface, another step is usually introduced (Sussman et al.,

1994), the solution of the so-called re-initialisation equation,

∂φ

∂τ
+ S(φ̃) (|∇φ| − 1) = 0 (2.48)

where τ is the arti�cial time and φ̃ is the �eld of φ before being subjected to re-

initialisation. S(φ) is the sign function (Kang and Sotiropoulos, 2012) which changes
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smoothly across the interface and is de�ned as,

S(φ) =


−1 if φ < −ε⇒ �uid 1 region

φ
ε

+ 1
π

sin(πφ
ε

) if − ε ≤ φ ≤ +ε⇒ Interface region

1 if φ > +ε⇒ �uid 2 region

(2.49)

The actual thickness of the interface is related to ε, which is a small constant, usually

taken as one to three times the minimum grid distance (Calderer et al., 2014).

There are two major issues emerging by the unavoidable procedure of re-

initialisation. The �rst one is the possible introduction of mass errors because the

re-initialisation procedure can distort the zero-level-set locally, i.e. move the interface.

In order to minimise this error, a mass conservative formulation of the re-initialisation

is used here (Sussman et al., 1998), by adding an extra term in Eq. (2.48),

∂φ

∂τ
+ S(φ̃) (|∇φ| − 1) = F (φ, φ̃)δ(φ̃)|∇φ̃| (2.50)

where the function F (φ, φ̃) is de�ned as,

F (φ, φ̃) = −
∫
V
S(φ̃) (1− |∇φ|) δ(φ) dV∫

V
δ2(φ̃)|∇φ̃| dV

(2.51)

and δ(φ) is the gradient of a smoothed Heaviside function,

δ(φ) = ∇φH(φ) =


0 if φ < −ε⇒ �uid 1

1
2ε

[
1 + cos(πφ

ε
)
]

if − ε ≤ φ ≤ +ε⇒ Interface

0 if φ > +ε⇒ �uid 2

(2.52)

The second, practical issue of re-initialisation is related to the high computational

cost associated with the solution of Eq. (2.48) or Eq. (2.50) until they converge at

each time-step. The computational cost of capturing the interface can be signi�cantly

reduced by recognising the fact that the scalar �eld φ is only required in a bandwidth

around the interface to describe the minimum signed distance from it. This bandwidth

should be su�cient to correctly advect the interface and to smear out the density

and the viscosity smoothly around the interface. Following the technique proposed

by Peng et al. (1999), the advection and the re-initialisation procedures are therefore

performed only in a bandwidth around the interface, in this study. The bandwidth itself

is updated at every several time-steps in order to reduce the computational cost even

further. As a result, the cost of the advection and particularly the re-initialisation

steps can be signi�cantly reduced, without a�ecting the accuracy of the simulation

results. The solution of the advection and the re-initialisation equations in a limited

bandwidth only, results to a discontinuous �eld of the φ variable at the boundary of
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this bandwidth. As a result, the solution of the advection equation might introduce

oscillations around this area. The possibility of numerical oscillations to appear along

the boundary of the bandwidth is treated by a modi�ed advection equation introducing

a cut-o� function (Peng et al., 1999), according to,

∂φ

∂t
+ c (φ)∇ · (~uφ) = 0 (2.53)

where c (φ) is the cut-o� function given by,

c(φ) =


1 if |φ| ≤ β

(|φ| − γ)2 (2|φ|+γ−3β)

(γ−β)3
if β < |φ| ≤ γ

0 if |φ| > γ

(2.54)

and γ is the radius of the bandwidth while β is a smaller radius, usually taken equal

to (2/3)γ. The value of γ should be large enough to not a�ect the zero level-set.

Thus, the radius γ is proportional to the order of the discretisation scheme, and in

our case is taken equal to six grid distances. The cut-o� function of Eq. 2.54 is only

used to modify the advection equation. Detailed description on the bandwidth and its

implementations can be found in (Peng et al., 1999).

2.1.6 Fluid properties

Due to the movement of the interface, the density and viscosity �elds in the above

equations are not constant neither in space nor time. The properties in the whole

domain are given as a function of the minimum signed distance variable φ. In order to

avoid numerical discontinuities/instabilities close to the interface region, an arti�cial

thickness of the interface is introduced, where density and viscosity change smoothly

from one �uid region to the other. Such smooth transition in the density and viscosity

�elds is achieved by introducing a smoothed Heaviside function according to,

ρ = ρ1 + (ρ2 − ρ1)H(φ) (2.55)

µ = µ1 + (µ2 − µ1)H(φ) (2.56)

where H(φ) is the smoothed Heaviside function (Osher and Fedkiw, 2006),

H(φ) =


0 if φ < −ε⇒ �uid 1

1
2

[
1 + φ

ε
+ 1

π
sin
(
πφ
ε

)]
if − ε ≤ φ ≤ +ε⇒ Interface

1 if φ > +ε⇒ �uid 2

(2.57)

The constant ε is half the thickness of the transition zone and its typical value ranges

between one and three times the minimum grid spacing (Calderer et al., 2014). As
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mentioned by Calderer et al. (2014), the value of ε might need to increase (up to eight

grid cells), if the interface deforms rapidly. A detailed discussion about the need for

a larger arti�cial thickness of the interface and the e�ect of this value can be found

in (Iafrati and Campana, 2005).

It has to be noted that very �ne deformations of the free surface, such as droplets

and bubbles which are smaller than the spatial numerical resolution, are not captured.

According to Deane and Stokes (2002), bubbles formed by water-air interactions and

have sizes larger than the Hinze scale (1mm) are subjected to fragmentation, while the

size of smaller bubbles is stable due to surface tension forces. Taking into account the

smearing thickness of the interface, the grid resolution should be �ne enough to resolve

bubbles and droplets of the smallest scale with pure air/water in their core. Regard-

ing real-scale breaking waves that include air-entertainment phenomena, which are of

interest in the present study, such resolution is prohibitively expensive. For a breaking

wave, an initially formed large air-pocket experiences fragmentation, generating smaller

bubbles. These bubbles start disappearing when their size becomes comparable to the

grid spacing, violating the mass conservation (Iafrati, 2009) and consequently a�ecting

the accuracy of the simulated breaking wave.

2.2 Numerical methodology

This section focuses on the description of the numerical methodology that is used to

solve the corresponding conservation and interface tracking equations, derived in the

previous section. An existing e�cient methodology is modi�ed to achieve its proper

coupling with the IB method.

2.2.1 Fractional-step/pressure-correction method

The temporal advancement of the velocity �eld is based on the idea proposed by Chorin

(1968), where the calculation of the velocity �eld is decoupled from the pressure �eld.

We �rst assume that a solenoidal velocity �eld ~un in time-step (n) is known. If we

also assume that the position of the interface φn+1 (and subsequently ρn+1 and µn+1)

in time-step (n+ 1) is also known, a provisional velocity �eld ~u∗ can be calculated. In

the discretised form, using an Adams-Bashforth scheme with a variable time-step, this

velocity �eld is computed from,

~u∗ = ~un + ∆tn+1

[(
1 +

∆tn+1

2∆tn

)
Ξ(~un)−

(
∆tn+1

2∆tn

)
Ξ(~un−1)

]
(2.58)
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where Ξ is the operator de�ned by the RHS of Eq. (2.38) (or Eq. (2.41) if LES is used)

excluding the pressure gradient and the gravitational terms, i.e.,

Ξ(~un) = −∇ · (~un~un) +
1

ρn+1Re
∇ ·
[(
µn+1 +Reµn+1

t

)
(∇~un + (∇~un)ᵀ)

]
(2.59)

Using the provisional velocity �eld of Eq. (2.58) and imposing momentum conservation

using the discrete form of Eq. (2.38), the time-advanced velocity �eld at step n + 1

should satisfy,

~un+1 = ~u∗ −∆tn+1

(
∇P n+1

ρn+1

)
+ ∆tn+1~a

n+1/2

Fr
(2.60)

Looking at Eq. (2.60), the only unknown term is the new pressure �eld P n+1. Two

di�erent existing methods to compute this pressure �eld are described in the following

Sections 2.2.1.1 and 2.2.1.2. The formulation proposed in the present study to satisfy

Eq. (2.60) is described in Section 2.2.1.3.

2.2.1.1 Variable coe�cient Poisson

The unknown pressure �eld P n+1 of Eq. (2.60) can be computed using the continuity

equation, which demands that the velocity �eld ~un+1 should be divergence free, i.e.

∇ · ~un+1 = 0 (Eq. (2.5)). Imposing this constraint on Eq. (2.60), leads to a Poisson

equation for the pressure �eld P n+1,

∇ ·
(
∇P n+1

ρn+1

)
=

1

∆tn+1
∇ · (~u∗) +∇ ·

(
~an+1/2

Fr

)
(2.61)

where the last term in the RHS becomes zero in case there is no frame rotation.

The consistent numerical BC for the pressure is derived by setting ~u∗|Γ = ~un+1|Γ in

Eq. (2.60),

∇P n+1 · ~n
∣∣
Γ

=

[
ρn+1~a

n+1/2

Fr

]
· ~n (2.62)

where ~n is the normal unit vector on the solid boundary.

Once Eq. (2.61) is solved and the pressure �eld is known, the velocity �eld ~un+1

can be calculated by applying a velocity correction on the initial provisional �eld u∗,

using Eq. (2.60).

One can easily observe that in its original form, Eq. (2.61) is a variable coe�cient

Poisson equation, because the density (ρn+1) appearing in the LHS changes continu-

ously according to the movement of the interface. This fact simply excludes the use of

FDS to solve this equation. Therefore, Eq. (2.61) is conventionally solved with iterative

Poisson solvers. Using an LU-based direct solver is simply prohibitively expensive for

large problems, since the inversion of the matrix is required at every time-step.
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2.2.1.2 Constant coe�cient Poisson

In order to reduce the high computational cost associated with the solution of the

variable coe�cient Poisson equation of the previous section, Dodd and Ferrante (2014)

suggested a modi�cation to transform Eq. (2.61) into a constant coe�cient Poisson

equation. This transformation is achieved by a splitting scheme for the pressure gra-

dient term of the form,

∇P n+1

ρn+1
→ ∇P

n+1

ρo
+

(
1

ρn+1
− 1

ρo

)
∇P̂ (2.63)

where P̂ is an approximation of the pressure at time tn+1 and ρo = min(ρ1, ρ2) for

numerical stability reasons (Dodd and Ferrante, 2014; Dong and Shen, 2012). Substi-

tuting Eq. (2.63) into Eq. (2.61) leads to a constant coe�cient Poisson equation,

∇2P n+1 =
ρo

∆tn+1
∇ · ~u∗ +∇ ·

[(
1− ρo

ρn+1

)
∇P̂

]
(2.64)

As far as the approximated pressure �eld P̂ is concerned, Dodd and Ferrante (2014)

showed that the best approximation emerged from a linear extrapolation of the form

P̂ = 2P n − P n−1. They also demonstrated and concluded that the lower (0th) order

approximation (P̂ = P n) was su�cient only in certain cases, where the surface tension

and the viscosity are small enough to be eliminated. Moreover, they found that higher

order approximations give worse results.

After the calculation of the updated pressure �eld P n+1, the correction of the pre-

dicted velocity u∗ should be performed in a consistent way using,

~un+1 = ~u∗ −∆tn+1

[
∇P n+1

ρo
+

(
1

ρn+1
− 1

ρo

)
∇P̂

]
+ ∆tn+1~a

n+1/2

Fr
(2.65)

Regarding the numerical BC for the pressure, one should take into account that the

consistent one is derived by the correction step of the fractional-step method, given

by Eq. (2.65). Setting ~u∗|Γ = ~un+1|Γ, the appropriate numerical pressure BC for the

constant coe�cient approach reads,

∇P n+1 · ~n
∣∣
Γ

=

[
ρo
~an+1/2

Fr
+

(
1− ρo

ρn+1

)
∇P̂

]
· ~n (2.66)

One evident advantage of the constant coe�cient formulation of Eq. (2.64) is that

the matrix of coe�cients for the associated Poisson equation, does not depend on

density anymore. This practically means that the calculation of the matrix of the

coe�cients, and especially its inversion, is not required at every time-step, anymore.

The most important advantage though, is the fact that the use of FDS is no longer

restricted. The use of FDS can speed-up the solution of the Poisson equation several
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times because they decompose a large 3D problem into multiple 2D or even into multiple

1D problems, by performing FFT in one or two directions respectively depending on

the BCs and the grid con�guration. This procedure can be e�ciently parallelised to

solve problems much faster compared to popular multigrid iterative solvers, as shown

in (Dodd and Ferrante, 2014) and also demonstrated here in Section 4.2.

An important characteristic of this approach is its consistency with respect to the

time-step. Observing the transformation of Eq. (2.63) and assuming that P̂ is equal

to P n+1, Eq. (2.63) is no longer an approximation but an exact relation. For smaller

time-steps, the approximated pressure �eld P̂ converges to P n+1, which in turn reduces

the errors introduced by the splitting procedure of Eq. (2.63).

2.2.1.3 Modi�ed constant coe�cient Poisson

The pressure correction method developed in the present study extends the idea

of Dodd and Ferrante (2014) to formulate a constant coe�cient approach suitable

for the IB method. Coupling the proposed scheme with the IB method is not a trivial

task but it can o�er several advantages. First, it extends the range of applicability of

the IB method which is a very powerful technique, o�ering insight in very challenging

�ow cases. Second, it allows the simulation of practical two-�uid �ow problems in

geometrically complicated domains at a signi�cantly reduced cost. Third, it can shed

light on a region of the parametric space (in terms of Reynolds or any other relevant

dimensionless number) which is considered out of reach or even impossible nowadays.

Starting from the constant coe�cient approach of Eq. (2.64), we �rst de�ne a

pressure di�erence scalar �eld δP n+1 so that,

P n+1 = P n + δP n+1 (2.67)

Combining Eq. (2.67) with Eq. (2.64), we end up with a Poisson equation for the

pressure di�erence,

∇2δP n+1 =
ρo

∆tn+1
∇ · ~u∗ +∇ ·

[(
1− ρo

ρn+1

)
∇P̂

]
−∇2P n (2.68)

where P̂ is an approximated pressure �eld of P n+1. In the present study, both 0th and

1st − order approximations were tested for P̂ . When the 0th − order approximation

(P̂ = P n) was used, an inaccurate evolution of the interface was obtained (similar to

the results shown in �gures 1 and 2 of Dodd and Ferrante (2014)). On the other hand,

the most accurate results were obtained here by employing a 1st−order approximation
for P̂ , which for the case of a variable time-step reads,

P̂ =

(
1 +

∆tn+1

∆tn

)
P n − ∆tn+1

∆tn
P n−1 (2.69)
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Although Eqs. (2.68) and (2.64) look similar, Eq. (2.68) has a few di�erent char-

acteristics that allow its coupling with the IB method, as we shall discuss in Sec-

tion 2.2.2.3. Once the pressure di�erence δP n+1 is calculated, the pressure is �rst

updated according to Eq. (2.67). The velocity �eld correction is then performed in a

consistent way using Eq. (2.65).

An important di�erence of the constant coe�cient formulations, compared to the

variable coe�cient one presented in Section 2.2.1.1, is the fact that the initial pressure

�eld is required at the beginning of the simulation. No problems arise from this,

since one can initialise the pressure �eld either analytically or solving the conventional

variable Poisson equation at the beginning of the simulation.

The formulations presented in the previous Sections 2.2.1.1 and 2.2.1.2, share a

common characteristic. Both of them solve a Poisson equation for the pressure P n+1.

Therefore both the formulations of Eq. (2.61) and Eq. (2.64) are classi�ed as non-

incremental pressure correction schemes. According to Guermond et al. (2006), the

overall temporal accuracy of the non-incremental pressure correction schemes is limited

to slightly below 1st−order, even if higher order schemes are employed, because of the

irreducible splitting error.

On the other hand, the formulation of Eq. (2.68), which solves a Poisson equation

for the pressure di�erence δP n+1 = P n+1−P n, is classi�ed in the standard incremental

pressure correction schemes, whose overall temporal accuracy is limited to slightly

below 2nd − order.

One might think that the proposed formulation of Eq. (2.68) is also classi�ed as a

non-incremental scheme because the pressure term ∇P n does not seem to appear in the

provisional velocity �eld ~u∗. However, this is not the case because one can re-write the

steps of the projection method of the proposed formulation by adding an intermediate

step,

~u∗∗ = ~u∗ −∆tn+1

[
∇P n

ρo
+

(
1

ρn+1
− 1

ρo

)
∇P̂

]
+
~an+1/2

Fr
(2.70)

The time-advanced velocity �eld ~un+1 is now calculated as,

~un+1 = ~u∗∗ −∆tn+1

(
∇δP n+1

ρo

)
(2.71)

where the pressure di�erence δP n+1 is calculated by the following Poisson equation,

∇2δP n+1 =
ρo

∆tn+1
∇ · ~u∗∗ (2.72)

which is identical to Eq. (2.68). It is therefore the inclusion of the pressure term P n

in the source of the Poisson equation solved to project the velocity �eld that classi�es

the current formulation as incremental, as it will be demonstrated in Section 4.1.
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The consistent numerical BC for the Poisson equation in this case, is derived by

setting ~u∗∗|Γ = ~un+1|Γ in Eq. (2.71), which leads to a homogeneous BC for the pressure

di�erence δP n+1 independent of the local density,

∇δP n+1 · ~n
∣∣
Γ

= 0 (2.73)

This is in contrast to the previously described formulations of Sections 2.2.1.1

and 2.2.1.2 because both of them require a pressure BC that depends on the local

density ρn+1. This is a very important characteristic of the proposed formulation that

allows the application of FDS with solid immersed boundaries for two-�uid problems.

2.2.2 Coupling with the Immersed Boundary (IB) method and

Fast Direct Solvers (FDS)

The basic idea of the IB method is the proper enforcement of the desired BCs along the

IB in a dynamic fashion. Proper velocity BCs along the solid boundary, are usually

imposed either by reconstructing the velocity �eld at the closest �uid nodes (direct

forcing approaches (Fadlun et al., 2000; Balaras, 2004)), or by de�ning �ctitious nodes

inside the solid body (GCA (Tseng and Ferziger, 2003; Berthelsen and Faltinsen, 2008)).

Another interesting approach is the one proposed by Uhlmann (2005), where the motion

of an arti�cial �uid inside the solid is allowed. With this approach, the forcing terms

are calculated at the Lagrangian points that describe the �uid-solid interface. The

corresponding forcing terms at the Eulerian points are calculated by transferring the

Lagrangian forces in a smooth manner, using a regularised delta function.

As mentioned earlier, all previous attempts to apply the IB method for two-�uid

problems used a variable coe�cient Poisson equation with a locally modi�ed matrix of

coe�cients (Bihs et al., 2016; Liu and Lin, 2009). What makes these techniques appli-

cable in two-�uid problems, is that they locally modify the coe�cients of the Poisson

Eq. (2.64) close to the IB interface. This is how the pressure calculation between

the �uid and the solid phases is decoupled, excluding solid nodes from the continuity

equation and thus eliminating the need to assume a density �eld for the solid. This

means that the pressure Poisson equation is solved only in the �uid region, applying the

proper BCs for pressure locally. The decoupling technique is also used for single-�uid

problems (Mark and van Wachem, 2008; Kang et al., 2009) to eliminate possible mass

errors close to the IB (e.g. cut-cell method (Udaykumar et al., 2001)). Kang et al.

(2009) showed that with the decoupling technique it is possible to perform simulations

with very thin obstacles, since a discontinuous solution across the IB is allowed. How-

ever, such local modi�cation of coe�cients around the boundary to achieve decoupling,

directly excludes the use of FDS.

In the present study, we achieved to simulate two-�uid �ows using a coupled solution

35

Cha
ral

am
bo

s F
ran

tzi
s



for the Poisson equation between the solid and �uid regions, reaching our aim of using

a FDS with the IB method. A di�erent fashion of coupling with the IB is proposed, so

that:

� Proper BCs are indirectly obtained along the IB for the pressure �eld.

� The Poisson equation for the pressure di�erence is solved without any local mod-

i�cation of the matrix of coe�cients, coupling the solutions between the �uid and

the solid regions.

� The matrix of coe�cients for the Poisson solution does not depend on density

and it does not change in time. Thus, the need to de�ne or assume any den-

sity or pressure �elds in the solid regions is eliminated. The Poisson solution

will unavoidably yield values for the pressure di�erence inside the solid regions.

However, there is no need to update the pressure �eld at the solid nodes because

these values are not used anywhere as it will be shown and explained below.

To meet these objectives, in the following sections, we propose appropriate schemes,

based on the directional GCA (Berthelsen and Faltinsen, 2008), to properly treat the

pressure �eld (Section 2.2.2.1) and the LS function (Section 2.2.2.2) around an im-

mersed solid interface. These schemes are designed so that they do not modify the

coe�cients of the Poisson equation locally but only the RHS. Therefore, the proposed

pressure correction scheme of Section 2.2.1.3 can be directly applied with FDS.

For simplicity, in the present study, the numerical treatment of the IB is illustrated

and explained for a 2D geometry as shown in Figures 2.1 and 2.2. The extension

in three dimensions concerning both the pressure treatment and the LS function is

straightforward, because directional schemes are involved, as it will be described in

Sections 2.2.2.1 and 2.2.2.2. In this study, a direct forcing approach similar to the one

presented by Balaras (2004), is adopted. The velocity �eld is locally reconstructed in

the vicinity of the boundary, along lines normal to the solid boundary. Fig. 2.1 indicates

the solid nodes, the �uid nodes and the velocity forcing nodes where this reconstruction

takes place. As far as the pressure is concerned, we indirectly satisfy the BCs on the

IB solid interface. This is accomplished by modifying the pressure gradient terms in:

i) the RHS of the Poisson Eq. (2.68) and ii) the velocity correction step of Eq. (2.65),

close to the solid interface. Contrary to the VBF method (Liu and Lin, 2009) and the

GCA (Berthelsen and Faltinsen, 2008), the LHS of the pressure Poisson equation we

solve is not modi�ed at all, so that FDS can be employed. However, when the RHS

of Eq. (2.68) is assembled, we explicitly set it equal to zero inside the solid region(s),

leading to a Laplace equation inside the solid. The resultant Poisson equation for the
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Figure 2.1: De�nition of solid, �uid and
forcing nodes. Solid pressure nodes (open
circles), �uid pressure nodes (solid cir-
cles), solid velocity nodes (open squares),
�uid velocity nodes (solid squares), forc-
ing velocity nodes (open rhombi).

Figure 2.2: Identi�cation of the nodes re-
lated to the treatment of pressure close to
the IB solid interface. Irregular face nodes
(open triangles), Irregular pressure �uid
nodes (open crosses), regular face nodes
(solid triangles), circles and squares as in
Fig. (2.1)

pressure di�erence reads,

∇2δP n+1 =


ρo
∆t
∇ · ~u∗ +∇ ·

[(
1− ρo

ρn+1

)
∇P̂

]
−∇2P n �. pr. nodes

ρo
∆t
∇ · ~u∗ +∇ ·

[(
1− ρo

ρn+1

)
∇P̂IB

]
−∇2P n

IB irr. pr. �. nodes

0 solid nodes

(2.74)

where ∇P̂IB and ∇P n
IB are the modi�ed local directional pressure gradient that imply

the proper BC for the pressure dP/dxi = ρai/Fr, along the solid interface (Calderer

et al., 2014). The calculation of these modi�ed terms is described in detail in Sec-

tion 2.2.2.1.

It should be mentioned that in case of moving boundaries, Eq. (2.74) is still appli-

cable. For �uid nodes of the domain which were previously solid, one should assign a

suitable value for the pressure at the previous time-steps, so that Eq. (2.67) can be used.

This might be achieved by employing a technique similar to the one proposed by Yang

and Stern (2009) or Calderer et al. (2014), following the �eld extension strategy for

�uid parts of the domain which were previously occupied by solid obstacles.

As far as problems with surface tension e�ects are concerned, there is no di�erence

in the treatment of the pressure close to the IB solid interface. This is the case because

the inclusion of surface tension e�ects would not modify the BC for pressure, since the

surface tension is zero on the IB solid interface. In addition, adopting a direct forcing
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approach for the velocity BC along the IB, eliminates the need for special treatment of

the surface tension terms around the IB, because they are included in the provisional

velocity �eld.

2.2.2.1 Treatment of pressure

In this section the evaluation of the modi�ed pressure gradient terms ∇P̂IB and ∇P n
IB

that appear in Eq. (2.74) is described. These terms are evaluated assuming a 2nd−order
spatial variation of pressure in each direction separately. The proposed treatment of the

pressure gradient terms is inspired by the velocity �eld extrapolation procedure applied

by the local directional GCA of Berthelsen and Faltinsen (2008). In its original form,

all solid pressure nodes are excluded from the Poisson equation, directly imposing the

BC by modifying the Poisson operator at the vicinity of the IB. In our formulation,

we are obliged to solve the Poisson at the solid nodes as well, since our objective is to

apply FDS for two-�uid �ows without modifying the Poisson operator around the IB.

To achieve this, a special treatment is applied only to the irregular face nodes indicated

as open triangles (OT) in Fig. 2.2. Depending on the local IB, these face nodes can

either lie in the solid region, or in a �uid region (coinciding with a velocity forcing

node).

Assuming that the pressure �eld follows a 2nd−order variation in space, the pressure
gradient along the i− th direction varies according to,

dP

dxi
= C1 ∆xi + C2 (2.75)

where C1, C2 are constants, ∆xi = (xi − xiP ), and xiP is the position of the irregular

pressure �uid node (open crosses). The constants C1 and C2 are locally de�ned as a

function of the instantaneous pressure gradient in the �uid phase (black triangles) and

the instantaneous BC of the pressure gradient on the IB solid interface, using,

dP

dxi

∣∣∣∣
x=xIB

= C1 ∆xiIB +C2 = ρ ai/Fr (2.76)

dP

dxi

∣∣∣∣
x=xfluid

= C1 ∆xifluid+C2 =
∆P

∆xi
(2.77)

where ∆xifluid is the directional signed distance of the regular �uid face (black trian-

gles) from the pressure �uid node (open crosses) and ∆xiIB is the directional signed

distance of the IB solid interface from the irregular pressure �uid node. In case the

immersed boundary is stationary, these distances can be calculated once and stored at

the beginning of the simulation.
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The constants C1 and C2 are calculated combining Eq. (2.76) and Eq. (2.77),

C1 =
∆P
∆xi
− ρai/Fr

∆xifluid −∆xiIB
(2.78)

C2 = ρai/Fr −∆xiIB

∆P
∆xi
− ρai/Fr

∆xifluid −∆xiIB
(2.79)

Once the constants have been computed, one can calculate the pressure gradient terms

from Eq. (2.75) on the irregular face nodes (open triangles in Fig. 2.2) with a simple

linear interpolation scheme,

dP

dxi

∣∣∣∣
x=xOT

= C1 ∆xiOT + C2 (2.80)

where ∆xiOT is the directional distance of the irregular face node from the IB. The

pressure gradient term of the correction step (Eq. (2.65)) is modi�ed in the same way

for the velocity nodes close to the IB solid interface as well (open rhombi of Fig. 2.1).

2.2.2.2 Treatment of LS function

Concerning the treatment of the signed distance variable φ, close to the IB solid in-

terface, we follow a procedure similar to the treatment of pressure described in the

previous section. Thus, the BC of the signed distance on the IB is obtained indirectly

assuming a quadratic variation for φ along each i− th direction,

dφ

dxi
= D1 ∆xi +D2 (2.81)

The constants D1 and D2 are calculated similarly to Eqs. (2.78) and (2.79), assuming

a zero-gradient condition for φ on the solid interface,

dφ

dxi

∣∣∣∣
x=xIB

= 0 (2.82)

As a result, the gradient of φ on irregular (solid or forcing) faces is computed by,

dφ

dxi
=

∆φ

∆xifluid

∆xi −∆xiIB
∆xifluid −∆xiIB

(2.83)

In contrast to the treatment of pressure, for each single direction, one might have

to calculate the gradient of φ on two irregular faces because a second or higher order

upwind scheme is used for the re-initialisation and the advection procedures (Eq. (2.50)

and (2.47)). Moreover, φ becomes completely decoupled from the solid nodes, contrary

to the pressure where a Poisson equation has to be solved in the whole domain (�uid

and solid regions).
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We have also attempted to use a direct forcing approach to impose the BC for φ, in a

similar manner to the treatment used by Yang and Stern (2009). However, we observed

that this approach resulted in reduced accuracy even for the purely hydro-static case

because it was found to introduce mass errors close to the IB.

2.2.2.3 Discussion on the suggested pressure-correction method

In this section, we discuss the ability of the suggested formulation (Eq. (2.74)) to

be coupled with the IB method, while using FDS for the solution of the pressure

Poisson equation. The characteristics that allow this coupling are discussed from a

numerical perspective. It should be noted that the elliptic nature of the pressure

Poisson equation makes it very sensitive and dependent on each node, �uid or solid.

Thus, any modi�cation of the Poisson equation for the solid nodes a�ects the solution.

As already mentioned, the use of a FDS requires the coe�cients of the pressure

Poisson equation to be constant in time. In addition, they can not di�er between

rows (or columns) of the same direction. These requirements are violated when the

variable coe�cient approach is employed. The VBF (Liu and Lin, 2009) and the

GCA (Berthelsen and Faltinsen, 2008) are excluded as well, since they both modify

the coe�cients of the Poisson equation for the nodes close to the IB, according to their

directional distances. As a result, the use of FDS demands that the pressure solution in

the �uid phase is coupled with the pressure solution in the solid phase. This means that

if one wants to solve the pressure with the IB method using a FDS without modifying

the LHS, neither the VBF nor the GCA can be applied. Consequently, the Poisson

equation for the pressure should be solved in the entire domain, leading to the coupling

of the �uid and the solid regions. The Poisson equation will therefore yield values for

the pressure di�erence at the nodes located inside the solid body. This is why a small

mass error might exist, resulting to mass �ux over the IB solid interface as reported in

other single-�uid studies (Mark and van Wachem, 2008; Kim et al., 2001; Mark et al.,

2011). The only way to eliminate this small mass error, is by modifying the Poisson

equation in order to take into account the proper BC for the pressure on the IB (Mark

and van Wachem, 2008; Kang et al., 2009) which is prohibited when FDS are used.

Therefore, in the proposed formulation we choose to indirectly impose the proper BC

for the pressure in order to be able to use the FDS, knowing that a small mass error

might exist. Nevertheless, this error is negligible as it is demonstrated in Section 3.1.3.

If a variable coe�cient Poisson equation is employed and the solid body is fully

submerged into a single-�uid, one could set the density of the solid equal to the sur-

rounding �uid's density with a zero RHS for the solid nodes. This treatment results to

a stable solution with only a small error related to the non-physical pressure gradient,

emerging from the coupled Poisson solution. However, if the two-�uid interface inter-

sects the IB, a con�ict arises regarding the de�nition of the density inside the solid
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region. To overcome this complication, one should search and specify a non-trivial

density �eld (and/or a non-zero RHS) in the solid region, such that the proper BC are

recovered. This is analogous to the technique proposed by Kim et al. (2001) (suitable

for single-�uid only), where source/sink terms are introduced on solid surface or inside

the solid domain, in order to improve the accuracy of the solution by minimising the

mass error near the IB.

If one attempts to use the formulation of Eq. (2.64), proposed by Dodd and Ferrante

(2014), in combination with the IB, will realise that a di�erent and variable RHS for

all the solid nodes should be used in order to satisfy the proper pressure BC along

the IB. This is also analogous to the method proposed by Kim et al. (2001). This

RHS should also vary in time because the intersection of the two-�uid interface and

the IB is not �xed but may move. This leads to a density-dependent non-homogeneous

Neumann BC for the pressure, which is non uniform along the IB. In other words,

the solution of Eq. (2.64) using a FDS and the IB requires the assumption of di�erent

density and pressure �elds in the solid region, which may also vary in time. Even if

the solid body is fully submerged into a single-�uid, the use of Eq. (2.64) would still be

problematic for the reasons that follow. Regarding the density �eld, one could set its

value equal to the density of the �uid surrounding the solid obstacle. For the pressure,

the obvious choice is to use the pressure of the previous time-steps in order to calculate

the projected pressure �eld P̂ to de�ne the RHS. However, in this case instabilities may

arise because the pressure calculated for the solid nodes is non-physical. Consequently,

any error that was generated in the solid region would propagate and accumulate in

time through the term involving P̂ in Eq. (2.64). In combination with the elliptic nature

of the Poisson equation, the solution in the �uid region would then be contaminated.

This complication would become even more severe in case the two-�uid interface would

intersect the IB. Such a behavior is not observed in single-�uid problems, because

pressure does not appear in the RHS of the Poisson equation. Therefore, for single-

�uid cases, no information is used at the solid nodes, even when solving for the pressure

and not the pressure di�erence. To overcome these di�culties, one could think of

eliminating the pressure term from the RHS of Eq. (2.64) in the solid region. This

was, in fact, attempted in the present study, by assuming that the density inside the

solid was equal to ρo. In those preliminary simulation tests, an unstable behavior was

observed for non-hydrostatic cases. This was a result of the inability of the formulation

to provide a discontinuous (sharply varying) solution of the pressure across the IB solid

body.

On the other hand, the formulation of Eq. (2.74) presented here does not require any

assumption about the density or the pressure �eld in the regions occupied by a solid,

because the terms dPIB/dxi are calculated by interpolating the desired pressure BC

and the pressure gradient in the �uid region (black triangles in Fig. 2.2). These terms

do not require any information from the solid nodes (open circles and open squares in
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Fig. 2.2) as described in Section 2.2.2.1. Thus, one can set the RHS explicitly equal to

zero and the proper BC for the pressure are included indirectly into the RHS of the �uid

nodes as described in Section 2.2.2. The solution of the pressure di�erence in the �uid

phase is still coupled with the solid phase. This means that a di�erent (non-zero) RHS

for any solid node still a�ects the solution. The main advantage is that the solution is

not contaminated, even though a pressure di�erence �eld δP n+1 is computed for the

solid phase as well. As shown in Eq. (2.74), the RHS is explicitly set to zero in the

solid region. In this way, there is no distinction between a fully submerged obstacle or

an intersected one by the two-�uid interface. This happens for the following reasons: i)

the Poisson equation is solved so that its BC is uniform along the IB and ii) neither the

density nor the pressure appear in the RHS of the Poisson equation of a solid node. As

a result, the Poisson equation reduces to the same Laplace equation in the solid body at

every time-step, eliminating the advancement of the non-physical pressure di�erences

computed at the solid nodes. Using the proposed formulation, the total pressure can

still change sharply across the solid body, even though the Poisson solution provides a

continuous and smooth �eld for the pressure di�erence. These characteristics guarantee

the robustness of the proposed formulation when FDS are used for the simulations of

two-�uid �ows with immersed solid interfaces.

It should be noted that even though for the purposes of this study the proposed

pressure-correction scheme is coupled with the conservative LS method (Sussman et al.,

1998) to track the interface between the two �uids, one can also use a di�erent interface

tracking method such as VoF (Hirt and Nichols, 1981), Phase Field (Jacqmin, 1999) or

front tracking (Unverdi and Tryggvason, 1992) methods. Additionally, although in the

present study we only consider stationary IB solid boundaries, one could extend the

proposed method to problems with moving boundaries (e.g. cases with �uid structure

interaction). Furthermore, even tough the model implemented for the purposes of this

thesis neglects the surface tension e�ect, an extra term in the momentum conserva-

tion can be included in order to take it into consideration, without any complication.

The extra term is handled numerically by the CSF (Continuum Surface Force) model

proposed by Brackbill et al. (1992),where the force acting on the interface is smeared

around it, similarly to the treatment of density and viscosity.

2.2.3 Discretisation and implementation

2.2.3.1 Temporal and spatial discretisation schemes

The non-dimensional NS (Eqs. (2.5) and (2.41)) and the LS (Eqs. (2.47) and (2.50))

equations are discretised in space using �nite di�erences on a Cartesian staggered grid

arrangement. The velocities ui are de�ned at the centers of the cell faces, while P , ρ,

µ and φ are de�ned at the cell centers. The temporal discretisation of Eq. (2.41) is
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implemented using the 2nd−order fully explicit Adams-Bashforth scheme with variable
time-steps. It is noted that when a variable time-step is used, a limit to the change of its

value between successive time-steps is required, to avoid stability issues. For instance,

when a rapid drop of the time-step is computed, the temporal advancement scheme

converges to an explicit Euler time-stepping which is unconditionally unstable. In the

current implementation, the time-step change was limited to ±5% between successive

iterations. For the cases examined in this thesis, the velocity did not change rapidly

to activate this restriction.

The convective term of Eq. (2.59) is discretised in space using either a central or

an upwind scheme. Most of the two-�uid cases though require an upwind scheme to

maintain numerical stability, because they are characterised as highly convective �ows.

For the cases presented in the following sections, three di�erent schemes are involved;

the 5th − order upwind WENO scheme (Jiang and Shu, 1995; Smit et al., 2005); the

modi�ed upwind QUICK scheme (Perng and Street, 1989), which has an improved

accuracy of 3rd − order; and the standard 2nd − order central scheme. The di�usion

term is discretised using standard 2nd − order central di�erences. The LS advection

Eq. (2.47) is discretised in space using the 5th − order WENO scheme (Jiang and

Shu, 1995), while for the re-initialisation Eq. (2.50) a 2nd − order upwind scheme is

adopted (Shu and Osher, 1988; Yue et al., 2003). A 3rd − order TVD Runge-Kutta

scheme is used for the time advancement of the LS advection Eq. (2.47) and the re-

initialisation Eq. (2.50). Moreover, the BC for the φ �eld is set to zero gradient on all

domain boundaries (dφ/d~n = 0, where ~n is the unit normal vector to the boundary).

The discretisation of the pressure Poisson Eqs. (2.61), (2.64) and (2.74) is performed

using standard 2nd − order central di�erences. In this study, the constant coe�cient

Poisson equation is solved using an in-house version of the original FORTRAN 77

FISHPACK library, modi�ed for parallel execution (Grigoriadis et al., 2004). The cur-

rent implementation of the code is optimised for single-computing node execution using

OpenMP parallelisation. In the current version of the code, the FFT decomposition

requires the FFT direction to: (1) be discretised with equidistant grid, (2) have Ho-

mogeneous Neumann or periodic BCs at its end, for the quantity that the Poisson is

solved for. In this thesis, FFT decomposition was performed only when 3D problems

were simulated, decomposing one or two directions of the domain, according to the

grid con�guration and the BCs.

A detailed description of the spatial and temporal discretisation schemes developed

for the purposes of this thesis is provided in Appendix B.

2.2.3.2 Time-step restrictions

In order to ensure numerical stability, constraints related to the time-step must be

applied. For problems where there is no surface tension, these restrictions are imposed
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through the convective stability limit, CFL (Courant�Friedrichs�Lewy), and the vis-

cous stability limit, V SL, given below in non-dimensional form (Nguyen et al., 2001),

CFL =
(
|ui|max + ∆tn+1

∣∣∣ ai
Fr

∣∣∣) ∆tn+1
CFL

∆xi
(2.84)

V SL =
µ/Re+ µt

ρ

∆tn+1
V SL

(∆xi)
2 (2.85)

In the CFL condition, the e�ect of the acceleration is incorporated through a linear

approximation to the maximum velocity component that is expected at the next time-

step. Choosing values for CFLmax and V SLmax, the minimum ∆tn+1 is chosen in order

to satisfy both constraints,

∆tn+1 = min
(
∆tn+1

CFL,∆t
n+1
V SL

)
(2.86)

In general, the limiting value of CFLmax depends on the temporal discretisation scheme

of the convective terms and its stability limits. The V SL constraint can be eliminated

if an implicit scheme is used for the time advancement of the di�usive terms. However,

this increases the computational cost of the prediction step (calculation of u∗ with

Eq. (2.58)). Therefore it is suggested to use an implicit scheme for the di�usive terms

only for cases with low Re numbers, where the V SL controls the time-step. It is

also noted that in case surface tension e�ects are signi�cant, an additional time-step

restriction should be taken into account (Dodd and Ferrante, 2014).

It is also worth noting that the limitation of 5% in the change between successive

time-steps, mentioned earlier, might lead in regions where the CFL value would not

satisfy the limit of CFLmax. Such scenario did not appear in the simulations presented

in Chapters 3 and 4, since no rapid changes of the velocity components occurred.

An important di�erence between the constant coe�cient approaches of Eqs. (2.64)

and (2.68) with the variable coe�cient approach of Eq. (2.61), is that the former might

have to be restricted to smaller time-steps to minimise the splitting-scheme error in-

troduced by Eq. (2.63). One crucial question that arises is whether the reduction in

the computational cost coming from the use of a FDS is compensated by the addi-

tional cost due to the need of performing more time-steps. Dodd and Ferrante (2014)

mentioned that only for extreme cases (high surface tension, curvature and density

ratio), a reduced time-step is required by the constant coe�cient approach to maintain

stability and accuracy. They also reported that, for their simulations, the CFLmax was

restricted to remarkably small values to satisfy the stability criterion related to surface

tension e�ects. However, in our case where the surface tension e�ects are neglected

and the time-step is dominated by the CFL, we found that for higher density ratios,

a smaller time-step is required to eliminate the splitting error as explained in detail in

Section 4.2.
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Therefore, we might conclude that the overall speed-up of the constant coe�cient

approaches depends on particular parameters of the simulated �ow (e.g. density ratio,

viscosity ratio, surface tension, resolution along the FFT direction etc.). A series of

simulations were performed in this study, to investigate the e�ect of the time-step

on the splitting error and consequently on the accuracy of the constant coe�cient

approach. The results and the discussion on this issue, concerning the accuracy and

the performance, are presented in Sections 4.2 and 4.3.1.

2.2.3.3 Wave generation and absorption in the NWT

In the new NWT, that uses the FDS-IB coupling method, the relaxation method was

adopted for the wave generation and absorption. The relaxation method was presented

in Mayer et al. (1998), and it is also adopted by well known open-source CFD tools,

such as OpenFOAM (Jacobsen et al., 2012) and REEF3D (Bihs et al., 2016). The

basic idea of this method is to smoothly remove waves that travel towards a speci�c

direction where a non-re�ecting boundary is desired.

The NWT consists of di�erent zones that are depicted in Fig. 2.3. The actual

Figure 2.3: Sketch (axes are not in scale) of the NWT, indicating the position of
the wavemaker, relaxation, and absorption zones. The simulation results of interest are
obtained in the working section. The horizontal blue-solid line corresponds to the still
water depth.

simulation takes place in the working section. The generation of the desired waves is

performed at the left side of the NWT, by the wavemaker and the relaxation zones.

In the wavemaker zone, the analytical solution of the desired wave to be simulated is

imposed by updating the velocity components and the position of the free-surface at

every time-step. This is performed gradually from the left boundary up to the end of

the wavemaker zone, meaning that the exact solution of the simulated wave is applied

only at the end of the wavemaker zone, while at its left boundary zero velocity and free-
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surface elevation are applied. The imposed values for the velocity and the free-surface

elevation are given by,

~u(x) = (1−R(x∗)) ~utarget(x
∗) (2.87)

φ(x) = (1−R(x∗))φtarget(x
∗) (2.88)

where ~utarget and φtarget are the analytical values that correspond to the generated

wave for the speci�c location and time-instant. R(x∗) is a smoothly varying function,

which is equal to unity at the beginning of the zone and equal to zero at its end.

In the relaxation zone, which is located exactly next to the wavemaker zone, the

desired waves are generated while at the same time any re�ections travelling towards

this zone from right to the left are smoothly absorbed. In this zone, the computed

velocity components and the free-surface elevation are replaced by their relaxed values,

according to the analytical values. Therefore, any disturbances (deviations from the

analytical values) are smoothly removed from the simulation. The relaxed values are

given by,

~u(x) = [1−R(1− x∗)] ~utarget(x∗) +R(1− x∗)~ucomputed(x∗), (2.89)

φ(x) = [1−R(1− x∗)]φtarget(x∗) +R(1− x∗)φcomputed(x∗), (2.90)

where, ~ucomputed and φcomputed refer to the calculated values by the solution of the NS

equation. In case a non-re�ecting boundary is required at the right side of the NWT,

an absorption zone is used to smoothly absorb waves propagating from left to right.

Therefore, this zone operates as an outlet or a numerical beach. In this zone, the values

of both ~u and φ are relaxed by,

~u(x) = (1−R(x∗)) ~utarget(x
∗) +R(x∗)~ucomputed(x

∗) (2.91)

φ(x) = (1−R(x∗))φtarget(x
∗) +R(x∗)φcomputed(x

∗) (2.92)

where ~utarget is set to zero and the values of φtarget correspond to the still water depth.

In Eqs. (2.87-2.92), x∗ represents the non-dimensional horizontal position of each zone

de�ned by,

x∗ =
x− xbzone

xezone − xbzone
(2.93)

where, xbzone and xezone denote the begin and end of each zone, respectively. The

relaxation function used in this study is the one presented in (Jacobsen et al., 2012) in

the form,

R(x∗) = 1− e(x∗Cr ) − 1

e− 1
, for x∗ ∈ [0; 1] (2.94)

where Cr is the coe�cient of the exponential, usually taken equal to 3.5. Comparing

the relaxed functions of the relaxation zone (Eqs. (27-28)) to that of the absorption

zone (Eqs. (29-30)), the input parameter in the relaxation function R is set to (1−x∗),
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instead of x∗, so that R = 1 and ∂R/∂x = 0 at the end of the relaxation zone (i.e.

x∗ = 1). The variation of the relaxation function along the absorption and relaxation

zones is schematically shown in Fig. 2.4.

Figure 2.4: Variation of the relaxation function, R, along the dimensionless length, x∗,
of the relaxation (dashed blue line) and absorption (black solid line) zone.

It is worth mentioning that the wave theories, employed for the calculation of the

values of the imposed free-surface elevation and velocities in the wavemaker and relax-

ation zones, assume an inviscid and irrotational �ow. As a result, the bottom boundary

condition in these regions is always set to free-slip. Moreover, at the beginning of the

simulation, a ramp function in time is employed to achieve the desired wave values.

The ramp function lasts one wave period and its purpose is to eliminate the impulse

e�ect when a sudden velocity is introduced to the wavemaker at the �rst time-step.
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2.2.3.4 Numerical algorithm

Summarising, the main steps of the algorithm to solve the full-set of the NS equations

for the incompressible �ow of two immiscible �uids in our in-house developed e�cient

NWT, are listed below:

1. Initialisation of the interface position (φn), velocity (~nn) and pressure (P ) �elds.

2. Calculation of the time-step ∆tn+1 to satisfy stability limits from Eq. (2.86).

3. Calculation of the position of the interface at the new/current time-step (φn+1 =

0) by advecting the level-set variable φ, solving Eq. (2.47) only in a bandwidth

around the zero level-set.

4. Update of the φ �eld in the wavemaker, relaxation and absorption zones, using

the corresponding relaxation functions (Eqs. (2.88, 2.90, 2.92)).

5. Calculation of the minimum signed distances (φn+1) only in a bandwidth around

the interface by solving Eq. (2.50), until a steady state is reached.

6. Calculation of the term Ξ(~un) of Eq. (2.59) containing the advection and di�usion

terms.

7. Calculation of the provisional velocity �eld ~u∗, using Eq. (2.58).

8. Update of the provisional velocity �eld u∗ for all the forcing nodes, using the IB

method, to satisfy the proper velocity BCs on the solid interfaces (i.e. no-slip

wall BC for stationary obstacles in the non-inertial frame).

9. Solution of the constant coe�cient Poisson equation for the pressure di�erence

(Eq. (2.74)), using a FDS.

10. Calculation of the total pressure and velocity �elds at the new/current time

instant, P n+1 and ~un+1, using Eq. (2.67) and Eq. (2.65), respectively.

11. Update of the velocity �eld in the wavemaker, relaxation and absorption zones,

using the relaxation function (Eqs. (2.87, 2.89, 2.91)).

12. Apply BCs for the resultant velocity and the pressure �elds, ~un+1 and P n+1,

respectively.

13. Return to step #2 for the new time-step.

It is noted that steps (4) and (11) are required only for cases where a wave generation

or absorption is desired.
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Chapter 3
Veri�cation & validation of the developed

method

In Section 3.1 of this chapter, the validity of the newly developed FDS-IB coupling

method is examined. First, cases without the use of the Immersed Boundary (IB)

method were selected in order to focus on the validity in both small and large values of

the density and viscosity ratios. Afterwards, the capability of the proposed method to

properly integrate the IB method is demonstrated. Section 3.2 focuses on the exten-

sive validation of the newly developed e�cient Numerical Wave Tank (NWT). First,

the validity of the NWT is examined using simpler cases with analytical solutions.

Subsequently, the NWT is tested for more demanding cases, comparing the numerical

predictions against experimental measurements available in the literature.

3.1 Veri�cation of the new pressure-correction formu-

lation and the FDS-IB coupling

In this section, the validity of the suggested formulation of Eq. (2.74) is presented.

First, in Sections 3.1.1 and 3.1.2, we present two validation test cases without the IB

method to compare the proposed pressure correction scheme of Section 2.2.1.3 against

previously reported formulations (Eqs. (2.61) and (2.64)). Such comparison guarantees

that the suggested formulation of Eq. (2.74) is at least equivalent to the one suggested

by Dodd and Ferrante (2014). The comparison was performed for both low and high

values of the density and the viscosity ratios. Finally, in Section 3.1.3, the proposed

formulation is compared against the variable coe�cient one, for a case where a rect-

angular obstacle is placed into the domain. For the variable coe�cient formulation

of Eq. (2.61), the pressure Poisson equation is solved only for the �uid nodes using

a boundary conforming mesh and a direct LU-based solver. On the other hand, the

constant coe�cient formulation of Eq. (2.74) is solved in the entire domain (�uid and
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solid nodes), using a FDS and the IB method to describe the interface of the solid ob-

stacle. It is noted that the value of ε, that de�nes the arti�cial thickness of the interface

through Eq. (2.57), was set equal to 2 min(∆xmin,∆ymin,∆zmin) in all cases presented

in this section, unless otherwise stated. For the cases presented in this section, the

LES model was deactivated.

3.1.1 Rayleigh-Taylor instability

The �rst case that was chosen to validate the suggested formulation is the Rayleigh-

Taylor Instability (Ding et al., 2007; Guermond and Quartapelle, 2000; Tryggvason,

1988; Qin et al., 2015), where the density ratio is low. In this particular case, the convec-

tive term was discretised using a conservative 2nd− order central scheme. The domain
is a 2D rectangle with dimensions Lx = W and Lz = 4W , where W is the width of

the domain, considered as the characteristic length for this case. The non-dimensional

Reynolds and Froude numbers are Re = 3000 and Fr = 1 respectively, using Lx as the

characteristic length scale and
√
gLx as the characteristic velocity scale. Therefore, the

characteristic time scale is to =
√
Lx/g. The acceleration vector is constant in time

and is equal to ~a = (0,−1). The Atwood number At = (ρ2 − ρ1) / (ρ2 + ρ1) = 0.5,

which gives a density ratio equal to DR = ρ1/ρ2 = 1/3. The viscosity of the two �uids

is the same (i.e. MR = µ1/µ2 = 1). The initial pro�le of the interface is perturbed

vertically along the horizontal axis by z(x) = −0.1 cos (2πx), assuming that the origin

of the coordinate system is the center of the domain.

The results were obtained using a single uniform grid of (Nx×Nz) = (200×800)

cells, which was chosen to be identical to the grid used in (Ding et al., 2007) and (Qin

et al., 2015). A smaller grid of (Nx×Nz) = (100×400) was also used, indicating

no di�erences on the primary �ow characteristics. A constant dimensionless time-

step ∆t/to = 0.00015 was used, while the half thickness of the interface was ε =

2∆x. Periodic BCs were imposed for the left and right boundaries. In the upper

and lower boundaries, the free-slip wall (no penetration) BCs were set for the velocity

components, while a Neumann BC was used for the pressure dP/dz = ρaz/Fr.

Fig. 3.1 shows the temporal evolution of the interface. An excellent agreement

was reached with the results presented in other studies (Fig. 6 of Ding et al. (2007)).

The temporal evolution of the pro�le of the interface is presented for di�erent non-

dimensional time instants at t∗ = (t/to)To = (0.0, 2.0, 2.5, 3.0, 3.5)To, where To =
√
At.

The motion of the interface for the Rayleigh-Taylor instability can be quanti�ed by the

vertical position of the most advanced points of the rising and falling �uids as a function

of time. This is presented in Fig. 3.2, and compared with results by Tryggvason (1988)

and Guermond and Quartapelle (2000), indicating excellent agreement. It is worth

noting that the results presented in Fig. 3.2 and Fig. 3.1, are exactly the same, using

the three di�erent formulations of the pressure Poisson equation and the same value
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Figure 3.1: Temporal evolution of the interface for a 2D Rayleigh-Taylor Instabil-
ity with ρ2/ρ1 = 1/3. Snapshots of the free surface pro�le at t∗/To = t/to =
0.0, 2.0, 2.5, 3.0, 3.5. The �fth �gure is a zoom-in instant in the secondary �ow area
for all three formulations at t∗ = 3To. (Black line): Eq. (2.61), (red): Eq. (2.64), and
(green): Eq. (2.74).

Figure 3.2: Temporal evolution of the highest (top line) and the lowest (lower line)
location of the interface.

of the time-step. The �fth snapshot from the left of Fig. 3.1 shows the pro�le of the

interface in the secondary �ow area, for time t∗ = 3To, for all three particular pressure

Poisson formulations, indicating no di�erences.
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3.1.2 Run-up of a solitary wave

The second validation that was chosen is the Run-up of a solitary wave (Chan and

Street, 1970; Lin et al., 2005; Yue et al., 2003) where the density and the viscosity

ratios are high, since these ratios correspond to the properties of water and air. Both

�uids start from tranquility and because of the initial pro�le of the interface, a solitary

wave that travels from the left to the right side of the tank forms, as shown in Fig. 3.3.

Ao indicates the initial free-surface elevation, Ac is the solitary wave height measured

Figure 3.3: Schematic diagram for the Run-up of a solitary wave into a closed container.

as the free-surface elevation at the time when the wave crest is located at x = 10 and

Arun−up is the wave run-up on the right vertical wall. The still water depth H is set

equal to unity and the size of the rectangular domain is (Lx, Lz) = (20H, 2H). The

characteristic length scale is the still water depth H, while the characteristic velocity

scale is de�ned as Uo =
√
gH, similar to (Yue et al., 2003). The time scale is given

by to = H/Uo =
√
H/g. The Reynolds and Froude numbers are Re = 50×103 and

Fr = 1 respectively, while the acceleration vector is constant in time ~a = (0,−1). The

density and viscosity ratios are equal to ρa/ρw = 1.2×10−3 and µa/µw = 1.8×10−2

respectively. The half thickness of the interface ε was set equal to 2∆z.

For these simulations, a uniform grid resolution of (Nx×Nz) = (250×125) cells was

employed which is comparable in size with the grid used by a previous study by Yue

et al. (2003). All the simulations were performed using a constant dimensionless time-

step of ∆t/to = 0.0005. The no-slip wall BC was used for all the boundaries, while the

Neumann BC was used for the pressure dP/dn = ρan/Fr, where n is the unit vector

normal to the boundary. The elevation of the free-surface is initialised using the still
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Boussinesq pro�le (Ramaswamy, 1990), given by,

A (x, t = 0) =
Ao[

cosh
(
x
√

0.75Ao
)]2 (3.1)

Our results, using the three di�erent formulations for the pressure Poisson equation, are

compared with the experimental data of Chan and Street (1970) and other numerical

studies that make use of the variable coe�cient Poisson formulation (Yue et al., 2003;

Lin et al., 2005). Fig. 3.4 shows the wave run-up Arun−up as a function of the solitary

wave height Ac. In this case, our numerical results were also in excellent agreement

with each other and with previous studies. In addition, the viscous damping e�ect was

Figure 3.4: Run-up of the solitary wave as a function of the wave height when the crest
is located at x = 10.

examined and compared for the three di�erent pressure Poisson equations. Fig. 3.5

presents the free-surface elevation as a function of time, for �ve waves with di�erent

initial wave heights Ao. The damping of the wave height, predicted by the perturbation

theory of Mei et al. (1989), is also presented in Fig. 3.5. According to (Mei et al., 1989),

the free-surface elevation as a function of time is given by the following expression,

A−1/4
max = A

−1/4
0max + 0.08356

(
µw

ρwC
1/2
w H3/2

)1/2
Cwt

H
(3.2)

where A0max is the wave height at time t/to = 6, Amax is the instantaneous wave

height and Cw =
√
gH is the theoretical wave speed. Observing the results presented in

Figs. 3.4 and 3.5, it is evident that the evolution of the crest's position for all the waves

is exactly the same regardless the formulation of the pressure Poisson equation that is

used. Thus, we can safely conclude that the suggested formulation of Section 2.2.1.3
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Figure 3.5: Maximum elevation of the free-surface as a function of time for the three
formulations. Eq. (2.61): (blue solid line), Eq. (2.64):(red dashed line), Eq. (2.74):
(green squares) and theoretical damping of the solitary wave (black solid line).

is valid and accurate, even for cases with large density and viscosity ratios.

3.1.3 Sloshing in a ba�ed square tank

In order to validate the proposed formulation in the presence of an IB, we performed

simulations of sloshing inside a 2D-square ba�ed tank. We intentionally selected and

designed this case in order to examine and demonstrate the robustness of the pro-

posed method for two-�uid �ow cases where the free-surface intersects the IB solid

interface. The main motivation for this case is to perform a strict comparison between

our method using the IB method with FDS and the conventional variable coe�cient

pressure solution.

To ensure that the same computational resolution is used for both methods, a rect-

angular ba�e was placed vertically, aligned with the grid lines. This allows the direct

comparison with the conventional variable coe�cient pressure solution approach. Plac-

ing an obstacle which would not coincide with the grid lines requires the modi�cation

of the variable coe�cient Poisson equation (as mentioned in Section 2.2.2), or using a

boundary conforming grid in order to satisfy the pressure BC along the solid interface.

It should be mentioned that the proposed formulation is still used in its most general

form, even though the IB coincides with the grid lines for this case.

The two �uids used are water and air with density and viscosity ratios ρa/ρw =

1.2072×10−3 and µa/µw = 1.9989×10−2 respectively. The schematic diagram of the

ba�ed tank is presented in Fig. 3.6. The size of the tank is (Lx, Lz) = (2, 2) and the

rectangular ba�e is placed in the middle of the tank. The tank is �lled by 50% and
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the free-surface is horizontal at the beginning of the simulation. The ba�e height is

Hb = 1.

Figure 3.6: Schematic diagram of sloshing in a 2D-square ba�ed tank.

Fig. 3.7 presents the regions of the computational domain computed by the two

di�erent approaches. In the proposed approach (left side of Fig. 3.7) the FDS pro-

vides the solution of the Poisson equation in the solid body as well, while for the

conventional approach (right side of Fig. 3.7) the Poisson equation is solved only for

the �uid region. When the proposed formulation is used (left side of Fig. 3.7), the

Poisson equation is solved in the entire domain and the pressure BC are satis�ed indi-

rectly. When thin obstacles are immersed, Kang et al. (2009) showed that a decoupling

procedure is necessary because the Poisson solution for pressure can be discontinuous

across the IB interface. In order to ensure and demonstrate that the proposed method

(where the Poisson solution is coupled) can treat these discontinuities (sharp varia-

tions) around/across thin obstacles, two di�erent widths of the ba�e were examined,

Wb = 0.4Hb and Wb = 0.05Hb.

The gravity vector points at the negative direction of the z-axis (az = −1), while

the sloshing occurs due to an external horizontal excitation x = Ax sin (ωxt), which

gives a horizontal acceleration, equal to ax = −Axω2
x sin (ωxt). The results presented
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here correspond to Ax = −1.5 and ωx = 0.4. As characteristic length and velocity

scales, the still water depth H and
√
gH were chosen respectively and the time scale

is given by to = H/Uo =
√
H/g. The non-dimensional numbers are Re = 5000 and

Fr = 1. The no-slip and the Neumann dP/dn = ρan/Fr BCs are used for the velocity

and the pressure respectively, at all eight boundaries.

A uniform grid with a resolution of (Nx×Nz) = (80×80) cells was employed. Using

a �ner grid of (160×160) cells, indicated the same degree of agreement between the two

di�erent approaches. The results shown in this section correspond to the coarser grid

because our intention here is to validate the proposed method against the convectional

approach over a wide range of computational parameters, and not to discuss physical

mechanisms. A constant dimensionless time-step ∆t/to = 0.0001 was used, keeping the

values of CFLmax < 0.01. This was done in order to minimise the e�ects associated

with the splitting scheme (Eq. (2.63)) and reveal any di�erences between the proposed

method and the conventional one.

Figure 3.7: Computational domain where the Poisson equation is solved for the case
of sloshing in a ba�ed square tank. (Left): domain used by the proposed method (IB
with FDS, Eq. (2.74)), (right): domain for the conventional approach with a variable
coe�cient Poisson equation (Eq. (2.61))

The validity of the suggested formulation, in case the IB method is used with a FDS,

is demonstrated in the snapshots shown in Fig. 3.8. The long dashed lines represent the

predicted free-surface pro�les using the present formulation of Eq. (2.74). Short dashed

lines indicate the boundary conforming solution from a variable coe�cient formulation

of Eq. (2.61) without the IB method.

The results obtained, using the two di�erent approaches, are in excellent agreement

with each other for all cases. Thus, we may conclude that the suggested approach of

coupling the constant coe�cient formulation of Eq. (2.74) for two-�uid �ows with the

IB method and a FDS for the solution of a Poisson equation for the pressure di�erence
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Figure 3.8: Comparison of the proposed IB solver using FDS against conventional
methods for the time evolution of the free-surface pro�le at t/to = 5.0 and t/to = 10.0
in a ba�ed tank with di�erent ba�e widths: Wb = 0.4Hb (left) and 0.05Hb (right).
(short dashed lines): Eq. (2.61) using an LU-based solver only for the �uid nodes, (long
dashed lines): present formulation of Eq. (2.74) using a FDS and the IB method to
describe the ba�e.

is valid and equivalent to other conventional approaches, which are not as e�cient

as the suggested approach. Moreover, the results obtained from the thin ba�e case

ensure that the Poisson solution from one side is not a�ecting the other side, even if the

Poisson operator is not modi�ed near the IB (Kang et al., 2009). This can be clearly

observed in Fig. 3.9, where the pressure line contours are presented in the vicinity

of the ba�e, indicating that the pressure BC is properly recovered. It is also worth

mentioning that all pressure contours are almost identical between the conventional

(variable Poisson) and the constant coe�cient approach in both water and air regions.

Figure 3.9: Pressure line contours at time instants t/to = 5 (left) and t/to = 10 (right)
in the vicinity of the ba�e using the conventional approach (long-dashed line) and the
proposed approach (short-dashed line). Solid-thick blue line indicates the free-surface
pro�le.
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3.2 Validation of the new e�cient NWT

In this section, the validity of the new NWT is demonstrated for several benchmark

test cases. First, the spatial and temporal accuracy of the NWT was examined for

2nd−order Stokes waves (Section 3.2.1) and a standing wave (Section 3.2.2). For these
simpler �ow cases, the IB method was not used, so that the e�ectiveness of the constant-

coe�cient Poisson formulation could be compared against analytical solutions. The

capability of the NWT to capture complex hydrodynamic phenomena was examined

by simulating a spilling breaker over a constant slope bed (Section 3.2.3) and the

interaction of a solitary wave with a rectangular abutment (Section 3.2.4). A validation

for the di�raction of a solitary wave by a single-row pile breakwater is also presented

in Section 4.4.2).

In all test cases presented hereafter, the non-dimensionalisation was based on the

still water depth d (Fig. 2.3) as the characteristic length scale (Lo), and
√
gd as the

characteristic velocity scale (Uo). Following these de�nitions, the Froude number (Fr)

was equal to unity. As far as the LES model is concerned, the Smagorinsky constant

CS was set equal to 0.2, unless otherwise stated.

3.2.1 Spatial and temporal accuracy for 2nd − order Stokes

waves

In this validation, the two-dimensional-vertical (2DV) propagation of nonlinear Stokes

waves was simulated in order to assess the performance of the NWT in terms of its

spatial and temporal accuracy. 2nd − order Stokes waves were generated in the wave-

maker zone with wave height H = 0.1d, wave period T = 5.235
√
d/g, and wavelength

λ = 4d. The dimensions of the computational domain were (Lx, Lz) = (60d, 2d). The

total simulation time was set to 50 wave periods to demonstrate that the NWT has

negligible numerical dissipation and dispersion errors after long integration times. For

a direct comparison with the analytical solution, the di�usion terms of Eq. (2.59) were

deactivated in order to model inviscid and irrotational �ow, and the velocity BC on the

bed was set to free-slip. An open BC was applied along the top boundary, enforcing

homogeneous Neumann BC for both horizontal and vertical velocity components. For

the pressure, a homogeneous Neumann BC was used in all boundaries, except in the

upper one where constant atmospheric pressure was applied using a Dirichlet BC. To

ensure the absence of re�ections in the working section (16 ≤ x/d ≤ 36), long relax-

ation and absorption zones were used, i.e. 16d and 24d, corresponding to 4λ and 6λ,

respectively. The time-step was only governed by the CFL criterion; the V SL restric-

tion was negligible due to the absence of viscous terms. All the following results refer

to the periodical steady state solutions.
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3.2.1.1 Spatial accuracy

First, the spatial accuracy was examined by setting CFLmax = 0.025 where the tem-

poral errors were found to be negligible. Uniform grids were used in both vertical and

horizontal directions. Two vertical resolutions (∆z/d = 0.025d and 0.125), and three

aspect ratios (AR = ∆x/∆z = 4, 2, and 1) were considered. The comparison of the

theoretical wave pro�le against the calculated one for di�erent grid resolutions is shown

in Fig. 3.10, while the corresponding maximum errors for the wavelength (ελ), the wave

crest level (εcrest), the wave trough level (εtrough) and the wave height (εH) are shown

in Table 3.1. The wave crest and trough levels were captured with a maximum error of

less than 1.6% for all grid resolutions, while the wave height was captured with an error

less than 1%. Regarding the wavelength, it is observed that the results gradually con-

verge to the analytical solution as the horizontal resolution increases. For the coarser

vertical resolution (Fig. 3.10a), the wavelength is slightly underestimated but the error

is less than about 1% for AR ≤ 2. For the �ner vertical resolution (Fig. 3.10b), the

underestimation of the wavelength is even smaller with an error less than about 0.1%

for AR ≤ 2.

(a) ∆z/d = 0.025. (b) ∆z/d = 0.0125.

Figure 3.10: E�ect of grid resolution on the predicted wave pro�les of 2nd − order
Stokes waves. Comparison of present results (blue solid lines) against the analytical
solution (black dashed line) for three di�erent values of the aspect ratio AR, and two
di�erent vertical resolutions. The horizontal dashed black lines indicate the analytical
crest and trough levels. The vertical red lines indicate the horizontal extend of the
numerical working section.
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Table 3.1: E�ect of grid resolution on the accuracy of propagating 2nd − order Stokes
waves, according to Fig. 3.10. Errors with respect to the analytical solution for the
wavelength (ελ), the wave crest level (εcrest), the wave trough level (εtrough) and the wave
height (εH). The error for each variable V was computed from εV = (V num−V an)/V an,
where V an is the value of the analytical solution and V num the value predicted by the
simulation.

∆z/d AR ελ εcrest εtrough εH
0.025 4 −2.86% −0.60% −1.58% −0.77%
0.025 2 −0.94% −0.66% −1.01% −0.13%
0.025 1 −0.52% 0.46% −0.57% −0.03%
0.0125 4 −0.61% 0.71% −1.30% −0.24%
0.0125 2 −0.10% 1.39% −1.20% 0.16%
0.0125 1 −0.02% 1.11% 0.55% 0.84%

3.2.1.2 Temporal accuracy

The temporal accuracy of the NWT was tested using a �xed grid size of (∆x,∆z) =

(0.025d, 0.0125d) where the results were found to be grid-independent. The time-step

was dynamically adapted according to the CFL restriction of Eq. (2.84) by setting

the value of CFLmax. Five di�erent values of CFLmax were examined as shown in

Fig. 3.11. For the larger value of CFLmax = 0.2, the wavelength was underestimated

by about 6%, while the wave height was in general decreasing in the working section.

Using smaller time-steps (CFLmax ≤ 0.1), the predicted wave height, and wave crest

and trough levels have less than 1% error in comparison to the analytical solution.

For the wave-length, the error was down to about 0.5% for CFLmax = 0.05, and

diminished to < 0.1% for smaller time-steps (CFLmax ≤ 0.025). Therefore based on

the examined case, it was concluded that CFLmax = 0.025 is the appropriate value to

ensure negligible numerical dissipation and dispersion errors.

To further investigate the origin of the temporal error, identical simulations were

performed solving the variable-coe�cient Poisson equation Eq. (2.61) with an LU-

based direct solver. The variable-coe�cient solver with CFLmax = 0.1 achieves the

same accuracy with the constant-coe�cient one with CFLmax = 0.025. The same value

of CFLmax = 0.1 was also reported to diminish temporal errors in a conventional NWT

with the open-source software REEF3D (Bihs et al., 2016). It is therefore evident that

the stricter time-step requirement of the present NWT does not originate from the time

advancement scheme but from the splitting scheme of Eq. (2.63). Therefore, one may

conclude that a CFL reduction of four times is required in the present NWT, which

is based on a constant-coe�cient Poisson equation, due to the e�ect of the splitting

scheme. As it will be shown in 4.2 (Frantzis and Grigoriadis, 2019), the time-step

reduction factor is governed by the density ratio of the two �uids simulated. However,

Section 4.3.3 demonstrates that even with this additional cost of performing four times

more time-steps, the present NWT is still computationally more e�cient compared to
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conventional approaches, which are based on the variable-coe�cient Poisson equation.

Figure 3.11: E�ect of time-step on the predicted wave pro�les of 2nd − order Stokes
waves. Comparison of present results (blue solid lines) against the analytical solution
(black dashed line) for di�erent values of CFLmax. The horizontal dashed black lines
indicate the analytical crest and trough levels. The vertical red lines indicate the
horizontal extend of the numerical working section.

3.2.2 Formation of a standing wave

In this validation, the NWT was assessed in terms of the performance of its relaxation

zone, which is essential for the concurrent generation of waves and absorption of re-

turning waves due to re�ections. To this purpose, a 2D standing wave was simulated

to demonstrate that even the most extreme re�ections can be absorbed. The dimen-

sions of the computational domain were (Lx, Lz) = (30d, 2d). In order to simulate a

perfect wave re�ection from a vertical wall, for comparison with the analytical solution

of stanging waves, the di�usion terms of Eq. (2.59) were deactivated in order to model

inviscid and irrotational �ow, and free-slip BCs were imposed on the bed and the right

re�ective wall. An open BC was applied along the top boundary. The wave parameters

were identical to the ones used in Section 3.2.1, i.e. H = 0.1d and λ = 4d. The length

of the relaxation zone was set equal to four wavelengths.

A uniform grid was used in both vertical and horizontal directions using grid sizes of

(∆x,∆z) = (0.025d, 0.0125d). Following the analysis of the previous section, the time-

step was dynamically adapted according to the CFL criterion by setting CFLmax =
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0.025. A total simulation time of 50 wave periods was used. After a transient interval

of about 20 wave periods, a standing wave was clearly established in the domain, and

the solution did not deviate between successive wave periods.

Typical snapshots of the free-surface pro�le every 1/16 of the wave period are

presented in Fig. 3.12. In the relaxation zone, the returning re�ected wave is dissipated

and the incident wave height value is recovered at x = 12d, i.e. within one wavelength

from the right side of the relaxation zone. In the working section, the expected pattern

of nodes and antinodes of a standing wave is observed, while the height of the standing

wave is twice the incident one. The maximum error for the prediction of crest and

trough levels was less than 2%, while the maximum error for the wavelength was less

than 1%. These results verify that the implemented wavemaker/relaxation method is

very capable to concurrently generate waves and absorb extreme re�ections.

Figure 3.12: Snapshots of the free-surface elevation of a 2D standing wave every 1/16
of the wave period. The vertical dashed line at x/d = 16, marks the boundary between
the relaxation zone to the left and the working section to the right.

3.2.3 Spilling breaking wave

In this validation, a spilling breaker was simulated in order to assess the implementation

of the IB method and the capability of the NWT to capture challenging nearshore

processes. Employing fast direct pressure solvers in a computational domain with

immersed bodies could possibly generate numerical instabilities for two-�uid problems.

This is a matter of concern especially in areas where the free-surface interface intersects

solid obstacles 2.2.2 (Frantzis and Grigoriadis, 2019). In conventional NWTs using the

IB method, this is not an issue because the solid parts of the domain are excluded

from the variable-coe�cient Poisson equation solver (e.g. REEF3D (Bihs et al., 2016)

employing the IB method for the simulations of the experiment in (Ting and Kirby,

1996)).
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The well-documented experimental study in (Ting and Kirby, 1996) was also se-

lected for the present validation. This challenging case involves spilling wave breaking

along a mild slope bed, as shown in Fig. 3.13. This case has been studied numerically

by several researchers using di�erent approaches. For instance, water-phase only mod-

els were presented solving the Euler equations and using breaking models based on

the Boussinesq equations (Dimas and Dimakopoulos, 2009) or the large-wave simula-

tion (Dimakopoulos and Dimas, 2011). The most generalised approach of solving the

NS equations, which models the physical problem with the least assumptions, has been

extensively adopted to study this spilling breaker case (Chella et al., 2015; Jacobsen

et al., 2012; Guo et al., 2013; Christensen, 2006; Zhao et al., 2004; Xie, 2013; Horikawa,

1988; Wang et al., 2009). For the present simulations, the original experimental con-

�guration was used without modi�cations, allowing the inclusion of the motion of the

free-surface in the swash zone, i.e. wave setup and run-up. Contrary, in some studies

(e.g. (Jacobsen et al., 2012; Guo et al., 2013)), the sloping bed was modi�ed at the

shoreline in order to be fully submerged, and eliminate the existence of a contact point

between the free-surface and the sloping bed, which introduced robustness issues in

the particular two-�uid models. The intention of including the physical swash zone

in the present model was to demonstrate the absence of such robustness issues in the

presented NWT.

In the experimental study, the water-depth in the horizontal region was equal to

d = 0.4 m and the slope of the bed was (1/35). The wave height of the incident waves

was H = 0.125 m with a period of T = 2 s. To match the experimental conditions,

incident waves withH = 0.3125d and T = 9.903
√
d/g were generated at Re = 789, 238.

Using the linear dispersion relationship, the wavelength was estimated to be λ = 9.236d.

The length of the relaxation zone was set equal to one wavelength LRZ = 9.236d. The

dimensions of the 2D computational domain were (Lx, Lz) = (60d, 2.5d), with the

sloping bed starting at a distance of 20d from the left boundary of the NWT.

For this set of parameters, according to the wave theory diagram (Le Méhauté, 2013;

Kamphuis, 2010; The US Army Corps of Engineers, 1973), the 5th−order Stokes theory
is considered as marginally valid (Christensen, 2006). Therefore, the wave generation

was performed using the 5th − order Stokes theory reported in Fenton (1990). Other

numerical studies (Chella et al., 2015; Xie, 2013; Zhao et al., 2004) adopted the Cnoidal

theory of a 3rd−order (Horikawa, 1988) or a 5th−order (Fenton, 1998) approximation.
There are also studies (Brown et al., 2016; Jacobsen et al., 2012) that used the stream-

function theory of (Rienecker and Fenton, 1981).

Two di�erent uniform grids were employed. A coarse one with (Nx, Nz) =

(1200, 100) cells and a �ner one with (Nx, Nz) = (2400, 200) cells, similar to the one

used by Chella et al. (2015). The results presented here are reported for the �ner grid

which proved to su�ciently resolve the quantities of interest. The time-step was dy-

namically controlled, restricted by CFLmax = 0.02 and by V SLmax = 0.03 (Eq. (2.86)).
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The Smagorinksy SGS model was used with Cs = 0.2 (Christensen, 2006). The simu-

lation was performed for a total of 40 wave periods, to ensure that the robustness of

the algorithm is maintained for long integration times. The last ten periods were used

to collect period-averaged and phase-averaged results which are presented below. The

number of simulated wave periods in the present study was large when compared to

a number of previous studies. For instance, (Wang et al., 2009; Chella et al., 2015;

Christensen, 2006) and (Xie, 2013) performed simulations for 10, 12.5, 20, and 25 wave

periods, respectively. Longer simulations have been performed by (Jacobsen et al.,

2012) and (Brown et al., 2016), using 130 and 50 wave periods, respectively.

Figure 3.13: Schematic diagram of the spilling breaker case over a beach of slope
1/35 (Ting and Kirby, 1996). Only the working section of the domain is shown in
dimensionless coordinates. The horizontal dashed line refers to the still water level.
Black vertical lines indicate locations of wave gauges (WG). Dashed lines and square
symbols indicate locations of velocity sensors (UM).

The evolution of the free-surface, along with the velocity magnitude and vector �eld

in the water, is shown in Fig. 3.14.

The free-surface elevation, z, relative to the mean free-surface elevation, η̄(x), is

displayed in Fig. 3.15 at the locations of the wave gauges (WG in Fig. 3.13, located at

x/d = {−3.75,−1.25, 11.25, 13.75, 15.0, 16.75, 17.5, 20.0}). The comparison against the

experimental data in (Ting and Kirby, 1996) shows a very good agreement. Speci�cally,

only minor di�erences are observed in the horizontal region upstream of the slope

(WG1 and WG2), which are attributed to the use of the 5th-order Stokes theory

to numerically generate the waves that unavoidably deviate slightly from the waves

generated experimentally. Further downstream, the presence of the sloping bed has

a dominant role in modifying the incidents waves. It is therefore not surprising that

the agreement is actually improved in this region (WG3-WG5), and even after the

wave-breaking location (WG6-WG8).

In addition, Fig. 3.16 shows the comparison of the free-surface envelope between

the present numerical results and the experimental data in (Ting and Kirby, 1996). At
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(a) Before and during the breaking. (b) After the breaking and during the splash-

up.

Figure 3.14: Snapshots of the free-surface pro�le, the velocity magnitude and the vector
�eld in the water in the region where wave breaking occurred.

�rst, regarding the wave breaking location, i.e. depth, and height, that is challenging to

be accurately captured, a very good agreement is observed at x/d = 16.0. As far as the

crest level with respect to the mean free-surface elevation, (ηmax − η̄) /d, is concerned,

which is not always accurately captured, an almost perfect agreement was found in all

stream-wise locations. Due to turbulence, the free-surface elevation, and consequently

the corresponding values for the crest and the trough levels, di�er between periods.

Thus, (ηmax) /d and ηmin/d of the �ve last periods, were calculated by averaging the

crest and trough elevation, respectively. Considerable di�erences between ηmax/d and

its averaged value were found only in the region after the wave breaking and close to it,

i.e. 17 < x/d < 26. After the breaking point, in the surf zone, the predicted wave height

decreases at the same rate as in the experiments, proving that the wave dissipation

was predicted correctly. Only in the inner surf-zone, which is closer to the swash zone,

the crest level was slightly over-predicted. Also, a very good agreement was found for

the trough level with respect to the mean free-surface elevation. Regarding the mean

free-surface elevation, it was found to be in satisfactory agreement in the surf-zone,

i.e. after the breaking point, and slightly before the breaking point. In the region with

larger water depth, this was slightly over-predicted, which might be attributed to the

deviations between the numerically and experimentally generated waves, as mentioned

before.
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Figure 3.15: Phase-averaged, free-surface elevation, z, with respect to the mean free-
surface elevation η̄ for the spilling breaker case. Comparison at various stream-wise
locations, indicated byWG in Fig. 3.13. Black solid lines refer to the present numerical
results and red symbols refer to the experimental data in (Ting and Kirby, 1996).
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Figure 3.16: Free-surface envelope of the spilling breaker case de�ned in Fig. 3.13. The
present numerical results (black solid lines) are compared against the experimental
data in (Ting and Kirby, 1996) (red symbols).

To further validate the accuracy of the NWT, the comparison of the horizontal

velocity component, u, at three vertical levels and three horizontal locations is displayed

in Figs. 3.17, 3.18 and 3.19, for locations UM1-UM3 in Fig. 3.13. The numerical model

seems to perform better close to the free-surface compared to the region close to the

bed. A slight over-prediction of horizontal velocity occurs close to the bed which was

also observed in other similar numerical studies (Chella et al., 2015; Zhao et al., 2004).
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Figure 3.17: Phase-averaged, horizontal velocity, u, during the wave period at UM1
for levels z1 = −0.3m, z2 = −0.2m, and z3 = −0.1m. Black solid lines correspond to
the present numerical results and red symbols to the experimental data in (Ting and
Kirby, 1996).

Figure 3.18: Phase-averaged, horizontal velocity, u, during the wave period at UM2
for levels z1 = −0.15m, z2 = −0.1m and z3 = −0.05m. Black solid lines correspond to
the present numerical results and red symbols to the experimental data in (Ting and
Kirby, 1996).

Figure 3.19: Phase-averaged, horizontal velocity, u, during the wave period at UM3
for levels z1 = −0.15m, z2 = −0.1m and z3 = −0.05m. Black solid lines correspond to
the present numerical results and red symbols to the experimental data in (Ting and
Kirby, 1996).
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Figs. 3.20 and 3.21 present the comparison for the phase-averaged vertical com-

ponent of velocity, w, at three vertical levels, for the locations of UM2 and UM3 in

Fig. 3.13. The comparison looks quite convincing, accurately capturing the temporal

variation and the maximum and minimum values at all locations.

Figure 3.20: Phase-averaged, vertical velocity, w, duirng the wave period at UM2 for
levels z1 = −0.15m, z2 = −0.1m, and z3 = −0.05m. Black solid lines correspond to
the present numerical results and red symbols to the experimental data in (Ting and
Kirby, 1996).

Figure 3.21: Phase-averaged, vertical velocity, w, duirng the wave period at UM3 for
levels z1 = −0.15m, z2 = −0.1m, and z3 = −0.05m. Black solid lines correspond to
the present numerical results and red symbols to the experimental data in (Ting and
Kirby, 1996).

Moreover, the comparison for the undertow pro�les (period-

averaged horizontal velocity), at six locations in the surf zone (x/d =

{−3.75,−1.25, 11.25, 13.75, 15.0, 16.75, 17.5, 20.0}), is presented in Fig. 3.22 where

variables are non-dimensionalised with respect to the local mean water depth,

h(x) = d(x) + η̄(x), d(x) is the corresponding still water depth, and η̄(x) is the mean

free-surface elevation. In accordance with the phase-averaged horizontal velocity, the

undertow pro�les are predicted more accurately at the levels closer to the free-surface.

For locations of the surf zone further away from the breaking point with smaller water

depths, the predicted undertow is underestimated, especially close to the bed. This

could be an indication of limited numerical resolution in this area, because fewer grid
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nodes exist within the water depth for shallower locations. For instance, the vertical

distance between the still water level and the inclined bed includes approximately 42

cells at the location x/d = 16.6625, while at the inner surf-zone of x/d = 24.3375

only 23 cells are included. For locations even closer to the coast, the results would

be less reliable since fewer gird cells exist between the bed and the free-surface, while

a number of grid cells correspond to the arti�cial thickness (smoothing distance)

of the interface where the density is smaller than that of the water. Moreover, the

discrepancies in the simulated undertow might be attributed to an over-dissipation

of the SGS model close to the bed, failing to capture the increased gradients ∂u/∂z

that are occurred in the inner surf-zone locations. Based on the results in (Brown

et al., 2016), where di�erent RANS models were examined, the simulated undertow

is very sensitive to the selected turbulence/SGS model. This argument is further

supported by the results in (Christensen, 2006), where the LES with the Smagorinsky

SGS model was used (similar to the present study), indicating that the bottom close

undertow was underestimated at the locations closer to the coast as well, even though

the variable coe�cient Poisson was solved. Therefore, it is safely concluded that the

di�erences in undertow are not attributed to the alternative solution of the Poisson,

but only to the selected turbulence model.

Summarising the results presented in Figs. 3.15-3.22, and comparing them with the

numerical results reported in other studies that use conventional NWTs (e.g. (Chella

et al., 2015; Xie, 2013; Christensen, 2006; Zhao et al., 2004)), the accuracy is very sat-

isfactory. Even for very long integration times, numerical instabilities were not present

in the region where the sea-bed was intersected by the free-surface. The present NWT

seems to fail capturing the undertow pro�le closer to the bed at locations in the inner

surf-zone (closer to the coast). However, according to the above discussion this might

be attributed to the selected turbulence model, which requires further investigation by

testing other SGS models or using a wall function which might be more appropriate

due to the under-resolution of the boundary layer. Therefore, it is concluded that

the proposed NWT can simulate breaking waves with comparable accuracy to that of

conventional NWTs.
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Figure 3.22: Undertow pro�les at di�erent locations in the surf zone. Black solid
lines correspond to the present numerical results and red symbols correspond to the
experimental data in (Ting and Kirby, 1996).

3.2.4 3D interaction of a solitary wave with a rectangular abut-

ment

In this validation, the interaction of a solitary wave with an abutment was simulated to

demonstrate the capability of the NWT in capturing complex 3D �ows. The numerical

results are compared against the experimental measurements in (Higuera et al., 2013b)

and (Lara et al., 2012). The experiments were conducted in a wave tank with a

still water depth d = 0.45m, and width WNWT = 0.58m, as schematically shown

in Fig. 3.23. A rectangular abutment with dimensions (Wabt, Labt) = (0.3, 0.24)m was

attached to the left wall of the wave tank, with respect to the incident wave direction. In

this case the x-axis is the stream-wise horizontal, z-axis is the vertical and y-axis is the

span-wise coordinate. The o�shore face of the abutment is at a distance xabt = 8.96m
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from the end wall of the wave tank. A solitary wave with a height of H = 0.1m travels

along the wave tank, interacts with the abutment, re�ects at the end wall of the wave

tank and re-interacts with the abutment.

Figure 3.23: Geometrical con�guration for the interaction of a solitary wave with an
abutment. Top view of the NWT and the location of the wave gauges (WG) in the
vicinity of the abutment according to the experiment in (Lara et al., 2012).

The characteristic length and velocity scales for this case are Lo = d = 0.45m

and Uo =
√
gd = 2.101m/s. Using these scales, the non-dimensional wave height and

Reynolds number were H/d = 0.222 and Re = 941, 752. The height of the computa-

tional domain was chosen to be twice the still water depth, i.e. HNWT/d = 2. Here,

the length of the NWT was LNWT/d = 52.889, which includes a wavemaker zone of

length LWM/d = 8.889 and a relaxation zone of the same length (LRZ/d = 8.889).

A uniform mesh was used in all three directions, while the Poisson equation was

decomposed into multiple 2D systems of equations by performing FFT decomposition

along the stream-wise (x) direction. This decomposition allows an e�cient parallelisa-

tion of the Poisson solution and a signi�cant reduction of memory requirements (dis-

cussed in detail in the next section). The generation of the solitary wave was performed

using the 3rd-order analytical solution in (Grimshaw, 1970). The presence of the abut-

ment was taken into account using the IB method. The Smagorinsky SGS model was

used with Cs = 0.1, because the larger value of 0.2 was found to over-dissipate the wave

height when coarser grid resolution was used. The time-step was dynamically controlled

using the V SL and CFL criteria, by setting CFLmax = 0.02 and V SLmax = 0.03, for

a total simulation time of 100 dimensionless time units To = Lo/Uo, which corresponds

to about 21.5 seconds. Regarding the discetisation of the domain, four di�erent numer-

ical grids were used as indicated in Table 3.2. The �rst three grids, that correspond to

Coarse,Medium and Fine resolution respectively, were used to investigate the conver-

gence of the model, while the �nest grid, Fine2, was used to present the computational

performance of the model at larger grid sizes.

Snapshots of the free-surface elevation in Figs. 3.24a and 3.24b show the interaction

of the incident and the re�ected, respectively, solitary wave with the abutment, as it

was computed by the �nest grid Fine2. The free-surface elevation was recorded at

72

Cha
ral

am
bo

s F
ran

tzi
s



Table 3.2: Numerical grids used for the case of the solitary wave interaction with a
vertical abutment.

Nx Ny Nz Ncelltot
Coarse 1024 50 32 1.63840× 106

Medium 1536 62 40 3.80928× 106

Fine 2048 80 52 8.51968× 106

Fine2 2600 100 64 16.6400× 106

several locations in the NWT (Fig. 3.23), which coincide with the locations of wave

gauges (Table 3.3) in the corresponding experimental and numerical studies (Higuera

et al., 2013b; Lara et al., 2012; Bihs et al., 2016). The comparison to the experimental

data is shown in Fig. 3.25. Two peaks in each free-surface elevation recording can be

Table 3.3: Coordinates of the wave gauges (WG) in the NWT (Fig. 3.23) according to
the experimental study in (Lara et al., 2012).

WG 1 WG 2 WG 3 WG 4 WG 5 WG 5 WG 7 WG 8 WG 9
x/d −2.444 −2.444 −0.222 −0.222 0.267 0.756 1.422 1.422 2.311
y/d 0.222 1.067 0.222 0.845 0.400 0.845 0.222 1.067 0.622

clearly observed for all wave gauges. These peaks correspond to the passage of the

solitary wave before (�rst peak) and after (second peak) its re�ection at the end wall

of the wave tank. For the wave gauges seawards of the abutment (WG 1-WG 4), the

�rst free-surface peak is always greater than the second one. On the other hand, for

the wave gauges leewards of the abutment, the second peak is either greater or at

least comparable to the �rst one. and all grid resolutions examined. As far as the

convergence is concerned, it is concluded that the Medium grid with a total of about

3.8×106 cells is su�cient, while �ner resolutions does not seem to signi�cantly a�ect the

results. The error of the simulations with respect to the experimental measurements

was calculated as (ηnum − ηexp)/ηexp, where ηexp and ηmum are the peak values of

the experiments and the present numerical results, respectively. The maximum error

among all wave gauges was −7.4% for the �rst peak inWG4 and −2.4% for the second

peak in WG 1. The time interval between peaks is also in excellent agreement with

the experimental data, which is an indication that the celerity of the solitary wave was

accurately captured.

The simulation with a numerical grid of (Nx, Ny, Nz) = (2600, 64, 100) cells, result-

ing to a total of 16.64 million grid cells, was performed to demonstrate the computa-

tional performance of the presented e�cient NWT. Regarding the computational cost

of this simulation, a total of 35 hours were required for the simulation of 100 time units,

i.e. an average of 1.63 hours per second simulated. The simulation was executed exclu-

sively on a single server, equipped with 64 Gbytes of RAM and two Intel(R) Xeon(R)

E5-2680 CPU units of 14 cores each, synchronised at 2.4 GHz. The same simulation

could be completed in less than a week on a personal computer or a modern laptop.
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(a) Snapshots of the free-surface elevation

when the crest of the incident solitary wave is

seawards (up) and leewards of the abutment

(down).

(b) Snapshots of the free-surface elevation

when the crest of the re�ected solitary wave is

leewards (up) and seawards of the abutment

(down).

Figure 3.24: Snapshots of the free-surface pro�le in the vicinity of the abutment during
the passage of the incident (a) and the re�ected (b) wave. The incident wave is traveling
from left to right and water elevation is demonstrated with di�erent colors.

(a) WG 1 (b) WG 3

(c) WG 4 (d) WG 5

(e) WG 6 (f) WG 7

(g) WG 8 (h) WG 9

Figure 3.25: Free-surface elevation at di�erent locations (see Table 3.3) for a solitary
wave interacting with an abutment. Black solid lines refer to the present numerical
results and red symbols refer to the experimental measurements of Lara et al. (2012).
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Chapter 4
Results

This chapter collects all the new results generated for the purposes of this PhD study.

First, the convergence of the developed FDS-IB method is demonstrated in Section 4.1,

manifesting that the developed method has an improved temporal convergence rate

compared to the existing methods. The detailed investigation on the temporal accu-

racy of the constant coe�cient formulations is presented in Section 4.2, indicating that

a time-step reduction that is proportional to the density ratio is required to maintain

accuracy. The computational performance of the FDS-IB method and the total Nu-

merical Wave Tank (NWT), developed in this study, are demonstrated in Section 4.3.

The results of the comparison between the developed method and the conventional ap-

proach, estimate speed-up factors of 100�10 for density ratios of 10�1000, respectively.

The speed-up factor for a large 3D NWT problem was estimated to be about 30.

Subsequently, Section 4.4 presents the results obtained using the new e�cient NWT,

for the parametric study of a single-row pile breakwater, under the impact of solitary

waves. This study focuses on the e�ect of the pile's diameter on the transmission and

re�ection coe�cients of the breakwater, explaining and correlating the results with the

motion of the free-surface and the generated vorticity �eld.

4.1 Convergence study for the developed FDS-IB

method

In this section, the temporal and spatial convergence rate (CR) of the presented solver

is analysed when the IB method is used. The case selected for this purpose is the

sloshing of water and air in a 2D ba�ed tank. The parameters are those presented

in Section 3.1.3, except of the width of the ba�e Wb, which was set equal to 0.1Hb.

Moreover, the ba�e was rotated by 15o around the centre of the tank so that the IB

solid interface does not coincide with the gird lines.

The temporal CR was evaluated by comparing the errors between the solutions
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obtained by successively smaller time-steps ∆t. The simulations were performed on

a uniform grid with (Nx×Nz) = (160×160) cells and constant dimensionless time-

steps of ∆t/to = 0.0004, 0.0008, 0.0016, respectively. The solution at t/to = 10.0 was

compared between two successive simulations by calculating the L2 error (Dodd and

Ferrante, 2014) for the �ow variables of interest (~u, P , ρ), according to,

E2∆t,∆t =
1

Nnodes

√√√√Nnodes∑
i=1

(
ξ

(i)
2∆t − ξ

(i)
∆t

)2

(4.1)

where ξ is the �ow variable to be examined and Nnodes is the number of grid nodes used

to calculate the CR. In order to estimate the accuracy of the solver in the vicinity of the

IB, the CR was calculated for three di�erent regions: i) Local (for distances less than

15∆x), ii) Far-Local (for distances less than 30∆x), iii) Global (for the whole domain).

Fig. 4.1 presents the geometrical con�guration and the boundaries that de�ne those

three regions.

Figure 4.1: Geometrical con�guration and grid lines of the case used for the convergence
study. The IB solid interface is denoted with black-dashed line and the free-surface
pro�le is denoted with blue-solid line. The boundaries that de�ne the area of the
calculated convergence rate are presented with black-solid (Global), red-solid (Far-
Local) and orange-solid (Local) lines.
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Table 4.1 shows that the temporal CR was always below 2.0 for all variables. This

is expected because the 2nd − order Adams-Bashforth scheme was used for the time

advancement of the velocity �eld and the 3rd − order TVD Runge-Kutta scheme was

used for the advection of the signed distance �eld, φ. For the case examined, the

temporal CR was measured to be approximately 1.8 for the velocity components, 1.3

for the pressure and 1.6 for the density �eld. The di�erences in the estimated CR

between Global, Far-Local and Local domains were found to be insigni�cant. This

indicates that the proposed treatment of the IB does not have an adverse e�ect on the

overall CR of the solver.

The results presented in Table 4.1, are consistent with the work of Guermond

et al. (2006) which discusses the overall temporal accuracy of di�erent classes of the

projection/fractional-step method. In the work of Guermond et al. (2006), it is clearly

mentioned that if a standard 2nd − order incremental temporal scheme is used, a

numerical boundary layer prevents the temporal accuracy of the velocity and pressure

to be fully 2nd − order, which is the limit of the standard incremental schemes.

Table 4.1: L2 errors between simulations with consecutive smaller time-steps ∆t and
temporal CR of the u,w, P and ρ variables, for the three areas de�ned in Fig. 4.1.

u w P ρ

Global
E4∆t,2∆t 7.340E-06 9.185E-06 2.927E-06 2.692E-05
E2∆t,∆t 2.131E-06 2.610E-06 1.193E-06 8.258E-06
CR 1.78 1.82 1.30 1.71

Far-Local
E4∆t,2∆t 1.727E-05 2.217E-05 6.147E-06 6.515E-05
E2∆t,∆t 5.061E-06 6.272E-06 2.468E-06 2.061E-05
CR 1.77 1.82 1.32 1.66

Local
E4∆t,2∆t 2.603E-05 3.896E-05 1.135E-05 1.134E-04
E2∆t,∆t 7.617E-06 1.116E-05 4.432E-06 3.790E-05
CR 1.77 1.80 1.36 1.59

The spatial CR of the solver was evaluated using three di�erent grids with 802,

1602 and 3202 cells. To maintain the same CFL number the dimensionless time-steps

were set to ∆t/to = 0.0004, 0.0002, 0.0001, respectively. Those small time-steps were

used to eliminate temporal errors by restricting the value of CFLmax < 0.01. The half

thickness of the interface was set to be proportional to the grid size and equal to N = 4

grid distances.

The L2 error between successively smaller grid cells (∆x,∆z) and the spatial CR

of variables u,w, P and ρ are presented in Table 4.2. In a similar fashion with the

temporal CR, the rate of spatial CR was found to be comparable in all three regions

considered. The spatial CR was approximately 3.0 for the velocity components and

pressure and 2.0 for the density �eld. These values are within the expected range

because a 5th−orderWENO scheme was used for the convective terms and 2nd−order
schemes were involved, as described in Section 2.2.3.1. In case a 2nd − order central
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scheme was used to discretise the convective terms, the overall spatial CR was reduced

to 2nd − order as con�rmed by additional simulations which are not reported in detail

here.

Table 4.2: L2 errors between simulations with consecutive smaller grid cells (∆x,∆z)
and spatial CR for u,w, P and ρ and the three areas de�ned in Fig. 4.1.

u w P ρ

Global
E4∆x,2∆x 6.835E-05 8.071E-05 3.784E-05 3.795E-04
E2∆x,∆x 7.171E-06 1.015E-05 6.104E-06 1.103E-04
CR 3.25 2.99 2.63 1.78

Far-Local
E4∆x,2∆x 1.508E-04 1.705E-04 6.690E-05 7.601E-04
E2∆x,∆x 1.493E-05 2.322E-05 1.001E-05 2.003E-04
CR 3.34 2.87 2.74 1.92

Local
E4∆x,2∆x 2.574E-04 3.607E-04 1.192E-04 1.462E-03
E2∆x,∆x 2.255E-05 5.067E-05 1.559E-05 3.387E-04
CR 3.51 2.83 2.94 2.11

It is also noted that by setting the thickness of the interface to be proportional to

the grid size, results to di�erent actual thickness of the interface for di�erent grids. This

practically means that although the solution converges to the physical problem for �ner

grids, di�erent interface-capturing equations are used by each grid (Olsson et al., 2007).

To avoid this, one should keep the same absolute thickness of the interface between

di�erent grids, leading to solutions which would converge to a numerical (and not the

physical) problem. Such a convergence rate analysis was also performed, setting the

half thickness of the interface equal to N = 2, 4 and 8 grid distances for the three grids

used here. The resultant CR was the same for velocity and pressure and increased to

3rd − order for the density �eld.

Thus, the presented solver was found to be 2nd order accurate in time and 2nd-

3rd−order accurate in space. The indirect approach used to recover the proper BC for

pressure along the IB (Section 2.2.2) slightly decreased the rate of temporal convergence

but did not signi�cantly a�ect the rate of spatial convergence.

4.2 CFL Sensitivity analysis

In this section, we examine the e�ect of the CFLmax number, used for the dynamic

determination of the time-step, on the accuracy of the constant coe�cient approach for

di�erent density ratios. The 2D sloshing case, presented in Section 3.1.3, was selected

to demonstrate this issue, setting the Re number equal to 20× 103 to ensure that the

�ow will be controlled by the CFL and not the V SL.

First, the variable coe�cient formulation was employed to provide a set of reference

solutions for the evolution of the free-surface pro�le. Di�erent values for the CFLmax
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number of 0.2, 0.1, 0.05, 0.02 and 0.01 were used to examine the sensitivity on the

CFLmax number. Three di�erent values of the density ratio were investigated, ρ1/ρ2 =

10, 100 and 1000.

Next, the same set of simulations were performed using the constant coe�cient

approach. The pro�le of the free-surface after 10 time units is presented in Fig. 4.2, for

all cases. Using the conventional approach, only negligible discrepancies were observed

when di�erent values of the CFLmax number were used, even for the highest density ra-

tio. This clearly indicates that for the case considered, the accuracy of the conventional

approach is insensitive to the values of the CFLmax number. This is why the results

obtained by the conventional approach are practically indistinguishable and appear as

a single line (black dashed) in Fig. 4.2. Observing the results presented in Fig. 4.2, it is

Figure 4.2: Free-surface pro�le at t/to = 10 for values of the density ratio of 1000
(upper), 100 (middle) and 10 (lower), either employing the conventional approach
(black dashed line) or the proposed approach, using di�erent values of the CFLmax
number.

evident that for larger values of the density ratio and CFLmax numbers the accuracy of

the constant coe�cient approach deteriorates. For the lower density ratio of 10, there

was practically no need to reduce the time-step to achieve the reference solution. For

the case where the density ratio of 100 was used, the CFLmax number had to be lower
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than 0.05, resulting to a time-step reduction by a factor of 4. For the highest value of

the density ratio of 1000, we concluded that the CFLmax number must be lower than

0.02, leading to 10 times smaller time-step to converge to the reference solution. The

need to reduce the time-step is a result of the splitting error, introduced by Eq. (2.63).

Therefore for higher values of the density ratio, a smaller time-step is required by the

constant coe�cient approach in order to eliminate the splitting error and recover the

reference solution of the variable coe�cient approach.

According to the results presented in this section and the ones presented by Dodd

and Ferrante (2014), a time-step reduction is required only for �ow problems where

the CFL criterion is the dominant stability criterion. If, for example, surface tension

e�ects are signi�cant and the surface tension stability criterion requires small time-

steps, the value of CFL might be already restricted to smaller values, eliminating the

splitting errors. This was the case in (Dodd and Ferrante, 2014), where the CFLmax

was already restricted to values as low as 0.001, because of the surface tension e�ects.

This time-step reduction can be considered as the main disadvantage of the constant

coe�cient approach. It is important to mention that this reduction is required only

for a class of problems and for a speci�c range of parameters. Therefore, the �nal

speed-up of the constant coe�cient approach over the variable coe�cient one is not

a single value. It is strongly dependent on a number of computational and physical

parameters. Among these parameters, the most important one is the estimated CFL

reduction factor which is inversely proportional to the density ratio considered. The

discussion on the speed-up of the proposed method over the variable coe�cient one,

follows.

4.3 Performance analysis & demonstration

4.3.1 Performance of the developed FDS-IB method

In this section, we estimate the actual speed-up by comparing the performance of

our FDS-IB solver against a typical NS solver using the variable coe�cient approach

and a widely used iterative solver. The problem of three-dimensional sloshing was

selected, similar to the 2D one presented in Section 3.1.3. The size of the computational

domain was (Lx, Ly, Lz) = (2, 1.6, 2), with non-slip wall BCs along each boundary of

the domain. The numerical grid consisted of (Nx × Ny × Nz) = (320 × 256 × 320)

computational cells. The analysis of performance was examined for three di�erent

density ratios, as shown in Table 4.3.

Our current implementation of the proposed FDS-IB solver is based on a modi�ed

FISHPACK library (Grigoriadis et al., 2004) parallelised using OpenMP directives. The

parallel e�ciency of the code reaches 67% on 32 cores. Physical memory requirements
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do not exceed 220 Mbytes per million nodes computed. The Poisson solver is capable

of performing parallel FFT decomposition along periodic directions or along a single

direction with homogeneous Neumann BCs, decomposing the 3D problem into a series

of 2D Helmholtz problems. In the case examined here, FFT was applied along the

spanwise direction y only. The cost of our FDS-based Poisson solver per time-step,

remains the same for di�erent CFLmax numbers and density ratios.

The conventional approach utilised the Hypre library (Falgout and Yang, 2002),

which works in parallel using Message Passing Interface (MPI). The iterative solver

used to complete the tests was the Algebraic Multi-Grid (AMG) solver. The memory

requirements of this solver restricted the maximum size of the grid resolution to the

one selected. The cost of the iterative solver per time-step depends on the convergence

tolerance, the density ratio and the CFLmax value. The convergence tolerance for the

AMG solver was set to 10−7. For large values of CFLmax or density ratio, additional

iterations were required to achieve convergence because of the worst initial guess for

the pressure �eld. Since the iterative solver was using the variable coe�cient approach,

the maximum value of the CFL number was imposed, i.e. CFLmax = 0.2.

All performance tests have been executed exclusively using 32 cores on a single node

equipped with 64 Gbytes of physical memory and two AMD Opteron(TM) 6276 CPU's,

synchronised at 2.3 Ghz. Table 4.3 summarises the performance results of the Hypre

(AMG) and the FDS solver, for the Poisson solution alone and the full NS solution.

Regarding the �nal speed-up of the constant coe�cient approach, this is highly

depended on the �ow parameters (e.g. density ratio), since for high values of the density

ratio the signi�cant gain of the fast Poisson solution is compensated by the time-step

reduction, required to maintain the accuracy. The other critical parameter to determine

the �nal speed-up is the cost of the remaining procedures in a single time-step, since

these have to be performed more times according to the CFL reduction factor. In our

code, and for the case examined here, the pressure solution using the FDS takes about

37% of the total cost of the time-step. Looking at the results of Table 4.3, the cost of

Table 4.3: Wall clock time (sec) and speed-up factor for the solution of the Poisson
equation (middle column). CFL reduction factor and �nal speed-up of the constant
coe�cient approach to solve the two-�uid NS equations (right column).

ρ1/ρ2
Poisson solution only Current FDS-IB solver

AMG (CFL=0.2)
(sec)

FDS
(sec)

Speed-Up
CFL

Reduction Factor
Speed-Up

10 258.070 0.908 284.130 1 104.965
100 260.723 0.911 286.239 4 26.435
1000 277.726 0.913 304.123 10 11.231

the AMG is slightly increased for larger density ratios. As mentioned before, this extra

cost is due to the additional iterations required to achieve convergence. Due to the

di�erent matrix of coe�cients at every time-step, the cost of the AMG solver consist
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of two parts, the set-up of the solver and the solution part. The set-up of the solver

requires about 93% of the total pressure solution. Therefore, the constant coe�cient

formulation is bene�cial even for iterative solvers because avoiding the solver set-up

will speed-up the pressure solution.

For cases where the CFL reduction is larger, the �nal speed-up of the constant

coe�cient two-�uid solver is much smaller. Even for the worst-case scenario of the

highest density ratio O(1000) examined here, with the CFL number reduced about

10 times, the use of the constant coe�cient approach still performs about 10 times

faster. For an even higher density ratio O(10000), one would expect that the CFL

reduction factor increases further, leading to even smaller time-steps. Under those

conditions, the use of the constant coe�cient approach could be disadvantageous in

terms of speed-up. It is therefore reasonable to conclude that in order to accurately

evaluate the speed-up/speed-down for a di�erent set of parameters one should actually

perform the relevant tests.

4.3.2 Rayleigh�Taylor instability in a vertical circular cylinder

In this section we demonstrate the capability and the robustness of the proposed

method to e�ciently simulate discretisation demanding two-�uid �ows, with single

server execution. We performed the simulation of a 3D Rayleigh-Taylor instabil-

ity problem inside a vertical circular cylinder with an aspect ratio 1 : 5 (L/D =

5) (Sweeney et al., 2013). The problem is characterised by �ve parameters: the density

ratio, the viscosity ratio, the cylinder geometry (aspect ratio), the Reynolds number

and the surface tension between the two �uids. As mentioned by Sweeney et al. (2013),

the exhaustive exploration of all these parameters for a wide range is prohibitively ex-

pensive. In this section, we present the e�ect of the Reynolds number for the case where

the surface tension e�ects are absent. The density and the viscosity ratios chosen, are

those used by Sweeney et al. (2013) corresponding to golden syrup (denser �uid) and

silicon oil (lighter �uid), i.e. ρ1/ρ2 = 0.545 and µ1/µ2 = 0.445.

The radius of the cylinder R was chosen as the characteristic length scale, while

the characteristic velocity scale was chosen equal to
√
gR, leading to a Froude number

equal to unity (Fr = 1.0). The gravity acceleration vector points in the negative

direction of the y-axis. The curved solid boundary of the cylinder is described by the

IB method in the x − z plane. The simulation takes place in a cuboid domain with

a square cross section of width 1.1D and length equal to the length of the cylinder.

The constant coe�cient pressure Poisson equation (2.74) has been solved using a FDS

that performs FFT decomposition along two directions (x and z). The cylinder is �lled

50 : 50 with the chosen �uids starting from the tranquility and the heavier �uid over

the lighter one. The pro�le of the free-surface is slightly perturbed from the horizontal,

in order to trigger the motion, according to dy = H sin
(
π
2
z
)
, where dy is the position of
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the two-�uid interface and H is the magnitude of the perturbation, assuming that the

origin of the coordinate system is the center of the domain. For the results presented

here, the value of H was set equal to 0.05R.

Three di�erent values of the Reynolds number were examined at Re = 50, 500, and

5000 using a numerical resolution (Nx×Ny×Nz) of (128×513×128), (256×1024×256)

and (512 × 2049 × 512), respectively. The value of the CFL and V SL numbers were

set equal to 0.2 and 0.08, respectively. Regarding the lowest Re number, the time-step

was controlled by the V SL, while for the other two values the CFL was the dominant

criterion. The free-surface pro�le at di�erent time instants is shown in Fig. 4.3, for

the two lower values of the Re number. Observing the free-surface pro�le evolution for

Figure 4.3: Snapshots of the free-surface pro�le for Re = 50 at t/to =
7.0, 10.0, 13.0, 16.0 (left) and for Re = 500 at t/to = 4.5, 7.5, 10.5, 13.5 (right).

the lowest Re number, a side-by-side instability is evident, similar to the experimental

observations by Sweeney et al. (2013), at a signi�cantly lower Re number of 0.18).

However, even for two-orders of magnitude higher Re number, the same single �nger

with a small head is observed in each direction. Increasing the Re number, even further

the single �nger is spitted in two smaller ones as indicated in Fig. 4.3. The position

of the most advanced points of the free-surface for both fronts as a function of time

is presented in Fig. 4.4 for the two lower values of the Re number. Additionally, a

snapshot of the free-surface pro�le at the early stages of the simulation of Re = 5000

is presented in Fig. 4.5. Observing the results presented in Fig. 4.4, it is evident that

both fronts travel with higher velocities for larger value of the Re number. The bottom

front reaches the end of the cylinder �rst at time t/to = 16 and 14 for Re = 50 and

500, respectively. Moreover, each time the structure of the fronts modi�es, the terminal

velocity changes as well, depending on the shape or the number of the heads (e.g. two
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Figure 4.4: Temporal evolution of the highest
(dashed-line) and the lowest (solid line) location
of the free-surface pro�le, for Re = 50 (lines with
square symbols) and Re = 500 (lines without sym-
bols).

Figure 4.5: Free-surface pro-
�le at t/to = 3.0, for Re =
5000 and grid resolution of
Nx×Ny×Nz = 512×2049×
512.

last time-instants of Re = 500 in Fig. 4.3). All cases presented in Fig. 4.4 indicate an

acceleration at the �rst stages of the motion. For the low Re number, both fronts reach

their terminal velocity after 5 time units, while for the higher one the terminal velocity

is reached after 4 time units. In the case studied by Sweeney et al. (2013) for Re = 0.8

the acceleration stage lasted 25 time units. In the present study, all simulations were

restricted to higher values of the Re number because of the explicit treatment of the

di�usion terms, restricting the time-step to very small values. This di�culty could be

overcome by treating the di�usion terms implicitly. In this way, the V SL restriction

could be eliminated. Additionally, it is evident that the higher the Re number, the

more complex the �ow �eld becomes because secondary �ow structures are developed

and the number of primary heads increases. Regarding the computational cost for

the simulations of 20 time units, 3.7 hours, 33.5 hours and 16 days were required, for

Re = 50, 500 and 5000, respectively. Each simulation was executed exclusively on a

single node equipped with 64 Gbytes of RAM and two processors of 14 cores each (28

cores in total), synchronised at 2.4GHz.

The Direct Numerical Simulation (DNS) of such �ow cases is a challenging issue,

especially for the wide range of dimensionless parameters involved (e.g. Re number

or density and viscosity ratio). Therefore, the use of e�cient numerical methods is

essential to access more demanding simulations and parametric studies.

4.3.3 Performance of the new NWT

In this section, the performance and the e�ciency of the proposed NWT is assessed

against the conventional approach. The analysis focuses on the Poisson solution which

is the most computationally intensive procedure of the simulation. In order to demon-

strate and quantify the advantage of the proposed NWT, the computational cost of the

constant-coe�cient Poisson solver with FDS is compared against a variable-coe�cient
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one using an iterative solver. It is noted that the results presented in this paragraph

refer only to the speed-up of solving the Poisson and its e�ect on the total speed-up,

when an explicit scheme is used for the temporal advancement of the velocity �eld.

For a code that uses an implicit scheme for the temporal discretisation, the e�ect of

the Poisson speed-up on the total speed-up would not be the same, due to the di�erent

percentage of Poisson's computational cost to the total cost and due to the increased

time-step values that can be used by the implicit schemes. To provide accurate pre-

dictions, one should perform the relevant simulation tests to estimate the speed-up or

speed-down.

The implementation of the new NWT employs a FISHPACK-based (Grigoriadis

et al., 2004) FDS with FFT decomposition along a single direction to solve the constant-

coe�cient Poisson formulation of Eq. (2.74), using OpenMP directives for the par-

alellisation. The conventional approach was based on the variable-coe�cient Poisson

formulation of Eq. (2.61), which was solved using an iterative solver. The most pop-

ular choices for iterative Poisson solvers are the Algebraic Multigrid (AMG) and the

Jacobi-preconditioned BiCGStab. The comparison between FDS and the AMG itera-

tive solver was already presented in (Dodd and Ferrante, 2014) and in earlier in this

thesis in Section 4.3 for two-�uid �ow due to sloshing in a tank. In this section, the

FDS is compared against the Jacobi-preconditioned BiCGStab, which is also used by

the open-source CFD software REEF3D (Bihs et al., 2016). The current implementa-

tion of BiCGStab for Poisson solution employs the widely used Hypre library (Falgout

and Yang, 2002) with MPI.

It should be noted that the Poisson equation is solved to machine precision with

the FDS, while a user-de�ned convergence tolerance is required by an iterative solver.

To set this value, preliminary runs with the BiCGStab-based solver indicated that

comparable �ow �elds are achieved using the default value of the convergence tolerance,

i.e. 10−7 for the norm of the relative residual. To achieve the same accuracy between

the two approaches, a CFL reduction factor (RF ) of four was required for the FDS-

based solver, as was deduced by the CFL analysis of Section 3.2.1, in order to eliminate

the temporal splitting error of Eq. (2.63). Consequently, the values of the CFLmax were

set to 0.025 for the FDS-based solver and 0.1 for the BiCGStab-based solver.

The comparison was performed for a 3D NWT without any obstruction using

wave parameters identical to the ones selected for the case of propagating waves in

Section 3.2.1. A domain of length LNWT = 250d, width WNWT = 5d and height

HNWT = 8d was used. All performance tests were executed exclusively on a single

server, equipped with two Intel Xeon E5-2680 processors of 14 cores each, synchro-

nised at 2.4GHz.

The performance of the two approaches is summarised in Table 4.4, for �ve di�erent

grid resolutions, ranging from a total of 1 to 280 million cells. For each grid, the CPU
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time of the Poisson solution per time-step is presented in the 2nd and 3rd columns for the

two solvers. The speed-up of the FDS over the BiCGStab is shown in the 4th column for

a single Poisson solution, i.e. without accounting for the CFL reduction. As expected,

mainly because of the FFT decomposition employed by the FDS, a remarkable speed-up

of about 240-520 was achieved.

The overall speed-up of the full NS solution for the proposed NWT is reported in

the last column of Table 4.4, including the CFL reduction. This speed-up strongly

depends on (i) the time-step reduction factor RF , (ii) the size of the problem, and

(iii) the percentage of the computational time of the Poisson solution in the time-step

using the FDS (5th column). As demonstrated in Section 3.2.1, a reduction factor of

Table 4.4: Computational performance of the developed NWT. Measured wall
clock time spent in the Poisson solution only using BiCGStab and FDS (columns
2-3) and speed-up (4th column). The percentage of time spent in the FDS over
the full NS solution is shown in the 5th column. The last column shows the �nal
speed-up of the full NS solution including the CFL reduction factor.

Grid Cells
(Nx ×Ny ×Nz)

Poisson solution only Full NS solver
BiCGStab

(sec)
FDS
(sec)

Speed-up
FDS
(%)

Final speed-up
(RF = 4)

1, 094, 400
(1200× 24× 38)

1.82 7.81× 10−3 243.5 10.36 6.4

8, 755, 200
(2400× 48× 76)

31.11 8.89× 10−2 350.0 14.92 12.9

17, 510, 400
(2400× 96× 76)

86.47 2.08× 10−1 415.5 15.69 16.1

70, 041, 600
(4800× 96× 152)

560.70 1.08 517.9 24.47 31.0

280, 166, 400
(4800× 192× 304)

2121.39 5.68 373.3 31.65 29.0

RF = 4 is necessary for the case of a FDS-based NWT. The overall speed-up was found

to increase substantially with the grid size. For the smallest problem considered here,

the full NS simulation was accelerated approximately 6 times. For larger problems,

where the computational cost is even more critical, the simulation was accelerated up

to about 30 times.

Looking at the results of Table 4.4, one could possibly argue whether the presented

NWT would be favorable against conventional NWTs with implicit schemes that allow

signi�cantly larger values of time-steps. In order to obtain accurate results on the total

speed-up or speed-down, the relevant simulation tests should be performed because the

cost of calculating the provisional velocity in a single time-step is increased when an

implicit scheme is used compared to the explicit ones. A quite conservative prediction

can be made by assuming that an implicit treatment of the velocity does not increase

the cost per time-step of calculating the provisional velocity. Taking this into account

and considering that 20 times larger time-steps (i.e. CFL = 0.5 and RF = 20) can be
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used, the �nal speed-up (last column of Table 4.4) would be at least equal to 1.3 and 6

for the smaller and larger grid examined, �rst and last row of Table 4.4, respectively.

An additional advantage of the FDS in the present NWT is the reduced demand for

installed physical memory (RAM) which also facilitates the simulation of considerably

larger problems. The RAM required by the new NWT increases more or less linearly

with the number of grid nodes, demanding only 220 MBytes of RAM per million grid

nodes. This advantage emerges from the FFT decomposition which transforms the

original 3D problem into multiple 2D problems/planes. The only coe�cients which

di�er between these 2D problems are the diagonal ones. Therefore, it is su�cient to

store only one set of coe�cients for a single 2D plane and just one-dimensional array

containing the diagonal part.

4.4 Single-row pile breakwaters under the impact of

solitary waves

The protection of coastal areas, harbours and marine structures from the wave activity

and extreme wave phenomena, such as the tsunami waves, is quite important to reduce

the risk of a failure and the avoidance of accidents. The use of breakwaters limits the

wave activity in their leeward side, contributing to the protection of the shorelines from

wave-induced erosion. Furthermore, both overtopping and loads exerted on coastal

structures, that are protected by breakwaters, are reduced. Thus, the construction

cost of protected structures could be signi�cantly lower due to their exposition to lower

loads/forces. Breakwaters are also used to enable the safe navigation into harbours. To

achieve safe navigation, reduced re�ections to the seaward side is also desired. Di�erent

types of breakwaters are implemented, in order to satisfy the needs of an area with

speci�c environmental characteristics. A commonly used choice is the rubble mound

breakwater, which can either be fully submerged or extended above the free-surface.

However, in order to acquire the wave breaking and subsequently the dissipation of

the wave's energy, mild slope is required on the seaward side of the breakwater. This

requirement increases the construction cost of these structures, especially in relatively

deep waters. This is an important parameter for places where large amounts of gravel is

scarce (e.g. Japan, Taiwan, Kuwait) (Neelamani et al., 2017). It is worth mentioning

that the leeward side of rubble mound breakwaters is completely isolated from the

seaward side, leading to numerous undesirable phenomena that a�ect the environment

negatively. An alternative to the rubble mound breakwaters are the vertical perforated

walls/breakwaters, which mainly consist of vertical or horizontal piles of circular or

rectangular cross section, and may vary in shape, concept, and con�guration.

Compared to rubble mound breakwaters and vertical impermeable walls, the verti-

cal perforated breakwaters o�er the important advantage of minimised pollution and
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disturbance to the coastal water environment and ecosystem by: (1) not a�ecting ac-

cretion and erosion (sediment transport) in neighbouring beaches, due to blocking of

littoral drift, (2) allowing �sh and bottom dwelling organisms to pass through, and

(3) allowing the vertical mixing in the leeward side (harbour), which is generated by

longitudinal vortices produced by currents. Compared to the rubble mound break-

waters, the construction cost of perforated breakwaters is signi�cantly reduced since

they do not require large amounts of gravel. However, signi�cantly less wave energy

is dissipated and very small porosity (i.e. distance between adjacent piles) is required

to considerably reduce transmission. Compared to impermeable vertical breakwaters

though, the perforated ones dissipate more of the incident wave's energy, experience

slightly decreased hydrodynamic force, and reduce re�ection which enables the safer

navigation when approaching the harbour. Additionally, an impermeable vertical wall

could be attached, which extends from a distance below the free-surface and emergent

above it. In this way, even smaller transmission could be achieved. This structure is

usually called curtainwall-pile breakwater (Suh et al., 2006, 2007; Ji and Suh, 2010;

Laju et al., 2011). There are also con�gurations of multiple rows and combinations

of these walls, according to the application and the desired performance. A detailed

literature review on this type of breakwaters is found in (Huang et al., 2011; Koraim,

2014). Even though most conditions are satis�ed by this con�guration, some problems

arise, such as increased re�ection and force. This is why the perforated breakwaters

should be designed very carefully, in order to achieve the best compromisation between

all the desired characteristics.

The interaction between waves and closely spaced cylindrical piles is a challenging

case to study in detail, because it shares common characteristics/di�culties with other

wave�structure interaction problems. The continuous movement of the free-surface

around the piles, the �ow separation, and the wave crest breaking that may occur in

the leeward side, are highly nonlinear and complex phenomena. As mentioned in the

introduction of this thesis, the understanding of the nonlinear interactions between

waves and marine structures is one of the most challenging �elds in ocean engineering,

using either experimental, theoretical, or numerical approaches for their analysis.

The performance of the slotted/pile breakwater under regular waves has been

mostly studied experimentally and theoretically. Experimental measurements were

performed in (Kakuno and Liu, 1993) for both circular and rectangular cylinders, also

developing a theoretical method of matched asymptotic expansions to calculate the

transmission and re�ection coe�cients (CT , CR). The dissipation e�ect was modelled

empirically, showing its independence to the Reynolds (Re) and Keulegan�Carpenter

numbers. In a similar manner, the forces acting on the slotted structure were examined

in (Kriebel, 1993; Kakuno et al., 1996). According to the results, the forces are mostly

independent of the relative depth when porosity is small, and nearly constant for poros-

ity higher than 50 %. Moreover, it was concluded that the transmission decreases for
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shallow water and increasing wave steepness. Other analytical studies (Suh et al., 2011;

Zhu, 2011; Zhu et al., 2015), showed that the single row pile breakwater operates as a

low pass �lter and the increased thickness of the wall enhances transmission for long

waves (S/λ < 1, where S is the distance between the centres of two adjacent piles and

λ is the wave length). In general, the analytical approaches lack in accuracy for long

waves. Experiments to study the e�ect of an opposing current to the wave scattering

were carried out in (Huang, 2007a), concluding to remarkably decreased transmission,

compared to the absence of a current. Experimental measurements for a two-row pile

breakwater con�guration were performed in (Huang, 2007b), showing that a minimum

re�ection is achieved when the distance between the two rows is one fourth of the in-

cident wave length. Other studies found in the literature, examined the performance

under irregular waves (Isaacson et al., 1998; Park et al., 2000), or the e�ect of the draft

level (Isaacson et al., 1999).

The slotted/pile breakwater is also used as protection against tsunami waves, be-

cause it e�ectively reduces the transmitted energy of long waves (Huang and Yuan,

2010), when small porosity values are employed. This characteristic becomes more

important when a tsunami early warning system is not triggered by a small amplitude

wave, which could still cause damages to the leeward side facilities (e.g. harbour).

Tsunami waves behave in a completely di�erent way compared to regular or irregular

waves, especially if we take into account their magnitude and transformation while

interacting with structures. Therefore, the study for the design of a perforated pile

breakwater should not merely include regular and irregular waves, but also tsunami-

type waves. However, the pile breakwater interaction with tsunami-type waves has not

been studied in detail so far, contrary to the regular wave interaction.

Previous works intended to study tsunami-type waves, used the solitary wave the-

ory because it represents important properties of the leading part of a real tsunami

wave (Lin, 2004). The �rst work on pile breakwater interaction with solitary waves

was performed in (Huang and Yuan, 2010), providing experimental measurements for

piles with circular cross section. Three values of porosity, two values of depth (d), and

a range of incident wave height (Hi/d ≈ 0.2-0.6) were examined. The results given

by the long-wave approximation (Huang, 2007b) were also compared, showing a good

agreement for the CT . The predicted CR though, was accurate only for relatively small

wave heights. Later, the accuracy of the depth-averaged shallow water equations on

predicting the CT and CR was investigated in (Liu et al., 2011), comparing numerical

results against the measurements of (Huang and Yuan, 2010). It was concluded that

this set of equations can provide accurate predictions only when Hi/d < 0.25, where

the non-linearity of the interaction is weaker. The main reason of the inaccuracy of

both long-wave approximation and depth-averaged shallow water equations on large

wave heights, is their incapability to capture/(account for) wave breaking phenomena

that also lead to air-entrapment, enhancing signi�cantly the non-linearity. Afterwards,
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the 3D NS equations, that capture complex phenomena such as air-entrapment, were

used in (Jiang et al., 2015) to numerically study the single row pile breakwater for

the �rst time. Results for a single set of geometrical parameters and a single wave

height of Hi/d = 0.35, within the highly nonlinear regime, were provided and com-

pared with their experimental measurements. The evolutionary behaviour of the wave

run-up was discussed. The study also focused on the comparison against the single

isolated pile results, in terms of wave run-up pro�le around the pile, vortex generation

in the wake, and impact force. The results of the NS model showed an important

improvement on the CT , compared to the other simpler models. However, the CR

was still slightly overpredicted. Subsequently, NS-based numerical simulations were

also performed in (Yao et al., 2017) for a two row con�guration. In the same study,

experimental measurements were also performed to validate a part of the numerical

predictions. Results showed a very good agreement for both CT and CR, as well as

for other quantities, such as velocity components and dynamic pressure evolution. The

variation of the wave run-up distribution and the forces acting on the front and back

row of piles were further numerically examined, as a function of the incident wave

height Hi and the spacing between adjacent piles S (i.e. porosity). All simulations

were performed keeping constant values for the pile diameter and the distance between

the two rows. It was concluded that increasing the wave height leads to an increased

dimensionless wave run-up and a decreased dimensionless wave force.

According to the existing literature and the evaluation of the numerical results

in (Jiang et al., 2015; Yao et al., 2017), it is evident that the two-�uid 3D NS-based

NWT is the only model that is capable of providing detailed analysis of the �ow and

accurate predictions on the performance of pile breakwaters, even for cases where highly

nonlinear phenomena occur. The dissipation e�ect can be estimated very accurately,

since the viscous e�ects and several instabilities, such as vortices and formation of

turbulent �ow with droplets and air-pockets formed by wave breaking, can be captured.

Therefore, in the present study, the model of two-�uid 3D NS-based NWT was selected

to investigate the nonlinear interaction between solitary waves of large height with pile

breakwaters of circular cross sections. As a matter of fact, detailed 3D NS simulations

are computationally very expensive, especially when parametric studies, that require

multiple demanding simulations, are attempted. For this reason, the non-conventional

e�cient NWT developed in this thesis (Section 4.3.3), was employed. The e�ect of

the pile diameter was examined, for di�erent porosity and wave height values, keeping

the water depth constant. Previous experimental studies (Liu et al., 2011; Huang and

Yuan, 2010), found that CR and CT are nearly independent of the pile diameter to

depth ratioDcyl/d. In their experiments though, the value ofDcyl/d was between a very

narrow range of 0.15-0.20, inevitably concluding to negligible di�erences. Moreover,

in these studies, the value of Dcyl/d varied by adjusting the water depth, while the

diameter was kept constant. This implies di�erent scale of the viscous e�ects (i.e.
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di�erent Re number with respect to the depth). However, in real-life problems the

characteristic parameter is the depth, corresponding to a single value of the Re number

(Re = ρd
√
gd/µ). Therefore, in order to provide a clearer picture of the e�ect of

Dcyl/d, all simulations in the present study were performed in a systematic way by (i)

investigating Dcyl/d in a wider range (0.2175-0.6525), and (ii) maintaining the value of

the Re number, even though the viscous e�ects are not considered as primary e�ects.

For a speci�c Re number (i.e. depth), the desired porosity can be achieved either by

using many piles of small diameter or less piles of larger diameter. For the purposes of

this study, the former is de�ned as the "�ne texture" case and the latter as the "coarse

texture" case.

The primary purpose of this section is to report the e�ect of the "texture" on dif-

ferent quantities, by analysing numerical results of multiple simulations. The violent

free-surface motion and the associated primary nonlinear e�ects were simulated and

discussed. The computational setup of the case and the simulation parameters exam-

ined are presented in Section 4.4.1. The results of the grid independence study and

the validation of the the NWT against the experimental data in (Jiang et al., 2015)

are presented in Section 4.4.2. The results of the numerical simulations that include

the "texture" e�ect on the CT and CR, as well as on the wave run-up pro�le around

the piles, are shown in Sections 4.4.3.1-4.4.3.2. The motion of the fee-surface dur-

ing the wave crest and structure interaction as well as the generation of vortices and

their evolution are discussed in Sections 4.4.3.3 and 4.4.3.4 in a qualitatively manner.

The results of the pile breakwater simulations are summarised in Section 5.4, where

conclusions and aspects of further investigation are also drawn.

4.4.1 Geometrical parameters and computational setup

The computational setup used for the simulations performed in the present study is

shown in Fig. 4.6, where the top sub-�gure shows the side view (x−y) and the bottom

one shows the top view (x − z) of the setup. Hi is the height of the incident solitary

wave and η(x, t) is the elevation of the free-surface at a speci�c location and time. The

span-wise domain length is denoted by Lz and the total height of the wave �ume is

Ly. The geometrical description of the pile breakwater is de�ned by the diameter of

the piles D, the distance between the centres of two adjacent piles S, and the distance

of the centre of the slotted breakwater from the beginning of the working section Xp.

The porosity (ε) of the slotted breakwater is de�ned as ε = (e/S) where e = S −D is

the gap distance between two adjacent cylinders.

The entry region marked as a dotted box in Fig. 4.6, corresponds to the wave

generation zone of length LG. In this region of the NWT, waves are generated using

the relaxation method described in Section 2.2.3.3. For the simulations performed

here, a solitary wave of height Hi is produced using the 3rd− order analytical solution
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Figure 4.6: Schematic diagram of the geometrical con�guration and parameters. (Top):
x−y plane, (bottom) x−z plane. The dotted region corresponds to the wave generation
zone. The breakwater is located at a distance Xp from the start of the working section.
Sensors WG1-4 and ADV 1-2 (black color) refer to the validation case of Section 4.4.2.
Sensors WG5-8 (blue color) refer to the test cases examined in Section 4.4.3.1. Dis-
tances are not in scale.

of Grimshaw (1970) with a dimensionless wave celerity,

Uc = 1 +
1

2
(Hi/d)− 3

20
(Hi/d)2 +

3

56
(Hi/d)3 . (4.2)

Following the wave generation zone, the NWT contains a working section of length

LW . At the end of this working section, it is a common practice to add a su�ciently

long absorption zone before the end of the domain to minimise re�ections. In the

present study, instead of introducing this additional zone, a convective outlet boundary

condition (BC) is employed at the open end of the domain. This reads,

∂~u

∂t
+ Uc∇~u = 0 (4.3)

For the cases examined in the present study, this alternate approach was proven to

perform much better than including an absorption zone. After a series of preliminary

tests, it was concluded that for a solitary wave, re�ections were su�ciently absorbed by

setting the convective velocity Uc equal to the wave's celerity of Eq. (4.2). The �delity

of this approach for solitary waves is demonstrated in the validation and the results

Sections 4.4.2 and 4.4.3.1, respectively. A detailed investigation of the performance of

92

Cha
ral

am
bo

s F
ran

tzi
s



this approach for di�erent wave characteristics could be performed, but falls outside

the scope of the present study.

The BCs along the bottom and the upper boundaries of the NWT are set to no-

slip and open, respectively. Along the span-wise/transverse direction, periodic BC are

imposed to simulate the geometric repeatability of the breakwater "texture".

4.4.2 Validation

In this section, the NWT developed in the present PhD thesis is further validated,

ensuring that it is an appropriate tool to study problems where a large solitary wave

interacts with pile breakwaters. For this con�guration, a limited number of experimen-

tal and numerical studies are available in the literature. The case examined by Jiang

et al. (2015) was selected, where the incident wave height (Hi/d = 0.35) is within the

nonlinear regime (Hi/d ≥ 0.25). This study includes both experimental measurements

and numerical results obtained by the waves2foam module of the widely used CFD

software OpenFOAM (Jacobsen, 2017; Jacobsen et al., 2012).

In the experimental setup, the free-surface elevation was recorded at two locations

before (WG1-2) and two locations after the cylinders (WG3-4), as indicated in Fig. 4.6.

These wave gauges were placed at a horizontal distance of x/d = −15,−5, 2.5 and

7.5 with respect to the centre of the pile, respectively. The stream-wise and vertical

components of the velocity were measured at the seaward (ADV 1) and the leeward

(ADV 2) side of the piles, at a distance of x/d = −2.5 and 1.5, respectively. Both ADV

sensors were placed at a water depth of 0.4d above the seabed and at a transverse

direction where the centre of the gap is located.

The set of non-dimensional parameters that corresponds to the con�guration

of Jiang et al. (2015) are:

Re =
ρwd
√
gd

µw
= 279152, Hi = 0.35d, D = 0.25d, S = 0.4d (4.4)

which correspond to a gap distance of e = 0.15d and a porosity for the slotted breakwa-

ter of ε = 37.5%. Hi denotes the peak elevation recorded by the wave gaugeWG1. The

experimental breakwater consisted of ten cylinders, con�ned in the transverse/span-

wise direction by the side walls of the wave tank. For their numerical simulations, Jiang

et al. (2015) truncated the computational domain to contain �ve cylinders to reduce

the computational cost. Applying symmetric BCs along the transverse/span-wise di-

rection, they reported that the run-up pro�les did not deviate signi�cantly between

the �ve cylinders, justifying the use of a smaller span-wise domain.

In the present study, a computational domain with a total length of Lx = 55d and

a height of Ly = 2d was used. The wave-maker zone extended from the beginning of
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the domain to LG = 5d in the stream-wise direction. The relaxation zone extended

for another LR = 10d. The centre of the pile was located at a distance of 25d from

the end of the relaxation zone, as indicated in Fig. 4.6. The e�ect of the size of

the computational domain along the span-wise direction Lz is presented in detail in

Section 4.4.2.1.

The numerical grids used for the validation are presented in Table 4.5. For all

grids, a constant grid spacing ∆y and ∆z was used along the vertical and the span-

wise directions. Along the streamwise direction, a uniform grid spacing of ∆xmin was

Table 4.5: Numerical grids and resolution used for the validation case. Ncyl denotes
the number of cylinders included and NGap the number of cells used to resolve the gap.

Lz/d Ncyl NGap ∆xmin/d ∆y/d ∆z/d Nx ×Ny ×Nz

M1 0.4 1 18 1/120 1/150 1/120 2365× 150× 48
M2 1.2 3 18 1/120 1/150 1/120 2365× 150× 144
M3 0.4 1 6 1/40 1/50 1/40 743× 100× 16
M4 0.4 1 9 1/60 1/75 1/60 1092× 150× 24
M5 0.4 1 12 1/80 1/75 1/80 1441× 150× 32

used in the region ±10D from the centre of the circular piles. Before and after this

region, the grid was stretched with a linear factor of 1.03. The maximum grid spacing

was restricted to ∆x = 4∆xmin. The resulting grids consisted from approximately

1.2 up to 51.1 million cells. The numerical grids M1 and M2 were used to assess

the sensitivity of the results on the spanwise length of the computational domain Lz,

discussed in Section 4.4.2.1. The last three grids were used for the grid sensitivity

analysis presented in Section 4.4.2.2.

4.4.2.1 E�ect of the domain's span-wise length

In this section, the e�ect of the span-wise extend Lz is examined by comparing the

elevation and velocity signals using grids M1 and M2. The only di�erence between

those two grids is the span-wise extend of the domain Lz which contains either one

(Lz = S) or three cylinders (Lz = 3S). Fig. 4.7 presents the comparison of the two

grids for the free-surface elevation and velocity.

For the predicted elevation signals, it is hard to observe any di�erences between

the two di�erent domains, for any of the two wave gauges located in the seaward

(Figs. 4.7a, 4.7c) or the leeward (Figs. 4.7b, 4.7d) side. The same also applies for the

streamwise and vertical components of the velocity even after the pile-wave interaction,

i.e. the passage of the transmitted wave-crest from the vicinity of the breakwater. After

this event, small di�erences were recorded at the leeward side by ADV 2 (Fig. 4.7d)

when the transmitted wave-crest had already travelled a distance of 3d = 12D away

from the breakwater.
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(a) WG2 (b) WG3

(c) ADV 1 (d) ADV 2

Figure 4.7: E�ect of the span-wise domain length Lz on the temporal evolution of the
free-surface elevation and velocity recorded at the seaward (a, c) and the leeward (b, d)
side. Upper �gures: free-surface elevation recorded byWG2 (a) andWG3 (b). Bottom
�gures: velocity components from ADV 1 (c) and ADV 2 (d). Lines correspond to a
domain with one pile (Lz = S, grid M1) and symbols to a domain with three piles
(Lz = 3S, grid M2).

According to these results, a single pile simulation combined with periodic boundary

conditions is considered su�cient to provide accurate results for the wave-breakwater

interaction. Therefore, for the simulations to follow, a computational domain with a

single pile (Lz = S) was considered for all cases.

4.4.2.2 Grid sensitivity

After justifying that even a single pile simulation provides proper results, a grid in-

dependence study is presented in this section. This was carried out to identify the

minimum number of cells NGap required to resolve the distance of the gap e, between

two adjacent cylinders. Three di�erent numerical grids were used for this purpose,

namely grids M1, M2 and M3, as indicated in Table 4.5.

Fig. 4.8 shows the comparison of these three grids for the temporal variation of the

free-surface elevation in the seaward (WG1-2) and the leeward (WG3-4) side against

the experimental measurements and the CFD results of (Jiang et al., 2015). Due to the

dissipation of energy during wave propagation, the incident wave height Hi recorded

by the wave gauge WG1 is slightly decreased compared to the generated wave height.

Therefore, in order to compare the three simulations in a consistent way, the elevation

signals η(t) were scaled with the corresponding peak value measured by WG1.
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(a) WG1 (b) WG2

(c) WG3 (d) WG4

Figure 4.8: E�ect of numerical resolution on the temporal evolution of the free-surface
elevation in the seaward (a,b) and the leeward (c,d) side of the slotted/pile breakwa-
ter. Comparison of present numerical results (dashed lines) against the experimental
measurements (red-squares) and the numerical results (blue-solid line) of (Jiang et al.,
2015).

All numerical results were found in very good agreement between each other and

in satisfactory agreement with the experimental measurements. The largest di�erence

with respect to the experimental measurements was the over-prediction of the coe�-

cient of re�ection CR (second peak of the seaward side sensors WG1-2). As shown

in Fig. 4.8, even the coarser resolution M3 compares well for both the coe�cient of

re�ection CR and the coe�cient of transmission CT (�rst peak of the leeward side

sensors WG3-4). For the coarser grid M3, a slight over-prediction for CR and an

under-prediction for CT were observed. Increasing the resolution by using grids M4

and M5, an excellent agreement was reached for the free-surface elevation and the as-

sociated coe�cients CT and CR between the present model and the numerical results

of (Jiang et al., 2015).

The largest discrepancy between the present results and the numerical predictions

using waves2foam (Jiang et al., 2015) occurred at the tail of the transmitted solitary

wave (WG3 and WG4). This can be clearly observed at time instants around 32

for WG3 and 27 for WG4. This divergence originates from di�erent wave-absorption

treatments adopted by the models. In the study of Jiang et al. (2015), a relatively

short absorption zone of 1 m (i.e. 5d) was used, leading to insu�cient absorption of

the transmitted wave, generating a small re�ection. On the other hand, in the current

study, a convective outlet BC for the velocity was employed (Section 4.4.1). For the

case examined here, this treatment was proven to be much more e�ective, compared
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to the use of an absorption zone. The absence of an absorption zone also leads to a

shorter computational domain.

Regarding the velocity signals at the the seaward side locations, both velocity com-

ponents Ux and Uy are accurately captured by all grid resolutions as shown in Figs. 4.9a

and 4.9b. For this location, a converged solution was reached even with the coarser

(a) Ux at ADV 1 (b) Uy at ADV 1

(c) Ux at ADV 2 (d) Uy at ADV 2

Figure 4.9: E�ect of numerical resolution on the temporal evolution of the stream-wise
velocity component Ux (a, c) and the vertical component Uy (b, d) of velocity, recorded
by ADV 1 and ADV 2. Comparison of present numerical results (dashed lines) against
the experimental measurements (red-squares) and the numerical results (blue-solid line)
of (Jiang et al., 2015).

gridM3. However, this is not the case for the leeward side of the breakwater where the

coarser grid was found to generate strong velocity oscillations after the passage of the

wave crest. These oscillations in the leeward side, are attributed to the modelling of

the SGS motions which are taken into account by the turbulence model. In this region,

intense vortical motions in the wake disturb the �ow locally, amplifying the importance

of the unresolved SGS of motion. This explains why those oscillations are gradually di-

minished for the �ner grids M4 and M5. It also explains the di�erences observed with

respect to the numerical results of (Jiang et al., 2015) who used a di�erent approach

for the contribution of the SGS scales, namely an one-equation model.

Overall, the free-surface elevation and the coe�cients CT and CR were found to be

grid-insensitive and to converge faster than the velocity components. The velocity com-

ponents would require an even �ner numerical resolution to achieve grid-convergence,

especially in the wake region after the passage of the transmitted wave-crest. Since

free-surface elevation is the primary quantity of interest, a grid resolution with 10 cells

in the gap was considered as su�cient for the simulations performed in the next section.
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4.4.3 Simulation parameters examined and results

As mentioned in the beginning of Section 4.4, the main objective of the present study

was to examine the e�ect of "texture" on the performance of the breakwater in a

consistent and systematic way. For a certain porosity value, the geometrical parameter

that de�nes "texture" is the ratio Dcyl/d (or S/d). In previous studies found in the

literature, this parameter has been investigated in the range Dcyl/d = 0.15-0.20 (Liu

et al., 2011; Huang and Yuan, 2010; Jiang et al., 2015) by changing the water depth

d. In the present study, the same water depth was maintained in all simulations,

so that the Re number was kept constant and equal to 50 × 103. A total of twelve

cases were simulated as shown in Table 4.6, corresponding to four di�erent geometrical

con�guration and three di�erent values of the incident wave height, i.e. Hi/d = 0.200,

0.275, and 0.350. Cases 4-9 were used to examine "texture" e�ects for a wide range

of the parameter Dcyl/d = 0.2175-0.6525, using a porosity value of ε = 27.5 %. For

completeness, Cases 1-3 and 10-12 were also simulated to examine the e�ects of porosity

on the motion of the free-surface, the energy dissipation and the generated vorticity

patterns.

Table 4.6: List of parameters used for each test case at Re = 50× 103.

Case no. (ID) ε(%) S/d = Lz/d Dcyl/d NGap Hi/d Hi/Dcyl

1 (P1N3H1)
22.5 0.3 0.2325 10.8

0.200 0.860
2 (P1N3H2) 0.275 1.183
3 (P1N3H3) 0.350 1.505
4 (P2N1H1)

27.5

0.9 0.6525 39.6
0.200 0.307

5 (P2N1H2) 0.275 0.421
6 (P2N1H3) 0.350 0.536
7 (P2N3H1)

0.3 0.2175 13.2
0.200 0.920

8 (P2N3H2) 0.275 1.264
9 (P2N3H3) 0.350 1.609
10 (P3N3H1)

32.5 0.3 0.2025 15.6
0.200 0.988

11 (P3N3H2) 0.275 1.358
12 (P3N3H3) 0.350 1.728

Compared to the validation case presented in Section 4.4.2, lower values of the

porosity were examined in this section. This choice was justi�ed to examine break-

waters which achieve lower values of the transmission coe�cient CT . In terms of

computational cost, the cases presented here are more challenging because reduced

values of porosity are associated with increased resolution requirements and higher

velocities in the gap region.

Following the analysis of Section 4.4.2.1, a single cylinder with periodic BCs along

the spanwise direction was simulated for all cases. Therefore, the width of the compu-

tational box was always equal to Lz = S. The length and height of the computational

domain were set in all cases equal to Lx = 35 d and Ly = 2.2 d, respectively. According
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to the schematic diagram of Fig. 4.6, in all cases, the centre of the pile was placed at

a distance of Xp = 25 d and the length of the wave-generation zone was set equal to

LG = 15 d.

In order to minimise grid resolution e�ects among di�erent cases, all simulations

were performed using the same grid spacing. The grid resolution was decided accord-

ing to the grid sensitivity analysis performed in Section 4.4.2.2. Along the spanwise

direction, a �xed grid spacing ∆z = d/160 was set according to the worst-case sce-

nario of the lowest porosity, so that at least ten grid cells were placed to resolve the

gap between the piles (NGap > 10 in Table 4.6). The grid spacing was also uniform

along the vertical direction, equal to ∆y = d/100 for all cases. Along the streamwise

direction, a minimum grid spacing of ∆xmin = d/160 was used in the region −2 d to

+3.2 d with respect to the centre of the pile. Before and after this region, the grid

was expanded with a linear stretching factor of 1.03, until ∆x ≤ 4∆xmin. Using these

spacing distances, a grid consisting of 2111× 220× 48 cells was used for the cases with

S/d = 0.3 and a grid of 2111× 220× 144 cells for the cases with S/d = 0.9.

The performance of the pile breakwater in terms of the coe�cients of transmission

(CT ), re�ection (CR), dissipation (CD) and maximum run-up (RU) is presented and

discussed in Section 4.4.3.1. The free-surface pro�les around the pile at the moment of

maximum run-up are shown in Section 4.4.3.2. Sections 4.4.3.3 and 4.4.3.4, focus on

the wave-breakwater interaction by analysing the 3D evolution of the free-surface, the

energy dissipation and the evolution of the vorticity �elds in the water.

4.4.3.1 Assessment of breakwater's performance

The performance of the pile breakwater, in terms of CT and CR, was examined by

measuring the free-surface elevation before and after the breakwater. Two wave gauges,

indicated by WG5 and WG6 in Fig. 4.6, were introduced at a distance of ±7.5 d from

the piles. These were intentionally selected to be su�ciently far from the breakwater,

so that a 2D pro�le of the free-surface elevation was recovered with negligible deviations

along the span-wise direction. In the worst case scenario, where Dcyl = 0.6525 d, these

locations are about 11.5Dcyl away from the centre of the cylinder. Moreover, two

additional wave gauges, WG7 andWG8, were placed just before and after the cylinder

to record the run-up at the seaward and leeward sides.

Due to small deviations from the targeted and the generated waves, the �rst peak

measured by WG5 was de�ned as the incident wave height, and was also used to non-

dimensionalise all the relevant signals, making the di�erent cases comparable. As an

example, Fig. 4.10 shows the dimensionless free-surface elevation recorded by WG5-

8, for the "coarse texture" cases with ε = 27.5 %. Figs. 4.10a and 4.10b depict how

the re�ected and transmitted waves were measured for each case, respectively. In

addition, Figs. 4.10c and 4.10d show the free-surface elevation exactly before (WG7,
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seaward side) and after the cylinder (WG8, leeward side). The former one indicates

the maximum run-up on the cylinder.

(a) WG5 (b) WG6

(c) WG7 (d) WG8

Figure 4.10: Temporal evolution of the free-surface elevation η(t) recorded by WG5-8
indicated in Fig. 4.6, for the "coarse texture" cases with ε = 27.5 % and S = 0.9 d.

The coe�cients CT , CR, CD, and RU for all the "�ne texture" cases (S = 0.3 d)

are summarised in Fig. 4.11 as a function of porosity, for di�erent wave heights. The

results presented in Fig. 4.11 are consistent with previously reported results. The

e�ect of porosity on CT and CR (Figs. 4.11a and 4.11b) is straight forward with

the coe�cients following an opposite trend as the porosity increases. As far as the

dissipation coe�cient CD is concerned (Fig. 4.11c), this was found to reduce for higher

porosity, in agreement with results reported for regular waves (Isaacson et al., 1998).

Regarding the maximum dimensionless run-up RU , this was found to reduce at higher

porosity values, as also observed in the study of Yao et al. (2017) where a solitary wave

was interacting with a double row of circular cylinders.

As far as the e�ect of the wave height Hi is concerned, CT follow a decreasing

trend with increasing wave non-linearity, while CR, CD and RU show an opposite

trend. This observation is consistent with the reported e�ect of Hi on CD for a similar

con�gurations under regular (Huang, 2007c) or solitary (Liu et al., 2011) waves.

Therefore, one can conclude that CR, CD and RU follow the same behaviour in

terms of porosity and incident wave height variations, while CT follows an opposite

trend.

As already mentioned, the e�ect of "texture" was not properly examined in the past.

Only two studies (Liu et al., 2011; Huang and Yuan, 2010) attempted to examine this

parameter by reducing the depth in their experiments, ranging the "texture" parameter
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(a) Transmission coe�cient CT (b) Re�ection coe�cient CR

(c) Dissipation coe�cient CD (d) Maximum run-up coe�cient RU

Figure 4.11: Coe�cients of transmission CT , re�ection CR, dissipation CD, and
run-up RU as a function of the porosity for the "�ne texture" cases as indicated as
in Table 4.6 with S = 0.3 d. Dashed-dotted lines refer to Hi = 0.2 d, dotted lines to
Hi = 0.275 d and solid lines to Hi = 0.35 d.

Dcyl/d in a quite narrow range of 0.15-0.20, inevitably leading to negligible di�erences.

In the present study, the e�ect of the "texture" was examined in a systematic way for

the medium value of the porosity ε = 27.5 % and a "texture" parameter Dcyl/d that

ranged between 0.2175-0.6525.

Figure 4.12: E�ect of "texture" on the breakwater's performance as a function ofHinc/d
for ε = 27.5 % (Cases 4-9 in Table 4.6). The ratios of the values of the "�ne texture"
over the "coarse texture" are plotted for CT (black short dotted line), CR (red solid
line), CD (blue dashed-dotted line), and RU (green long dashed line).

The comparative results between the two "textures" are presented in Fig. 4.12. For

a speci�c value of porosity ε, a �ner "texture" corresponds to a breakwater consist-
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ing of more piles with a smaller diameter Dcyl/d. Such a regime corresponds to the

�ne "texture" Cases 7-9 of Table 4.6 where three times smaller cylinders are placed with

respect to the coarse "texture" Cases 4-6, at the same value of porosity ε = 27.5 %.

As shown in Fig. 4.12, �ner "texture" was found to increase CD by 5.5 % when Hi is

close to the linear regime, while this increase reached about 7 % for Hi = 0.35 d. This

is anticipated because a breakwater with a �ner "texture" contains more gaps which

generate more vortices interacting with each other at closer distances, amplifying the

energy dissipation.

Under these conditions, a reduction in the CT is also expected for �ner "texture"

cases. As demonstrated in Fig. 4.12, this was indeed the case, with an almost constant

reduction of about 2.5 % for all values of Hi/d examined. Although CT and CR usually

have an adverse behaviour, a reduction of CR was also noticed with "�ner texture",

especially for larger values of Hi/d up to 6 % for Hi = 0.35 d. Moreover, due to the the

leeward side vortices, CT would be expected to be more sensitive to "texture" than

CR. Interestingly enough, this was not the case in the no-linear regime, i.e. at higher

values of Hi/d.

As far as the "texture" e�ect on RU is concerned, no signi�cant variation was

observed in the linear regime. On the other hand, an increased value of about 5.5 %

was observed for the larger wave height of Hi = 0.35 d. As it will be shown later,

this behaviour is attributed to non-linear e�ects -such as free-surface breaking- which

are ampli�ed for larger incoming wave heights. In addition, RU shows an adverse

behaviour to that of CR. This was an unexpected result, because RU and CR have a

similar behaviour as a function of other parameters, such as ε and Hi.

4.4.3.2 Run-up pro�les around the pile

In this section, the free-surface elevation pro�le around the pile is presented at the

moment of maximum run-up RU . This time instant was identi�ed for each case using

the temporal evolution of the free surface elevation at the sensor WG7, as shown in

Fig. 4.10c. The recorded elevation of the free-surface pro�le around the perimeter of

the pile is shown in Fig. 4.13. The leeward and seaward side locations are identi�ed as

0◦ and ±180◦, respectively.

For the �ne "texture" cases (Figs. 4.13a and 4.13b), the variation of run-up along

the perimeter η(θ)/Hi are similar, mainly characterised by three regions. In the �rst

region, the run-up around the pile remained almost constant from the front (±180◦)

to the side (±90◦) of the pile. In the second region, the elevation around the perimeter

dropped sharply to its minimum at about ±45◦. Finally, in the third region, the run-

up was found to slightly increase towards the leeward side location 0◦ with an almost

constant value around it. For the coarse "texture" case (black line in Fig. 4.13c),

the elevation drops with an increasing steepness from the front (±180◦) of the pile
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to the side location (±90◦), until reaching its minimum again at about ±45◦. Close

the leeward side (±45◦), the run-up was found to decrease away from the leeward side

location at 0◦, where a local maximum was identi�ed.

For larger values of porosity ε (Figs. 4.13a), the run-up on the cylinder was found

to decrease in the seaward side (±180◦), and increase in the leeward side (0◦). An

opposite trend was noticed in terms of the wave height Hi (Fig. 4.13b). For larger

wave heights, the run-up in the seaward and leeward sides was found to increase and

decrease, respectively. The minimum run-up recorded at about ±45◦, was found to

follow the same trend with the run-up at 0◦ when ε and Hi changes.

Regarding the "texture", this was found to a�ect the run-up in a di�erent manner

compared to ε and Hi. For example, as shown in Fig. 4.13c, the maximum run-up

at ±180◦ was not a�ected by texture. Texture e�ects were mainly identi�ed along

the leeward side of the pile. Using a coarser "texture" (black line in Fig. 4.13c from

case P2N1H2 in Table 4.6), the run-up was signi�cantly increased at the leeward side

(0◦). The minimum run-up at about ±45◦ followed an adverse behaviour, reducing

its value and moving towards the seawards side. At this location, the �rst derivative

of ∂RU(θ)/∂θ rapidly changed sign, indicating an almost vertical free-surface pro�le

which is close to its breaking.

(a) Porosity e�ect for Hi =
0.35 d and �ne texture (cases

3, 9, 12).

(b) Wave height e�ect for ε =
27.5 % and �ne texture (cases

7, 8, 9).

(c) �Texture" e�ect for ε =
27.5 % and Hi = 0.35 d (cases

6, 9).

Figure 4.13: Run-up pro�les around the perimeter of the pile at the moment of the
maximum run-up at the location of WG7 (Fig. 4.6).

4.4.3.3 Free-surface motion & Energy dissipation

In this section, 3D pro�les of the free-surface and its motion during the overturning

and breaking processes are presented and discussed. Variations between cases with

di�erent Hi, ε and "texture" are highlighted in terms of the free-surface evolution. The

relevant snapshots are accompanied with the corresponding energy dissipation curves

in the water. It has to be noted that very �ne deformations of the free surface, such
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as droplets and bubbles which are smaller than the spatial numerical resolution, are

not captured, as already explained in Section 2.1.6. Based on the parameters used in

the present study, the minimum grid size corresponds to 0.635mm. Even though this

is almost half the value of the minimum bubble size, such details can not be resolved

due to the smoothing of the properties around the interface and the absence of surface

tension e�ects. To capture the smallest bubbles with pure water in their core, at least

�ve times smaller grid cells would be required. Even with the use of the e�cient NWT

adopted in the present study, the total computational cost for such a simulation would

be prohibitive.

In the absence of the surface tension forces, the total mechanical energy contained

in the water Etot is de�ned as the sum of the potential Ep and kinetic Ek energy which

are calculated in their non-dimensional form as,

Ep (t) =

∫
w

y(t)dV and Ek (t) =
1

2

∫
w

|~u(t)|2dV. (4.5)

In Eq. (4.5), y(t) is the vertical distance within the water column and dV = dxdydz is

the local cell volume. These volume integrals are evaluated only inside the water phase

and within the working section of the NWT. The region of the arti�cial thickness of the

interface where the density changes is excluded from the integration, to avoid spurious

velocity components (Iafrati, 2011; Iafrati et al., 2014).

Sensible conclusions on the evolution of the wave's energy can only be drawn by

examining the time interval for which almost all the wave energy is contained within

the working section. This time interval depends on the wave celerity which varies with

the wave height. To de�ne an appropriate time interval, simulations for an undisturbed

solitary wave were performed. Fig. 4.14 shows the temporal evolution of the total

energy Etot per crest width Lz for di�erent wave heights. Before and after the passage

of the solitary wave from the working section (t < t1 and t > t4, respectively for

Hi = 0.2 d), the total energy corresponds to the potential energy of the still water

column Ep(t = 0). The useful time interval for each case corresponds to the region

where the total energy reaches a plateau (e.g. t3 − t2 for Hi = 0.2 d). The di�erence

between the maximum value of the graph and the EBG de�nes the energy content of

the undisturbed wave Ewave(Hi). For higher values of Hi, the energy content of the

wave is increased, moving t2 and t3 at earlier time instants.

In order to focus on the useful part of this graph, the time interval where Etot of

the free wave was almost constant was isolated. Thus, the speci�c time interval was

chosen according to the Hi of each case. According to Fig. 4.14, the time intervals for

the cases with Hi = 0.2 d, 0.275 d and 0.35 d were chosen to be 26.0− 31.0, 24.5− 30.5

and 23.5− 29.5 time units, respectively. Moreover, in order to make the results of all

cases comparable, the energy di�erence with respect to the maximum content in each
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Figure 4.14: Temporal evolution of the energy content per wave crest width for an
undisturbed solitary wave of Hi = 0.2 d (red solid line), 0.275 d (green dashed line),
and 0.35 d (blue dashed-dotted line).

case, was calculated as a percentage of the corresponding Ewave simulated, i.e.,

∆Ewave(t) =
Etot(t)− Etot(t2)

Ewave(Hi)
. (4.6)

Therefore, the corresponding dissipated energy in each case is given by −∆Ewave.

The most important mechanisms that are responsible for the increased dissipation

of the solitary wave energy, excluding the presence of the structure itself, are (Koraim,

2014): (i) the contraction and acceleration of the �ow in order to pass though the slots

(small gabs), (ii) the formation of vortices in the leeward side of the structure, (iii)

the generation and the enhancement of turbulence, due to �ow separation, and (iv)

the violent free-surface motion and the occurrence of wave/free-surface breaking. The

temporal evolution of ∆Ewave of each case simulated is shown in Fig. 4.15, isolating

the time interval of interest. It is noted that the dissipation of the total mechanical

energy is displayed, without distinguishing the e�ect of the di�erent mechanisms.

Figure 4.15: ∆Ewave as a function of time for each case presented in Table 4.6. Black-
long-dashed lines refer to ε = 22.5 % and "�ne texture" (N3). Blue-solid and blue-
dashed-dotted lines refer to ε = 27.5 % for �ne and "coarse texture", respectively. Red-
short-dashed lines refer to ε = 32.5 % and "�ne texture". Lines with square, circular
and triangular symbols refer to Hi/d = 0.200, 0.275 and 0.350, respectively.

The results presented in Fig. 4.15, support the more generic results presented in

Figs. 4.11 and 4.12 that refer to the dissipation coe�cient CD of the pile breakwater. It

is again observed that the energy dissipation ampli�es for lower ε, higher Hi, and "�ner
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texture".

In the following part of this section, we attempt to justify and explain the previous

observation, based on the motion of the free-surface in di�erent cases. Before proceed-

ing to a direct comparison of di�erent cases, the case ID P2N1HM was chosen for

a detailed description of the free-surface motion during its interaction with the pile

breakwater. Fig. 4.16 shows snapshots of the free-surface pro�le at nine characteristic

time instants, along with the energy dissipation graph.

Figure 4.16: (Upper): Snapshots of the free-surface pro�le at characteristic time in-
stants for the case ID P2N1HM . (Lower): Temporal evolution of the energy di�erence
in the wave as a percentage of the incident wave's energy. Snapshots that fall within
the useful time interval are indicated with red-vertical line segments.

According to the results presented in Fig. 4.16, the free-surface begins to rise at

both seaward and leeward side of the pile, at the moment the crest of the wave reaches

the vicinity of the pile. In the seaward side of the pile, the free-surface rises with higher

velocity compared to the leeward side, resulting at much higher peak elevation at the

location of WG7. At the same time, the free-surface enters a backward overturning

process and its front becomes almost vertical slightly before the occurrence of the

maximum RU . This process, that occurs just after the cylindrical pile and extends

in the span-wise direction for a length that is about two times the gap length e, is

responsible for the entrapment of the main air-pocket. Water passes through the gap

with high stream-wise velocities, drifting air into the main air-cavity, as long as the
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cavity is open and connected with the free-surface. The main air-cavity closes and

completely detaches from the free-surface during the downward motion of the free-

surface at the seaward side of the pile. Afterwards, the main air-pocket is convected

in the stream-wise direction and it also slightly penetrates deeper while rotating in

the counter-clockwise direction around the span-wise axis. Following the formation

of the main air-cavity, a secondary air-pocket that is elongated in the stream-wise

direction is developed, due to the high stream-wise velocities that still exist in the gap.

However, the secondary air-cavity last for a considerably shorter period compared to the

�rst one, since it experiences very quick fragmentation. While the wave crest travels

away from the vicinity of the pile, the velocities constantly decrease. As a result,

the convection of the main air-pocket terminates and starts moving backwards and

upwards, due to the buoyancy e�ect. The reverse motion of the main air-pocket leads

to its disintegration, leaving air-cavity remnants that slowly moves upwards allowing

the air to escape. It is noted that air-cavities and bubbles that become smaller than

the grid distance may disappear. Nevertheless, there is no e�ect on the predicted

breakwater's performance, since the primary wave breaking is accurately captured,

while the remaining �ow/energy in the vicinity of the pile will eventually be dissipated,

experiencing an oscillatory motion.

In order to make a qualitatively comparison between cases with di�erent values of

porosity, wave height and "texture", snapshots of the free-surface and the corresponding

energy dissipation graphs are presented in a more comprehensive manner. The e�ect

of porosity is shown in Fig. 4.17 for the higher value of Hi/d = 0.350 and the "�ne

texture".

Comparing the behaviour of the free-surface between di�erent porosity values, it

is observed that the penetration depth is approximately the same for all the cases,

regarding both the �rst or the second air-entrapment event. The slightly increased

dissipation, observed in smaller porosity values, could be a result of two factors. First,

the reduced gap leads to increased velocities that allow the formation of more energetic

bubbles. These bubbles travel further away and faster, reaching the location of the

transmitted crest. In combination with the reduced transmission, which results in a

lower and slower transmitted wave, a more energetic bubble interacts and dissipates

energy in a high energy density area (Iafrati, 2011), the crest region. The enhanced

dissipation, observed when porosity decreases, could also be a result/product of the

ampli�ed shear forces in the gap region, due to the intensive contraction of the �ow

and the higher values of the velocity that are developed.

The e�ect of the incident wave height is presented in Fig. 4.18, comparing the

results of the three di�erent values of Hi, for the "�ne texture" cases with ε = 27.5 %.

As shown in Fig 4.18, in the lower wave height case there is no formation of the

�rst bubble as in the other two cases. The free-surface becomes vertical but the jetty
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Figure 4.17: (Upper): Snapshots of the free-surface pro�le at characteristic time in-
stants for the "�ne texture", Hi/d = 0.350 and ε = 22.5 % (left column), 27.5 % (middle
column) and 32.5 % (right column). The box in the upper right corner of each column
indicates the case ID according to Table 4.6. (Lower): Temporal evolution of the en-
ergy di�erence in the wave as a percentage of the incident wave's energy, for ε = 22.5 %
(red-dotted line), 27.5 % (blue-dashed line) and 32.5 % (black-dashed-dotted line).

�ow passing from the gap is not strong enough to accelerate air below the bulge and

fold the free-surface. In the following moments though, the free-surface runs-up higher,

increasing the velocities through the gap and leading to air-entrapment. Regarding the

higher values of Hi, the most intensive air-entrainment event is the second one, which

is enhanced for larger wave heights.

The comparison for three di�erent values of the solitary wave height, in the case of

the "coarser texture" and ε = 27.5 %, is shown in Fig. 4.19.

According to Fig. 4.19, the "coarse texture" case experiences two air-entrapment

events, similar to the "�ne texture" case. However, both air-entrapment events occur

even when the solitary wave height is low (i.e. Hi/d = 0.200), in contrast to the

corresponding "�ne texture" case, where the �rst breaking event is not completed.

The importance of the two air-entrapment events, in terms of their intensity and size,

is a signi�cant di�erence between the two "textures". In the "coarse texture" case, the

most important air-entrapment event is the �rst, while in the "�ne texture" case the

second air-entrapment event is identi�ed as the primary one.
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Figure 4.18: Upper): Snapshots of the free-surface pro�le at characteristic time instants
for the "�ne texture" with ε = 27.5%, and Hi/d = 0.200 (left column), 0.275 (middle
column) and 0.350 (right column). The box in the upper right corner of each column
indicates the case ID according to Table 4.6. (Lower): Temporal evolution of the energy
di�erence in the wave as a percentage of the incident wave's energy, for Hi/d = 0.200
(red-dotted line), 0.275 (blue-dashed line) and 0.350 (black-dashed-dotted line).

In the "coarser texture" case, the free-surface folds at the location of the gap and

pushes air in the span-wise direction towards the centre of the pile. The main tube

of air is further elongated and stretches in the span-wise direction. This elongation

process ampli�es by increasing the incident wave's height, as shown in Fig. 4.19. For

instance, in the case of Hi/d = 0.200 the air-entrapment takes place in a very short

span-wise length, while in the case of Hi/d = 0.350 it extends almost in all the span-

wise length. Afterwards and during the backward phase of the air-pocket, stronger

negative stream-wise velocity is developed, pushing water in the centre of the pile.

As a result, an additional air-entrapment event occurs, but this time with a forward

overturning motion (last snapshots of P2N1HM and P2N1H2 in Fig. 4.19).

Comparing the snapshots of the two di�erent "textures" (Figs. 4.18 and 4.19), one

would expect an increased energy dissipation for the "coarser texture", due to the

deeper penetration of the air-pocket, as observed by Chanson and Jaw-Fang (1997).

However, the "�ner texture" seems to dissipate approximately twice the amount dis-

sipated by the coarser one. Comparing the two cases, the �rst and second air-
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Figure 4.19: (Upper): Snapshots of the free-surface pro�le at characteristic time in-
stants for the "coarse texture" with ε = 27.5 %, and Hi/d = 0.200 (left column), 0.275
(middle column) and 0.350 (right column). The box in the upper right corner of each
column indicates the case ID according to Table 4.6. (Lower): Temporal evolution
of the energy di�erence in the wave as a percentage of the incident wave's energy,
for Hi/d = 0.200 (red-dotted line), 0.275 (blue-dashed line) and 0.350 (black-dashed-
dotted line).

entrainments occur earlier in the "�ner texture", than in the "coarser texture" case.

As a result, the two breaking events are closer to the wave crest, where higher energy

density exist. Moreover, the �rst breaking event of the "�ner texture" takes place

before the moment of the maximum RU , thus dissipating a part of the re�ected wave

energy. For the case of "coarse texture" the air-entrapment processes start after the

occurrence of the maximum RU , allowing somehow the re�ected crest to escape from

the dissipation process. This could be the explanation of the stronger "texture" e�ect

on the re�ection coe�cient CR, compared to the transmission coe�cient CT , as found

in Fig. 4.12.

To sum up, the main stages experienced by the free-surface when a solitary wave

interacts with a pile breakwater can be distinguished as: (1) undisturbed wave form, (2)

run-up on the pile, (3) backward overturning of the free-surface at the leeward side, (4)

generation of a backward oriented bulge located o�-centre of the pile, (5) formation of

the main air-pocket that elongates in the span-wise, (6) rotating air-pocket around the
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span-wise direction that convects leeward and downward, (7) transmitted and re�ected

crests are distinguished, (8) upward and backward motion of the main air-pocket that

is disintegrated and forms a cloud of bubbles, (9) entrapped air escapes, (10) oscillatory

motion until the remaining energy in the vicinity of the pile is dissipated. As far as

the dissipation rate is concerned, high values were identi�ed before the air-pocket was

fully enclosed. It was also observed that dissipation becomes almost zero after the

fragmentation of the air-pocket (stage 8).

4.4.3.4 Vorticity �elds

The interaction of the large height solitary wave with the pile breakwater leads to a

complex evolution of the free-surface. The free-surface wrinkles backwards to the wave

direction, resulting to crest breaking and air-entrapment events in the leeward side.

These mechanisms generate vortices around the spanwise axis that are responsible for

the energy transport in deeper locations and the enhancement of the dissipation of the

wave's energy. Moreover, vortices around the vertical axis are generated due to the

contraction of the �ow to pass through the gap region. In order to better understand the

�ow �eld and the mechanisms of dissipation in the water, 2D vorticity �elds in di�erent

vertical (x−y) and horizontal (x−z) planes are analysed and discussed in a qualitative
manner. The generation and evolution of vortices rotating around the span-wise (z)

axis is described in Section 4.4.3.4.1, while the description of the vorticity rotating

around the vertical (y) axis is given in Section 4.4.3.4.2. Such information could be

very useful to get a better insight to the features of the wave-structure interaction. It

is noted that in the following results both time and vorticity contours correspond to

dimensionless values.

4.4.3.4.1 Span-wise (z) vorticity This section focuses on the generation and

evolution of the span-wise (z) vorticity, considering two characteristic x−y planes; the
one intersects the centre of the cylinder (middle plane) and the other intersects the

centre of the gap (gap plane). Variations between cases of di�erent "texture", wave

height (Hi) and porosity (ε), are highlighted and discussed in a qualitative manner.

At �rst, the "texture" e�ect is examined for the case of a high value ofHi/d = 0.350,

where the di�erences are more distinguishable. Fig. 4.20 presents characteristic time

instants, starting from the moment of maximum run-up, which occurs at t = 26.0

in both coarse and �ne "texture" cases. It is evident that the vorticity of the "�ne

texture" develops earlier compared to the coarser one. This happens due to the early

air-entrapment event that occurs in the "�ne texture", before the free-surface reaches

its maximum run-up. On the other hand, the �rst air-entrapment event for the "coarse

texture" case occurs long after that moment. By that time, the initially developed

vortices of the "�ne texture" convect and di�use further downstream, downwards, and
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(a) "Coarse texture" (P2N1H2)

(b) "Fine texture" (P2N3H2)

Figure 4.20: "Texture" e�ect on the temporal evolution of z-voticity �eld at the planes
of the centre of the pile (pile is blanked) and the centre of the gap (position of the pile
is indicated with dashed line), for Hi/d = 0.350. Time instants of t = 26, 27, 29, and
31 are placed from left to right. Black-solid line represents the free-surface pro�le.

in transverse direction. At the same time, the second air-entrapment event, which is

the stronger one, was in progress. Knowing that the wave celerity of the transmitted

wave is almost the same for the two "textures", implies that the transmitted wave crest

is at the same position for identical time instants, as shown in Fig. 4.20 (this is also

justi�ed by the fact that the peak value of theWG6 signal is recorded at the exact same

time). Thus, in the "�ne texture" case, both air-entrapment and increased vorticity

are generated and interact closer to the transmitted crest, enhancing the dissipation

rate. Di�erence also occurs on the vorticity that originates from the bottom friction.

Regarding the "�ne texture" case, we can clearly observe an earlier and more elongated

vorticity region which also travels in the span-wise direction, reaching the middle plane

location (t = 27.0 of Fig. 4.20b). On the other hand, the bottom originated vorticity

of the "coarse texture" case is weaker and also had to travel longer distances in the

transverse direction to reach the middle plane compared to the "�ne texture" case. As

a result, the z-vorticity that reaches the bottom of the middle plane in the "coarse

texture" case, originates from the vorticity that is produced close to the free-surface.

After the passage of the wave, the remaining vortices in the vicinity of the pile are slowly
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spread in all directions experiencing attenuation in both strength and length scale, due

to their di�usion and their interplay. For both "textures" shown in Fig. 4.20, the

generated vortices travelled at the same stream-wise distance of about 2d with respect

to the centre of the pile.

In the same manner, the "texture" e�ect for the low wave height case (Hi/d = 0.200)

is given in Fig. 4.21, starting at time = 28.0, which is slightly after the occurrence of

maximum run-up (time = 27.5). In general, similar observations as the ones extracted

from Fig. 4.20 occur. Focusing on the last snapshot of each case (time = 34 in Fig. 4.21

and time = 31 in Fig. 4.20), the early development and the homogenisation of vortices

in the "�ne texture" case is justi�ed. At that moment, vortices of the "�ne texture"

extend in almost the whole area of the pile's vicinity, while in the "coarse texture"

case the bottom and free-surface vortices have just met in approximately the middle of

the still water depth. Our observations of faster regularisation and homogenisation of

the leeward side wake vortices when smaller openings are used, are in agreement with

the data reported by Molin (2011). Concerning the variations due to di�erent Hi, the

(a) "Coarse texture" (P2N1H1)

(b) "Fine texture" (P2N3H1)

Figure 4.21: "Texture" e�ect on the temporal evolution of the z-voticity �eld at the
planes of the centre of the pile (pile is blanked) and the centre of the gap (position
of the pile is indicated with dashed line), for Hi/d = 0.200. Time instants of t = 28,
30, 32, and 34 are placed from left to right. Black-solid line represents the free-surface
pro�le.
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intensity of the vortices is reduced for the lower wave heights as expected. Moreover,

the vortices travelled to a shorter downstream distance of about 1.5 d, with respect to

the centre of the pile, which was also expected due to the lower velocities. Summarising

Figs. 4.20 and 4.21, the increased penetration depth of the air-pocket for either "coarser

texture" or increased Hi is identi�ed, as mentioned/observed in Section 4.4.3.3 as well.

The porosity e�ect on the generation and evolution of the z-vorticity, is displayed

in Fig. 4.22 for the high value of Hi/d = 0.350.

(a) ε = 22.5% (P1N3H2)

(b) ε = 32.5% (P3N3H2)

Figure 4.22: Porosity e�ect on the temporal evolution of the z-voticity �eld at the
planes of the centre of the pile (pile is blanked) and the centre of the gap (position
of the pile is indicated with dashed line), for Hi/d = 0.350. Time instants of t = 26,
27, 29, and 31 are placed from left to right. Black-solid line represents the free-surface
pro�le.

In the low porosity case, higher velocity values occur, although the transmitted

energy and mass are much lower than that of the large porosity case. This is attributed

to the stronger acceleration and contraction of the �ow passing through the gap. As

a result, the leeward side wake vortices advect further downstream, allowing the very

close area to the pile to escape from the the high levels of the vorticity. This is clearly

indicated in the middle plane of Fig. 4.22a at time = 29.0. In addition, due to the

increased velocity in the low porosity case, both bottom and free-surface generated

114

Cha
ral

am
bo

s F
ran

tzi
s



vortices are pushed faster up and down, respectively. As a consequence, these two

vortices meet earlier at approximately the middle of the still water level (time = 27.0

in Fig. 4.22a).

Summarising Figs. 4.20-4.22 shown in this section, it is manifested that strong span-

wise (z) vorticity in the water is generated from the free-surface, which starts di�using

due to viscous e�ects, only after the air-pocket is fully enclosed and is in rotational

motion. Similar observations were noted for regular breaking waves by Iafrati (2011).

Even though the levels of z-vorticity are very low before that point, the dissipation

is already active according to Fig. 4.15. After the main wave-pile interaction and

the escape of the entrapped air, most of the energy has travelled away along with

the transmitted and re�ected crests. For this reason, the dissipation was found to

terminate (Fig. 4.15), even though a weaker dissipation procedure continues due to the

attenuation of the remaining z-vorticity in the vicinity of the pile.

4.4.3.4.2 Vertical (y) vorticity In this section, the evolution of the y-vorticity is

presented and discussed for a single value of the porosity (ε = 27.5 %) and the high value

of the solitary wave height of Hi/d = 0.350. Both cases of "�ne texture" and "coarse

texture" are shown side by side to compare them and identify their di�erence easily.

Contours of the y-vorticity �eld are presented for x − z planes that are located at

distances y/d = 0.015/0.500/0.700/0.900 above the seabed. The temporal evolution of

the y-vorticity is provided by Figs. 4.23, 4.24, 4.25, and 4.26 that correspond to the

time instants of time = 25, 27, 29 and 31, respectively. The discussion of the results

and the comparison of the two "textures" are posed in a qualitatively manner.

Comparing the two "texture" cases, the most evident di�erence is that the pri-

mary vortical structures are more elongated in the "�ne texture" case. Starting from

Fig. 4.23, that refers to time = 25.0, it is con�rmed that the development of the vortic-

ity in the "�ne texture" case occurs much earlier than that of the "coarse texture" one.

At that moment, the main air-entrapment is not completed, allowing for a well organ-

ised, anti-symmetric y-vorticity �eld. According to the �ndings of Section 4.4.3.4.1,

z-vortical structures are ejected from the bottom and the free-surface travelling to-

wards the middle of the still water depth, distorting the well-organised y-vorticity at

the level of their penetration. Thus, the well-organised y-vorticity �eld breaks sooner

at locations closer to the free-surface and the bottom, while on the plane at the middle

of the depth it lasts longer (y/d = 0.5 of Fig. 4.24).

Moreover, knowing that the maximum run-up occurs at time = 26 in both cases

and the location of the crests are almost identical, it is concluded that the crests of

the "�ne texture" case are closer to the intense y-vorticity compared to the crests of

the "coarse texture". It is reminded that the locations of the "�ne texture" crests

are also closer to the intense z-vorticity, as observed in Section 4.4.3.4.1. In addition,
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(a) "Fine texture" (P2N3H2) (b) "Coarse texture"

(P2N1H2)

Figure 4.23: y-voticity �eld at the horizontal planes of z/d = 0.9/0.7/0.5/0.015 (upper
to the lower), for ε = 27.5 % and Hi/d = 0.350 at t = 25.0.

(a) "Fine texture" (P2N3H2) (b) "Coarse texture"

(P2N1H2)

Figure 4.24: y-voticity �eld at the horizontal planes of z/d = 0.9/0.7/0.5/0.015 (upper
to the lower), for ε = 27.5 % and Hi/d = 0.350 at t = 27.0.

regarding the "coarse texture" case, it is again observed that its region close to the

middle of the pile's toe and below the y/d = 0.5 remains una�ected from the high

vorticity levels (time = 29.0 and 31.0), in contrast to the "�ne texture" case. To

conclude, the faster di�usion of the vorticity and the faster homogenisation of the �ow
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(a) "Fine texture" (P2N3H2) (b) "Coarse texture"

(P2N1H2)

Figure 4.25: y-voticity �eld at the horizontal planes of z/d = 0.9/0.7/0.5/0.015 (upper
to the lower), for ε = 27.5 % and Hi/d = 0.350 at t = 29.0.

(a) "Fine texture" (P2N3H2) (b) "Coarse texture"

(P2N1H2)

Figure 4.26: y-voticity �eld at the horizontal planes of z/d = 0.9/0.7/0.5/0.015 (upper
to the lower), for ε = 27.5 % and Hi/d = 0.350 at t = 31.0.

when smaller gaps ("�ne texture") are used (Molin, 2011) (observed in Section 4.4.3.4.1

as well), is demonstrated by the last time instant (Fig. 4.26).
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Chapter 5
Conclusions

The use of Numerical Waves Tanks (NWTs), that are based on the full-set of the

Navier-Stokes (NS) equations, can provide detailed and accurate solutions of compli-

cated �ow problems. However, the simulation of discretisation demanding cases and

extensive parametric studies could prove di�cult, due to the increased computational

cost required. The research presented in this thesis focused on the development of an

e�cient NWT, characterised by signi�cantly decreased requirements of computational

resources, in terms of both CPU time and RAM. The �rst objective of this research

was the development of an e�cient and robust numerical method for the simulation

of the incompressible and viscous/turbulent �ow of two immiscible �uids that could

interact with arbitrary geometrical solid obstacles, using Cartesian grids, the Immersed

Boundary (IB) method, and Fast Direct Solvers (FDS). The second objective was the

employment of the developed method to build an e�cient NWT, demonstrating its

capabilities and the comparative advantages over the conventional approach. The �nal

objective of this research was the utilisation of the developed e�cient NWT to perform

a parametric study for the case of a single-row pile breakwater under the impact of

solitary waves. The following sections summarise the outcomes and the main �ndings

in relation to these objectives.

5.1 Numerical method for e�cient simulations of

two-�uid �ows interacting with arbitrary geomet-

rical solid obstacles

An e�cient method for the simulation of viscous incompressible �ows of two immiscible

�uids has been presented. The method extends the constant coe�cient formulation,

presented in (Dodd and Ferrante, 2014), so that FDS can be used in combination with

the IB method to describe solid obstacles within a Cartesian grid. The interfacial
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tracking was performed by the conservative LS method, but it could also be coupled

with any other interface capturing method, such as the VoF, the Phase-Field, etc.

Appropriate local discretisation schemes that recover proper BCs for the pressure and

the LS function around the IB solid interface are suggested.

The proposed extension on the pressure-correction scheme has been validated for

low and high density and viscosity ratios, showing excellent agreement with the original

constant coe�cient formulation, as well as the conventional variable coe�cient one.

Moreover, the coupling with the IB method has been validated, indicating excellent

agreement. The complete method has an overall 2nd−order accuracy in time and space,
while the overall spatial accuracy can be increased to 3rd − order if the 5th − order

WENO scheme is used for the discretisation of the convective term.

An OpenMP implementation of the proposed formulation was used. The applica-

bility limits, the accuracy, and the actual speed-up of the proposed formulation have

been examined by a comparison with reference solutions provided by conventional ap-

proaches. For CFL dominated �ows, a time-step reduction is required, proportional to

the density ratio, in order to eliminate the splitting error and maintain the accuracy.

The �nal speed-up for this class of problems was estimated equal to 100, 25, and 10

for a density ratio of 10, 100, and 1000, respectively, when tested on a single node with

32 computational cores.

Summarising, we have developed a method for the simulation of incompressible

two-�uid �ows that:

� solves a Poisson equation for the pressure di�erence with constant coe�cients,

� is appropriate for the use of FDS in combination with the IB method,

� satis�es the proper BCs for the pressure in an indirect way,

� has been validated for low and high density and viscosity ratios,

� has an overall 2nd − order spatial accuracy,

� uses a pressure-correction scheme which is classi�ed as a standard incremental

one, with a 2nd − order temporal accuracy,

� requires a reduced time-step to maintain the accuracy for large density ratios, in

case the �ow is dominated by the CFL criterion,

� speeds-up the Poisson solution 300 times, for single node execution, compared to

iterative AMG solvers,

� can speed-up the NS solution 10-100 times, for single node execution, depending

on the density ratio.
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We conclude that the proposed method is capable of the e�cient simulation of two-

�uid incompressible �ows, using a FDS for the Poisson solution and the IB method for

the representation of geometrically complicated solid obstacles. In this way, challenging

two-�uid �ow cases can be simulated, saving signi�cant amounts of computational

resources.

5.2 Numerical method for e�cient simulations of

thermally driven �ows with large temperature

di�erences

A widely used approach for the simulation of thermally-driven �ows is the Oberbeck-

Boussinesq (OB) approximation, where the �uid properties are considered constant,

except for the density variation in the gravity term. However, this approach is limited to

low temperature di�erences and becomes invalid for most practical cases of interest. At

higher temperature di�erences, the property variations of the medium should be taken

into consideration in order to accurately simulate the �ow and temperature dynamics.

This leads to a signi�cant increase of the computational cost of the simulations. The

increased cost is attributed to the derived variable coe�cient Poisson, due to the density

variations.

The applicability of the two-�uid e�cient method, that transforms a variable coef-

�cient Poisson into a constant coe�cient one (Dodd and Ferrante, 2014), was extended

to variable property thermally driven �ows of large temperature di�erences. Due to

di�erent sets of governing equations that describe the motion of liquids or gases, two

variations of the methodology were developed. Fluid speci�c expressions were incorpo-

rated in order to model the property variations of the heated medium. The �uid density,

viscosity, thermal conductivity, and speci�c heat are calculated by the local simulated

temperature, according to given expressions. An important characteristic of this kind

of �ows is the low value of density ratio that occurs, even for very large temperature dif-

ferences, eliminating the need of time-step reduction, in contrast to two-�uid problems

with large density ratios. The computational e�ciency of the developed methodology

was demonstrated, achieving a Poisson solution speed-up of approximately 1000 with

a FDS, and approximately 5 with an iterative solver.

The proposed methodology was validated for a wide range of Prandtl (Pr), Rayleigh

(Ra) numbers (including turbulent cases), and temperature di�erences, both within

and outside the limits of applicability of the OB approximation. Details on the val-

idation cases examined for the purposes of this study can be found in the relevant

publications (Demou et al., 2018, 2019). In general, the validation results were found

to be in excellent agreement with the relevant reference data. The error introduced by
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the pressure-splitting scheme was found to be negligible without a�ecting the accuracy

of the methodology. The e�cient numerical methodology proposed here has the po-

tential to provide reliable and cost-e�ective simulation results for challenging real-life

problems, especially for water (Pr = 4.4) and air (Pr = 0.7), with large temperature

di�erences.

5.3 Development of an e�cient NWT

An e�cient NWT that solves the full-set of the NS equations for two-�uid incompress-

ible �ow was developed, utilising the FDS-IB coupling method, developed earlier in this

thesis. The new NWT o�ers the capability of simulating wave-induced �ows and their

interaction with complex-shaped coastal structures. For the purposes of this thesis,

wave generation and absorption of regular and solitary waves was achieved using the

relaxation method.

The proposed NWT was validated against analytical solutions, experimental mea-

surements, and other numerical studies for di�erent test cases: (i) the inviscid propa-

gation of 2nd−order Stokes waves, (ii) the formation of an inviscid standing wave, (iii)

the 2D spilling breaker over a mild slope bed, (iv) the 3D interaction of a solitary wave

with a vertical abutment, and (v) the 3D interaction of a solitary wave and a single-row

pile breakwater. It was demonstrated that the developed NWT is capable to accurately

simulate wave hydrodynamic problems. Its computational performance was analysed

and quanti�ed against the conventional approach for various problem sizes. Speed-up

factors of about 30 were measured for large 3D problems, even though four times smaller

time-steps were required. Such speed-up factors enable highly resolved future investi-

gations and parametric studies of computationally demanding wave-induced, nonlinear

�ow cases, such as breaking waves with air entrainment.

The presented NWT can be further extended in several ways to allow the simulation

of a wider range of challenging problems and wave parameters. Possible extensions

include the adoption of di�erent wave generation techniques, such as the active wave

absorption (Higuera et al., 2013a) or the inclusion of irregular waves (Lara et al.,

2006). In addition, one could also employ wall approximate conditions, di�erent SGS

models or interface capturing methods (e.g. VoF (Hirt and Nichols, 1981)), and other

parallelisation techniques (e.g. MPI and/or GPU computing).
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5.4 Summary of the results derived by the paramet-

ric study on the interaction of solitary waves and

single-row pile breakwaters

The interaction of a solitary wave with a single-row pile breakwater of circular cross

section was investigated by a series of simulations, using the e�cient NWT that was

developed in this thesis and is capable of capturing complex and nonlinear phenomena

such as the free-surface breaking. The developed numerical model was �rstly validated,

showing very good agreement against experimental and numerical data available in the

literature. The e�ect of porosity, pile diameter ("texture"), and wave height on the

transmission, re�ection, and dissipation coe�cient was presented. The run-up pro�le

around the pile, the evolution of the free-surface, and the generated vorticity were also

presented and discussed in a qualitatively manner.

The present study emphasised on the "texture" (pile diameter) e�ect, which re-

vealed small deviations on the breakwater's performance coe�cients (CT , CR, CD

and maximum run-up). Di�erences were more intense for larger values of the wave

height, reaching a maximum di�erence of about 7% when using three times small-

er/larger diameter. It was found that both CT and CR reduce when using a �ner

"texture", even though one would expect an adverse behaviour between CT and CR.

Moreover, CT was found to be more insensitive than CR regarding the "texture" e�ect,

which was unexpected, since more di�erences occur in the �ow �eld of the leeward side

of the breakwater. An additional unforeseen result regarding the "texture" e�ect was

the adverse behaviour between RU and CR, despite the fact that both share the same

trend when other parameters (i.e. porosity or wave height) change. The explanation of

the results and observations was attempted through the examination of the free-surface

evolution, the energy dissipation of the wave, and the generated vorticity during the

wave-structure interaction.

As far as future investigation is concerned, more comprehensive and well designed

experiments of pile breakwaters are required to further support the results obtained

by numerical models. Moreover, the force acting on the structure as a function of the

geometrical parameters examined should be investigated, because this is crucial for

the design of such structures (Laju et al., 2011). According to the results presented

here, decreased forces would be expected for the cases of larger values of Dcyl (coarser

"texture"). On the other hand, the reduction in construction material demands designs

of �ner "texture". Therefore, based merely on the structural parameters, the smaller

diameter should be selected, ensuring that it withstands the maximum horizontal force

exerted. Another important aspect in the study of pile breakwaters is the sediment

transport in the vicinity of the pile's toe. A storm event, a tsunami-type wave impact,

or even the mere longterm operation could result to strong sediment transport and
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scouring problems. The e�cient NWT used in the present study could be coupled

with a model for a mobile bed, to obtain realistic predictions on the �nal scouring

pro�le around the breakwater. Experimental measurements for the validation of such

a model can be found in (Xu et al., 2019).

The use of pile breakwaters for the protection against tsunami-type wave does not

seem an ideal solution, mainly because of their di�culty to dissipate signi�cant amount

of the wave's energy. The protection of the coast is essentially achieved by re�ecting

most of the wave's energy, using breakwaters of small porosity. This means that the

piles should be placed at a very close proximity, which is practically di�cult, especially

for "�ner texture" designs. The larger impact forces exerted on smaller porosity de-

signs, increase the construction cost of the breakwater. Nevertheless, pile breakwaters

seem to perform slightly better than the submerged-obstacle-type breakwater (Wang

et al., 2018), since reduced CT and increased CD occur when porosity is smaller than

approximately 28%. The use of a curtain pile breakwater or the use of a more compli-

cated con�guration (e.g. double row) could be a more e�ective solution. However, the

increased re�ection and force on the curtain structure should be taken into account.

CFD parametric studies of these type of breakwaters will give more insight to the

wave-structure interaction and the �ow �eld induced.

Concluding, structures that are designed for protection against tsunami-type waves

should be studied with increased care, because a possible failure could be much more

hazardous than their absence, since solitary waves have the capacity to transfer large

pieces of structures, even for many kilometres into the land area (e.g. Indian Ocean

Tsunami (2004) and Tohoku (2011)). Therefore, the protection of a coast with a poorly

designed structure might lead to more distractions compared to no protection at all.
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Frantzis, C., Grigoriadis, D. G. E., and Dimas A. A. "A CFD study on the
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Frantzis, C., Grigoriadis, D. G. E., and Dimas A. A. "A numerical wave-tank
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Under Revision (submitted July 2019) in Ocean Engineering.
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5.6 Closing remarks and future directions

5.6.1 Closing remarks

We hope that the performance advantages of the newly developed e�cient method,

that combines the IB method and FDS for simulating two-�uid �ows, will allow more

researchers to use CFD tools to study complex �ow problems in detail. We also wish

that the e�cient tool/method that has been developed in this study will inspire other

researchers and software developers to extend it even further, for the simulation of

�uid-structure interaction (FSI) problems with moving solid obstacles or three-phase

problems with and without phase-change. In turn, this will provide a signi�cant boost

to the e�orts of various teams to advance their knowledge on challenging and compu-

tationally demanding �ow problems.

5.6.2 Future direction 1: Decrease the time-step reduction fac-

tor of the constant coe�cient approach

According to the results presented in Sections 4.2 and 4.3.1, the speed-up of the con-

stant coe�cient approaches is signi�cantly decreased for larger values of the density

ratio. Such reduction is attributed to the smaller time-step that is required by the con-

stant coe�cient approaches to eliminate the temporal error that is introduced by the

pressure splitting scheme of Eq. 2.63. The use of higher order extrapolation schemes

to predict the pressure �eld in the new time instant P n+1 was found to give inaccurate

results (Dodd and Ferrante, 2014). Therefore, the development of a more accurate

pressure splitting scheme with smaller time-step reduction factor poses one important

research challenge. Our intention is to reduce the total cost by solving the constant

coe�cient Poisson equation multiple times in a single time-step, using the FDS. As

a result, a smaller time-step reduction factor might be achieved when more iterations

of the Poisson solution are used in a single time-step. Under these circumstances, the

computational cost of a single time-step could increase. However, the total computa-

tional cost could be decreased when the optimum value of Poisson solution iterations

is used. We also suspect that the optimum value of iterations could also vary with the

density ratio, similarly to the behaviour of the time-step reduction factor. Our aim

is to modify the developed solver in order to allow multiple iterations of the Poisson

solution and then investigate and report the optimum value of iterations for di�erent

values of the density ratio, similarly to the results reported in Table 4.3.
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5.6.3 Future direction 2: Extension of the e�cient method to

FSI problems, implementing a GPU-based solver

A very challenging and computationally demanding category of problems is the FSI

when two-�uid interfaces are also involved. The developed method, that uses the IB

method in a robust and e�cient way, can be extended to treat moving 3D complex

geometrical solid obstacles, simulating strongly coupled FSI problems. Our aim is to

incorporate such capability on the in-house e�cient NWT, to allow the realistic simula-

tion of wave-structure interaction problems. Moreover, the framework of the developed

solver can be favoured by the architecture of Graphics Processing Units (GPUs), due

to its high parallel e�ciency. A GPU version of the in-house code is already under

development by Professor Dimokratis Grigoriadis, using OpenACC directives.

5.6.4 Future direction 3: Reduction of the required absorption

zone length, combining the relaxation method with con-

vective outlet BC

As described in Sections 1.3 and 2.2.3.3, a key element of a NWT is the tool for the

generation and absorption of waves. The relaxation based method, that is a very

robust tool, is implemented in our in-house code. Regarding the absorption of waves

at the outlet of the NWT, a su�ciently long absorption zone might be required to

minimise re�ections in the working section. Based on the description in Section 4.4.1

and the results of Section 4.4.2, it is evident that the convective outlet BC can be

very e�ective in the case of a solitary wave. Therefore, an additional future direction

towards the reduction of the computational cost is the extension or the combination of

the convective outlet BC with the relaxation method, in order to reduce or eliminate

the length of the required absorption zone.

127

Cha
ral

am
bo

s F
ran

tzi
s



128

Cha
ral

am
bo

s F
ran

tzi
s



Bibliography

C Frantzis and DGE Grigoriadis. An e�cient method for two-�uid incompressible �ows

appropriate for the immersed boundary method. Journal of Computational Physics,

376:28�53, 2019.

Francis CK Ting and James T Kirby. Dynamics of surf-zone turbulence in a spilling

breaker. Coastal Engineering, 27(3-4):131�160, 1996.

Javier L Lara, Manuel del Jesus, and Inigo J Losada. Three-dimensional interaction

of waves and porous coastal structures: Part II: Experimental validation. Coastal

Engineering, 64:26�46, 2012.

Changbo Jiang, Yu Yao, Ya Deng, and Bin Deng. Numerical investigation of solitary

wave interaction with a row of vertical slotted piles. Journal of Coastal Research, 31

(6):1502�1511, 2015.

Bernard Le Méhauté. An introduction to hydrodynamics and water waves. Springer

Science & Business Media, 2013.

Maurizio Brocchini. A reasoned overview on boussinesq-type models: the interplay

between physics, mathematics and numerics. Proceedings of the Royal Society A:

Mathematical, Physical and Engineering Sciences, 469(2160):20130496, 2013.

Hongmei Yan and Yuming Liu. An e�cient high-order boundary element method for

nonlinear wave�wave and wave-body interactions. Journal of Computational Physics,

230(2):402�424, 2011.

S Muzaferija and M Peric. Computation of free-surface �ows using the �nite-volume

method and moving grids. Numerical Heat Transfer, 32(4):369�384, 1997.

Joel H Ferziger and Milovan Peric. Computational methods for �uid dynamics. Springer

Science & Business Media, 2012.

Michael S Dodd and Antonino Ferrante. A fast pressure-correction method for incom-

pressible two-�uid �ows. Journal of Computational Physics, 273:416�434, 2014.

129

Cha
ral

am
bo

s F
ran

tzi
s



Alexandre Caboussat. Numerical simulation of two-phase free surface �ows. Archives

of Computational Methods in Engineering, 12(2):165�224, 2005.

Wei Zhang, You Hong Tang, Cheng Bi Zhao, and Cheng Zhang. A two-phase �ow

model with vof for free surface �ow problems. Applied Mechanics and Materials,

232:279�283, 2012.

Cyril W Hirt and Billy D Nichols. Volume of �uid (vof) method for the dynamics of

free boundaries. Journal of computational physics, 39(1):201�225, 1981.

William F Noh and Paul Woodward. Slic (simple line interface calculation). In Proceed-

ings of the Fifth International Conference on Numerical Methods in Fluid Dynamics

June 28�July 2, 1976 Twente University, Enschede, pages 330�340. Springer, 1976.

WE Johnson. Development and application of computer programs related to hyperve-

locity impact. Systems Science, and Software Report, 1970.

David L Youngs. Time-dependent multi-material �ow with large �uid distortion. Nu-

merical methods for �uid dynamics, 24:273�285, 1982.

Ruben Scardovelli and Stéphane Zaleski. Direct numerical simulation of free-surface

and interfacial �ow. Annual Review of Fluid Mechanics, 31(1):567�603, 1999.

Nasser Ashgriz and JY Poo. Flair: Flux line-segment model for advection and interface

reconstruction. Journal of Computational Physics, 93(2):449�468, 1991.

TG Thomas, JJR Williams, and DC Leslie. Development of a conservative 3d free

surface code. Journal of Hydraulic Research, 30(1):107�115, 1992.

Murray Rudman. Volume-tracking methods for interfacial �ow calculations. Interna-

tional journal for numerical methods in �uids, 24(7):671�691, 1997.

Takashi Yabe, Feng Xiao, and Takayuki Utsumi. The constrained interpolation pro�le

method for multiphase analysis. Journal of Computational Physics, 169(2):556�593,

2001.

Stanley Osher and James A Sethian. Fronts propagating with curvature-dependent

speed: algorithms based on Hamilton-Jacobi formulations. Journal of computational

physics, 79(1):12�49, 1988.

Mark Sussman, Peter Smereka, and Stanley Osher. A level set approach for computing

solutions to incompressible two-phase �ow. Journal of Computational physics, 114

(1):146�159, 1994.

Elisabeth Rouy and Agnès Tourin. A viscosity solutions approach to shape-from-

shading. SIAM Journal on Numerical Analysis, 29(3):867�884, 1992.

130

Cha
ral

am
bo

s F
ran

tzi
s



David Adalsteinsson and James A Sethian. A fast level set method for propagating

interfaces. Journal of computational physics, 118(2):269�277, 1995.

Danping Peng, Barry Merriman, Stanley Osher, Hongkai Zhao, and Myungjoo Kang.

A PDE-based fast local level set method. Journal of computational physics, 155(2):

410�438, 1999.

Yu-Chung Chang, TY Hou, B Merriman, and S Osher. A level set formulation of

eulerian interface capturing methods for incompressible �uid �ows. Journal of com-

putational Physics, 124(2):449�464, 1996.

Mark Sussman, Emad Fatemi, Peter Smereka, and Stanley Osher. An improved level

set method for incompressible two-phase �ows. Computers & Fluids, 27(5):663�680,

1998.

Douglas Enright, Ronald Fedkiw, Joel Ferziger, and Ian Mitchell. A hybrid particle

level set method for improved interface capturing. Journal of Computational Physics,

183(1):83�116, 2002.

Stanley Osher and Ronald P Fedkiw. Level set methods: an overview and some recent

results. Journal of Computational physics, 169(2):463�502, 2001.

JA Sethian and Peter Smereka. Level set methods for �uid interfaces. Annual Review

of Fluid Mechanics, 35(1):341�372, 2003.

Frederic Gibou, Ronald Fedkiw, and Stanley Osher. A review of level-set methods and

some recent applications. Journal of Computational Physics, 353:82�109, 2018.

Francis H Harlow, J Eddie Welch, et al. Numerical calculation of time-dependent

viscous incompressible �ow of �uid with free surface. Physics of �uids, 8(12):2182,

1965.

CW Hirt and John P Shannon. Free-surface stress conditions for incompressible-�ow

calculations. Journal of Computational Physics, 2(4):403�411, 1968.

Robert K-C Chan and Robert L Street. A computer study of �nite-amplitude water

waves. Journal of Computational Physics, 6(1):68�94, 1970.

BD Nichols and CW Hirt. Improved free surface boundary conditions for numerical

incompressible-�ow calculations. Journal of Computational Physics, 8(3):434�448,

1971.

S Chen, DB Johnson, and PE Raad. The surface marker method. Computational

Modeling of Free and Moving Boundary Problems, 1:223�234, 1991.

131

Cha
ral

am
bo

s F
ran

tzi
s



Peter E Raad, Shea Chen, and David B Johnson. The introduction of micro cells to

treat pressure in free surface �uid �ow problems. Journal of Fluids Engineering, 117

(4):683�690, 1995.

Shea Chen, David B Johnson, Peter E Raad, and Dani Fadda. The surface marker and

micro cell method. International Journal for Numerical Methods in Fluids, 25(7):

749�778, 1997.

Salih Ozen Unverdi and Grétar Tryggvason. A front-tracking method for viscous,

incompressible, multi-�uid �ows. Journal of computational physics, 100(1):25�37,

1992.

HS Udaykumar and W Shyy. A grid-supported marker particle scheme for interface

tracking. Numerical Heat Transfer, 27(2):127�153, 1995.

HS Udaykumar, Heng-Chuan Kan, Wei Shyy, and Roger Tran-Son-Tay. Multiphase

dynamics in arbitrary geometries on �xed cartesian grids. Journal of Computational

Physics, 137(2):366�405, 1997.

Mark Sussman and Elbridge Gerry Puckett. A coupled level set and volume-of-�uid

method for computing 3d and axisymmetric incompressible two-phase �ows. Journal

of Computational Physics, 162(2):301�337, 2000.

Mark Sussman. A second order coupled level set and volume-of-�uid method for com-

puting growth and collapse of vapor bubbles. Journal of Computational Physics, 187

(1):110�136, 2003.

Douglas G Dommermuth, Mark Sussman, Robert F Beck, Thomas T O'Shea, Donald C

Wyatt, Kevin Olson, and Peter MacNeice. The numerical simulation of ship waves

using cartesian grid methods with adaptive mesh re�nement. In 25th Symposium on

Naval Hydrodynamics, 2004.

Thibault Ménard, Sebastien Tanguy, and Alain Berlemont. Coupling level

set/vof/ghost �uid methods: Validation and application to 3d simulation of the

primary break-up of a liquid jet. International Journal of Multiphase Flow, 33(5):

510�524, 2007.

Sébastien Tanguy and Alain Berlemont. Application of a level set method for simulation

of droplet collisions. International journal of multiphase �ow, 31(9):1015�1035, 2005.

Joseph J Monaghan. An introduction to sph. Computer physics communications, 48

(1):89�96, 1988.

Joseph J Monaghan. Simulating free surface �ows with sph. Journal of computational

physics, 110(2):399�406, 1994.

132

Cha
ral

am
bo

s F
ran

tzi
s



S Koshizuka and Y Oka. Moving-particle semi-implicit method for fragmentation of

incompressible �uid. Nuclear science and engineering, 123(3):421�434, 1996.

Hitoshi Gotoh, Tomoki Shibahara, and Tetsuo Sakai. Sub-particle-scale turbulence

model for the {MPS} method-{L} agrangian �ow model for hydraulic engineering.

Advanced {M} ethods for {C} omputational {F} luid {D} ynamics, 9:339�347, 2001.

MB Liu and GR Liu. Smoothed particle hydrodynamics (sph): an overview and recent

developments. Archives of computational methods in engineering, 17(1):25�76, 2010.

Hans Bihs, Arun Kamath, Mayilvahanan Alagan Chella, Ankit Aggarwal, and Øivind A

Arntsen. A new level set numerical wave tank with improved density interpolation

for complex wave hydrodynamics. Computers & Fluids, 140:191�208, 2016.

Robert D Falgout and Ulrike Meier Yang. hypre: A library of high performance pre-

conditioners. In International Conference on Computational Science, pages 632�641.

Springer, 2002.

Niels G Jacobsen. waves2Foam Manual. 2017.

Niels G Jacobsen, David R Fuhrman, and Jørgen Fredsøe. A wave generation tool-

box for the open-source CFD library: OpenFOAM®. International Journal for

Numerical Methods in Fluids, 70(9):1073�1088, 2012.

Hong-Jian Cao and De-Cheng Wan. Development of multidirectional nonlinear numer-

ical wave tank by naoe-FOAM-SJTU solver. International Journal of Ocean System

Engineering, 4(1):49�56, 2014.

Pablo Higuera, Javier L Lara, and Inigo J Losada. Three-dimensional interaction of

waves and porous coastal structures using OpenFOAM®. part I: Formulation and

validation. Coastal Engineering, 83:243�258, 2014.

Pablo Higuera, Javier L Lara, and Inigo J Losada. Realistic wave generation and active

wave absorption for Navier-Stokes models: Application to OpenFOAM®. Coastal

Engineering, 71:102�118, 2013a.

CW Hirt. Flow-3D User Manual Version 10. Flow Science, 2011.

ANSYS-Fluent. User's Guide Release 14.0, ANSYS. Inc., USA, November, 2011.

ANSYS-CFX. User Manual, ANSYS. Inc., Canonsburg, PA, 2012.

Xiaoyu Guo, Benlong Wang, Hua Liu, and Guoping Miao. Numerical simulation of two-

dimensional regular wave overtopping �ows over the crest of a trapezoidal smooth

impermeable sea dike. Journal of Waterway, Port, Coastal, and Ocean Engineering,

140(3):04014006, 2013.

133

Cha
ral

am
bo

s F
ran

tzi
s



Zhengyi Wang, Qingping Zou, and Dominic Reeve. Simulation of spilling breaking

waves using a two phase �ow CFD model. Computers & Fluids, 38(10):1995�2005,

2009.

Taemin Ha, Jaeseol Shim, Pengzhi Lin, and Yong-Sik Cho. Three-dimensional numer-

ical simulation of solitary wave run-up using the IB method. Coastal Engineering,

84:38�55, 2014.

Stefan Mayer, Antoine Garapon, Lars Sørensen, et al. A fractional step method for un-

steady free-surface �ow with applications to non-linear wave dynamics. International

Journal for Numerical Methods in Fluids, 28(2):293�315, 1998.

Zhe Hu, Wenyong Tang, Hongxiang Xue, Xiaoying Zhang, and Jinting Guo. Numer-

ical simulations using conserved wave absorption applied to navier�stokes equation

model. Coastal engineering, 99:15�25, 2015.

Peter Troch and Julien De Rouck. An active wave generating�absorbing boundary

condition for vof type numerical model. Coastal Engineering, 38(4):223�247, 1999.

JL Lara, N Garcia, and IJ Losada. RANS modelling applied to random wave interaction

with submerged permeable structures. Coastal Engineering, 53(5-6):395�417, 2006.

Jianming Yang and Frederick Stern. Large-eddy simulation of breaking waves using

embedded-boundary/level-set method. In 45th AIAA aerospace sciences meeting and

exhibit, pages 2007�1455, 2007.

Adria Miquel, Arun Kamath, Mayilvahanan Alagan Chella, Renata Archetti, and Hans

Bihs. Analysis of di�erent methods for wave generation and absorption in a cfd-based

numerical wave tank. Journal of Marine Science and Engineering, 6(2):73, 2018.

Alexandre Joel Chorin. Numerical solution of the Navier-Stokes equations. Mathemat-

ics of computation, 22(104):745�762, 1968.

Paul N Swarztrauber. The methods of cyclic reduction, Fourier analysis and the FACR

algorithm for the discrete solution of Poisson's equation on a rectangle. SIAM Review,

19(3):490�501, 1977.

Ronald R Sweet. Direct methods for the solution of Poisson's equation on a staggered

grid. Journal of Computational Physics, 12(3):422�428, 1973.

J-L Guermond and Abner Salgado. A splitting method for incompressible �ows with

variable density based on a pressure Poisson equation. Journal of Computational

Physics, 228(8):2834�2846, 2009.

Song Dong and Jie Shen. A time-stepping scheme involving constant coe�cient matri-

ces for phase-�eld simulations of two-phase incompressible �ows with large density

ratios. Journal of Computational Physics, 231(17):5788�5804, 2012.

134

Cha
ral

am
bo

s F
ran

tzi
s



Charles S Peskin. Flow patterns around heart valves: a numerical method. Journal of

computational physics, 10(2):252�271, 1972.

Petter A Berthelsen and Odd M Faltinsen. A local directional ghost cell approach for

incompressible viscous �ow problems with irregular boundaries. Journal of compu-

tational physics, 227(9):4354�4397, 2008.

Dongming Liu and Pengzhi Lin. Three-dimensional liquid sloshing in a tank with

ba�es. Ocean engineering, 36(2):202�212, 2009.

Linwei Shen and Eng-Soon Chan. Numerical simulation of �uid�structure interaction

using a combined volume of �uid and immersed boundary method. Ocean Engineer-

ing, 35(8):939�952, 2008.

Cheng Zhang, Nansheng Lin, Youhong Tang, and Chengbi Zhao. A sharp interface im-

mersed boundary/VOF model coupled with wave generating and absorbing options

for wave-structure interaction. Computers & Fluids, 89:214�231, 2014.

Antoni Calderer, Seokkoo Kang, and Fotis Sotiropoulos. Level set immersed bound-

ary method for coupled simulation of air/water interaction with complex �oating

structures. Journal of Computational Physics, 277:201�227, 2014.

Jianming Yang and Frederick Stern. Sharp interface immersed-boundary/level-set

method for wave�body interactions. Journal of Computational Physics, 228(17):

6590�6616, 2009.

Zhouyang Ge, Jean-Christophe Loiseau, Outi Tammisola, and Luca Brandt. An ef-

�cient mass-preserving interface-correction level set/ghost �uid method for droplet

suspensions under depletion forces. Journal of Computational Physics, 353:435�459,

2018.

Raouf A Ibrahim. Liquid sloshing dynamics: theory and applications. Cambridge

University Press, 2005.

Tingqiu Li, Peter Troch, and Julien De Rouck. Wave overtopping over a sea dike.

Journal of Computational Physics, 198(2):686�726, 2004.

Phung Dang Hieu and Katsutoshi Tanimoto. Veri�cation of a vof-based two-phase

�ow model for wave breaking and wave�structure interactions. Ocean engineering,

33(11-12):1565�1588, 2006.

Athanassios A Dimas and Theofano I Koutrouveli. Wave-height dissipation and under-

tow of spilling breakers over beaches of varying slopes. Journal of Waterway, Port,

Coastal, and Ocean Engineering, 145(5):04019016, 2019.

Stephen B Pope. Turbulent �ows, 2001.

135

Cha
ral

am
bo

s F
ran

tzi
s



Joseph Smagorinsky. General circulation experiments with the primitive equations: I.

The basic experiment. Monthly weather review, 91(3):99�164, 1963.

Johan Meyers and Pierre Sagaut. On the model coe�cients for the standard and

the variational multi-scale Smagorinsky model. Journal of Fluid Mechanics, 569:

287�319, 2006.

DGE Grigoriadis, JG Bartzis, and A Goulas. LES of the �ow past a rectangular

cylinder using the immersed boundary concept. International journal for numerical

methods in �uids, 41(6):615�632, 2003.

Seokkoo Kang and Fotis Sotiropoulos. Numerical modeling of 3d turbulent free surface

�ow in natural waterways. Advances in water resources, 40:23�36, 2012.

Stanley Osher and Ronald Fedkiw. Level set methods and dynamic implicit surfaces,

volume 153. Springer Science & Business Media, 2006.

A Iafrati and EF Campana. Free-surface �uctuations behind microbreakers: space�

time behaviour and subsurface �ow �eld. Journal of Fluid Mechanics, 529:311�347,

2005.

Grant B Deane and M Dale Stokes. Scale dependence of bubble creation mechanisms

in breaking waves. Nature, 418(6900):839, 2002.

A Iafrati. Numerical study of the e�ects of the breaking intensity on wave breaking

�ows. Journal of Fluid Mechanics, 622:371�411, 2009.

JU Brackbill, Douglas B Kothe, and C1 Zemach. A continuum method for modeling

surface tension. Journal of computational physics, 100(2):335�354, 1992.

Jean-Luc Guermond, Peter Minev, and Jie Shen. An overview of projection methods

for incompressible �ows. Computer methods in applied mechanics and engineering,

195(44-47):6011�6045, 2006.

EA Fadlun, R Verzicco, Paolo Orlandi, and J Mohd-Yusof. Combined immersed-

boundary �nite-di�erence methods for three-dimensional complex �ow simulations.

Journal of computational physics, 161(1):35�60, 2000.

Elias Balaras. Modeling complex boundaries using an external force �eld on �xed

cartesian grids in large-eddy simulations. Computers & Fluids, 33(3):375�404, 2004.

Yu-Heng Tseng and Joel H Ferziger. A ghost-cell immersed boundary method for �ow

in complex geometry. Journal of computational physics, 192(2):593�623, 2003.

Markus Uhlmann. An immersed boundary method with direct forcing for the simula-

tion of particulate �ows. Journal of Computational Physics, 209(2):448�476, 2005.

136

Cha
ral

am
bo

s F
ran

tzi
s



Andreas Mark and Berend GM van Wachem. Derivation and validation of a novel im-

plicit second-order accurate immersed boundary method. Journal of Computational

Physics, 227(13):6660�6680, 2008.

Seongwon Kang, Gianluca Iaccarino, Frank Ham, and Parviz Moin. Prediction of wall-

pressure �uctuation in turbulent �ows with an immersed boundary method. Journal

of Computational Physics, 228(18):6753�6772, 2009.

HS Udaykumar, R Mittal, P Rampunggoon, and A Khanna. A sharp interface Carte-

sian grid method for simulating �ows with complex moving boundaries. Journal of

Computational Physics, 174(1):345�380, 2001.

Jungwoo Kim, Dongjoo Kim, and Haecheon Choi. An immersed-boundary �nite-

volume method for simulations of �ow in complex geometries. Journal of Com-

putational Physics, 171(1):132�150, 2001.

Andreas Mark, Robert Rundqvist, and Fredrik Edelvik. Comparison between di�erent

immersed boundary conditions for simulation of complex �uid �ows. Fluid dynamics

& materials processing, 7(3):241�258, 2011.

David Jacqmin. Calculation of two-phase Navier�Stokes �ows using phase-�eld mod-

eling. Journal of Computational Physics, 155(1):96�127, 1999.

Guang-Shan Jiang and Chi-Wang Shu. E�cient implementation of weighted ENO

schemes. Technical report, DTIC Document, 1995.

J Smit, M van Sint Annaland, and JAMKuipers. Grid adaptation with WENO schemes

for non-uniform grids to solve convection-dominated partial di�erential equations.

Chemical engineering science, 60(10):2609�2619, 2005.

Chin-Yuan Perng and Robert L Street. Three-dimensional unsteady �ow simulations:

Alternative strategies for a volume-averaged calculation. International journal for

numerical methods in �uids, 9(3):341�362, 1989.

Chi-Wang Shu and Stanley Osher. E�cient implementation of essentially non-

oscillatory shock-capturing schemes. Journal of Computational Physics, 77(2):439�

471, 1988.

Wusi Yue, Ching-Long Lin, and Virendra C Patel. Numerical simulation of unsteady

multidimensional free surface motions by level set method. International Journal for

Numerical Methods in Fluids, 42(8):853�884, 2003.

DGE Grigoriadis, JG Bartzis, and A Goulas. E�cient treatment of complex geometries

for large eddy simulations of turbulent �ows. Comp. Fluids, 33(2):201�222, 2004.

137

Cha
ral

am
bo

s F
ran

tzi
s



Duc Q Nguyen, Ronald P Fedkiw, and Myungjoo Kang. A boundary condition cap-

turing method for incompressible �ame discontinuities. Journal of Computational

Physics, 172(1):71�98, 2001.

Hang Ding, Peter DM Spelt, and Chang Shu. Di�use interface model for incompressible

two-phase �ows with large density ratios. Journal of Computational Physics, 226(2):

2078�2095, 2007.

J-L Guermond and L Quartapelle. A projection FEM for variable density incompress-

ible �ows. Journal of Computational Physics, 165(1):167�188, 2000.

Grétar Tryggvason. Numerical simulations of the Rayleigh-Taylor instability. Journal

of Computational Physics, 75(2):253�282, 1988.

Zhipeng Qin, Keegan Delaney, Amir Riaz, and Elias Balaras. Topology preserving

advection of implicit interfaces on cartesian grids. Journal of Computational Physics,

290:219�238, 2015.

Ching-Long Lin, Haegyun Lee, Taehun Lee, and Larry J Weber. A level set character-

istic galerkin �nite element method for free surface �ows. International Journal for

Numerical Methods in Fluids, 49(5):521�547, 2005.

Balasubramaniam Ramaswamy. Numerical simulation of unsteady viscous free surface

�ow. Journal of Computational Physics, 90(2):396�430, 1990.

Chiang C Mei, Michael Stiassnie, and Dick K-P Yue. Theory and Applications of Ocean

Surface Waves: Part 1: Linear Aspects Part 2: Nonlinear Aspects. World Scienti�c,

1989.

Athanassios A Dimas and Aggelos S Dimakopoulos. Surface roller model for the nu-

merical simulation of spilling wave breaking over constant slope beach. Journal of

waterway, port, coastal, and ocean engineering, 135(5):235�244, 2009.

Aggelos S Dimakopoulos and Athanassios A Dimas. Large-wave simulation of three-

dimensional, cross-shore and oblique, spilling breaking on constant slope beach.

Coastal Engineering, 58(8):790�801, 2011.

Mayilvahanan Alagan Chella, Hans Bihs, Dag Myrhaug, and Michael Muskulus. Break-

ing characteristics and geometric properties of spilling breakers over slopes. Coastal

Engineering, 95:4�19, 2015.

Erik Damgaard Christensen. Large eddy simulation of spilling and plunging breakers.

Coastal Engineering, 53(5):463�485, 2006.

Qun Zhao, Steve Arm�eld, and Katsutoshi Tanimoto. Numerical simulation of breaking

waves by a multi-scale turbulence model. Coastal Engineering, 51(1):53�80, 2004.

138

Cha
ral

am
bo

s F
ran

tzi
s



Zhihua Xie. Two-phase �ow modelling of spilling and plunging breaking waves. Applied

Mathematical Modelling, 37(6):3698�3713, 2013.

Kiyoshi Horikawa. Nearshore dynamics and coastal processes: Theory, measurement,

and predictive models. University of Tokyo press, 1988.

J William Kamphuis. Introduction to coastal engineering and management, volume 30.

World Scienti�c, 2010.

The US Army Corps of Engineers. Coastal engineering research center. Shore Protection

Manual, 1, 1973.

John D Fenton. Nonlinear wave theories. The Sea, 9(1):3�25, 1990.

John D Fenton. The cnoidal theory of water waves. Developments in O�shore En-

gineering: Wave Phenomena and O�shore Topics (Handbook of Coastal & Ocean

Engineering)", Ed. JB Herbich, GulfProfessional Publishing, Houston, USA, pages

55�101, 1998.

SA Brown, DM Greaves, V Magar, and DC Conley. Evaluation of turbulence closure

models under spilling and plunging breakers in the surf zone. Coastal Engineering,

114:177�193, 2016.

MM Rienecker and JD Fenton. A fourier approximation method for steady water waves.

Journal of �uid mechanics, 104:119�137, 1981.

Pablo Higuera, Javier L Lara, and Inigo J Losada. Simulating coastal engineering

processes with OpenFOAM®. Coastal Engineering, 71:119�134, 2013b.

R Grimshaw. The solitary wave in water of variable depth. Journal of Fluid Mechanics,

42(3):639�656, 1970.

Elin Olsson, Gunilla Kreiss, and Sara Zahedi. A conservative level set method for two

phase �ow II. Journal of Computational Physics, 225(1):785�807, 2007.

H Sweeney, RR Kerswell, and T Mullin. Rayleigh�Taylor instability in a �nite cylin-

der: linear stability analysis and long-time �ngering solutions. Journal of Fluid

Mechanics, 734:338�362, 2013.

Subramaniam Neelamani, Khaled Al-Salem, and Altaf Taqi. Experimental investiga-

tion on wave re�ection characteristics of slotted vertical barriers with an impermeable

back wall in random wave �elds. Journal of Waterway, Port, Coastal, and Ocean

Engineering, 143(4):06017002, 2017.

Kyung-Duck Suh, Sungwon Shin, and Daniel T Cox. Hydrodynamic characteristics

of pile-supported vertical wall breakwaters. Journal of waterway, port, coastal, and

ocean engineering, 132(2):83�96, 2006.

139

Cha
ral

am
bo

s F
ran

tzi
s



Kyung-Duck Suh, Hoo Young Jung, and Chong Kun Pyun. Wave re�ection and trans-

mission by curtainwall�pile breakwaters using circular piles. Ocean Engineering, 34

(14-15):2100�2106, 2007.

Chang-Hwan Ji and Kyung-Duck Suh. Wave interactions with multiple-row

curtainwall-pile breakwaters. Coastal Engineering, 57(5):500�512, 2010.

Kottalil Laju, Vallam Sundar, and Ranganathan Sundaravadivelu. Hydrodynamic char-

acteristics of pile supported skirt breakwater models. Applied Ocean Research, 33

(1):12�22, 2011.

Zhenhua Huang, Yucheng Li, and Yong Liu. Hydraulic performance and wave loadings

of perforated/slotted coastal structures: A review. Ocean Engineering, 38(10):1031�

1053, 2011.

AS Koraim. Hydraulic characteristics of pile-supported l-shaped bars used as a screen

breakwater. Ocean Engineering, 83:36�51, 2014.

A Iafrati, A Babanin, and Miguel Onorato. Modeling of ocean�atmosphere interaction

phenomena during the breaking of modulated wave trains. Journal of Computational

Physics, 271:151�171, 2014.

A Iafrati. Energy dissipation mechanisms in wave breaking processes: spilling and

highly aerated plunging breaking events. Journal of Geophysical Research: Oceans,

116(C7), 2011.

Shohachi Kakuno and Philip L-F Liu. Scattering of water waves by vertical cylinders.

Journal of Waterway, Port, Coastal, and Ocean Engineering, 119(3):302�322, 1993.

David L Kriebel. Vertical wave barriers: wave transmission and wave forces. In Coastal

Engineering 1992, pages 1313�1326. 1993.

Shohachi Kakuno, Yoshihiro Nakata, and Philip L-F Liu. Wave forces on an array of

vertical cylinders. Journal of waterway, port, coastal, and ocean engineering, 122(3):

147�149, 1996.

Kyung-Duck Suh, Chang-Hwan Ji, and Bum Hyoung Kim. Closed-form solutions for

wave re�ection and transmission by vertical slotted barrier. Coastal Engineering, 58

(12):1089�1096, 2011.

Datong Zhu. Hydrodynamic characteristics of a single-row pile breakwater. Coastal

Engineering, 58(5):446�451, 2011.

Da Tong Zhu et al. Hydrodynamic characteristics of o�shore and pile breakwaters.

Ocean Engineering, 104, 2015.

140

Cha
ral

am
bo

s F
ran

tzi
s



Zhenhua Huang. An experimental study of wave scattering by a vertical slotted barrier

in the presence of a current. Ocean Engineering, 34(5-6):717�723, 2007a.

Zhenhua Huang. Wave interaction with one or two rows of closely spaced rectangular

cylinders. Ocean Engineering, 34(11-12):1584�1591, 2007b.

Michael Isaacson, Sundarlingam Premasiri, and Gang Yang. Wave interactions with

vertical slotted barrier. Journal of Waterway, Port, Coastal, and Ocean Engineering,

124(3):118�126, 1998.

Woo Sun Park, Bum Hyoung Kim, Kyung Doug Suh, and Kil Seong Lee. Scattering of

irregular waves by vertical cylinders. Coastal Engineering Journal, 42(02):253�271,

2000.

Michael Isaacson, John Baldwin, Sundarlingam Premasiri, and Gang Yang. Wave

interactions with double slotted barriers. Applied ocean research, 21(2):81�91, 1999.

Zhenhua Huang and Zhida Yuan. Transmission of solitary waves through slotted bar-

riers: A laboratory study with analysis by a long wave approximation. Journal of

Hydro-environment Research, 3(4):179�185, 2010.

Pengzhi Lin. A numerical study of solitary wave interaction with rectangular obstacles.

Coastal Engineering, 51(1):35�51, 2004.

Hongwei Liu, Mohamed S Ghidaoui, Zhenhua Huang, Zhida Yuan, and Jun Wang.

Numerical investigation of the interactions between solitary waves and pile break-

waters using bgk-based methods. Computers & Mathematics with Applications, 61

(12):3668�3677, 2011.

Yu Yao, Zhengjiang Tang, Fang He, and Wancheng Yuan. Numerical investigation

of solitary wave interaction with double row of vertical slotted piles. Journal of

Engineering Mechanics, 144(1):04017147, 2017.

Zhen-hua Huang. Re�ection and transmission of regular waves at a surface-pitching

slotted barrier. Applied Mathematics and Mechanics, 28(9):1153�1162, 2007c.

Hubert Chanson and Lee Jaw-Fang. Plunging jet characteristics of plunging breakers.

Coastal Engineering, 31(1-4):125�141, 1997.

Bernard Molin. Hydrodynamic modeling of perforated structures. Applied Ocean Re-

search, 33(1):1�11, 2011.

AD Demou, C Frantzis, and DGE Grigoriadis. A numerical methodology for e�cient

simulations of non-oberbeck-boussinesq �ows. International Journal of Heat and

Mass Transfer, 125:1156�1168, 2018.

141

Cha
ral

am
bo

s F
ran

tzi
s



AD Demou, C Frantzis, and DGE Grigoriadis. A low-mach methodology for e�cient di-

rect numerical simulations of variable property thermally driven �ows. International

Journal of Heat and Mass Transfer, 132:539�549, 2019.

Conghao Xu, Zhenhua Huang, and Yu Yao. A wave-�ume study of scour at a pile

breakwater: Solitary waves. Applied Ocean Research, 82:89�108, 2019.

Jiadong Wang, Guanghua He, Rui You, and Pengfei Liu. Numerical study on interac-

tion of a solitary wave with the submerged obstacle. Ocean Engineering, 158:1�14,

2018.

Fritz Oberhettinger. Fourier expansions: a collection of formulas. Elsevier, 2014.

Mark Sussman, Ann S Almgren, John B Bell, Phillip Colella, Louis H Howell, and

Michael L Welcome. An adaptive level set approach for incompressible two-phase

�ows. Journal of Computational Physics, 148(1):81�124, 1999.

142

Cha
ral

am
bo

s F
ran

tzi
s



Appendix A
Wave theories

The ocean waves can be categorised according to the wave height, water depth and

wave period. Larger wave heights and lower water depths increase the importance of

the nonlinear terms. The shape of the free-surface and the trough and crest levels

with respect to the mean free-surface could be symmetric or non-symmetric. The crest

and troughs of linear waves (Stokes 1st − order) are in equal distances from the mean

water level. Higher order waves are characterised by higher crest and trough levels

with shorter crest regions and longer trough regions. The schematic representation

of Fig. A.1 shows typical shapes of linear, Stokes and cnoidal waves. The regions of

Figure A.1: Sketch of typical shapes of linear waves (to), Stoke waves (middle), and
Cnoidal waves (bottom).

application of each wave theory and the limits of the swallow, intermediate and deep

waters are shown in Fig. A.2. The region indicated as �SOLITARY WAVES", which is

close to the breaking limit, consists of a single crest above the mean water level. The

solitary waves are representative of the head of tsunami waves.

In CFD wave �ow simulations, we usually select the water depth d and the
√
gd

as the characteristic length and velocity scales. As a result, the dimensionless Froude

number Fr is always equal to unity.
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Figure A.2: Applicability range of various water wave theories according to Le Méhauté
(2013). Ur = Hλ2/d3 is the Ursell parameter

The wave number k and the wave-length λ are connected through the following

relation,

k =
2π

λ
(A.1)

The wave period is denoted with T and the angular velocity/frequency ω is given by,

ω =
2π

T
(A.2)

By de�nition, the wave celerity reads,

Cwave =
λ

T
(A.3)
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The Cwave can also be calculated as,

Cwave =
T

2π
tanh

(
2πd

λ

)
(A.4)

The above equations (Eqs. (A.1)-(A.3)) stands for both dimensional and dimen-

sionless forms. The wave height H is de�ned as the di�erence between the maximum

(crest) and the minimum (trough) level of the free-surface. The dimensionless wave

height H ′ is given by H ′ = H/d. The description of the wave theories that follows

refers to the dimensionless values of the variables occurred in each theory, while the

prime indexes are eliminated. The use of the relaxation method to generate waves, as

described in Section 2.2.3.3, needs the de�nition of the free-surface elevation and the

two components (horizontal u and vertical w) of the velocity in the water as a function

of time and space. The following sections of this appendix describe the theories that

provide the relevant analytic functions of ηtarget, utarget, and wtarget, as mentioned in

Section 2.2.3.3. A ramp function in time multiplies the targeted values, in case the

simulation starts from tranquility in order to avoid the impulse e�ect when sudden

velocity values are introduced in the domain, as mentioned in Section 2.2.3.3. When

regular waves are generated, the ramp function is given by,

RampWMR =
1

2

(
1 + tanh

(
t− T
T

))
(A.5)

A.1 Stokes linear and 2nd − order theory

Following the 2nd−order approximation of the Stokes theory, the free-surface elevation
η as a function of time t and the horizontal distance x is given by,

η (x, t) =
H

2
cos (k(x− xref )− ωt) +

kH2

16

cosh (kd) (2 + cosh (2kd))

sinh3 (kd)
(A.6)

where xref is a reference streamwise location.

The corresponding streamwise and vertical components of the velocity, u and w

respectively, as a function of the time and the location (x, z) in the water are given by,

u =
H

2
ω

cosh (k (z + d))

sinh (kd)
cos (k(x− xref )− ωt) +

3

16
H2ωk

cosh (2k (z + d))

sinh4 (kd)
cos (2 (k(x− xref )− ωt))

(A.7)

w =
H

2
ω

sinh (k (z + d))

sinh (kd)
sin (k(x− xref )− ωt) +

3

16
H2ωk

sinh (2k (z + d))

sinh4 (kd)
sin (2 (k(x− xref )− ωt))

(A.8)
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If one wants to generate 1st − order accurate Stokes waves should keep only the �rst

terms displayed in the RHS of Eqs. (A.6-A.8). The incident wave energy Ewaves and

the wave power Pwave per crest width, using Stokes' 2nd − order theory, are given as

follows,

Ewave =
H2

8

(
1 +

9

64

H2

k4d6

)
(A.9)

Pwave =
H2Cg

8

(
1 +

9

64

H2

k4d6

)
(A.10)

where Cg is the group velocity given by,

Cg =
1

2

(
1 +

2kd

sinh (2kd)

)
(A.11)

In order to be able to reproduce the wave in terms of velocity �eld and free-surface

elevation, the user has to provide the wave height H, the depth d and one among the

λ, kappa, ω, and T .

If λ or kappa is known, the Eqs. (A.6)-(A.8) are used in a straight forward manner.

On the other hand, if ω or T is known, the user should �rstly de�ne the value of the

wave number k. According to the Strokes 2nd − order theory, k is connected with ω

through the dispersion relation,

ω =
√
k tanh (kd) (A.12)

Eq. (A.12) is a non-linear equation and an iterative procedure is required to calculate

the value of k. This can be achieved by using simple numerical methods, such as

the bisection method.

A.2 Stokes 5th − order theory

In case of very steep waves that lie in the deep water regime and slightly into the

intermediate depths, the 5th−order Stokes theory is recommended to properly generate
the wave characteristics. In the simulations performed for the purposes of the current

thesis, the theory presented by Fenton (1990) was adopted, and is brie�y described in

this section.

When k, d, and H are known, the variation of the free-surface elevation in time

and space is calculated using,

η =
5∑
i=1

[
εi

i∑
j=1

Bij cos (jk (x− xref − Cwavet))

]
(A.13)

where ε = kH/2, Bij are coe�cients calculated according to the relations displayed in
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Fig. A.3, and Cwave = u1 + U . For the simulations presented in this thesis, u1 was

considered equal to zero and therefore Cwave = U . The value of U is calculated by,

U =
√
k
(
C0 + ε2C2 + ε4C4

)
(A.14)

As far as the two components of the velocity are concerned, the horizontal stream-

wise component is given by u = ∂φ/∂x, while the vertical component of the velocity

is given by w = ∂φ/∂z. In this section, φ denotes the velocity potential which is

calculated through,

φ =
C0

k3/2

5∑
i=1

[
εi

i∑
j=1

Aij cosh (jkz) sin (jk (x− xref − Cwavet))

]
(A.15)

where C0 and Aij are coe�cients and functions calculated as indicated in Fig. A.3.

In case the wave period T is known, instead of the wave number k, the following

nonlinear equation must be solved to calculate k,

√
kU (kd)− 2π

T
√
k

= 0 (A.16)

A.3 Cnoidal 5th − order theory

For steep waves that lie in shallow waters and slightly into the intermediate depths,

the 5th − order Cnoidal theory is the most appropriate one, for a proper generation of

the wave characteristics. In the simulations performed for the purposes of the current

thesis, the theory presented by Fenton (1998) was adopted, and is brie�y described in

this section.

According to the study of Fenton (1998), the calculation of the free-surface elevation

η and the velocity components (u,w) requires the value of the parameterm. In all cases,

it is considered that the depth d and the wave height H are known. The value of either

the wave-length λ or the wave period T is also required. Knowing the value of these

parameters, one should calculate the corresponding m parameter, in order to be able to

calculate the spatial and temporal variation of η, u, and w. The m parameter connects

with the above values in a nonlinear manner, and therefore an iterative procedure is

required for its calculation.

Wave-length λ known:

Knowing the value of λ, one should solve a nonlinear equation for the calculation of
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Figure A.3: Table of coe�cients used in 5th−order Stokes theory for the calculation of
the free-surface elevation and the velocity components. The values of the coe�cients
depend on the values of the wave number k, the depth d, and the hyperbolic secant S
function of kd given by S = 1/ cosh (kd).

the m parameter, which reads,

λ

d
= 4K

(
3
H

d

)−1/2 [
1 +

(
H

d

)
L1cn +

(
H

d

)2

L2cn

+

(
H

d

)3

L3cn +

(
H

d

)4

L4cn

] (A.17)

where,

L1cn =
5

8
− 3

2
e (A.18)

L2cn = − 21

128
− 1

16
e+

3

8
e2 (A.19)
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L3cn =
20127

1792000
− 409

6400
e+

7

64
e2 +

1

16
e3 (A.20)

L4cn = − 1575087

28672000
− 1086367

1792000
e− 2679

25600
e2 +

12

128
e3 +

3

128
e4 (A.21)

In Eqs. (A.17)-(A.21), K and e are elliptic integrals provided in Fig. A.4.

Wave-period T known:

Knowing the value of T , one should solve a nonlinear equation for the calculation of

the m parameter, which reads,

U − λ

T
= 0 (A.22)

At �rst, the value of m parameter is guessed and the corresponding values of λ and U

are then calculated. The value of λ is given by rearranging Eq. (A.17), while the value

of U is given by,

U =

√
h

d

[
1 +

(
H

h

)
U1cn +

(
H

h

)2

U2cn +

(
H

h

)3

U3cn

+

(
H

h

)4

U4cn +

(
H

h

)5

U5cn

] (A.23)

where h denotes the trough level, measured from the bottom, which is calculated by,

h = d+Hh1cn +H2h2cn +H3h3cn +H4h4cn +H5h5cn (A.24)

In Eq. (A.24), the functions h1cn, h2cn, h3cn, h4cn, and h5cn are given by,

h1cn = −e (A.25)

h2cn =
1

4
e (A.26)

h3cn = − 1

25
e+

1

4
e2 (A.27)

h4cn =
573

2000
e− 57

400
e2 +

1

4
e3 (A.28)

h5cn = − 302159

1470000
e+

1779

2000
e2 − 123

400
e3 +

1

4
e4 (A.29)

After calculating the value of h, U can be estimated by Eq. (A.23) using the following

relations for the calculation of U1cn, U2cn, U3cn, U4cn, and U5cn.

U1cn =
1

2
− e (A.30)

U2cn = − 3

20
+

5

12
e (A.31)

U3cn =
3

56
− 19

600
e (A.32)

U4cn = − 309

5600
+

3719

21000
e (A.33)
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U5cn =
12237

616000
− 997699

8820000
e (A.34)

Afterwards, calculating λ from Eq. (A.17) and using the known value of the wave

period T , the error of guessing wrong value of m parameter is calculated by,

U error = U − λ

T
(A.35)

Performing multiple calculations of di�erent values of the m parameter, the correct

value of m can be found graphically from the point where U error ≈ 0

Figure A.4: Most appropriate approximations of elliptic integrals, in the case of cnoidal
theory with m ≥ 0.5.

Once the value of m parameter is known, h, U and λ can be calculated through

Eq. (A.24), Eq. (A.23) and the rearranged Eq. (A.17), respectively. Therefore, the

calculation of the temporal and spatial variation of the free-surface elevation and the

velocity components can be performed. The free-surface elevation is given by,

η = h
[
+1 + εη1cn + ε2η2cn + ε3η3cn + ε4η4cn + ε5η5cn

]
(A.36)

where epsilon = H/h and η1cn, η2cn, η3cn, η4cn, and η5cn are calculated by,

η1cn = cn2 (A.37)

η2cn = −3

4
cn2 +

3

4
cn4 (A.38)

η3cn =
5

8
cn2 − 151

80
cn4 +

101

80
cn6 (A.39)

η4cn = −8209

6000
cn2 +

11641

3000
cn4 − 112393

24000
cn6 +

17367

8000
cn8 (A.40)

η5cn =
364671

196000
cn2 − 2920931

392000
cn4 +

2001361

156800
cn6 − 17906339

1568000
cn8 +

1331817

313600
cn10

(A.41)
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where,

cn2 = 1 +
e− 1

m
+

π2

mK2

inf∑
j=1

j

sinh (jπK ′/K)
cos

(
jπθ

K

)
(A.42)

The value of θ is de�ned as,

θ = a (x− xref − Cwavet) /h (A.43)

where a is given by,

a =

√
3ε

4

(
1− 5ε

8
+

71ε2

128
− 100627ε3

179200
+

16259737ε4

28672000

)
(A.44)

The two components of the velocity u and w are given as follows,

u =
Cwave
d
− h

d
+
h

d

5∑
i=1

(
δi

i−1∑
j=0

[(z
h

)2

j
i∑

q=0

cn2q (θ) jΦijq

])
(A.45)

w =
h

d
2acn(θ)sn(θ)dn(θ)

5∑
i=1

(
δi

i−1∑
j=0

[(z
h

)2j+1
i∑

n=0

cn2(n−1) (θ)
n

2j + 1
Φijn

])
(A.46)

where z is the vertical distance measured from the bottom, and δ = (4a2) /3. The

function cn(θ), sn(θ), and dn(θ) are the Jacobian elliptic functions calculated according

to (Oberhettinger, 2014).

cn(θ) =
2π

mK

inf∑
n=1

[
cos

(
(2n− 1)

πθ

2K

)
qn−1/2

1 + q2n−1

]
(A.47)

sn(θ) =
2π

mK

inf∑
n=1

[
sin

(
(2n− 1)

πθ

2K

)
qn−1/2

1− q2n−1

]
(A.48)

dn(θ) =
2π

mK

(
1

4
+

inf∑
n=1

[
cos

(
2n

πθ

2K

)
qn

1 + q2n

])
(A.49)

where the relation for the calculation of q is given in Fig A.4.

A.4 Solitary 3rd − order theory

The generation of solitary waves in the simulations presented in this thesis follows the

3rd − order theory of Grimshaw (1970).

Before presenting the relations that de�ne the free-surface elevation and the com-

ponents of the velocity in the water, the following auxiliary parameters are de�ned,

m = 1− 5

8
H +

71

128
H2 (A.50)
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p =

√
3

4d3
(A.51)

ψ =
√
Hm (x− Cwavet− xref ) (A.52)

S =
1

cosh (pψ)
(A.53)

S = tanh (pψ) (A.54)

ζ = 1 +
z

d
(A.55)

where Cwave is the solitary wave celerity given by,

Cwave =
√
d

(
1 +

1

2
H − 3

20
H2 +

3

56
H3

)
(A.56)

Using Eqs. (A.50)-(A.56), the free-surface elevation η is calculated as,

η = d

[
HS2 −H2 3

4
S2T 2 +H3S2T 2

(
5

8
− 101

80
S2

)]
(A.57)

The streamwise components of the velocity u is calculated by,

u =
√
d
(
HUSolit1 +H2USolit2 +H3USolit3

)
(A.58)

where

USolit1 = S2 (A.59)

USolit2 = −3

4
S2 + S2T 2 + ζ2

(
3

4
S2 − 9

4
S2T 2

)
(A.60)

USolit3 =
21

41
S2 − S2T 2 − 6

5
S4T 2 + ζ2

(
−9

4
S2 +

15

4
S2T 2 +

15

2
S4T 2

)
+ ζ4

(
3

8
S2 − 45

16
S4T 2

) (A.61)

The vertical components of the velocity w is calculated by,

w =
√

3dHζS2T
(
HWSolit1 +H2WSolit2 +H3WSolit3

)
(A.62)

where,

WSolit1 = 1 (A.63)

WSolit2 = −3

8
− 2S2 + ζ2

(
−1

2
+

3

2
S2

)
(A.64)

WSolit3 = − 49

640
− 17

20
S2 − 18

5
S4 + ζ2

(
−13

16
− 25

16
S2 +

15

2
S4

)
+ ζ4

(
− 3

40
+

9

8
S2 − 27

16
S4

) (A.65)
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Appendix B
Discretisation schemes

The in-house CFD software, which was used and extended for the purposes of this

PhD thesis, applies the Finite Di�erences (FD) method to discretise and solve the

dimensionless NS (Eq. (2.41)) and LS (Eqs. (2.50) and (2.53)) equations on a Cartesian

staggered grid arrangement, as shown for a 2D con�guration in Fig. B.1.

Figure B.1: Staggered arrangement of the numerical grid for a 2D con�guration. The
con�guration is extended to 3D in a straight forward manner. The horizontal and
vertical black solid lines indicate the grid lines where the velocity components u and
w are de�ned (rhombs), respectively. The pressure p and the φ variable are de�ned at
the cell centers (circles). The blue dashed line represents the free-surface pro�le.
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According to the fractional step method and the staggered grid arrangement of

Fig. B.1, the components of the provisional velocity u∗i,j and w∗i,j (Eq. (2.58)) are

computed at the locations of ui,j and wi,j, respectively. Solving the discretised Poisson

equation for the pressure (or the pressure di�erence) at the cell centre locations, using

central di�erences, the divergence of the provisional velocity that appear in the RHS

of Eq. (2.74), is simply given by,

∇ · (~u∗) =
u∗i,j − u∗i−1,j

∆xpi
+
w∗i,j − w∗i,j−1

∆zpj
(B.1)

The calculation of the discretised u∗i,j and w∗i,j requires the calculation of a num-

ber of quantities at di�erent locations with respect their de�nition and the spatial

dicretisation scheme that is used.

B.1 Discretisation of the Poisson equation

After estimating the values of u∗i,j and w
∗
i,j, the Poisson equation that satis�es the mass

conservation can be solved. According to the adopted approach, the resultant Poisson

equation could be Eq. (2.61), Eq. (2.64), or Eq. (2.68). In this section, the discretised

form of Eq. (2.68) is only described, while the other equations are discretised in a

similar manner.

Writing Eq. (2.68) at the cell center location, where the Pi,j is de�ned, we have,

∇2
i,jδP

n+1 =
ρo

∆tn+1
∇i,j · ~u∗ +∇i,j ·

[(
1− ρo

ρn+1

)
∇P̂

]
−∇2

i,jP
n (B.2)

Expanding the gradient terms, Eq.(B.2) for a 2D con�guration reads,

1

∆xpi,j

[
δP n+1

i−1,j

1

∆xui−1,j

− δP n+1
i,j

(
1

∆xui−1,j

+
1

∆xui,j

)
+ δP n+1

i+1,j

1

∆xui,j

]
+

1

∆zpi,j

[
δP n+1

i,j−1

1

∆zwi,j−1

− δP n+1
i,j

(
1

∆xui−1,j

+
1

∆zwi,j

)
+ δP n+1

i,j+1

1

∆zwi,j

]
=

ρo
∆n+1

(
u∗i,j − u∗i−1,j

∆xpi,j
+
w∗i,j − w∗i,j−1

∆zpi,j

)
+

1

∆xpi,j

[(
1− ρo

ρn+1
i+1/2,j

)
P̂i+1,j − P̂i,j

∆xui,j
−

(
1− ρo

ρn+1
i−1/2,j

)
P̂i,j − P̂i−1,j

∆xui−1,j

]
+

1

∆zpi,j

[(
1− ρo

ρn+1
i,j+1/2

)
P̂i,j+1 − P̂i,j

∆zwi,j
−

(
1− ρo

ρn+1
i,j−1/2

)
P̂i,j − P̂i,j−1

∆zwi,j−1

]
−

1

∆xpi,j

[
P n
i−1,j

1

∆xui−1,j

− P n
i,j

(
1

∆xui−1,j

+
1

∆xui,j

)
+ P n

i+1,j

1

∆xui,j

]
−

1

∆zpi,j

[
P n
i,j−1

1

∆zwi,j−1

− P n
i,j

(
1

∆xui−1,j

+
1

∆zwi,j

)
+ P n

i,j+1

1

∆zwi,j

]

(B.3)
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It is noted that the required density values at locations with a non integer values (e.g.

i ± 1/2) are calculated using linear interpolation, while the values of P̂ are given by

Eq. (2.69), which means that both P n and P n−1 have to be stored to use the constant

coe�cient approach.

B.2 Temporal advancement of the NS equation

The calculation of the u∗i,j depends on the temporal discretisation scheme. In the

current version of the code, the 2nd − order fully explicit Adams-Bashforth scheme is

used. As an example, the discretised form of the u∗i,j when variable time-steps are used

is analysed below,

u∗i,j = ~uni,j + ∆tn+1

[(
1 +

∆tn+1

2∆tn

)
Ξi,j(~u

n)−
(

∆tn+1

2∆tn

)
Ξi,j(~u

n−1)

]
(B.4)

The calculation of Ξi,j(u
n) is given by the summation of the convection and the di�usion

terms, at the location of the horizontal velocity component u,

Ξi,j(u
n) = Convi,j(u

n) +Diffi,j(u
n) (B.5)

Ξi,j(u
n+1) is calculated in the exact same way, while the corresponding Ξi,j(w

n) and

Ξi,j(w
n+1) are calculated at the location of the de�nition of w in the same manner. The

discretisation of the convection and di�usion terms can be performed with di�erent

schemes. The following sections describe the discretisation schemes implemented for

each term.

B.3 Spatial discretisation of di�usion term in the NS

equation

The di�usion term in the conservation of the momentum in the x direction is analysed

as,

Diff(un) =
1

ρRe

[
2
∂

∂x

(
µ
∂un

∂x

)
+

∂

∂z

(
µ
∂un

∂z
+ µ

∂wn

∂x

)]
(B.6)

Using central di�erences to write the discretised form of Eq. (B.6) at the location of

ui,j, as indicated in Fig. B.1, the individual discretised terms of Diffi,j(u
n) read,

1

ρRe
=

1

ρn+1
i+ 1

2
,j
Re

(B.7)

∂

∂x

(
µ
∂un

∂x

)
=
µn+1
i+1,j

uni+1,j−uni,j
∆xpi+1

− µn+1
i,j

uni,j−uni−1,j

∆xpi

∆xui
(B.8)
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∂

∂z

(
µ
∂un

∂z

)
=
µn+1
i+ 1

2
,j+ 1

2

uni,j+1−uni,j
∆zwj

− µn+1
i+ 1

2
,j− 1

2

uni,j−uni,j−1

∆zwj

∆zpj
(B.9)

∂

∂z

(
µ
∂wn

∂x

)
=
µn+1
i+ 1

2
,j+ 1

2

wni+1,j−wni,j
∆xui+1

− µn+1
i+ 1

2
,j− 1

2

wni+1,j−1−wni,j−1

∆xui

∆zpj
(B.10)

The quantities appear in Eqs. (B.7-B.10) with a non-integer index (i.e. ±1
2
) are

calculated using linear interpolation between the values at known locations (integer

values of i and j). For instance, the value of ρn+1
i+ 1

2
,j
, appeared in Eq. B.7, is given by

the following equation for the case of non-uniform grid spacing,

ρn+1
i+ 1

2
,j

= ρn+1
i,j

0.5∆xpi+1

∆xui
+ ρn+1

i+1,j

0.5∆xpi
∆xui

(B.11)

where ρn+1
i,j and ρn+1

i+1,j are functions of the φ values at the corresponding locations,

calculated according to Eqs. (2.55 and 2.57). The calculation of other quantities at

locations where there is a need of interpolation is performed in a similar manner.

Moreover, additional terms that are included in the 3D con�guration are also calculated

in a similar manner to the above description, without any modi�cation are increased

complexity compared to the 2D con�guration.

B.4 Spatial discretisation of convective term in the

NS equation

The discretised convection term Convi,j(u
n) is calculated either using a central di�er-

ences scheme or an upwind scheme. The upwind schemes are required in many cases

where the �ow is characterised as highly convective.

The convection term in the conservation of the momentum in the x direction can

be written as,

Conv(un) = −
[
∂ (unun)

∂x
+
∂ (wnun)

∂z

]
(B.12)

which is a conservative form. Analysing Eq. (B.12) even further and using the mass con-

servation equation (i.e. ∇· ~u = 0), Conv(un) can also be written in a non-conservative

form as,

Conv(un) = −
[
un
∂un

∂x
+ wn

∂un

∂z

]
(B.13)

Therefore, in a mathematical aspect, one can calculate Conv(un) using either

Eq. (B.12) or Eq. (B.13), or even mixing the two equations. The following sections

describe the discretisation schemes used in the current version of the developed code.
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B.4.1 Central 2nd − order scheme

In the implemented version of the code, when a central scheme is used, the Conv(un)

is calculated by,

Conv(un) = −
[

1

2

(
∂ (unun)

∂x
+
∂ (wnun)

∂z

)
+

1

2

(
un
∂un

∂x
+ wn

∂un

∂z

)]
(B.14)

The discretised form of the individual terms of Eq. (B.14) read,

∂ (unun)

∂x
=
un
i+ 1

2
,j
un
i+ 1

2
,j
− un

i− 1
2
,j
un
i− 1

2
,j

∆xui
(B.15)

∂ (wnun)

∂z
=
wn
i+ 1

2
,j
un
i,j+ 1

2

− wn
i+ 1

2
,j−1

un
i,j− 1

2

∆zpj
(B.16)

un
∂un

∂x
= uni,j

un
i+ 1

2
,j
− un

i− 1
2
,j

∆xui
(B.17)

wn
∂un

∂z
= wn

i+ 1
2
,j− 1

2

un
i,j+ 1

2

− un
i,j− 1

2

∆zpj
(B.18)

The calculation of quantities with a non-integer index is performed using linear inter-

polation, as mentioned and described in Section B.3.

B.4.2 Upwind schemes

In contrast to the 2nd − order central scheme, the convective term is written in the

non-conservative form of Eq. B.13 when an upwind scheme is used. For the staggered

grid arrangement of Fig. B.1, the terms un ∂u
n

∂x
and wn ∂u

n

∂z
are calculated by,

un
∂un

∂x
= uni,j

unx+ − u
n
x−

∆xui
(B.19)

wn
∂un

∂z
= wn

i+ 1
2
,j− 1

2

unz+ − u
n
z−

∆xui
(B.20)

where unx+ and unx− are calculated according to the sign of the local horizontal velocity

component uni,j, while the functions of u
n
z+

and unz− depend on the sign of the vertical

component of the velocity wn
i+ 1

2
,j− 1

2

. It is notes that unx+ and unx− are de�ned at the

locations of ui+ 1
2
,j and ui− 1

2
,j, respectively. Similarly, unz+ and unz− are de�ned on the

locations of ui,j+ 1
2
and ui,j− 1

2
, respectively.

B.4.2.1 QUICK 3rd − order

The discretisation procedure of the 3rd−order upwind QUICK scheme for non-uniform

grid spacing is described in detail by Perng and Street (1989). Below we present the
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functions required for the calculation of unx+ and unx− ,

unx+ =

CP1u+u
n
i,j + CP2u+u

n
i−1,j + CP3u+u

n
i+1,j , if uni,j ≥ 0

CP1u−u
n
i,j + CP2u−u

n
i+1,j + CP3u−u

n
i+2,j , if uni,j < 0

(B.21)

where the coe�cient CP1u+ , CP2u+ , CP3u+ , CP1u− , CP2u− , and CP3u− are given

by,

CP1u+ = rp

[
1 + (1− rp)

∆xui+1

∆xui

]
(B.22)

CP2u+ = −
∆xui+1

∆xui

[
rp (1− rp)

∆xui+1

∆xui + ∆xui+1

]
(B.23)

CP3u+ = (1− rp)−
[
rp (1− rp)

∆xui+1

∆xui + ∆xui+1

]
(B.24)

CP1u− =

[
rp − rp (1− rp)

∆xui+1

∆xui+1
+ ∆xui+2

]
(B.25)

CP2u− = (1− rp)
[
1 + rp

∆xui+1

∆xui+2

]
(B.26)

CP3u− = −
∆xui+1

∆xui+2

[
rp (1− rp)

∆xui+1

∆xui+1
+ ∆xui+2

]
(B.27)

unx− =

CM1u+u
n
i,j + CM2u+u

n
i−1,j + CM3u+u

n
i−2,j , if uni,j ≥ 0

CM1u−u
n
i,j + CM2u−u

n
i+1,j + CM3u−u

n
i−1,j , if uni,j < 0

(B.28)

where the coe�cient CM1x− , CM2x− , CM3x− , CM1x− , CM2x− , and CM3x− are

given by,

CM1u+ =

[
(1− rp)− rm (1− rp)

∆xui
∆xui + ∆xui−1

]
(B.29)

CM2u+ = rm

[
1 + (1− rm)

∆xui
∆xui−1

]
(B.30)

CM3uU+ = − ∆xui
∆xui−1

[
rm (1− rm)

∆xui
∆xui + ∆xui−1

]
(B.31)

CM1u− = (1− rm)

[
1− rm

∆xui
∆xui+1

]
(B.32)

CM2u− = − ∆xui
∆xui+1

[
rm (1− rm)

∆xui
∆xui+1

+ ∆xui

]
(B.33)

CM3x− = rm −
[
rm (1− rm)

∆xui
∆xui+1

+ ∆xui

]
(B.34)

In the above equations, rp and rm are equal to 1/2.
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The calculation of unz+ and unz− is performed in a similar manner,

unz+ =

CP1w+u
n
i,j + CP2w+u

n
i,j−1 + CP3w+u

n
i,j+1 , if wn

i+ 1
2
,j− 1

2

≥ 0

CP1w−u
n
i,j + CP2w−u

n
i,j+1 + CP3w−u

n
i,j+2 , if wn

i+ 1
2
,j− 1

2

< 0
(B.35)

unz−+ =

CM1w+u
n
i,j + CM2w+u

n
i,j−1 + CM3w+u

n
i,j+1 , if wn

i+ 1
2
,j− 1

2

≥ 0

CM1w−u
n
i,j + CM2w−u

n
i,j+1 + CM3w−u

n
i,j+2 , if wn

i+ 1
2
,j− 1

2

< 0
(B.36)

The functions of the coe�cients CP1w+ , CP2w+ , CP3w+ , CP1w− , CP2w− , CP3w− ,

CM1w+ , CM2w+ , CM3w+ , CM1w− , CM2w− , and CM3w− are identical to the ones

displayed in Eqs. (B.22-B.27) and (B.29-B.34), replacing ∆xu with ∆zp and the index

i with the index j. Moreover, the constants rp and rm are given by,

rp =
0.5∆zwj+1

∆zpj
(B.37)

rm =
0.5∆zwj
∆zpj−1

(B.38)

B.4.2.2 WENO 5th − order

The discretisation procedure of the 5th − order upwind WENO scheme is similar to

that of Section B.4.2.1, but the accuracy is increased by involving the values of the

velocity at �ve successive grid locations instead of three. Detailed description of the

WENO scheme is given in Section B.5.2, regarding the discretisation of the LS advec-

tion equation. Moreover, the reader is referred to the studies of Jiang and Shu (1995)

and Smit et al. (2005) for a detailed description regarding uniform and non-uniform

grid spacing, respectively.

B.5 Discretisation used in the LS method

B.5.1 Temporal discretisation of LS functions

Both advection and re-initialisation equations of the LS method are advanced in time

and pseudo-time, respectively, using the 3rd−order TVD (Total Variation Diminishing)

Runge-Kutta scheme by Shu and Osher (1988), as described in (Yue et al., 2003). The

steps of advancing each equation in time are listed below.

φ
(1)
i,j = φni,j + ∆tn+1R

(
φni,j
)

(B.39)

φ
(2)
i,j =

3

4
φni,j +

1

4
φ

(1)
i,j +

∆tn+1

4
R
(
φ

(1)
i,j

)
(B.40)

φn+1
i,j =

1

3
φni,j +

2

3
φ

(2)
i,j +

2∆tn+1

3
R
(
φ

(2)
i,j

)
(B.41)
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where ∆tn+1 is replaced by the arti�cial time-step ∆τ when referring to the re-

initialisation equation. The value of ∆τ is adjusted to correspond in an arti�cial

CFL = 0.7 and remains constant throughout the whole simulation, considering that

the magnitude of the arti�cial velocity (|∇φ|) is equal to unity. Thus,

∆τ = 0.7 min (∆x,∆z) (B.42)

R (φ) represents the RHS of the LS advection and re-initialisation equations,

Eq. (2.47) and (2.50), respectively. In the implemented version of the code, the spatial

discretisation of these terms is performed with upwind schemes of 5th and 2nd− order,
respectively. The discretised form of R (φ) of each equation is described in the next

sections.

B.5.2 Spatial discretisation the LS advection equation

This section describes the procedure followed by the 5th − order WENO upwind spa-

tial discretisation scheme, provided also in (Jiang and Shu, 1995). The procedure

is described for one direction and considers equally spaced grid con�guration. The

discretisation in the other directions, z and y, follows the same manner.

The RHS of the discretised form of Eq. (2.47) for a 2D con�guration is given by,

RAdv (φi,j) = −
(φu)i+1/2,j − (φu)i−1/2,j

∆xpi
−

(φw)i,j+1/2 − (φw)i,j−1/2

∆zpj
(B.43)

where i+ 1/2 and i− 1/2 correspond to the locations where the velocities ui and ui−1

are de�ned according to Figs. B.2-B.3. Therefore, Eq. B.43 is written as,

RAdv (φi,j) = −
ui,jφi+1/2,j − ui−1,jφi−1/2,j

∆xpi
−
wi,jφi,j+1/2 − wi,j−1φi,j−1/2

∆zpj
(B.44)

The description that follows in this section corresponds to the discretisation of the x

direction, the �rst term in the RHS of Eq. B.44. Thus, the index j that refers to the

other direction is eliminated from the following description.

First of all, the values of ui and ui−1 are known at the locations that are needed,

while the values of φi+1/2 and φi−1/2 need to be calculated by interpolating values of

these quantities at the known locations (cell centers). According to the 5th − order

WENO scheme, φi+1/2 and φi−1/2 are given by,

φi+1/2 = b(1)f
(1)
+ + b(2)f

(2)
+ + b(3)f

(3)
+

φi−1/2 = b(1)f
(1)
− + b(2)f

(2)
− + b(3)f

(3)
−

where, b and f functions de�ne the nonlinear weights and the �uxes, respectively. The
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nonlinear weights are de�ned as,

b(1) =
α1

α1 + α2 + α3

b(2) =
α2

α1 + α2 + α3

b(3) =
α3

α1 + α2 + α3

where α1, α2, and α3 read,

α1 =
d1

(ε+ β1)2 α2 =
d2

(ε+ β2)2 α3 =
d3

(ε+ β3)2

In the above functions, ε = 1× 10−6 and β are function de�ned by,

β(1) =
13

12
(φi − 2φi+1 + φi+2)2 +

1

4
(3φi − 4φi+1 + φi+2)2

β(2) =
13

12
(φi−1 − 2φi + φi+1)2 +

1

4
(φi−1 − φi+1)2

β(3) =
13

12
(φi−2 − 2φi−1 + φi+1)2 +

1

4
(φi−2 − 4φi−1 + 3φi)

2

The values of the constants d1, d2, d3, and the functions of the �uxes f di�er accord-

ing to the sign of the velocity at the location of the cell center ui−1/2 = 0.5 (ui + ui−1).

Positive velocity (ui−1/2 ≥ 0)

If ui−1/2 ≥ 0, the stencils indicated in Fig. B.2 are used to construct the functions for

the calculation of these quantities. In this case, the values of the constants are,

Figure B.2: Stencils used in the 5th−order WENO scheme for the calculation of φi+1/2

(top) and φi−1/2 (bottom), when the velocity at the cell center location is positive (i.e.
ui+1/2 ≥ 0).

d1 =
3

10
d2 =

6

10
d3 =

1

10

and the �uxes are de�ned by,

f
(1)
+ =

1

3
φi +

5

6
φi+1 −

1

6
φi+2 f

(1)
− =

1

3
φi−1 +

5

6
φi −

1

6
φi+1
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f
(2)
+ = −1

6
φi−1 +

5

6
φi +

1

3
φi+1 f

(2)
− = −1

6
φi−2 +

5

6
φi−1 +

1

3
φi

f
(3)
+ = −1

3
φi−2 −

7

6
φi−1 +

11

6
φi f

(3)
− = −1

3
φi−3 −

7

6
φi−2 +

11

6
φi−1

Negative velocity (ui−1/2 < 0)

For the case of ui−1/2 < 0, the discretisation procedure is similar to the one described

above, using mirror symmetric stencils with respect to the locations of φi+1/2 and φi−1/2,

respectively, as also indicated in Fig. B.3. The corresponding constants become,

Figure B.3: Stencils used in the 5th−order WENO scheme for the calculation of φi+1/2

(top) and φi−1/2 (bottom), when the velocity at the cell center location is negative (i.e.
ui+1/2 < 0).

d1 =
1

10
d2 =

6

10
d3 =

3

10

while the �uxes are de�ned by,

f
(1)
+ =

11

6
φi+1 −

7

6
φi+2 +

1

3
φi+3 f

(1)
− =

11

6
φi −

7

6
φi+1 +

1

3
φi+2

f
(2)
+ =

1

3
φi +

5

6
φi+1 −

1

6
φi+2 f

(2)
− =

1

3
φi−1 +

5

6
φi −

1

6
φi+1

f
(3)
+ = −1

6
φi−1 +

5

6
φi +

1

3
φi+1 f

(3)
− = −1

6
φi−2 +

5

6
φi−1 +

1

3
φi

For grid con�gurations where the size of the grid cells expands the reader is referred

to the work of Smit et al. (2005) (Table A2), where the corresponding relations of the

modi�ed functions of the �uxes (f), the constants (d1, d2, d3) and the weighting factors

(β(1), β(2), β(3)) are given.
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B.5.3 Spatial discretisation the LS re-initialisation equation

The spatial discretisation of the term |∇φ| in the RHS of Eq. (2.50) is performed with

a 2nd− order upwind scheme (Yue et al., 2003). The sketch in Fig. B.4 presents an 1D

example on how the upwind scheme decides to perform forward or backward di�erences

on the LS re-initialisation equation. Forward di�erences are performed in regions A1

and W2, while backward di�erences are used in regions A2 and W1. Therefore, in the

LS re-initialisation equation the criterion to select forward or backward di�erences is

the direction of the closest interface location (i.e. φ = 0, denoted with red vertical lines

in Fig. B.4).

Figure B.4: Example of upwind's scheme decision for when forward or backward dif-
ferences are used in the LS re-initialisation function.

In order to select though, both forward and backward di�erences are calculated.

In our implementation, a 2nd − order approximation was used for the calculation of

the forward and backward derivatives of ∇φ as in (Yue et al., 2003). The procedure is

given below.

The RHS is given by,

RReIni (φi,j) =

S(φ̃i,j) [1−D+(φi,j)] + F (φ, φ̃)δ(φ̃)D+(φ̃i,j) , if S(φ̃i,j) ≥ 0

S(φ̃i,j) [1−D−(φi,j)] + F (φ, φ̃)δ(φ̃)D−(φ̃i,j) , if S(φ̃i,j) < 0
(B.45)

where D+(φi,j) and D
−(φi,j) are computed according to,

D+(φi,j) =
√

max (a2
+, b

2
−) + max (c2

+, d
2
−) (B.46)

D−(φi,j) =
√

max (a2
−, b

2
+) + max (c2

−, d
2
+) (B.47)
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In Eqs. (B.46) and (B.47), a+ and a− are given by,

a+ = max (a, 0) (B.48)

a− = min (a, 0) (B.49)

b+, b−, c+, c−, d+, and d− are calculated in a similar manner. a and c represent the

backward di�erences in x and z direction, respectively, while b and d represent the

corresponding forward di�erences. The calculation of the 2nd − order approximation
of a and b at the location of φi,j is given below as an example,

ai,j =
φi,j − φi−1,j

∆xui−1

+
∆xui−1

2
minmod(qi−1,j, qi,j) (B.50)

bi,j =
φi+1,j − φi,j

∆xui
− ∆xui

2
minmod(qi,j, qi+1,j) (B.51)

where qi−1,j, qi,j, and qi+1,j denote the central di�erence approximations calculated as,

qi−1,j =
1

∆xpi−1

(
φi,j − φi−1,j

∆xui−1

− φi−1,j − φi−2,j

∆xui−2

)
(B.52)

qi,j =
1

∆xpi

(
φi+1,j − φi,j

∆xui
− φi,j − φi−1,j

∆xui−1

)
(B.53)

qi+1,j =
1

∆xpi+1

(
φi+2,j − φi+1,j

∆xui+1

− φi+1,j − φi,j
∆xui

)
(B.54)

The function minmod(A,B) read,

minmod(A,B) =

S(A) min (|A|, |B|) , if A ·B > 0

0 , otherwise
(B.55)

The integrals of Eq. (2.51), that consist Fi,j(φ, φ̃), are caclulated using a 9-point

stencil for a 2D con�guration, according to (Sussman et al., 1999), and 27-point stencil

in 3D con�gurations. The integral of a scalar variable G in a 2D con�guration is

approximated by,

∫
Vi,j

GdV ≈

[(
n=+1∑
n=−1

m=+1∑
m=−1

Gi+n,j+m

)
+ 15Gi,j

]
∆xpi∆zpj

24
(B.56)

164

Cha
ral

am
bo

s F
ran

tzi
s



Cha
ral

am
bo

s F
ran

tzi
s


	Validation Page
	Declaration of Doctoral Candidate
	
	Abstract
	Acknowledgements
	Dedication
	List of Figures
	List of Tables
	List of Abbreviations
	Introduction
	Numerical modelling of wave-induced flows
	Interface tracking/capturing methods
	Volume of fluid (VoF)
	Level-set (LS)
	Other methods

	Numerical wave tanks (NWTs) based on the full-set of the Navier-Stokes (NS) equations
	Numerical challenge
	Motivation and objectives
	Contribution
	Thesis overview

	Mathematical background and numerical methodology
	Governing equations/mathematical description
	Conservation laws
	Conditions applied on the two-fluid interface
	Large Eddy Simulation (LES) framework and sub-grid scale (SGS) modelling
	Dimensionless form of the NS equation and physical BCs
	Interface capturing using the Level-Set (LS) method
	Fluid properties

	Numerical methodology
	Fractional-step/pressure-correction method
	Variable coefficient Poisson
	Constant coefficient Poisson
	Modified constant coefficient Poisson

	Coupling with the Immersed Boundary (IB) method and Fast Direct Solvers (FDS)
	Treatment of pressure
	Treatment of LS function
	Discussion on the suggested pressure-correction method

	Discretisation and implementation
	Temporal and spatial discretisation schemes
	Time-step restrictions
	Wave generation and absorption in the NWT
	Numerical algorithm



	Verification & validation of the developed method
	Verification of the new pressure-correction formulation and the FDS-IB coupling
	Rayleigh-Taylor instability
	Run-up of a solitary wave
	Sloshing in a baffled square tank

	Validation of the new efficient NWT
	Spatial and temporal accuracy for bold0mu mumu 2nd-order2nd-ordersubsection2nd-order2nd-order2nd-order2nd-order Stokes waves
	Spatial accuracy
	Temporal accuracy

	Formation of a standing wave
	Spilling breaking wave
	3D interaction of a solitary wave with a rectangular abutment


	Results
	Convergence study for the developed FDS-IB method
	CFL Sensitivity analysis
	Performance analysis & demonstration
	Performance of the developed FDS-IB method
	Rayleigh–Taylor instability in a vertical circular cylinder
	Performance of the new NWT

	Single-row pile breakwaters under the impact of solitary waves
	Geometrical parameters and computational setup
	Validation
	Effect of the domain's span-wise length
	Grid sensitivity

	Simulation parameters examined and results
	Assessment of breakwater's performance
	Run-up profiles around the pile
	Free-surface motion & Energy dissipation
	Vorticity fields
	Span-wise (bold0mu mumu zzzzzz) vorticity
	Vertical (bold0mu mumu yyyyyy) vorticity




	Conclusions
	Numerical method for efficient simulations of two-fluid flows interacting with arbitrary geometrical solid obstacles
	Numerical method for efficient simulations of thermally driven flows with large temperature differences
	Development of an efficient NWT
	Summary of the results derived by the parametric study on the interaction of solitary waves and single-row pile breakwaters
	List of publications
	Closing remarks and future directions
	Closing remarks
	Future direction 1: Decrease the time-step reduction factor of the constant coefficient approach
	Future direction 2: Extension of the efficient method to FSI problems, implementing a GPU-based solver
	Future direction 3: Reduction of the required absorption zone length, combining the relaxation method with convective outlet BC


	Bibliography
	Wave theories
	Stokes linear and bold0mu mumu 2nd-order2nd-ordersubappendix2nd-order2nd-order2nd-order2nd-order theory
	Stokes bold0mu mumu 5th-order5th-ordersubappendix5th-order5th-order5th-order5th-order theory
	Cnoidal bold0mu mumu 5th-order5th-ordersubappendix5th-order5th-order5th-order5th-order theory
	Solitary bold0mu mumu 3rd-order3rd-ordersubappendix3rd-order3rd-order3rd-order3rd-order theory

	Discretisation schemes
	Discretisation of the Poisson equation
	Temporal advancement of the NS equation
	Spatial discretisation of diffusion term in the NS equation
	Spatial discretisation of convective term in the NS equation
	Central bold0mu mumu 2nd-order2nd-ordersubsubappendix2nd-order2nd-order2nd-order2nd-order scheme
	Upwind schemes
	QUICK bold0mu mumu 3rd-order3rd-ordersubsubsubappendix3rd-order3rd-order3rd-order3rd-order
	WENO bold0mu mumu 5th-order5th-ordersubsubsubappendix5th-order5th-order5th-order5th-order


	Discretisation used in the LS method
	Temporal discretisation of LS functions
	Spatial discretisation the LS advection equation
	Spatial discretisation the LS re-initialisation equation





